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High-dimensional FPDEs

et i of the boundary-value problem of the second kind as temporal test functions. Next,
Diffusion-to-wave dynamics

Jacobi poly-fractonomial we construct our spatial basis/test functions using Legendre polynomials, yielding mass
Unified fast solver matrices being independent of the spatial fractional orders (ui, vj, i, j =1,2,---,d).
Spectral convergence Furthermore, we formulate a novel unified fast linear solver for the resulting high-
dimensional linear system based on the solution of generalized eigen-problem of spatial
mass matrices with respect to the corresponding stiffness matrices, hence, making the
complexity of the problem optimal, i.e., O(N92). We carry out several numerical test cases
to examine the CPU time and convergence rate of the method. The corresponding stability

and error analysis of the Petrov-Galerkin method are carried out in [2].
Published by Elsevier Inc.

1. Introduction

Fractional calculus seamlessly generalizes the notion of standard integer-order calculus to its fractional-order counter-
part, leading to a broader class of mathematical models, namely fractional ordinary differential equations (FODEs) and
fractional partial differential equations (FPDEs) [3-7]. Such non-local models appear as tractable mathematical tools to
describe anomalous transport, which manifests in memory-effects, non-local interactions, power-law distributions, sharp
peaks, and self-similar structures [8,4,9,10]. Although anomalous, such phenomena are observed in a range of applications
e.g., bioengineering [11-15], turbulent flows [16-20], porous media [21-23], viscoelastic materials [24].

Due to their history dependence and non-local character, the discretization of such problems becomes computationally
challenging. Numerical methods, developed to discretize FPDEs, can be categorized in two major classes: i) local methods,
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e.g., finite difference method (FDM), finite volume method (FVM), and finite element method (FEM), and ii) global methods,
e.g., single and multi-domain spectral methods (SM).

Local schemes have been studied extensively in the literature. Lubich introduced the discretized fractional calculus
within the spirit of FDM [25]. Sugimoto employed a FDM scheme for approximating fractional Burger's equation [26,27].
Meerschaert and Tadjeran [28] developed finite difference approximations to solve one-dimensional advection-dispersion
equations with variable coefficients on a finite domain. Tadjeran and Meerschaert [29] employed a practical alternating
directions implicit (ADI) method to solve a class of fractional partial differential equations with variable coefficients in
bounded domain. Hejazi et al., [30] developed a finite-volume method utilizing fractionally shifted Grunwald formula for the
fractional derivatives for space-fractional advection-dispersion equation on a finite domain. To solve the two-dimensional
two-sided space-fractional convection diffusion equation, Chen and Deng [31] proposed a practical alternating directions
implicit method. Zeng et al., [32] constructed a finite element method and a multistep method for unconditionally stable
time-integration of sub-diffusion problem. In addition, Zhao et al., developed second-order FDM for the variable-order FPDEs
in [33]. Li et al., [34] proposed an implicit finite difference scheme for solving the generalized time-fractional Burger’s equa-
tion. Recently, Feng et al., [35] proposed a second-order Crank-Nicolson scheme to approximate the Riesz space-fractional
advection-dispersion equations (FADE). Moreover, two compact non-ADI FDMs have been proposed for the high-dimensional
time-fractional sub-diffusion equation by Zeng et al., [36]. Recently, Zayernouri and Matzavinos [37] have developed an ex-
plicit fractional Adams/Bashforth/Moulton and implicit fractional Adams-Moulton finite difference methods, applicable to
high-order time-integration of nonlinear FPDEs and amenable for formulating implicit/explicit (IMEX) splitting methods.

Regarding global methods, Sugimoto [26,27] used Fourier SM in a fractional Burger’s equation. Shen and Wang [38]
constructed a set of Fourier-like basis functions for Legendre-Galerkin method for non-periodic boundary value problems
and proposed a new space-time spectral method. Sweilam et al., [39] considered Chebyshev Pseudo-spectral method for
solving one-dimensional FADE, where the fractional derivative is described in Caputo sense. Chen et al., [40] developed
an approach for high-order time integration within multi-domain setting for time-fractional diffusion equations. Mokhtary
developed a fully discrete Galerkin method to numerically approximate initial value fractional integro-differential equations
[41]. More recent works in this area can be found in [42-44].

Moreover, Zayernouri and Karniadakis [1,45] introduced a new family of basis/test functions, called (tempered)Jacobi poly-
fractonomials, known as the explicit eigenfunctions of (tempered) fractional Strum-Liouville problems in bounded domains
of the first and second kind. Following this new spectral theory, they have developed a number of single- and multi-domain
spectral methods [46-50]. Recently, Dehghan et al. [51], employed a Galerkin finite element and interpolating element free
Galerkin methods for full discretization of the fractional diffusion-wave equation and in [52] also introduced a full dis-
cretization of time-fractional diffusion and wave equations using meshless Galerkin method based on radial basis functions.
Zaho et al., [53] developed a spectral method for the tempered fractional diffusion equations (TFDEs) using the generalized
Jacobian function [54]. Mao and Shen [55] developed Galerkin spectral methods for solving multi-dimensional fractional
elliptic equations with variable coefficients.

The main contribution of the present work is to construct a unified Petrov-Galerkin spectral method and a unified fast
solver for the weak form of linear FPDEs with constant coefficients in (1+d) dimensional space-time hypercube of the form

d d
2/ 214 20 2v;
oD2Tu + § [cly o, D211t + XiDbi“ ul= § [K1; 0, Dx, 1 + ke, ijbj!u] —yu+f, (1)
i=1 j=1

where 2u;, € (0, 1), 2v;, € (1, 2), and 27, € (0, 2), 2t # 1, subject to Dirichlet initial and boundary conditions, where
i=1, 2, ..., d. Compared to the problem considered in [45], we extend the one-sided spatial derivatives to two-sided ones,
also, we include an advection term in order to consider the drift effects. Employing different (Legendre polynomial) spatial
basis/test functions and the additional advection term then would not allow employing the fast linear solver developed in
[45]. Accordingly, we formulate a new fast linear solver for advection-dispersion problems. We additionally aim to perform
the well-posedness and stability analysis in any (1+d) dimensions in [2], while in [45], only the stability of 1-D problem
has been carried out. Furthermore, we briefly presented the stochastic interpretation of FADE on bounded domain which
sheds light on the well-posedness of the problem from the perspective of the probability theory. In [2], we also carry out
the corresponding error analyses of the PG method along with several verifying numerical tests.

The outline of this paper is as follows: in section 2, we introduce some preliminary results from fractional calculus. In
section 3, we present the mathematical formulation of the spectral method in a (1+d) dimensional space, which leads to the
generalized Lyapunov equations. In section 4, we develop a unified fast linear solver and obtain the closed-form solution in
terms of the generalized eigenvalues and eigenvectors of the corresponding mass and stiffness matrices. In section 5, the
performance of the PG method is examined via several numerical simulations for low-to-high dimensional problems with
smooth and non-smooth solutions.

2. Preliminaries on fractional calculus

Here, we obtain some basic definitions from fractional calculus [4,49]. Denoted by ,Dg g(x), the left-sided Reimann-
Liouville fractional derivative of order v in which g(x) € C"[a, b] and n =[], is defined as:
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where I" represents the Euler gamma function. The corresponding right-sided Reimann-Liouville fractional derivative of
order v, ,Dy g(x), is given by

RiD"g(x) ! (— )" —/(s £() ds, xela,b]. (3)

(Tl dxn )U-H n

In (2) and (3), as o — n, the fractional derivatives tend to the standard n-th order derivative with respect to x. We recall
from [1,56] that the following link between the Reimann-Liouville and Caputo fractional derivatives, where

RJD?f(X) = I‘(l—ig% + inf(X) (4)
b
Dy f() = Td—o)b—x° (J;g(; o T $DF f ), (5)
when [o] = 1. Generally
Cro iy g™ @)
oDy f(x) = F—o) ) x_so+i ds, x¢€]a,b], (6)
n b (m)
iDi,’f(x) = 1) £ ds, xela,b], (7)

F'h—o) ) (s—x)°tl-n

where [o] =n. In (4) and (5), RéDf{g(x) = le;’g(x) = ,D7 g(x) when homogeneous Dirichlet initial and boundary condi-
tions are enforced.
To analytically obtain the fractional differentiation of our basis function, we employ the following relations [1] as:

Fn+pg+1)

B4o po—0.B+0
Fntpto+n L T0 P *), (8)

RET7{1 + 0P PP P (0} =

and

o r 1 a+o pd+o,p—0
Rizi’{a—x)“Pn*ﬂoo}:%a—x) +0 pete B0 ). (9)

where 0 <o <1, a > -1, B> —1 and P,‘f’ﬁ(x) denotes the standard Jacobi Polynomials of order n and parameters « and
B. It is worth mentioning that

RL7o _ f(@s)
7 (f () = F(a)/(x S ds. xelabl

and

b
1
RLTO(f ()} = Fo) /(s_f,(:)z—a ds, xela,b].

By substituting « =0 and 8 = —o, we can simplify equations (8) and (9), thereby we have:
'm—o+1)

_”I;’{(l+x)—“P;”—“(x>}=WPn(x>, xe[-1,1] (10)
and
RiI?{(l—x)‘”P;“*“(x)}=%Pn<x), xe[-1,1] (11)

Accordingly, we have the fractional derivative of Legendre polynomial by differentiating (10) and (11) as

'n+1) po.—o

DIP(X) = —
—1x n() r(n_o_+1) n

A+ (12)
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and

LD p-oo gy 1-x7, (13)

DIPy(X) = ——
«P1 Pn®) Tm—o+1) "

where P,(x) = Pno’o(x) represents Legendre polynomial of degree n.
3. Mathematical framework

Let u : R4+ — R for some positive integer d and 2 =[0, T] x [a1, b1] X [az, b2] x -+ - x [aq, b4], where

d d

) 2L 2 2V 2V

oDf U+ Z (i a,-DxiMIu + G xiDb,-Mlu] - Z [Klj ajDiju + Kk ijbjju] +yu=f, (14)
i=1 j=1

and y, ¢y, Cr;, Kij, and ky; are all constant. Besides, 2u; € (0, 1), 2vj € (1,2), and 27 € (0,2), 2t # 1, for j=1,2,---,d. This

equation is subject to the following Dirichlet initial and boundary conditions as:

uli=0=0, Te€(0,1/2),
au
Ule=0= ——lt=0=0, Te€(1/2,1),
at
Ulxj=a; = Ulx;=b; =0, v; €(1/2,1), ji=1,2,---,d.
3.1. Stochastic interpretation of the FPDEs

Following [57], we provide a brief stochastic interpretation of the FPDEs in (14) that further sheds light on the well-
posedness of the problem from the perspective of probability theory. Let suppose that in (14), f =0 and y =0 and
0 <27t <1 and that a; = —oco and b;j = +oo for i =1,2,---. Then (14) governs [57] a time-changed Lévy process X(E;)
on RY whose Fourier transform is E[e ' X(®] = e!¥®) with the Fourier symbol

d d
() = — Y _ley, (ikn) 7 + cr, (—ikn) 1] 4+ [k, (—ikm)*"™ + iy, (ki) 7). (15)

n=1 m=1

Recalling that in one dimension the Lévy process Y (t) with Fourier Transform E[e =Y (®)] = ¢t¥0®) where vy (k) = pD(ik)* +
qD(—ik)* for D>0and 1<a <2,p>0,g>0,and p+q=1 is a stable Lévy process with index « and skewness p — ¢
[4,57].

Then X(t) has d independent components, each of which is the sum of two independent stable Lévy processes with
index 2um and 2vp, respectively. Furthermore, for a bounded domain Ay, letting X’(t) denote the modification of the
process X(t) that vanishes the first time it leaves the domain, (14) governs the time-changed Markov process X’(E;). You
can find complete details in [4].

3.2. Mathematical framework
In [58], the usual Sobolev space associated with the real index o > 0 on bounded interval A = (a, b), is denoted by

H?(A) and is defined as the completion of C5°(A) with respect to the norm || - | go (a). As shown in Lemma 2.6 in [58], the
equivalency between the following norms holds:

I NHoay = - lligoay = 1 - lIrke (a), (16)
where
3
- Ty = (1aDF OEaa + 1 1)) (17)
and
%
- e = (1605 Oy + 1 Ia)) (18)
Similarly, we can show that || - [|[go(a) = || - llcHo (a), defined as

N—=

I lemea = (1D§ OlZagy +1aDF Ol + 1)) (19)
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Let A1 = (a1, b1), Aj=(aj,bj) x Aj_1 fori=2,---,d,and X; = H‘gl (A1), with the associated norm || [|gvi (o) = || - llepvi (aq)-
Accordingly, we construct X such that

2 = Hy? ((a2,b2); L (A1) N L2((@2, bo): A0,

Xy =Hy ((@g, ba)s L2(Ag-1)) N L2 (@4, ba); Xa-1), (20)

associated with the norm

d
X . 2
Il = {u Waiap + 20 (16 Dy Oty + 1l D <~>||§2(Ad))} . (21)
i=1

Similarly, the Sobolev space with index T > 0 on the time interval I = (0, T), denoted by H"(I), is endowed with norm
Il - 171y, where

I luray =1 lgegy = 1 lraeay, (22)
1
2
I lge gy = (|| oDf Ollfa, +11- ||f2(,)) , (23)
and
%
ey = (1P Ol + 1+ 1) (24)
Let 27 € (0,1) and Q =1 x Ag4. We define
SHT (1:12(A0)) = {ul 1u e, )llza € H (), ulizo = ey = b, =0, i =1, -} (25)

which is equipped with the norm

10 g2 = |1 2000 e
1
2
= (110DF uls gy + lulag)) (26)
Similarly,
GHT (15 12(A0)) = [V HIV(E D20 € HT (), Vier = Viamg = VIsa, =0, i=1,--- .}, 27)
which is equipped with the norm
v ) =||lv(t,-
IVl zcag = |1V Eizag ey
1
2
= (IDF VI g + IVI22gg ) - (28)
We define the solution space
BV (@) = gHT (1 L2(Ag) ) NL2(1: o), (29)
endowed with the norm
1
_ 2 2 2
llullgzvrva = {”quHT(I;LZ(Ad)) + ||U||1_2(1;Xd)} ’ (30)
where due to (21),
Ntz = | 1.l s
d 1
. N 2
={lulZ gy + D (14D} @IEq) + 110 DY @) (31)
i=1

Therefore,
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d 1
. ) 2
ullgron s = {142 g, + 1 0DF @122y + 2 (1 Dyt WIZ2gq) + 1 DX @IE2g))} (32)
i=1
Likewise, we define the test space
BEV Q) = H (1 1 (A0) ) N LA o), (33)
endowed with the norm
3
IVl = (VIR gz + 12
d 1
. . 2
= {1V 0y + 1 DF ) lZaigy + D (1 D) DlZa(qy + 1 D W) | (34)
i=1
In case 27 € (1, 2), we define the solution space as
BE (@) = g (1 L2 (A0) ) N 1215 ), 35)

where
0,0 ) ( d) T | ” ( ’ ')”Lz(Ad) ( )7 ot |t=0 - |l’=0 - |X=Cli - |X=bi =U,1=1---, )

which is associated with | - || gr.v1.+ va (). The corresponding test space is also defined as
BV (Q) = g FHT (1; Lz(Ad)) N L2 Xy), (36)
where
rygtr. 12 . T v .
08HT (1:L2(A0)) i= {V 1 IV 2y € HT ). Soliar = Vler = Viama, = Vlamp =0, i =1, .
which is endowed with || - [|g37.v1. v ()
3.3. Petrov-Galerkin method

Next, we define the corresponding bilinear form as
d
a(u,v) = (Df u, D Vig+ ) [0, Dk’ s D VI + ¢ (Dl U, 4, Dk’ V)e]
i=1

d
Vi Vi Vi Vi
- Z [K.lj(aj,DXjJ' u, ijbj V)Q + Krj(ijbJJ. u, aijjJ- V)Q] + J/(u» V)Q- (37)
j=1

Now, the problem reads as: find u € B>Vt -Y4(Q) such that

au,v)=(f,v)q, YveBVY(Q), (38)

where a(u, v) is a continuous bilinear form and f € (B%:V1>:Y4)*(Q), which is the dual space of B*:V1::Yd(Q). It should
be noted that (ODtZT u, v)o = (,Df u, D v)q is proven in Proposition 1 in [59] and later in [60] requiring less regularity
and constraint. Therefore, we construct a Petrov-Galerkin spectral method for u € B*-V1--V4(Q2), satisfying the weak form
of (14) as

d
D U, DEVIa + Y [0, D' 1, Dy Vo + ¢, (o, Dk V. D We]
i=1

d
Vi Vi Vi Vi
= Dtk (o, Dy U Dy Vo +kr, (o, Dy V. Dy ]
j=1
+yw,vg=(f,v)o, YveB""M(Q), (39)

where (-, -)q represents the usual Lz—product.
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Next, we choose proper subspaces of B?:V1-:Yd(Q2) and BTV Y4(Q) as finite dimensional Uy and Vy with dim(Uy) =
dim(Vy) = N. Now, the discrete problem reads: find uy € Uy such that

a(un,vN) = (f,vn), YvneVp. (40)

By representing uy as a linear combination of points/elements in Uy, i.e., the corresponding (1+ d)-dimensional space-time
basis functions, the finite-dimensional problem (40) leads to a linear system known as Lyapunov system. For instance, when
d =1, we obtain the corresponding Lyapunov equation in the space-time domain (0, T) x (a1, bq) as

StUMT +cyMcUS], +coMcUSY, = KkyMcUS] = ke MeUS) L+ yMcUM{ =F, (41)

il V1,1
where all are defined in 3.6. To find the general form of Lyapunov equation, we can define ST as
=K1y Svil = Kry Svyr €y Spq 1+ Cry Spqr = S{m' (42)
Considering equation (42), we obtain the (1+1)-D space-time Lyapunov system as
T
ScUM] +M:US]" +yM;UM] =F.

We present a new class of basis and test functions yielding symmetric stiffness matrices. Moreover, we compute exactly
the corresponding mass matrices, which are either symmetric and pentadiagonal. In the following, we extensively study the
properties of the aforementioned matrices, allowing us to formulate a general fast linear solver for (58).

3.4. Space of basis functions (Uy)

We construct the basis for the spatial discretization employing the Legendre polynomials defined as

$m(§) =0m (Ppy1(§) — Ppp_y(§)), m=1,2,--- and § €[-1,1], (43)

where oy =2+ (—1)™. The definition reflects the fact that for u; <1/2 and 1/2 <v; <1, then both boundary condi-
tions needs to be presented. Naturally, for the temporal basis functions only initial conditions are prescribed and the basis
function for the temporal discretization is constructed based on the univariate poly-fractonomials [1] as

Ui =0a(14+m" P 770, n=1,2,--- and ne[-1,1], (44)

for n > 1. With the notation established, we define the space-time trial space to be

d
Ustpan{(w,fon)(t)]_[(¢mjosj)(xj) n=1,...,N, m]:l,...,/\/tj], (45)
=1
where 7(t) =2t/T — 1 and &;(s) =2;jj“(jj —1.

3.5. Space of test functions (V)

We construct the spatial test functions using Legendre polynomial as well as the basis function in the Petrov-Galerkin
method as

@ (§) =0k (P (6) — P _1(8), k=1,2,--- and £e[-1,1], (46)
where &, =2 (—1)¥ 4 1. Next, we define the temporal test functions using the univariate poly-fractonomials

Y =8 A-m" P 0, r=1,2,--- and ne[-1,1], (47)

and we construct the corresponding space-time test space as
d
V =span[(\IJrT on)(t)l_[ (cpkj ogj)(xj) r=1,....N. kj= 1,...,/\/1]-}. (48)
j=1

Remark 3.1. The choices of oy, in (43) and (44), also 6 in (46) and (47), result in the spatial/temporal mass and stiffness
matrices being symmetric, which are discussed in Theorems 3.2, 3.3, and 3.4 in more details.
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3.6. Implementation of PG spectral method

We now seek the solution to (14) in terms of a linear combination of elements in the space Uy of the form

N My

une =3y Y - Zunml ma ik (t)]‘[¢mj(xj)] (49)

n=1 m=1 mg=1

in Q. We enforce the corresponding residual

i=1
+yun—f (50)

to be L2-orthogonal to vy € Vy, which leads to the finite-dimensional variational weak form in (40). Specifically, by choos-
ing vy = \I!f(t)]_[?:1 d>ki(x]-), whenr=1,...,Nand k;=1,..., M;j, j=1,2,---,d, we have

d
2[4 Z;L,' 2v; 2v;
Rn(t.x1, - %) = oD} uN+§ [l o, Dxt"UN + Cri 5, Dyt U] — Y [k1; o, Dx; U + K x; Dp,; UNI
j=1

N My d

Yoy Z fin my .- ({sf}r,n{Ml}k],ml c AMadkgmg + Y16 MY MYy my -+ (S v tbgam; - (Mabeg.mg
n=1mp=1 mg=1 i=1
d
+ Cri{MT }r,n{Ml }l<1,m1 T {Svi,r}lci,mi e {Md}kd,md] - Z [K[].{MT }r,n{Ml}l<1,m1 T {SUj,I}kj,mj e {Md}kd,md
j=1

+ Krj{Mr}r,n{M1 }k1,m1 e {Svj,r}kj,mj e {Md}kd,md] + V{Mr}r,n{Ml }k],lTl] e {Md}kd,md>

= Fr iy kgs (51)

where S; and M, denote, respectively, the temporal stiffness and mass matrices whose entries are defined as

T
(5ehea= [ o0F (v o) DF (47 o) e,
0
and
T
(M} = / (wFon) (v on) .
0

Moreover, S;,; and My, j=1,2,---,d, are the corresponding spatial stiffness and mass matrices where the left-sided and
right-sided entries of the spatial stiffness matrices are obtained as

bj
i "
{0 0kpm; = / oD% (m, 0) 1) 4 Db (@, 081 ) () ) = (S gy
aj
bj
Wi Wi
(Susbisan; = [Pl (8,0 €1) 00 0Dl (04, 085 Xty = (5,1,
aj

and the corresponding entries of the spatial mass matrix are given by
bj
(M) m, = / (s, 0) ) (6, 0 &) ) .
aj

Moreover, the components of the load vector are computed as

d
Friy o g = / Ft, 1, ,xd)(\pf 0 n)(t) I1 (@kj o gj)(xj)dsz. (52)
Q j=1
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The linear system (51) can be exhibited as the following general Lyapunov equation

d
(ST®M1®M2“'®M11+ZCHMT®M1®"'®Su,~,l®Mi+l"'®Md
i=1

d d
+Y M @M1 ® @Sy r ®Mig1--@Mg— Y KMy @ M1 ® -+ ® Sy, 1 ® Miyq - ® Mg
1;1 i=1
— D K Me @My @+ @ Sy @ Migy -+ ® Mg+ My @ My @ My @ Mg ) U= F. (53)
i=1
Let
Cly X Syt +Cri X Sppr — Ky X Sy — Kry X Syr =S (54)

Considering the fact that all the aforementioned stiffness and mass matrices are symmetric, Sy, 1, Su;.r» S, and Sy, can
be replaced by SiT"f which remains symmetric. Therefore,

d
(Sc@M@My - @Mg+ ) [Mc @M@ @M1 @S/ @Miy1-+ & My ]
i=1

+)/MI®M1®M2"'®M¢1)U=F, (55)

in which ® represents the Kronecker product, F denotes the multi-dimensional load matrix whose entries are given in (52),
and U denotes the corresponding multi-dimensional matrix of unknown coefficients with entries iy m, ... m,-

In the Theorems 3.2, 3.3, and 3.4, we study the properties of the aforementioned matrices. Besides, we present efficient
ways of deriving the spatial mass and the temporal stiffness matrices analytically and exact computation of the temporal
mass and the spatial stiffness matrices through proper quadrature rules.

Theorem 3.2. The temporal stiffness matrix S; corresponding to the time-fractional order t € (0, 1) is a diagonal V' x N
matrix, whose entries are obtained as

~ T+t Tr+71),2\20-1 2

{ST}I’,HZO—I’O’I‘I**(_) a4

'(n) ['(r) T 2n—1

Moreover, the entries of temporal mass matrices M; can be computed exactly by employing a Gauss-Lobatto-Jacobi (GL])
rule with respect to the weight function (1 — )" (1 +n)%, n € [—1, 1], where & = t/2. Moreover, M is symmetric.

S, 1,n=1,2,--- N.

Proof. See [49]. O

Theorem 3.3. The spatial mass matrix M is a pentadiagonal M x M matrix, whose entries are explicitly given as

2 2 2 2
M =&o[ Ser — St rot — —— S —5__]. 56
k,r k Or 2k+3 k,r 2k+3 k+1,r—1 2%k —3 k—1,r+1 +2k—3 k—1,r—1 ( )
Proof. The (k, r)th-entry of the spatial mass matrix is given by
b b 1
—a
M= [ 60600 05mdx= (15 [ oO0,@de. (57
a -1
where & = ZH — 1 and & € (—1, 1). Substituting the spatial basis/test functions, we have
b—a, . ~ ~ ~ ~
Mir = (—5—)0k0r [ My = Myyy g = My g + My, ], (58)
in which
; 2
M; ;= / Pi(E)Pj(é)d"E:m(Sij- (59)

-1

Therefore, we have
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PR

2 2
Skr1r—1— 550141+ mfsk,r]

Mier = ( 2k—3

2
8 —_
2k+3" T 2k+3

as a pentadiagonal matrix. Moreover,

—N& [ 2 s Z 2 s 2 s ]
r Ok 2r+3 r.k 2 +3 r+1,k—1 o —3 r—1,k+1 r_3 r.k
=M,. O

Theorem 3.4. The total spatial stiffness matrix S,.T ot js symmetric and its entries can be exactly computed as:

€l X Sppt +Cr X Sppr — K, X Sy =S, (60)

i X SVi,l —Kr

wherei=1,2,---,d.

Proof. Regarding the definition of stiffness matrix, we have

b;

{Suitdrn= /aipjgf (¢n of (x,-)) DL (q>r o (x,-)) dxi,

ai

1

bi —a;, - itl~ i L

= () Gy [ D (Praa(e) = Par (@) o DI (P ) — P ) di
21

bi _ ai _2M.+1 ~ . ~ . ~ . ~ .
— iTh~ i _ QM _ QM i
- ( 2 ) Or On I:sr+1,n+] SrJrl,nf] Srfl,n+1 + Srfl,nf]:l7

St = / DL (Pate)) D1 (Pre) ) s

-1

_/1 (r+1) Fn+1)

)T M e pTHis M g Mis—Hi g .
Tr— i+ F(n—ui+1)(1+&) Q=& " P (&) Py (&dé;i.

-1

§r’f,{ can be computed accurately using Gauss-Jacobi quadrature rule as

Q
D wq P ) PR T ), (61)

g=1

rr+1) rm+1)
Fr—pi+1) n—p;i+1)

St =

in which @ > A + 2 represents the minimum number of GJ quadrature points {éq}qg= 1» associated with the weigh function

(1—&) M1+, for exact quadrature, and {wq}‘?:l are the corresponding quadrature weights. Employing the property
of the Jacobi polynomials where P# (—x;) = (=1)"P?*%(x;), we can re-express S as (~1)W S Accordingly,
b; —a; —20i+1 ~ ~ L ~
(b= (Z57) " G [T, L DTS
_(_1)(n+r) S#—il,r-&-l + (_1)(’1“72) E#—’ﬁ,r—]]
= 5:T On (_1)(n+r) I:’grﬂl,r-ﬁ-l - ’grﬂl,r—l - E#—il,rﬁ-] + E#—il,r—l]' (62)
According to (62),

0y O,
{S widrn ={S pnr x g a" (=)D, (63)
nvr

In fact, 5, and oy, are chosen such that (—1)™*" is canceled. Furthermore,
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b;

{Sﬂiv’}r»”=/afpgi(q’r(xi))x,~plﬁi (¢n(Xi)) dx;,

aj

b;
= / o Dkt (d)n (Xi)) %D, (<I>r(xf)) dxi,
:c{,lsui,l}n,r, (64)

where {S,; ihnr = {Sydrn = {Spirdrn = {Sy;}rn due to symmetry of S, ; and Sy, . Similar to (64), we get {Sy, ;}rn =
{Svi,r}r.n ={Sy;}r.n; therefore,
—(ky, + &) Suy + (¢, +¢r) Sy = siTof_ (65)

Hence it can be easily concluded that the stiffness matrix S,f L Sn”fr and thereby {SiT . r as the sum of two symmetric
matrices are symmetric. O

4. Unified fast FPDE solver

We formulate a closed-form solution for the Lyapunov system (55) in terms of the generalized eigensolutions that can
be computed very efficiently, leading to the following unified fast solver for the development of Petrov-Galerkin spectral
method.

Theorem 4.1. Let {¢/, AJ} 1 be the set of general eigen-solutions of the spatial stiffness matrix ST‘” with respect to the

mass matrix M;. Moreover, let {7, AT }n:1 be the set of general eigen-solutions of the temporal mass matrix M; with
respect to the stiffness matrix S;. (I) if d > 1, then the multi-dimensional matrix of unknown coefficients &/ is explicitly
obtained as

N My

u=> > Z:cnml mg € ® Ep ® @ ES (66)

n=1 m=1 mg=1

where kp ;... m, are given by
(&7 €, - €8 F
T
(@ sean T 1((em,>TM,emJ)]An,m1,...,md

in which the numerator represents the standard multi-dimensional inner product, and Ap m,,.. m, are obtained in terms of
the eigenvalues of all mass matrices as

; (67)

Knmy,,mg =

d
Aoy = [y 2 +35 300
j=1
(I) If d =1, then the two-dimensional matrix of the unknown solution I/ is obtained as

N My

-’r-' T
U= D tonm & @'

n=1 mp=1

where kp m, is explicitly obtained as
TFe)
@ srem((eml)TM]em])[(l Y A+ A ]

KTl,m1

Proof. Let us consider the following generalized eigenvalue problems as
ST"temj —kaM,emj mj=1,---,Mj, j=1,2,---.,d, (68)

and
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Having the spatial and temporal eigenvectors determined in equations (69) and (68), we can represent the unknown coeffi-
cient matrix &/ in (49) in terms of the aforementioned eigenvectors as

N My

U= Z Z ZK”ml dﬁnf®énln ®'”®é1gld’ (70)

n=1 m=1 mg=1

ed on both sides

where Ky m; ... m, are obtained as follows. First, we take the multi-dimensional inner product of &’ el Pa

LIRS
of the Lyapunov equation (55) as
d
E e e E)[ ScoM® @M+ ) M @M@ @M1 &S] @M@ Myl
j=1
+VMr®M1®"'®Md] = (8 €y, -~ & )F.

Then, by replacing (68) and (69) into (67) and re-arranging the terms, we get

N My
3 5 3 s x (57 SEE ETMEL o LM
n=1 mp=1 mg=d

d
Sstlar 21 ,31\Thr 31 TotzJ (zi+1 oz Sd \Tryp 2d
+ 8T Mg @) Mg - @) SR @I MyEs @) MgS
Jj=1
3T 3T 31 \T 51 22\T 52 =d \T =d
+ve Mze, (em) Miey, (epl) Maey,, --~(epd) Mdemd)
21 32 =d
e, e -~epd)F.

Recalling that S].T"tE,{;j = (A,{:,jM m;) and M¢ e = (AL Sce,7), we have

N My
Ny anml ma (&7 Se&, @) M, @2)TMaE2, - @5 M,
n=1 my=1 mg=1
+ Y 8 M Scen) @) Midy, @30 (g Mjéa ) - @5 Mgy,
j=1
T >
+y & O Se 80 @) Mg, €F)MaER, - @f)TMeEs, )
_(3271t31 32 Sd
= (eq €y, €p, - €p)F
Therefore,

(& e) ---ed )F

mq

(@ seen) T (@hpTMEd | x [+ y 28 + 28 £i, 0]

Knmy,-,mg =

Then, we have

N My
P IS Z:cnml g B SeB (@R MIEL) - (ER)TMgeS )

n=1 m=1 mg=1

d
<[ty a0 +20 Y ) | = (87 &), 82, - &l F.
j=1
Due to the fact that the spatial Mass M j and temporal stiffness matrices S; are diagonal (see Theorems 3.3 and 3.2), we
have (é'qTTSré'nf) =0 if g #n, and also ((Egj)TMjE,#j) =0 if pj # mj, which completes the proof for the case d > 1.
Following similar steps for the two-dimensional problem, it is easy to see that if d = 1, the relationship for x can be
derived as

- T o
e’ Fel
Kq.p = ] : (71)
@ See@RTMIER[(1 4+ A5 + AE |
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In section 4.1, we present a computational method for the fast solver which reduces the computational cost significantly. O

4.1. Computational considerations

Employing the fast solver in (1 4+ d) dimensional problem d > 1 reduces the dominant computational cost of the eigen-
solver from O(N2(0+D) to O(N?+4), which becomes even more efficient in higher dimensional problems. This approach is
extensively discussed in [49].

5. Numerical tests

We now examine the unified PG spectral method and the corresponding unified fast solver (70) and (71) for (14) in the
context of several numerical test cases in order to investigate the spectral/exponential rate of convergence in addition to the
computational efficiency of the scheme. The corresponding force term f in (14) is obtained in Appendix for the following
test cases, listed as:

Test case (I): (smooth solutions with finite regularity) we consider the following exact solution to perform the temporal
p-refinement as

LEXACt _ ¢P1 ((1 +x)P2—€e(1 +X1)p3), (72)

where p; =73, p, =61, p3 =62 and t € [0, 2] and x; € [-1, 1].
Test case (II): (spatially smooth function) we consider
Ut — P15 sin[nr (1 +x1)], (73)

where n=1 and p1 = 6%, for the exponential p-refinement.

Test case (III): (high-dimensional problems) to perform the p-refinement in higher dimensions (d = 2, 3), we choose the
exact solution

d
LeXact _ ¢p1 o 1_[ ((1 +x)P2 — € (1 +Xi)P2i+1), (74)
i=1

where p1 = 7%, D2 :6%, D3 :6%, pa=72 ps=71 pg= 7%, p7 :7% and €1 =2P27P3 ¢y =2P47P5 €3 =2P67P7 in the
hypercube domain as [0, 1] x [—-1, 1] x --- x [—1, 1].

d times
Test case (IV): (CPU time) to examine the efficiency of the method for the high-dimensional domain, we employ (74), where
p1=4, pi= 31 D2it1 = 3%, €; = 2P2i7P2i+1 t € [0, 2], and x; € [—1, 1]. In the following numerical examples, we illustrate
the convergence rate and efficiency of the method, employing the test cases.

5.1. Numerical test (1)

We plot the log-log scale L?-error versus temporal orders A/ in Fig. 1 in a log-log scale plot for the test case (I)
while 2t = 11—0, %, 2u1 = %, 2v1 = %, T =2 and spatial expansion order is fixed (Mj = 23). Having the same set-up,
we also consider 27 = %. % in the temporal direction to examine the spectral convergence of fractional wave equation.
The L2-error decays linearly in the log-log scale plot as temporal expansion order N increases in both cases, indicating
the spectral convergence of PG method. In [2], we obtain the theoretical convergence rate of |e||;> and compare with the

corresponding practical ones.
5.2. Numerical test (II)

Here, we perform the spatial p-refinement while the temporal expansion order is fixed for the test case (I). In Fig. 2,
19

spectral convergence of log-log scale L2-error versus spatial expansion orders M; is shown where 2v; = %, 10 in setup
(a). We set 21 = %, 2u1 = %, T =2 and temporal expansion order is fixed (N = 23). In this case, the limit fractional
orders of v are examined, where both have the spectral convergence but with different rates. We also carry out the spatial
p-refinement for the limit fractional orders of (1. The spectral convergence of the PG method is observed, where 2 = %.
% and 2vy = %. To this end, we can conclude that the PG method in (1+1) dimensional space-time domain is spectrally

accurate up to the order of 10712,
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Fig. 1. Temporal p-refinement: log-log scale L?-error versus temporal expansion orders A for test case (I).
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Fig. 2. Spatial p-refinement: log-log scale L2-error versus spatial expansion orders M for the test case (I).

5.3. Numerical test (III)

In Fig. 3, we plot |le||;2 = [lu — u®"||;> versus spatial expansion orders M for the test case (II), showing the spatial
p-refinement. In setup (a) 2vy = 1§, 13 and 2uq = 75 and in setup (b) 2u1 = 15, 5 and 2v; = 12 where 27 = . The
temporal expansion order (N = 23) is fixed. The exponential convergence in the log-linear scale plot is illustrated clearly

for the limit fractional orders of @1 and vy in case spatial component of the exact solution is a sinusoidal smooth function.

5.4. Numerical test (IV)

In addition to spatial/temporal p-refinement, we perform p-refinement for (1+2) and (1+3) as the higher dimensional
domain in the test case (IlI). In Fig. 4, the spectral convergence of log-log L>°-error versus spatial expansion orders M,
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Fig. 3. Exponential convergence in the spatial p-refinement: log-log scale L?-error versus spatial expansion orders M for the test case (II).
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Fig. 4. Spatial p-refinement: log-log scale L°°-error versus spatial expansion orders M, M3 in the test case (Ill) for the limit fractional orders of v.

M3 is shown. In setup (a), 2v; = 11, 12 while 2v; = 13, 21 = & and 25 = £ and setup (b) 2v3 = 13, 12 while 2v; = 15,
T

2v) = %, 21 = %, 2y = % and 2u3 = %, where 27 = %, = 2. Furthermore, we increase the maximum bases order
uniformly in all dimensions.

Similarly, we perform the spatial p-refinement for the limit fractional orders of wy and w3 in FADE. We study setup
(@) 2up = 11—0, % while 2u1 = %, and setup (b) 2us = 11—0, % while 21 = %, 22Uy = %. In both setups, 2t = %, 2v1 =
%, 2vy = %, T = 2. Furthermore, A" = M7 = M; = M3 changes concurrently. In Fig. 5, the PG method shows spectral
convergence for the limit fractional orders of @, and 3.
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Fig. 5. Spatial p-refinement: log-log scale L°°-error versus spatial expansion orders M, M3 for the test case (III) for the limit fractional orders of w.

Table 1
Performance study and CPU time (in sec.) of the unified PG spectral method for the test case (IV). In each step, we uniformly increase
the bases order by one in all dimensions (N = M7 = My = M3).

2-D FADRE 3-D FADRE 4-D FADRE

N el CPU time [sec] N lell= CPU time [sec] N €]lr= CPU time [sec]
5 0.008 1.48 5 0.01 1.43 5 0.00005 3.56

7 0.0003 3.01 7 0.0003 5.39 7 3.31x 1077 8.87

9 1.69 x 1076 3.48 9 2.6 x 1077 6.14 9 8.17 x 1079 5.37

15  296x107'"" 495 15 241x107'0 754 15 9.70x 1072 5578

5.5. Numerical test (V)

To examine the efficiency of the PG method and the fast solver in high-dimensional problem, the convergence results and
CPU time for test case (IV) are presented in Table 1 for (1+1), (1+3) and (1+5) dimensional space-time hypercube domains
where the error is measured by the essential norm |le|s in the test case (IV). The CPU time is obtained on Intel (Xeon
E52670) 2.5 GHz processor. The presented PG method remains spectrally accurate in (1+5) dimensional time-space domain.

6. Summary and discussion
6.1. Summary

We developed a new unified Petrov-Galerkin spectral method for a class of fractional partial differential equations with
constant coefficients (14) in a (1 + d)-dimensional space-time hypercube, d =1, 2, 3, etc, subject to homogeneous Dirich-
let initial/boundary conditions. We employed Jacobi poly-fractonomials, as temporal basis/test functions, and the Legendre
polynomials as spatial basis/test functions, yielding spatial mass matrices being independent of the spatial fractional or-
ders. Additionally, we formulated the novel unified fast linear solver for the resulting high-dimensional linear system, which
reduces the computational cost significantly. In fact, the main idea of the paper was to formulate a closed-form solution
for the high-dimensional Lyapunov equation in terms of the eigensolutions up to the precision accuracy of computationally
obtained eigensolutions. The PG method has been illustrated to be spectrally accurate for power-law test cases in each di-
mension. Furthermore, exponential convergence is observed for a sinusoidal smooth function in a spatial p-refinement. To
check the stability and spectral convergence of the PG method, we carried out the corresponding well-posedness, discrete
stability and error analysis of the method for (38) in [2].

Despite the high accuracy and the efficiency of the method especially in higher-dimensional problems, treatment of
FPDEs in complex geometries and FPDEs with variable coefficients will be studies in our future works.
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Appendix
Here, we provide the force function based on the exact solutions.
.2. Force term of test case (I)
To obtain f in (14) based on (72), first we need to calculate all fractional derivatives of u®*, To satisfy the corresponding

boundary conditions, €; = 2P2~P2i+1, Take XT =tP1 and X} = (1 + ¢;)P? — € (1 + ¢;)P?+1, where ¢; = 2% —1and ¢ €
[—1, 1]. Considering (2),

Ilp1+1] - T p—2r  Tlp1+1] _
DT XT = o (E)Pl S (1+n@e)P =27, (75)

C T[p1 +1-21] [[p1 +1—27]

where 7(t) = 2(%) — 1. Similarly,

(1+ a1 (xy)) P20

a_Di_m X5 = (bi - ai)*zl‘f[ ['[p2i +1]

' 2 [[pai +1—2ui]

e C[p2it1 +1]
"Tlpaiy1 +1 -2

(14 a1 ) P2 =214 (76)

and

D xS _ (bi _ai)—zv,»—z[ T[pai +1]
o 2 Plpai +1-2vi]

- Tlpaiyq1 +11

'T[pait1 +1—2vi]

(1 + &i(x))Ps =2V

ai

(1 Eai ) P12, (77)

Therefore,

d

A+P 2 [T+ )P — 6 (1+ )P
i=1

G o (A58 [ e
i=1

I'lp1 +1]

T
—(_\h—2t
f_(z) [[p1+1-—27]

2 Clp2i +1—2u]
d

I'[paiy1 + 1] o _ .
€ 1 + ; D2i+1—2/4i 1 + ¢ b2j e (1 e P2j+1
Cp2ig1+1— Z,u,-]( £ai) ] j=111;éi[( Zj) i+&p ])

_ Z(;)pl 1 +nP (Iq,. (M)—Zw—Z[—F[pzl‘ +1 (1 + &yp)P2—2Vi
i=1

2 Clp2i +1—2u4]
d
L[p2iy1 +1] . _ _
— €; (] + .)PZH—] i [(‘l + .)PZJ —€; (l + ‘)p2]+1] ) (78)
"Tlpais1 +1-2v] Lai ] j=11—Léi gj j gj )

.3. Force term of test case (II)
Take X =tP1 and X5 =sin(nm¢y). Here, we approximate X5 as

(7 ¢p)?i-!
i1

where N controls the level of approximation error. Taking the same steps of (78), we obtain

XS — Ej\l;] (_])21—]
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T , _ I'lp1 +1]
_(_\ph1—2t
f=G [[p1 +1—2t]

1(”7T§1)2j_1
2j-n!
2j—1 (& A1 rR2j] 22
(j—1D! TI2j—2p1]
b1_a])_2vl_2 st i OO TRIL g
2 =1 Q2j=1! T[2j—2v] ’

—27 5 Ns 2j—
A+ P TE,-=1(—1)]

T by —ap\ -2
P AP @) (M5 e

— Gy ( (80)
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