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Problem setting

o (M", g): a complete Riemannian manifold with Ricci(M) > —k,

Heat Equation: ur = Agu, u(x,0) = up(x) on M, (1)

e Solution: u(x,t) = e *sug(x) = [, H(x,y, t)uo(y)dy
where H(x, y, t): the heat kernel (the fundamental solution) of M.

4t

n/2 st
e Guassian Kernel: H(x,y,t) = (i) e — Se) when M = R".

e H(x,y,t)=>e ~tNgj(x)ej(y) when manifold M is compact and {);}
and {e;} are elgenvalues and eigenfunctions of —A, on M.

No exact formula for the heat kernel H(x, y, t) for general manifold M!
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e Short Time Asymptotic Expansion of the Heat Kernel H(x,y, t):
3 Hi(x,y) on (M x M)\ C(M), C(M) ={(x,y)|ly € Cut(x)}, such that

1 n/2 ist2 (x, > .
) o Z Hi(x, y)t' (2)
i=0

H(x,y, t) ~ (m

holds uniformly as t — 0 on compact subsets of (M x M)\ C(M).

Question:(Global bounds for the heat kernel H(x,y,t))
Are there A(dist(x,y),t) and B(dist(x,y),t) such that

_ dist?(xy)  dist?(x.y)
4t

A(dist(x,y), t)e” 2 < H(x,y,t) < B(dist(x,y), t)e (3)

Remark: By Cheeger-Yau(‘81) lower bound comparison Theorem and
Davies-Mandouvalos(‘88) Heat kernel bounds on space form, one has

H(x,y,t) > H*(x,y, t) > c(n) " ha(dist(x, y), t)

where H*(x, y, t) is the heat kernel of space form with Ric = —k and
ha(r, t) is a known function.
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History
Li-Yau Differential Harnack inequality:
2 2 2
(Li— Yauge) VU _ U _na o

L G A )
u? au_2(a—1)+2t’ va>1

When (M, g) with nonnegative Ricci curvature, the sharp estimate:

Vu?2  u; <

u? u — 2t

Vu|? Uy na’k na?
Davies’89 | L=< — 4
(Davies'89) = au_4(a—1)+2t’
Harnack inequality:

Let u(x, t) be a positive solution of the heat equation (1), then Voo > 1,

Va > 1.

no

u(xi, 1) < (o, t2)<2)2 exp (adiStz(X’” 4 ok (2 - t1)>.

4(t2 — tl) 4(04 -1

where x1,x € M and 0 < t; < tp, < 0.
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Li-Yau's Bound estimates of H(x, y, t)

e Upper bound of H(x,y,t): V§ > 0,

1 1 ist?(x
H(x,y,t) < C(6,n)Vx 2(Vt)V, > (V) - exp (— W + Cl(n)6kt>.
where V,(R) = Vol(B«(R)) and C(8,n) ~ exp(£) as 6 — 0.

e Lower bound of H(x,y,t) for Ric(M) > 0:

; : ist?(x
H(Xayv t) Z C71(57 n)vxii(\/g)vyié(\/%) - exp ( d(4t_(6’)};)>

Remark: By a slight modified proof of Li-Yau, one could improve as

1 1 ist?(x
H(x,y,t) < C(n)Vx 2(Vot)V, 2(V6t) - exp < - W + Cl(n)ékt>.

Xiangjin Xu, Binghamton University - SUNY New heat kernel estimates on negative curved manifolds



Motivation to improve Li-Yau type estimates
e Short time behavior of the heat kernel H(t, x, y):

H(t,x,x) ~ t"2(ag + art + ast?> +---), as t \, 0

which suggests
us n
—— ~—,ast\,0
u 2t st

e Long time asymptotic behavior of upper bound for (t):

(1) Davies' estimates suggest the lowest upper bound for ©(t) may be nk
ast /oo

(2) Yau's gradient estimates for positive harmonic functions on manifolds
with negative Ricci lower bound:

2
VUl o (n - 1)

u

(3) Direct computation for the heat kernel H(t, x,y) on hyperbolic spaces
suggest the lowest upper bound for (t) will be at lest (n — 1)k too.
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Li-Yau type Differential Harnack inequality

Theorem:(Li-X. '11) Let Byg be a geodesic ball with Ricci(Bar) > —k.
let f = Inu, then we get the following Li-Yau type gradient estimate in
Br

"C/;r oth(vk - R) nC

R2 tanh(kt)

sup(|V1"|2 —afy —¢)(x,t) < ﬁ +
Br

where at) =1+ %W and ¢(t) = 2 [ coth(kt) +1].

Moveover, if Ric(M) > —k on the complete manifold, then

sinh(kt) cosh(kt) — kt

VF2—(1+
VA= ( sinh?(kt)

)fe < Z[coth(kt)+1].  (4)

Remark:
a(t) = 1and o(t) = 57 as t \, 0,
a(t) = 2 and ¢(t) = nk as t /' o0.
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Parabolic Harnack inequalities for positive solutions

Theorem:(Li-X. '11) For Vx;,x0o e M, 0 < t; < tp < 00,

dist? (Xz, Xl)

U(Xl7 tl)
4(t2 — tl)

u(x, o) (14 Ax(t1, 12))

< Ai(t1, ) - exp l

where dist(x1, x2) is the distance between x; and xz,

2kt: %
_ [ e —2kt,—1 __ tycoth(kty)—t; coth(kty)
A = (ezkt172kt171) , and A2(tlv t2) - th—t :

Sketch of Proof: One integrates the following Hamilton-Jacobi
inequality

ORI}

which comes from (4), along the curve 1(s) = (v(s), (1 — s)t2 + st1),
where 7y is a shortest geodesic joining x; and x».
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On-diagonal upper bound of H(x,y, t):

Theorem:(X. ‘13): For any R > 0, we have
-1 -1 2 t t t
Heay,t) < VARV H(RIAT( 505 +0( 5

oty (4 (55 0()))]

One can obtain different on-diagonal upper bound of the heat kernel by

different choice of 6(t) and R:

Case 1: 6(t) = (2t)2 A1 £ min{(2t)%,1} and R2 =6(%) = > A 1,
Hix,y. 1) < Vi 5(EA D)V, 2 (8 A 1) Aon(t) exp(Bon(t)). (5)

where Asy(t) and Bon(t) are bounded functions such that: Agn(t) ~ 1 as

t%O,Aon(t)Nexp[";] as t — 00, Bop(t) ~ 1+ (Ht) as t — 0,

Bon(t) ~ 2 as t — oo,
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Continue

Case 2: §(t) = (2t)2 At = min{(2t)%,t} and R? =6 (L) =2 A t,
2

_1 _1
H(x,y,t) < Vi 2(E AVE)V, 2 (8 A VE)Aon(t) exp(Bon(t)), (6)
where Ao,(t) and Bo,(t) are smooth functions such that: Ap,(t) ~ 1 as

t — 0, Aon(t) ~ exp [”2“] as t — 00, Bou(t) ~ 1+k(tT+t2) as t — 0,

Bon(t) ~ 2 as t — o0.
Case 3: §(t) =2t A1 £ min{2t,1} and R? = §(%),

1

H(x,y,t) < Vi 2(VEA D)V, F(VEADA(L) exp(B(t)), (7)

where A(t) ~ 2"/2 as t — 0, A(t) ~ exp {”2’(} ast— o0, B(t) ~1+ 4

ast—0, B(t) ~ 2 ast— oc.
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Continue

if we further assume that infyep Vi (1) > € > 0 for some constant € > 0,

we have /2
Gt " , t<1,
H(x,y,t) < { G t>1

From A Theorem of Davies-Pang '89. We have

H(x,y,t) < C max {t”/2<1 + d(\xﬁy)) 1} exp { "2(:;”] (8)

where C depends on n, k, € only.
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Off-diagonal upper bound of H(x,y, t):

Theorem:(X. '13): Assume d?(x,y) > t?> A 1, we have the following
off-diagonal upper bound of the heat kernel

H(x,y,t) < VQ%(tAl)V[%(tA1)Aoff(t)

exp [— % + Borr(t) + Coff(t)dz(xdf)] (9)

where Ao (t), Borr(t) and Cog(t) are bounded functions such that:
Aor(t) ~1as t — 0, Ar(t) ~ e as t — 00, Bogr(t) ~1last— 0,

Bosr(t) ~ 2 as t — oo, and Copr(t) ~ 2 as t — 0, Cop(t) ~ 0 as t — oo.
And

Hooy t) < Vi 2(EAVEV, 2 (EAVE)Am(t)

exp | — % + Borr(t) + Coff(t)d2(x7y)1(’10)

where Ao (t), Borr(t) and Cog(t) are smooth functions such that:
Aorr(t) ~1as t =0, Aog(t) ~ e™ as t — 00, Bogr(t) ~1ast — 0,
Bofr(t) ~ 2 as t = oo, and Copr(t) ~ 2 as t — 0, Copr(t) ~ 0 as t.— oo.
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Upper bound estimate for Heat kernel H(x, y, t)

Theorem: (X. ‘13) Let (M, g) be a complete Riemannian manifold with
Ric(M) > —k, k > 0. Let H(x,y, t) be the heat kernel of M, then

Hix,y,t) < Vi 2(¢ A1)V, 2 (EAD)A(Y) (11)

xep |- T2 g + ()|,

where A(t) = max{Aon(t), Aorr(t)}, B(t) = max{Bon(t) + %, Ao (t)}
and C(t) = Co(t) are positive bounded functions such that:

1, ast—0,
A(t) ~ { e"™  ast— oo.
1, ast—0,
B(t)N { %, as t — oo.
5
) 7 as t—0,
) { 0, ast— oo.
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New lower bounds of the heat kernel

Theorem:(Li-X. '11) Let M be a complete (or compact with convex
boundary) Riemannian manifold possibly with Ricci(M) > —k. Let
H(x,y,t) be the (Neumann) heat kernel. Then for all x,y € M and
t>0,

Hixy t) 2 ()8 B0 exp [‘ R (1 “°°ti‘t“"l)1 |

(262Kt —2—akt) 4

In particular when Ricci(M) > 0, we have

H(X7y7t)2 (47Tt)7gexp [_‘W]

Theorem: (X. '13) Lower bound of H(x,y,t) for Ric(M) > 0:

Hx,y,t) > A(t)Vi ?

_1 < dist?(x, y)

C2(t)Vy, 2(t) -exp P _é(t)d,'st2(x,y)>.
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Thank you for attention!
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