Preliminary Exam: Probability, Friday, August 22, 2008

The exam lasts from 9:00 am until 2:00 pm. Your goal on this exam
should be to demonstrate mastery of probability theory and maturity of
thought. Your arguments should be clear, careful and complete. The exam
consists of 7 problems, each with several steps designed to help you in the
overall solution. If you cannot justify a certain step, you still may useitina
later step.

On each page you turn in, write your assigned code number instead of

your name. Separate and staple each problem and return it to its designated
folder. |

Problem 1. Let {X, k£=12,...} be a sequence of symmetric and independent random

4]
variables such that there exist constant ¢ >0 with | X, [<¢ forall k. Let S, = >, X .
k=1

S, —E(S,) 7 in

m H-»0

a. Assume that Var(S, ) ————>. Prove that

distribution where Z ~ N(0,1).

- S, —E(S
b. Prove that if » Var(X;) <o then Sy~ E(S,) converges a.s.

k=1 q[Var(Sn)

L
c. LetT, = ZX ¢ - Is it possible, under the assumption of part b., that both

k=2
S -FE -

i) 2 (54) and (ii) T, —ET) converge in distribution to N(0,1) ?
JVar(S,) Var(T,)

Hint: Let ¢y (¢) denote the c.f. of X . Compare limgg _ £(s,)(?) and
n

lim Pr._E(T,) (f) when both (i) and (ii) converge to N(0,1).

Problem 2. Let {X,, n=12,...} beasequence of independent random variables. The
distribution of X, n=1 is given by :

1__ —R

¥ - =1 with probability

3

+2" with probability 277!




X, _
Does —% — 0, a.s. ? Justify.
n

Does the sequence {X, } satisfy the strong law of large numbers? Justify.

oo
. Does Z——i converge a.s.? Justify,

n=1 N

. Prove or produce a counter example. Let {¥,, n=12,...} be a sequence of

0
symmetric and independent random variables. If Z Y converge a.s. then
n=1

iVar(Yn) <00,

n=l1

Problem 3. Let {F),} and {G, }be two increasing sequences of sub & —algebras of

F in a probability space (Q,F,P). Denote F = O'(UFH) and G = O'(UGn) and

n=1 n=1

assume F, > G,,nx1.

a.

IfM,—> M in L then E(M, |G,)—>E(M|G) in L.

Assume that {M,, F,, n=12,...} is a martingale. Prove that
{E(M,|G,),G,, n=12,...} isamartingale.

If M, >M in L and {M,,F,, n=12,..} is a martingale then
EM,|G,)— E(M|G) as.

Under the assumption of part ¢, is it true that £(M,, |G, )= E(M|G,),n=1?
If yes, prove it; if not give a counter example.

Problem 4. An individual possesses r umbrellas which he employs in going from his
home to office and vice versa (from his office to his home). If he is at home (or office) at
the beginning (or end) of the day and it is raining then he will take an umbrella with him




to the office (or home) provided there is one at the place. Assume that independent of the
past, it rains at the beginning (or the end) of a day with probability p > 0.

a. Let the state i be the number of umbrellas at his present location( the number of
umbrellas at the other location is » —{ ). Find the transition matrix

lF: j _|, 0 <1i, j <r and show that the following is a stationary distribution for the
Markov chain defined by lﬂ jj :

7 if i=0
r+gq
ﬂ"iz 1
if i=1,..,r
r+gq
where g =1— p.

b, Let {X,, n=0,1,2,...} beaMarkov chain associated with [ E.,J.J . Assume

n—1
PR
that P(Xy =i)=m;, 0<i<r. Prove that k=0 converge a.s. and
n

identify the limit.

Problem 5. a. Let {X;, £=12,...} beasequence ofi.i.d. random variables and
43
2.
assume that there is ¢ € R so that £=! >C, a.8.
" H—

Show that E| X, |< 0 and ¢ = E(X).

b. Let X={X,, k=12,.}andlet Y ={¥,, £ =1,2,...} be two ergodic
stationary sequences and denote by P X and PL the probability measures induced
on R®. Assumethat E| X, |<0, E|Y]|<w and E(X;)# E(Y]). Show that

P% and PY are singular. Tustify your answer. (Hint: PX and P are singular if
there exist two disjoint sets 4, C € B(R™) such that PX(4)=PX(C)=1.)

Problem 6. Let g : R — R be a bounded function with bounded derivative.

a. Let X ~N(0,6%) . Prove: E(g(X)X)=02E(g'(X)).
(Hint: integration by parts.)




Assume further that
Xi| |a by |4
FERMH
where Z;, Z, are independent N(0,1) and a,b,c,d € R.

b. If COV (X, X,)=0 then
E(el'-(leerXz)) — E(ei-f]Xl )E(ej,!zXZ ), for (tl’tz) 1= _R2

E(X, X
¢. Prove that X, — EX, ). X, isindependent of g(X,).
Var(X,)
(Hint: use relationship between X, — EXX), X, and X))
Var(X,)

d. Prove: COV{(g(X,),X,)=COV(X,,X,) E(g'(X;))

Problem 7. Let {M(t), t >0} be a real-valued process whose all finite dimensional
distributions are Gaussian and such that E{M (¢)) =0 forali z.
Assume there exists a function /2: R, — R such that

E(M()M(s))=h(s) forall 0<s<¢.

Prove:
a. The function #4(f), ¢ = 0 is non-negative and non-decreasing.
b. {M(#), t =0} has the same finite dimensional distributions as

{B(h(1)), t = 0} where {B(?), t = 0}is a real-valued standard Brownian motion.

c. Assume that % is continuous and A(0) = 0. Assume also that 1g1a)](M (H)isa
<t<

random variable, Find

HU—0 O<r<d

lim ;12“ -log P(max M(t) > u).




