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We establish characterization results for the ergodicity of sym-
metric a—stable (SaS) and a—Fréchet max—stable stationary random
fields. We first show that the result of Samorodnitsky [35] remains
valid in the multiparameter setting, i.e., a stationary SaS (0 < a < 2)
random field is ergodic (or equivalently, weakly mixing) if and only if
it is generated by a null group action. The similarity of the spectral
representations for sum— and max-stable random fields yields paral-
lel characterization results in the max—stable setting. By establishing
multiparameter versions of Stochastic and Birkhoff Ergodic Theo-
rems, we give a criterion for ergodicity of these random fields which
is valid for all dimensions and new even in the one-dimensional case.
We also prove the equivalence of ergodicity and weak mixing for the
general class of positively dependent random fields.

1. Introduction. A process is called sum-stable (max—stable, respec-
tively) if so are its finite dimensional distributions and it arises as a limit, un-
der suitable affine transformations, of sums (maxima, respectively) of inde-
pendent processes. Convenient stochastic integral representations have been
developed and actively used to study the structure and properties of sum—
stable processes and fields (see, e.g., [36], [22], [24], [23], [19], [33], [34], [35],
[31]), [29] and [30]. On the other hand, the seminal works of de Haan [7] and
de Haan and Pickands [8] as well as the recent developments in [38], [43],
and [10] have developed similar tools to represent and handle general classes
of max—stable processes.

The ergodic properties of stationary stochastic processes and fields are of
fundamental importance and hence well-studied. See, e.g., Maruyama [16],
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Rosiniski and Zak [25, 26], Roy [27, 28] for results on infinite divisible pro-
cesses and Cambanis et al. [2], Podgdrski [20], Gross and Robertson [6],
Gross [5] for results on stable processes. These culminated in the characteri-
zation of Samorodnitsky [35], which shows that the ergodicity of a stationary
symmetric stable process is equivalent to the null-recurrence of the underly-
ing nonsingular flow. On the other hand, necessary and sufficient conditions
for the ergodicity of max—stable processes have only recently been obtained
in [37]. Kabluchko [10] has shown that as in the sum-stable case, one can
associate a nonsingular flow to the process and that the characterization of
Samorodnitsky [35] remains valid in the max-stable setting, as well. The
question whether this is the case for sum-stable and max-—stable random
fields remained open.

We resolve the above open question by characterizing the ergodicity for
both classes of sum— and max—stable stationary random fields. For simplicity
of exposition as well as mathematical tractability, we work with symmetric
a-stable (SaS), (0 < a < 2) sum-stable fields and a—Fréchet max-stable
fields (o > 0). As in the case of processes, we use minimal representations to
relate the random fields to the underlying nonsingular actions following [23]
and then show, by establishing multiparameter versions of the Stochastic and
Birkhoff Ergodic Theorems for actions (of both Z? and R?), that the sum—
or max—stable random fields are ergodic if and only if they are generated by
null group actions. These ergodic theorems can be of independent interest
in both probability and ergodic theory.

The main obstacle to this work is unavailability of higher—dimensional
analogue of the work of Krengel [13], which helps to characterize station-
ary SaS processes generated by positive and null flows; see [35] for details.
In contrast to the case of processes, we use the work of Takahashi [40],
to develop tractable and dimension—free criterion for verifying whether a
given spectral representation corresponds to a random field generated by a
null (or positive) action. These results offer alternative characterizations of
ergodicity even in the one—dimensional case.

In this work, we also establish random fields analogues of some of the
classical results on stable and max—stable processes. In particular, we show,
following closely the work of Podgdrski [20], that ergodicity and weak mixing
are equivalent for stationary SaS random fields. We also extend a well—-
known result of Gross [5] and give necessary and sufficient condition for a
stationary SaS random field to be weakly mixing and in the process fill in
a gap in [5] (see Remark A.3 below). Similarly, in the a—Fréchet case, we
obtain a multiparameter version of a characterization of ergodicity given by
Stoev [37].
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Rosinisky and Zak [26] have shown that weak mixing and ergodicity are
equivalent for (sum-)infinitely divisible processes. Recently, Kabluchko and
Schlather [11] established the equivalence of weak mixing (of all orders) and
ergodicity for max—infinitely divisible processes. In Section 5, we obtain a
result showing the equivalence of weak mixing and ergodicity for the general
class of positively dependent stationary random fields, which includes as
particular cases max—infinitely divisible and max—stable random fields.

The paper is organized as follows. In Section 2, we start with some auxil-
iary results from ergodic theory. In particular, we establish multiparameter
versions of the Stochastic and Birkhoff Ergodic Theorems. In Section 3,
we establish the positive—null decomposition for measurable stationary SaS
random fields. Section 4 contains the main results on the ergodicity of SaS
random fields as well as the extensions of some other classical results on sta-
ble processes. The max—stable setting is discussed in Section 5. We conclude
with a couple of examples in Section 6. Some technical proofs and auxiliary
results are given in the Appendix.

2. Preliminaries on Ergodic Theory. In this section, we start with
some preliminaries on ergodic theory used in the rest of the paper. We
then establish multiparameter ergodic theorems that can be of independent
interest. Throughout this paper, we let (S, B, 1) denote a standard Lebesgue
space (see Appendix A in [19]). Let ¢ denote a bi-measurable and invertible
transformation on S. We say that ¢ is non-singular, if o ¢~ ~ p. In this
case, one can define the dual operator gg, as a mapping from L'(S,p) to
L(S, 1) such that:

d(poo™)

(2.1) 01(s) = [0f] (s) = ( du

> (s) foo™'(s).

Note that ¢ is a positive linear isometry (hence a contraction) on L(S, ).
Dual operators facilitate the study of the corresponding point mappings.

In particular, the existence of a finite ¢—invariant positive measure v <

u, vo ¢t = v is equivalent to ¢(dv/dp) = dv/dp, ie. the existence of a

fixed point of the dual operator ¢ (see, e.g.,Proposition 1.4.1 in [1]). The
characterization results in the next section are in terms of dual operators.

2.1. Group Actions. Let now G = (G, +) be a locally compact, topologi-
cal abelian group with identity element 0. Equip G with the Borel o—algebra
A.

DEFINITION 2.1. A collection of measurable transformations ¢; : S —
S,t € G is called a group action of G on S (or a G-action), if
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(i) ¢o(s) =sforalse s,
(i) Gytu(s) = Py o dy(s) for all s € S;u,v € G,
(iii) (s,u) — ¢y(s) is measurable w.r.t. the product o—algebra A ® B.

A G-action G = {¢; }1eq on (S, p) is called non-singular, if ¢; is non—singular
forall t € G.

In the sequel, let G = {¢y fuee denote a non-singular G-action on (S, u).
The existence of a G-invariant finite measure v, equivalent to y, is an impor-
tant problem in ergodic theory. The investigation of this problem was initi-
ated by Neveu [17] and further explored by Krengel [13] and Takahashi [40]
among others. In the rest of this section, we present results due essentially
to Takahashi [40]. We will see that the invariant finite measures induce a
modulo p unique decomposition of S. This decomposition will play an im-
portant role in the characterization of ergodicity for sum and max—stable
random fields. The proofs of the results mentioned in this section are given
in the Appendix.

Consider the class of finite (positive) G-invariant measures on S, abso-
lutely continuous with respect to u:

A(G) := {v < p : v finite measure on S,v o0 ¢~ 1 = v for all ¢ € G}.

For all v € A(G), let S, = supp(v) := {dv/du > 0} denote the support of v
(mod p) and set I(G) :={S, : v € A(G)}.

LEMMA 2.2. I(G) has a modulo p unique mazimal element Pg. That is,

(i) For all S, € I(G), u(S, \ Pg) =0.
(ii) If there exists another Qg such that (i) holds, then Pg = Qg mod pu.

This result suggests the decomposition:
(2.2) S = Pg U Ng,

where Ng := S\ Pg. The set Pg = S,,, 1o € A(G) is the largest (mod p)
set, where one can have a finite G-invariant measure vy, equivalent to u|p;.
Consequently, there are no finite measures supported on Ng, invariant w.r.t.
G and absolutely continuous w.r.t. p.

The next theorem provides a convenient characterization of the decom-
position (2.2).

THEOREM 2.3. Consider any f € LY(S,u),f > 0. Let Pg denote the
unique mazimal element of 1(G) and set Ng := S\ Pg. We have:
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(i) The sets Pg and Ng are invariant w.r.t. G, i.e., for all ¢ € G, we have
(@ (Pg)APg) =0 and (¢ (Ng)ANg) =0.
(ii) Restricted to Pg,

(23) 3w f(s) =00, peae. for all {$u, nen € G-
n=1
(iii) Restricted to Ng,

(2.4) Z bu, f(5) < 00, p-a.e. for some {Gy, tnen C G.
n=1

The decomposition in (2.2) is unique (mod u). It is referred to as the
positive—null decomposition w.r.t. G. The sets P; and Ng are referred to
as the positive and null parts of S w.r.t. G, respectively. If u(Ng) = 0
(u(Pg) = 0, resp.), then G is said to be positive (null, resp.) G—action.

The next result provides an equivalent characterization of (2.2), based
on the notion of weakly wandering set. Recall that a measurable set W C
S is weakly wandering, w.r.t. G, if there exists {¢, }nen C G such that
(e, - (W) N g H(W)) = 0 for all n # m.

THEOREM 2.4. Under the assumptions of Theorem 2.3, we have:

1) The posz’tz’ve pmt P; has no weakly wandering set o positive measure.
g

1) The null pCLIt Ng is a union o weakly wandezmg sets w.r.t. g
g

We conclude this section with some remarks as follows.

REMARK 2.5. Theorems 2.3 and 2.4 follow from Theorems 1 and 2
in [40], which are valid for the general case when G is an amenable semi-
group. See e.g. [32] for more on amenable groups.

REMARK 2.6. In the case when G = Z, one can further express Ng
via an erhaustively weakly wandering set W. Namely, Ng = UL ¢ 1(VV),
where p (d)t_nl(W) N ¢t_ml(W)) =0, Yn # m (see, e.g., [9]). We don’t know
whether this is the case for general G.

REMARK 2.7. In the one-dimensional case, Krengel [13] (for G = Z) and
Samorodnitsky [35] (for G = R) establish alternative characterizations of the
decomposition (2.2). These results involve certain integral tests, which we
were unable to extend to multiple dimensions. Takahashi’s characterizations,
employed in Theorem 2.3, are valid for all dimensions.



6 Y. WANG, P. ROY AND S. STOEV

2.2. Multiparameter Ergodic Theorems. In the rest of the paper, we focus
on T? actions, where T stands for either the integers Z or the reals R. We
equip T¢ with the measure A = Aqa, which is either the counting (if T = 7Z)
or the Lebesgue (if T = R) measure.

In this section, we establish multiparameter versions of the stochastic
ergodic theorem and Birkhoff theorem for the case of T% actions. These two
results provide important tools for studying the ergodicity of sum— and
max—stable random fields.

Introduce the average functional Ap, defined for all locally integrable

h:T4 - R:
1

& /B RICHCOL

with B(T) = Bya(T) := (=T, T)*NT? and C(T) = Cpa(T) := (27)%

Consider now a collection of functions {fi},era C L'(S,u) such that
(t,s) — f(t,s) = fi(s) is jointly measurable when T = R. Then, one can
define the average operator:

Arh = Apa ph =

(2.5) mwmwzdaﬁwﬁmnwy

Let ||-]| denote the L' norm. If ¢ — || ;|| is locally integrable (i.e. integrable
on finite intervals) then Fubini’s theorem implies that Apf € LY(S, u), for
all T' > 0. Recall also that a sequence of measurable functions {f,}nen C
L(S, ) converges stochastically (or locally in measure) to g € L*(S, 1), in
short f, & g, as n — oo, if

(2.6)

NIL%OM({S | fn(s)—g(s)| > €} ﬂB) =0 forall e >0,B € B with u(B) < c0.

REMARK 2.8. By Theorem A.1l in [12], there exists a strictly positive
measurable function (t, s) — w(t, s), such that for all ¢ € T,

dp o ¢y
dp

w(t,s) = (s)

for yi—almost all s, and for all £, h € T¢ and for all s € S
(2.7) w(t + h, ) = wlh, shu(t, da(s).

From now on, we shall use w(t, s) as the version of the Radon-Nikodym
derivative d‘zli(;‘m(s).
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THEOREM 2.9 (Multiparameter Stochastic Ergodic Theorem for Non-
singular Actions). Let {¢t},era be a nmonsingular T¢-action on the mea-

~

sure space (S,p). Let fo € LY(S,u) and define f(t,s) = (¢—1fo)(s) =

w(t,s)foo ¢i(s). Then, there exists f € L'(S, ), such that

1

/ FEINA) L Fas T — oo
B(T)

Moreowver, f s tnvariant w.r.t. QA, i.e., ggtf: ffor all t € T,

PROOF. Suppose first that T = Z. The existence of f follows from Kren-
gel’s stochastic ergodic theorem (Theorem 6.3.10 in [14]). To see that f is

L'-integrable, pick a subsequence T}, such that A, f — f, u-a.e., asn — oo.
By Fatou’s Lemma,

LFl = I lim Ag, f[| < liminf | Az, f|| < [|fo]| < oo,
which implies f € L'(S, i1). Here we used the fact that

[ 1Ar sl < A [ 16-cfolds = Azl foll = 15l
S S

We now prove that f is invariant w.r.t. G. Fix 7 € T¢ and let T}, — oo be
such that g, := A7, f — f, u-a.e., as n — oo. Then, since ¢, is non-singular,

deodr) (0 60(s)

du
d(podr), |7 _ (3 7
— T(S)f 0 ¢r(s) = (- f)(s), prae.,

(2'9) (gg,.,._gn) (5)

as n — 00. On the other hand, since f(t,¢,(s)) = w(t, d-(s))fo © brir(s),
we obtain by (2.7) and Fubini’s Theorem that

~

(B-r0n)(6) = ey f o W+t o(6ral)A)

1
= T /B(Tn)+rf(t7 s)A(dt), p-a.e.

Therefore, by performing cancelations and applying Fubini’s theorem, we
get:

AM(B(Tw) + 7)AB(Th))
C(Ty)

||¢77'gn_gn|| < ||f0||7
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where DAE = (D \ E) U (E \ D) is the symmetric difference of sets. The
last term vanishes, as n — oo, since 7 € Z? is fixed. This implies that
g/i)\,Tgn 2 f, as n — oo, which in view of (2.9), yields b_f =1, p-a.e. This,
since 7 € Z¢ was arbitrary, establishes the desired invariance of the limit f .

Suppose now that T = R. Since we will use the result proved for T = Z,
we explicitly write Azqs 7 and Aga 1 to distinguish between the discrete and
integral average operators, respectively. In view of part (i), for all § > 0, we
have

1 -
(210) ARd,n(SfO = W /(_n&né]d (Z)_deT

1 —~
= (2n)d Z ¢75tg(6) = AZd,ng(5)7
te(—n,n]dNZe

where
1

@) (g) := = b s)dr ! .
106 =5 [, G € LS

As already shown for the case T = Z, the right—hand side of (2.10) converges
stochastically, as n — oo, to §g(¥) € LY(S, 1), where T gg_(;tfinvariant,
for all t € Z4.

On the other hand, for all § > 0, one can show ||ARd7Tf—ARd7L%J5fH —0

as T — oo. Therefore, we have that
ARd7Tf ﬂ) g((S) as T — 0o N

which shows in particular that 5(3) =g € L'(S, ) must be independent of

§ > 0. Since g is invariant w.r.t. ¢g; for all § > 0 and ¢t € Z¢, it follows that
g is G—invariant. OJ

THEOREM 2.10 (Multiparameter Birkhoff Theorem). Assume the con-
ditions of Theorem 2.9 hold. Suppose, moreover, that the action {¢:},cra is
measure preserving on (S, i), and that p is a probability measure. Then,

Arf — fﬁz E.(f|Z) almost surely and in L',
where I is the o—algebra of all G—invariant measurable sets.

PROOF. Suppose first that T = Z. The almost sure convergence and the
structure of the limit f follow from Tempel'man’s Theorem (Theorem 6.2.8
in [14] p.205). The L!'-convergence is clear when fy is bounded. Suppose
now that fo € L'(S, ). Consider the sequence Arf, T € N. For all € > 0
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there exists a bounded fée) € L*(S, u) such that || fo — foe)H < €/3. Then,
by the triangle inequality and the fact that A is a linear contraction, we
get

| Az, £ — Az, £Ol + 201 fo — £
1AT, £ — Ap, fO| +2¢/3 < e,

A7 f = An [ <
<

for all sufficiently large T} and Tb. This is because Apf(€) converges in L.
We have thus shown that A7 f, T € N is a Cauchy sequence in the Banach
space L'(S, i), and hence it has a limit, which is necessarily f .

Let now T = R. First, by a discretization argument as in the proof of
Theorem 2.9, we can show A7 f — f almost surely, for all fy € LY(S, ). The
L'-convergence can be established as in the proof in the discrete case. [

3. Stationary Sum—Stable Random Fields. Here, we investigate
the structure of stationary sum-stable random fields X = {X},ca, indexed
by T?¢. We focus on the general class of measurable symmetric a-stable
(SaS) random fields with 0 < a < 2. These fields have convenient stochastic
integral representations:

(3.) Khene 2 { [ 50009}
S teTd

where {f;};cra C LY(S, ), and the integral is with respect to an indepen-
dently scattered SaS random measure M, on S with control measure p (see
Chapters 3 and 13 in [36], for more details). Without loss of generality, we
shall also assume that {f;},cpa has full support in L*(S, ). Namely, there
is no B € B with p(B) > 0, such that [ |f:(s)|%u(ds) = 0, for all ¢t € T

The measurability of X allows us to choose (S, i) in (3.1) to be a standard
Lebesgue space and the functions (¢, s) — f;(s) to be jointly measurable (see,
e.g., Proposition 11.1.1 and Theorem 13.2.1 in [36]). Relation (3.1) will be
also referred to as a spectral representation of the random field X.

It is known from Rosinski [22] and [23] that when X is stationary, there
exists a minimal spectral representation (3.1) with

d(p o ¢r)

Ja
- () oo du(s) t €T,

(3:2) fuls) = ei(s)(

where fo € L%(S, 1), {#t};erd is a non-singular T¢action on (S, B, u), and
{ct}iera is a cocycle for {¢¢},cra taking values in {—1,1}. Namely, (¢, s) —
ct(s) € {—1,1} is a measurable map, such that for all u,v € T¢,

Cutv(8) = cu(8)ey (Pu(8)) ,p-ae. s€S.
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The representation (3.1) is minimal, if the ratio o—algebra o(f;/fr : t,7 €
T?) is equivalent to B (see Definition 2.1 in [22]). We say that a random
field {X¢},cre with the minimal representation (3.1) and (3.2) is generated
by the T4—action {¢¢},cra and the cocycle {ct},era. In this case, we also say
{X}4cTa has an action representation (fo,G = { ¢t }rera, {¢tbera)-

It turns out, moreover, the action {¢;};cra is determined by the distri-
bution of {X;};c4, up to the equivalence relationship of T?-actions (see
Theorem 3.6 in [22]). Thus, structural results for the T actions imply im-
portant structural results for the corresponding SasS fields. In particular, by
using Theorem 2.3, we obtain the following result:

THEOREM 3.1. Let {X;},cpa be a measurable stationary SaS random
field with spectral representation (3.1). We suppose that (S, B, ) is a stan-
dard Lebesgue space and the spectral representation {fi(s)}iera is measur-
able. Assume, in addition that

(3.3)  g(s):= / ar| fr(s)|*N(d7) is L' -integrable and supp(g) = S,
To

for some Ty € Bya and ar > 0, V7 € Ty. Then,

(i) {Xi}iera is generated by a positive T¢—action if and only if
(34) 3 / ar|frse (8)[*A(dT) = 00, p-ace. , for all {tntnen C T
n=1"To
(i5) {Xi}iepa is generated by a null T?-action if and only if

(3.5)

Z/ ar| frat, (8)|2ANdT) < 00, p-a.e., for some {t,}nen C T?.
n=1"T0

In particular, the classes of stationary SaS random fields generated by pos-
itive and null T?—actions are disjoint.

REMARK 3.2. One can always choose {a;}rer, such that (3.3) holds, if
the spectral functions { f¢};cpa have full support in L(S, ).

PROOF OF THEOREM 3.1. Suppose that the spectral functions { f;};cra
are minimal and have the form (3.2). Observe that, for all t,7 € T?, we have

(1260) ) dpo6r)
du du

fraa(s))e = bu(5)fo 0 br 0 Gu()|, ene.
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Since both the Lh.s. and the r.h.s. are measurable in (7,s), by Fubini’s
theorem,

| arlfe(s)ma@n)
T

_ d(uo¢r)

1) [ aclfo au(s)Mar) = (o)), prae.

where the last relation follows from (2.1). Therefore,

[e.e]

Z/ ar|frie, (8)|“A(dr) = Z tng, pra.e., Y{tn}nen c T

Hence Theorem 2.3 (4i) and (%), applied to the strictly positive function
g € LY(S, 1), implies the statements of parts (i) and (ii), respectively.
Using Remark 2.5 in [22] and a standard Fubini argument, it can be
shown that a test function (3.3) in the general case corresponds to one in
the situation when the integral representation { f;};cpa of the field is of the
form (3.2). Therefore, an argument parallel to the proof of Corollary 4.2 in
[22] shows that the tests described in this theorem can be applied to any
full support integral representation, not necessarily of the form (3.2). This
completes the proof. O

REMARK 3.3. Theorem 3.1 provides dimension—free characterizations of
the fields generated by positive or null T actions. The seminal work of
Samorodnitsky [35] gives alternative characterizations in the case d = 1 (see
also Remark 2.7).

The above characterization motivates the following decomposition of an
arbitrary measurable stationary SaS random field X = {X;},cps. Without
loss of generality, let X have a representation (fo, G = {¢¢}remd, {¢t}iera) as
n (3.1) and (3.2). Then, by Lemma 2.2 S = Pz U Ng and one can write:

d P N
(3.6) {Xit}iera = {Xt + X }ter
with

X = [ fi(s)My(ds) and X = | fi(s)M(ds) for all t € T?.
Pg Ng
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COROLLARY 3.4. (i) The decomposition (3.6) is unique in law. That is,
if there is another representation (féQ), G2 = {qb,ﬁz)}tew, {eﬁ”}tew) satisfy-
ing (3.1) and (3.2), then

{Xf}i{/ f”dMa} and {ng}g{/ ft(2)dMa}.
P Ny(2)

(2 G

(ii) The components X' = {X['},cra and XN = { XN },cra are independent,
XP is generated by a positive T%—action and X is generated by a null T4~
action.

PROOF. Proof of (ii) is trivial. To prove (i), observe that by Remark 2.5
in [22], there exist measurable functions ® : Sy — S and h : So — R\ {0}
such that for all ¢ € T¢,

(3.7) ft(2)(s) = h(s)fito ®(s) po—almost all s € Sy,

and dp = (|h|%dpg) o ®~L. Using (3.7) and an argument parallel to the proof
of (2.18) in [35], it can be shown that Py = @1 (Pg) and Ny = ®~! (Ng)
modulo pg, from which the distributional equalities in (i) follows as in the
proof of Theorem 4.3 in [22]. O

4. Ergodic Properties of Stationary SaS Fields. Let (Q,F, P)
be a probability space, and {6;},cp¢ a measure-preserving T action on
(Q, F, P). Consider the random field X;(w) = Xo6;(w), t € T¢. The random
field { X} };cra defined in this way is stationary and conversely, any stationary
measurable random field can be expressed in this form.

We start by introducing some notation. For all t = (t1,--- ,tq) € T¢, let
||It]| denote maxj<;<q|ti|. We consider the class 7 of all subsequences that
converge to infinity in the following sense:

T i= {{tn}nen € T: lim ||ty]| = oo} .
Recall that a set E C T? is said to have density zero in T¢, if
(4.1) Tim 7/ 1e(H)A(d) = 0.
(T) Js(m)

A set D C T? is said to have density one in T¢ if T?\ D has density zero in
T?. The class of all sequences on D that converge to infinity will be denoted
by

T = {{t}nen : tn € T'N D, lim |tn] = oo} .
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Now we recall some basic definitions. Write ox := o({X; : t € T?}) for
the o-algebra generated by the field {X;},cra. We say {X;}epa is

(i) ergodic, if

(4.2)
1
limi/ P(ANO,(B))A\(dt) = P(A)P(B) for all A, B € ox.
Jim oo [ BANGB)AGN) = B4 B(B) x
(ii) weakly mixing, if there exists a density one set D such that
(4.3)
nlirrolo P(AN6,, (B)) =P(A)P(B) forall A,B € ox,{tn}nen € Tp -

(iii) mixing, if
(4.4)
lim P(AN#6,, (B)) = P(A)P(B) forall A,B € ox,{tn}nen €7 .

n—oo

Ergodicity can be equivalently characterized as follows.

LEMMA 4.1.  The T¢-action {0;},cra on (Q, F, P) is ergodic if and only
if A€ ox and 0, '(A) = A for all t € T? implies P(A) =0 or P(A°) = 0.

The proof is given in the Appendix.

REMARK 4.2. Another equivalent definition of weak mixing is the fol-
lowing: {X;},ca is weakly mixing if,

(4.5)
. 1
Jim /B(T) IP(AN6,(B)) — P(A)B(B)A(AL) = 0 for all 4, B € ox .

The equivalence of (4.3) and (4.5) follows from the following straightforward
multivariate extension of Lemma 6.2 in [18] p. 65.

LEMMA 4.3 (Koopman—von Neumann). Let f be a nonnegative function
on T, which is bounded: sup;ca f(t) < M < oo. Then,

(4.6) lim. C(IT) / o, @) =0,

if and only if, there exists a subset D C R? of density one, such that

(4.7) lim f(ty,) =0, for all {tp}neny € Tp .

n—oo
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In general, we always have that
mixing = weakly mixing = ergodicity.
For stationary SaS random fields, however, we have the following result.

THEOREM 4.4. A real stationary Sa.S random field is ergodic if and only
if it is weakly mizing.

ProoOF. Using Theorem 2.10, proceed as in Theorem 2 and Theorem 3
in [20]. O

The main result of this section is the following theorem.

THEOREM 4.5. A stationary SaS random field is weakly mizing (and
equivalently ergodic) if and only if the component XF in (3.6) corresponding
to a positive T%—action vanishes.

REMARK 4.6. Theorems 2.4 and 4.5 yield that a stationary SaS random
field is weakly mixing if and only if S can be expressed as a union of weakly
wandering sets w.r.t. the underlying action. Heuristically, weakly wandering
sets are those which do not come back to itself too often and so the same
values of the random measure M do not contribute to observations X; far
separated in t. Thus the field ends up having a shorter memory which is
manifested in its weakly mixing behavior.

To prove Theorem 4.5, we need the following result, which is an extension
of Theorem 2.7 in [5]. The proof is given in the Appendix.

THEOREM 4.7. Assume a € (0,2) and {X;}epa is a stationary SoS
random field with spectral representation { f;},cra C L*(S,B, ). Then, the
process { Xt }yera is

(i) weakly mizing if and only if there exists a density one set D C T¢,
such that

(48)  Jim pds < [fo()|* € K, |fiz (5)| > e} =0
for all compact K C R\ {0},e >0 and {t;}nen € Tp .

(ii) mizing, if and only if (4.8) holds with Tp replaced by T .
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PROOF OF THEOREM 4.5. For this proof, we follow very closely the proof
of Theorem 3.1 in [35] with the proof of ‘only if’ part being exactly the
same. For the ‘if part’, however, we treat the discrete and the continuous
parameter scenarios together by virtue of Theorem 2.9, which unifies the
two cases. More specifically, in view of (4.8) and Lemma 4.3, it is enough to
show that for all e > 0 and compact sets K C R\ {0},

(4.9) dim Azp{s 1 fo(s)|* € K, [f)()|* > e} =0,

where Ap is the average operator defined by (2.5). Following verbatim the
argument in the proof of (3.1) in [35], we obtain (4.9) for both discrete and
continuous parameter cases with the help of Theorem 2.9. O

REMARK 4.8. From the structure results in [31] and [30], and Theo-
rem 4.5 above, we obtain a unique in law decomposition of X into three
independent stable processes in parallel to the one-dimensional case [35],
ie.,

X = X(l) + X(Q) + X(3)’

where X is a mixed moving average in the sense of [39], X is weakly

mixing with no mixed moving average component and X() has no weakly
mixing component.

5. Max—Stable Stationary Random Fields. In this section, we in-
vestigate the structure and ergodic properties of stationary max—stable ran-
dom fields, indexed by T¢. It turns out that the results are similar to the
ones in the sum-stable case in Sections 3 and 4.

For simplicity and without loss of generality, we will focus on a—Fréchet
random fields. The random field X = {X;},cra is said to be a—Fréchet, if
for all a; > 0, 7; € T¢, 1 < j < n, the max-linear combinations ¢ :=
maxi<;<n ajXs; = Vlgjgn a; Xz, have a—Fréchet distributions. Namely,

P < z) = exp{—0c% ™} for all z € (0, 00),

where o > 0 referred to as the scale coefficient and o > 0 is the tail index
of £. The a—Fréchet fields are max—stable. Conversely, all max—stable fields
with a—Fréchet marginals are a—Fréchet fields.

De Haan [7] has developed convenient spectral representations for these
processes (fields). An intimate connection between the a—Fréchet and SaS
processes (0 < a < 2) has long been suspected due to their similar ex-
tremal properties and analogous Poisson point process representations. Re-
cently, this connection was formally defined through the notion of association



16 Y. WANG, P. ROY AND S. STOEV

(see [10] and [42]). Wang and Stoev [43], moreover, have developed a theory
for the spectral representation of max—stable processes, which parallels the
existing representation theory for infinite variance SaS processes.

More precisely, any measurable o—Fréchet field Y = {Y; },epa (o > 0) can
be represented as

(5.1) Y, = e/sft(s)Ma,v(ds), (t € T,

where {f;}iera € LE(S, 1) := {f € L*(S,p) : f > 0}, ‘°f’ stands for the
extremal integral, M, is an independently scattered a—Fréchet random sup—
measure with control measure p and (S, 1) can be chosen to be a standard
Lebesgue space (see [38, 43]). The functions {fi};era in (5.1) are called
spectral functions of the a—Fréchet random field. By using Theorems 4.1
and 4.2 in [43], if the representation in (5.1) is minimal, as in the sum-
stable case, one obtains

d(p o ¢r)

1/a
22)  foo duls) for all t e T,
1

(5:2) fils) = (
where ¢ = {¢;};crd is a nonsingular group action and fy € L% (S, i).

Thus, the a—Fréchet random field Y is said to be generated by the group
action ¢ if (5.1) is a minimal representation such that (5.2) holds. This
allows us to extend the available classification results in the sum—stable case
to the max—stable setting. Indeed, by following the proof of Theorem 3.1,
we obtain:

THEOREM 5.1.  Suppose {Yi},cra is a measurable stationary a—Fréchet
random field with spectral representation { fi}icra as in (5.1). Let Ty € Bra
and {ar}rer,, ar > 0, be such that (3.3) holds. Then,

(i) {Yi}iera is generated by a positive T9—action, if and only if (3.4) holds.
(ii) {Yi}iera is generated by a null T4—action, if and only if (3.5) holds.

In particular, the classes of stationary a—Fréchet random fields generated by
positive and null T¢actions are disjoint.

This yields the following decomposition result.

COROLLARY 5.2. Let {Yi},cpa be a measurable stationary o—Fréchet
random field with representation in form of (5.1) and (5.2). We have the
unique—in—law decomposition

d
Yihiene £ YV}
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with

v,P = ft( )My (ds) and V¥ / fi(8) Moy (ds) for all t € T?,

where G = {¢1}yera. The component {Y;F'},cra is generated by positive T4~
action and {YN},cra is generated by null T?—action.

The proof is analogous to that of Corollary 3.4.

REMARK 5.3. In contrast to the sum—stable case, one does not encounter
a co—cycle in (5.2) because the spectral functions in (5.1) are non—negative.
One could also arrive at (5.2) by using association as in [10] and [42]. Namely,
for any a—Fréchet field as in (5.1), the 1—Fréchet field Y = {Y;*},cra is
associated with an S1S random field with spectral functions {f*};cra C
LY(S, 1). One can thus relate the spectral functions to a group action as in
(5.2) by using the available theory in the sum-stable case.

In the rest of this section, let Y = {Y;},cta denote a measurable o
Fréchet random field with spectral representation (5.1) and (5.2). We shall
study the ergodic properties of Y.

THEOREM 5.4. {Y;},cra is ergodic, if and only if

(5-3) 1Uig A glladt =0,

lim L/
T—oo C(T) B(T)
for all g € V-span{f; : t € T4}, where U = {U;},cra is the group action on
L% (S, 1) defined as Upg := (dp o b¢/dp) g o ¢y, t € T

PROOF. Observe that {Y,*};cqa is a 1-Fréchet random field with spectral
representation { f{*},cre C LY (S, ). Thus, it is enough to focus on the case
a =1 and in the sequel let ||-|| denote the L! norm (see also Remark 5.3).
Without loss of generality, suppose Y = {Y;},cp« has the form Yi(w) =
Y o 0;(w), where {6;},cra is a measure-preserving T¢-action on (2, F, P).
Then, similarly as in (2.8), for all Y € L1(Q, oy, P), write

ArV(w) = T/ Y 0 0, (w)A(dt)

and by Theorem 2.10,

Jim |A7Y — E(Y|Zy)| =0,
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where Zy is the invariant o-algebra consisting of sets in oy invariant w.r.t.
all shift operators. Then, {Y;},cqa is ergodic, if and only if E(Y|Zy) =
EY , P-a.e. for all Y € L'(Q, oy, P) by Lemma 4.1, if and only if

(5.4) Jim |A7Y — EY| =0 for all Y € L*(Q, oy, P).
—00

In particular, it is equivalent to show that (5.4) holds for all Y € H, where
H is a linearly dense subset of L'(£), oy, P), consisting of random variables
of the following form:

(5.5) 1= 1y, <ar Yo <an} 7 € Ny ti € T and q; € R.

Moreover, since 1 is bounded by 1 and so is Apn, in (5.4) we can equivalently
use the L?-norm. Therefore, observing that

1A = Enlt20 oy py = Eldrn— P(Yy <ai,--- Y, <ap)f
= E|Arn — exp{—[|hy|[}
with hy(s) = ity a; ' fi,(s) € L(S, ) corresponding to 1 given in (5.5),
Condition (5.4) is equivalent to

(5.6) Jim E[Arn —exp{—[hy[}[* =0, VneH.

By straightforward calculation, (5.6) becomes

E|A7n|?

=1forallneH.

Observing that

1

E|Amn[? = s [ PG < e Vi S a1 < < mydrde
C(T)? Jp(r) JB(T)

= N Us—r b V by || }drdt
T Joray S, S VeV allys

=S

and
eXp{_ ||Ut—’rh77 \ hnH
= exp { = [Ut—rhy V byl + [[eg | + U7 | ¢,
exp{—2 [} { 7V Il + ol }

we have

E|Arn|? 1 / /
= expl — [|Ui—+hp AN h drdt.
(=2 [y} = O Jagry Jury ™2 L~ Vsl Ml }
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Plugging in the above equality and applying Lemma 4.3, we can show
that (5.7) holds, if and only if

(5.8) hm / / |Ui—rhy A hy||drdt =0 for all Y € H.
T—o0 C T)
Since R(t,7) = ||[Ui—rhy A hy|| is a nonnegative definite function on T¢ x

T?, by Bochner’s theorem (see e.g. Corollary 2.3 in [15]), the Lh.s. of (5.8)
becomes

(5.9) YlgI;OC / / /]I‘d it—m)"e v(dx)drdt
757 L e ) = v((0}).

= oy

for some finite symmetric measure v on T¢. At the same time, by the inver-
sion formula of the Fourier transform,

. 1
(5.10) v({0}) —TIEEOC(JU/Bm [Uthny A by dt .

Combining (5.8), (5.9) and (5.10), we have proved the desired result. O

The ergodicity of stationary o~Fréchet random fields {Y;};cpa is closely
related to the recurrence properties of the underlying T action. As in the
sum-stable case, we have

THEOREM 5.5.  {Y;},cra is ergodic, if and only if the T?-action {¢;},era
has no nontrivial positive component.

PrROOF. Theorem 5.4 and the multiparameter stochastic ergodic theorem
(Theorem 2.9) allow us to extend the proof of Theorem 8 in [10] to the
multiparameter setting. O

The following theorem gives a simple necessary and sufficient condition
for the mixing of measurable stationary a—Fréchet random field.

THEOREM 5.6. {Yi},cra is mizing, if and only if
nlggo Il fe, A foll =0 for all {t,}nen € T .

The result follows by using similar arguments as in the proofs of Theorem
3.3 and Theorem 3.4 in [37].
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REMARK 5.7.  The recent work of Kabluchko and Schlather [11] provides
simple characterizations of ergodicity and weak mixing (of all orders) for
general classes of stationary max—infinitely divisible processes. Their results
apply to the max—stable setting. For the case of processes, they provide an
alternative characterization of positive recurrence to that in Theorem 5.1.

We conclude this section with an interesting result showing the equiva-
lence of weak mixing and ergodicity for the general class of positively de-
pendent stationary random fields, which includes as particular cases max—
infinitely divisible and max-—stable random fields (and processes). Recall
that the field X = {X;},cpe is said to be positively dependent or associ-
ated if all its finite—dimensional distributions are associated. Namely, for all
t; €T, 1 <1i<n,we have

Cov(g1(X), g2(X)) >0, with X = {X, }1-;,
for all coordinate-wise monotone non—decreasing functions g; and gs such
that the above covariance is well-defined. All max—infinitely divisible pro-
cesses (fields) are associated (see e.g. [21]). This implies, in particular that,

for all X = {X¢}",,

(5.11) P{X < x,X <y} ~P{X < x}P{ X < y} = Cov(g1(X), 92(X)) > 0,

where x, y € R", g1(u) = 1{y<x}, g2(u) = 1<y}, and where the inequali-
ties are coordinatewise.

THEOREM 5.8. Let X = {X;};cra be a measurable stationary random
field, which is positively dependent (i.e. associated). Then, X is ergodic, if
and only if it is weakly mixing.

Proor. We will only consider the case T = R, T = Z being simpler. The
convergence (4.5) implies (4.2) and thus weak mixing implies ergodicity.

Suppose now that X is ergodic. Let u be the distribution of the process
X defined on Bpga as follows:

u(A) = P{X € A}, VA € By

Consider the shift-operators 0, (z) = (1) 1= {Ti4 }yepa, T € R, 2 € RE?,
The stationarity of the process X implies that {6}, cge is a p—measure
preserving R?—action on RR?,
To prove weak mixing, it is enough to show that
1

(612)

/ (AN B(r)) — p(A)p(B)|dr — 0, as T — oo,
(07
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for all fixed A, B € Byga, where B(7) = 0;(B). Let C = {{z € RE" : g, <
xt; < bj, 1 <i<n}:neN a;,b; € R} be the semiring of cylinder sets with
finite—dimensional rectangular faces. For all € > 0, there exist cylinder sets
from the ring generated by C, namely, A = UjL | A, and Be = U}_, B,
with Ac g, Bey € C, such that

uw(AAA) <e and u(BAB.) = u(B(T)AB(7)) <e.
Observe that

(AN B(T)) = i(A)u(B)| < [(Ae N Be(7)) — p(Ae) p( Be) |
+Hu(ANB(7)) = (A N Be(7))| + |p(A) — p(Ad)| + [u(B) — p(Be)|
< [u(Ae 0V Be(7)) — (A p(Be)| + 3e.

Since € > 0 is arbitrary, it suffices to show that the convergence in (5.12)
holds with A and B replaced by A, and B.. Without loss of generality,
suppose that Acp, 1 <k < m and also By, 1 < k < n are disjoint. We
then have that

P(AeﬁBe(T» ]P) Z Z IP EklmBékQ( )) P<A6,k1)P(B€,k2)'
k1=1ko=1

This, since m and n are fixed, implies that it suffices to show that (5.12)
holds for all A and B in the semiring C.

LetA:{xERRd:al,i<xti < ag, lgigr}andB:{mGRRd
bi; <y, < byj, 1 <i<r}, where ap = {ax;}i—; and by = {by;}i_;, k=
1,2 are fized. Let also X = {X;,}_,, and observe that

La<Xean} = 22 liReayp
ie{1,2}r

where §; € {—1,+1}, i = {i(j)}]_q, i(4) € {1,2} and ag) = {a;;),;}j=1-
By using a similar expression for 1 {b1 X<by)’ (1nv01v1ng the same 6;’s)
we obtain B
P(ANB(r)) = P{a; <X <ay, b; <X(7) < by}
(5.13) = > > sgP{X <ay, X(7) <bgh
1€{1,2}" je{1,2}"
where X (7) = {X,4+,}/_, and also
P(A)P(B) = P{a; <X < ay}P{b; < X < by}

(5.14) = Y Y aGP{X <apP{X <bg},
ie{1,2}" je{1,2}"
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where the probabilities stand for expectations of indicators. Now, by sub-
tracting (5.14) from (5.13), and applying the triangle inequality, we get

(515)  [P(ANB(7)) - P(A)P(B)] N ~
< Y IP{X <ag, X(r) <bg} —P{X < a}P{X(7) < b}
i,5€{1,2}"

The ergodicity of the field X, implies that for all i, 5 € {1,2}",

1

ﬁ /(0 T)d (P{)N( < (i), 5((7') < b(])}—P{X < a(z)}P{X<T) < b(j)}>d7' —0,

as T — oo. Since X is associated, however, the last integrand is non—negative,
for all 7 € R? (recall (5.11), above) and thus

a
T Jo,r)

as T'— oo. By considering the integral average in (5.15), we get

P{X < ag, X(r) < by} —P{X < a;) }P{X(7) < b(j)}]df —0,

1

7/ IP(AN B(r)) — P(A)P(B)|dr — 0,

T Jiory

as T — oco. We have thus shown that for associated fields the convergence
in (4.2) implies (4.5) for all A and B in the semiring C. The above approxi-

mation arguments show that this is so for all A and B in Bpga. O

6. Examples. This section contains two examples of stable random
fields and their ergodic properties via the positive—null decomposition of
the underlying action. These examples show the usefulness of our results
to check whether or not a stationary SaS (or max-stable) random field is
ergodic (or equivalently, weakly mixing).

The first example is based on a self-similar SaS processes with stationary
increments introduced by [3] as a stochastic integral with respect to an
SaS random measure, with the integrand being the local time process of
a fractional Brownian motion. We extend these processes by replacing the
fractional Brownian motion by a Brownian sheet. We can call it a Brownian
sheet local time fractional SaS random field following the terminology of [3].

EXAMPLE 6.1. Suppose (¥, F’, P') is a probability space supporting
a Brownian sheet {Bu}ueRi . By [4], {Bu.} has a jointly continuous local

time field {l(x, u):x€R ue Ri} defined on the same probability space.
We will define an SaS random field based on this local time field, which
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inherits the stationary increments property from {Bu}ueRd+ . Let M, be an

SaS random measure on ' x R with control measure P’ x Leb living on
another probability space (2, F, P). Following verbatim the calculations of
[3] we have

Zy = / (2, u)(W)My(do', dz), ueR?
Q' xR

is a well-defined SaS random field which has stationary increments over
d—dimensional rectangles.

We now concentrate on the increments of {Z,} taken over d-dimensional
rectangles. For any t € Zfﬁ, define

1 1
61 X=aZ= Y D N i

11=012= i1q=0

Clearly {Xt}tezi is a stationary Sa.S random field, which can be extended

(in law) to a stationary Sa.S random field X := {X;},cz« by Kolmogorov’s
extension theorem. We claim that X is generated by a null Z% action. To
prove this, define, for all n > 1, 7" .= (n¥4 n¥4 . n*?) and for all
n>1landte Z‘f_,

Tht = {s: ti+n4/d§.9¢§1—|—ti—|—n4/d forallizl,Q,...,d}.

Foreacht € Zi, take a positive real number a; in such a way that Etezi ay =

1. Defining Al(x,t) in parallel to (6.1) and following the proof of (4.7) in
[3], we can establish that

/ / —?/2 Z Z ai Al (m t+ T(”)> dzdP’

Zdnl

ds
-y
tezd  n=l1 Tt \/1+H§l:1 S;

<Y e

This shows, in particular, that ZteZi Yoo arAl (x, t+ T(")) (W) < oo for
P’ x Leb-almost all (',z) € Q x R. Besides, it can be easily shown that
Ztezi a;Al (z,t) (W) > 0 for P! x Leb-almost all (w',2) € Q X R (see, for
example, [41]). Hence by Theorem 3.1, it follows that X is generated by a
null action and hence is weakly mixing.
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The next example is based on a class of mixing stationary SaS process
considered in [24]. We look at a stationary SaS random field generated by d
independent recurrent Markov chains at least one of which is null-recurrent.
This is a class of stationary SaS random fields which are weakly mixing as
a field but not necessarily ergodic in every direction.

ExAMPLE 6.2. We start with d irreducible aperiodic recurrent Markov
chains on Z with laws Pi(l)(-), P.(z)(-),...,Pi(d)(-), i € 7Z and transition

(3
probabilities (pg»?),( ﬁ)), e (p%)) respectively. For all [ = 1,2,...,d, let

) = (TI'Z-(I))Z'GZ be a o—finite invariant measure corresponding to the family
(Pi(l)). Let ]51@ be the lateral extension of P to 7”; that is under P-(l),

% %
z(0) = 14, (x(0),z(1),...) is a Markov chain with transition probabilities
(pglk)) and (z(0),z(—1),...) is a Markov chain with transition probabilities
!

(77,9 p,(clj) / 7TJ(-I)). Assume at least one (say, the first one) of the Markov chains

d
is null-recurrent and define a o—finite measure p on S = (ZZ) by

d 00
Iul(Ale2><...XAd)_H< Z W,El)Pi(l)(Al))7

=1 “i=—o00

and observe that y is invariant under the Z%action {gb(
fined as the coordinatewise left shift, that is,

it on S de-

11,025,

(62) ¢(i1,...,id) (a(1)7 cee 7a(d))(u17 cee ,Ud) = (a(l) (ul +Zl))7 cee 7a(d) (’U:d—i—’td))

for all (aV,...,a®) € S and uy,...,uq € Z.

Let X = {X(i, in,....ia) } (i1,....ig)cz¢ D€ @ stationary SaS random field defined
by the integral representation (3.1) with M, being a SaS random measure
on S with control measure p and

f(i17i27...,’id) = f [0} ¢(i17i27-~~7id) 5 7:1, 'L.Q, ey id € Z
with
FaW 2@ @y = 1)(0)=2® (0) = =@ (0)=0} » 2, 2@, 2D ez

Clearly, the restriction of (6.2) to the first coordinate is a null flow because
the first Markov chain is null-recurrent (see Example 4.1 in [35]) and hence
(6.2) is a null 7% action. This shows, in particular, that X is weakly mixing.
However, if d > 1 and some of the Markov chains are positive-recurrent
then the restriction of u in the corresponding coordinate directions are finite
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and hence by Theorem 4.5, X is not ergodic along those directions. In this
case, the random field cannot be mixing because it is not mixing in every
coordinate direction. This gives examples of stationary d—dimensional (d >
1) SaS random fields which are weakly mixing but not mixing. See Example
4.2 in [6] for such an example in the d =1 case.

REMARK 6.3. Note that, in the above examples, the kernels are non-
negative functions and the cocycles are trivial and hence we can define a—
Fréchet analogues of these fields by replacing the integrals with respect to
the SaS random measures by extremal integrals with respect to a—Fréchet
random sup—measures with the same control measures as above. Since the
underlying action is the same, using Theorem 5.5, we can establish that the
corresponding a-Fréchet fields are weakly mixing. In particular, when d > 1,
we can obtain an example of an a—Fréchet field which is weakly mixing but
not mixing.
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APPENDIX A: PROOFS OF AUXILIARY RESULTS
A.1. Proof of Lemma 2.2. Set

(A1) u(I(@) = sup p(S,).
veA(G)

Without loss of generality, we assume p(S) < oo (recall that u is o—finite),
whence u(I(G)) < co. Then, there exists a sequence of measures {vy, }nen C
A(G), such that u, := u(Sy,) — u(I(G)) as n — oco. Set

00
Pg = U Sl,n .
n=1

Clearly, Pg is measurable. We show that there exists vg € A(G) such that
Svg = Pg and pu(Pg) = u(1(G)). Indeed, we can define on (.S, B) the measure

=1

(A.2) vg(A) =3

vn(A) for all A € B.

Clearly, vg € A(G), Su; = Pg mod p, and u(FPg) < u(I(G)) by (A.1). It is
also clear that for all n € N, v, < vg, and hence Pg D S,,, mod p. This
implies u(Pg) > uy, for all n € N. We have thus shown that u(Pg) = u(I(G)).
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To complete the proof, we show Py is unique modulo p—null sets. Sup-
pose there exist Pg(l) and Pg) such that M(Pél)) = M(Pg)) = u(I(G)) and
M(Pél)APg)) > 0. Suppose v(M, 12 € A(G) are defined as in (A.2), so
that S, = Pg(i) for i = 1,2. Clearly, v") 4+ (3 € A(G). Then, we have
PV UPY c 1(G) and p(PMY U PY) > u(1(G)), which contradicts (A.1).
The proof is thus complete.

A.2. Proof of Theorem 2.3. First we introduce some notations. For
all transformation ¢ on (S, B, ), write

A(¢) := {v < p : v finite positive measure on S,vo ¢ ' =v}.
We need the following lemma.

LEMMA A.1. Suppose ¢ is an arbitrary invertible, bi-measurable and
non-singular transformation on (S, B, u). Then

(¢ Y (S,)AS,) =0 for all v € A(¢).

PROOF. First, we show for all v € A(¢), u(¢p~1(S,)AS,) = 0. If not, then
set Eg := ¢~ 1(S,)\ S, Fo = ¢(Ep) and suppose p(Eg) > 0. Since ¢ is non—
singular, p(Fp) > 0. Note that Fy C S, and p ~ v on S, whence v(Fp) > 0.
Note also that v(S¢) = 0 and v o ¢~ ! = v imply v(Fy) = vo ¢ 1 (Fy) =
v(Ey) < v(S5) = 0. This contradicts v(Fy) > 0. We have thus shown that
N(Qi)_l(su) \Sy) =0.

Next, we show that u(S, \ ¢1(S,)) = 0. Indeed, set E; := S, \ ¢~1(S,),
we have v(S,) = v(E1) + v(¢~1(S,) N S,). At the same time, v(S,) =
vo¢ 1S, = v(p71(S,) NS,) + v(Ey), where Ey := ¢~ 1(S,) \ S,. Since
v(Ey) = 0 as shown in the first part of the proof, the two equations above
imply v(F;) = 0, since v is finite. Finally, by the fact that v ~ g on S, we
have (S, \ ¢ 1(5,)) = p(E) = 0. O

Now we prove Theorem 2.3. (i) Fix ¢ € G. Note that by Lemma 2.2,
there exists vg € A(¢) C I(G) such that S,;, = Pg. Then, by Lemma A.1,
w1 (Pg)APg) = 0. By the fact that all ¢ € G are invertible, we have
that ¢~ 1(Ng)® = ¢~ 1(N§) and by the identity AAB = A°AB¢, we have
(¢~ (Ng)ANg) = 0. The previous argument is valid for all ¢ € G.

(ii) Consider L'(Pg, BN Pg, p|p,), where BN Py := {AN Py : A € B} and
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| pg is the restriction of 4 tn BN Pg. Define

(moo™)

(A3) 31(s) = [5] () = T 607 0 67 )y (o)

for all f € L'(Pg, ulpy) -

In this way, the mapping 5 is a restricted version of <Z on L'(Pg, pg) in
the sense that

(A.4) of = of ,ulps-ace. for all f € L'(Pg, ulp,) € L'(S, ).

Recall that by Lemma 2.2 there exists v € A(G) such that ¢(dv/du) =
dv/dp for all ¢ € G and supp(v) = Pg. Whence, for v := v|p,;, we have
5(dﬂ/d,u\pg) = dv/du|p,) for all ¢ € G and ¥ ~ pu|p,. Note that all locally
compact abelian groups are amenable (see, e.g., Example 1.1.5(c) in [32]).
Thus, Theorems 1 (part (1) and (8)) in [40] applied to G and f, implies that

> b, () = 00, | py-a.e. for all {Bu, tnen C G,
n=1

which, by (A.4), is equivalent to (2.3).

(iii) Similarly as in (ii), restrict G to L'(Ng, BN Ng, p|n,) and apply The-
orem 2 (part (1) and (8)) in [40].

A.3. Proof of Theorem 2.4. We only sketch the proof of this result.

(i) We apply Theorem 1 (part (1) and (6)) in [40]. Recall that the adjoint
operator of ¢ R

¢ : (LY)* — (LY)*, where (L')* = L™
is such that for all f € LY(S,u) and h € L*°(S, ),

|65 W) = [ BUIh(s)u(ds)
S S
The last integral equals
/ d(poo™")
s dp

whence [¢*(h)](s) = h o ¢(s) , p-a.e.. Thus, if W is a weakly wandering set
w.r.t. G, we have

() 00" (o0 (s)u(ds) = [ f(s)hodls)n(ds).

Z g/Z)\Z‘"lW(S) < 2 for some {¢y, }nen C G-
n=1
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Now, part (6) of Theorem 1 in [40] is equivalent to the nonexistence of a
weakly wandering set of positive measure.

(ii) The proof is similar to the proof of Proposition 1.4.7 in [1].

A.4. Proof of Lemma 4.1. Suppose (4.2) holds and D € ox such
that ¢; (D) = D for all t € T Taking A = B = D in (4.2) we get
P(D) = P(D)?, from which P(D) =0 or 1.

To prove the converse, observe that by Theorem 2.10, it follows that

1 a.s.

as n — oo. Multiplying above by 1p and using dominated convergence
theorem, (4.2) follows.

A.5. Proof of Theorem 4.7.. To prove Theorem 4.7, we first need
the following lemma.

LEMMA A2, Assume {Xi},cpa is a stationary SoS random field with
spectral representation { fi },era C L(S, B, 1), o € (0,2). Then, {X;}icpa is
weakly mixing, if and only if, there exists a density one set D C T¢, such
that

(A.5) Jim ,u{s : ’zp:ﬂjij(s)‘ €K, zq:’ykftk_l’_t;;(s)‘ > e} =0
j=1 k=1

for allp,q € N, Bj, v € R, 75,1 € Td,
compact K C R\ {0},¢ >0 and {t) }nen € Tp -

PROOF. It transpires from the proofs in [16] that a stationary process
{X;};e1a is weakly mixing if and only if there exists a density one set D C T¢
such that

p q
(A6)  lim E[exp(i> 4;Xx,) exp(i > wXey 1))
j=1 k=1

p q
= Eexp(i Z B;X+;) Eexp(i Z Ve Xt, )
j=1 k=1
for all p,q € N, B;,v € R, 75,t, € T and {t, }nen € Tp -

To prove Lemma A.2 from (A.6), it suffices to follow closely and carefully
(see Remark A.3 below) the argument of Gross in [5] (Section 2 therein). [
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REMARK A.3. Gross’s argument, however, is based on the following
weaker condition for weak mixing:
(A.7) Jim E[exp(i@lXo)exp(iﬁgth)} = Eexp(if1 Xo) Eexp(if2Xy)
for all 01, 92 S R, {tn}neN S TD s

which, according to Gross, follows from the proof of main result in [16]. The
equivalence of (A.6) and (A.7) seems nontrivial and yet not mentioned in [5].

Now, in order to complete the proof of Theorem 4.7, it suffices to prove
the following lemma.

LeEMMA A4, Assume a € (0,2) and {X;}era is a stationary SaS pro-
cess with spectral representation { f;};era C L*(S, B, 1). Then (A.5) is true
if and only if (4.8) is true.

PrOOF. Clearly (A.5) implies (4.8). Now suppose that (4.8) is true. we
will show (A.5). For any p,q € N and 7;,t;, € T¢, write

D q
(A.8) gp(s) =D Bifr;(s) and  he(s) =D kS (s),
j=1 k=1

We will prove (A.5) by induction on (p,q). By (4.8), we have that (A.5)
holds for (p,q) = (1,1).

(i) Suppose for fixed (p,q) (A.5) holds, we will show that (A.5) holds for
(p+1,q). If not, then there exists {¢} },en € 7p such that for some compact
K Cc R\ {0} and § > 0, we have p(E,) > ¢ with

En = {s:19p(5) + Byr1frpa (s)] € K, [Usz hg(s)] > €}

Here for all t € T,

Ue( D= o) (8) = D wwfure(s)
k=1 k=1

Without loss of generality, we can assume K C (0,00). Then, since K
is compact, there exists 0 < dxg < M such that K C [dg,M]. Since
friso frpen € LO(S, 1), we can also choose M to be large enough so that
w(EY,) < 6/2, where

ESp = {s:19,(5)] > M or |Bpy1 fr, 1 (5)] > M}



30 Y. WANG, P. ROY AND S. STOEV

Then, we claim that for each n, either of the two sets

B8 = {5 lgp(s)] € [, ], [V ho(s)] > }
and p
B = {5t 1By S ()] € [ 50 M U hy ()] >

has measure larger than §/4. Otherwise, observe that
E, C EPUEPT U EY,,

which implies that u(E,) < 6, a contradiction.
It then follows that either { EP},en or {EET1}, ey will have a subsequence
with measures larger than 6/4. Namely, there exists {t}, }ren € 7p such that

) )
p(ED ) > 1 forall ke N or /L(E};:l) > ) for all k € N.

But the first case contradicts the assumption that (A.5) holds for (p, ¢) and
the second case contradicts (4.8). We have thus shown that (A.5) holds for

(p+1,q).

(ii) Next, suppose (A.5) holds for (p,q) and we show that it holds for
(p,q+ 1). If not, then there exists a compact K C R\ {0} such that

15+ 1gp(5)| € K, [Uss (hg +Yg41 fry1)(5) > €} = 0 as n — o0,

Then, by a similar argument as in part (i), one can show that for all € > 0,
there exists {t} }neny € 7p and 0 > 0 such that we have either

€
uls :lgp(s)] € K. |Usho(s)] > 5} 28>0

or
€
M{S ap(s)] € K, g1 frgrn+ez (s)] > 5} >0>0.

Both cases lead to contradictions. We have thus shown that (A.5) holds for
(p,q + 1). The proof is thus complete. O
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