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Abstract

We consider nonparametric estimation of the covariance function for dense func-
tional data using tensor product B-splines. The proposed estimator is computation-
ally more efficient than the kernel-based methods. We develop both local and global
asymptotic distributions for the proposed estimator, and show that our estimator is
as efficient as an oracle estimator where the true mean function is known. Simulta-
neous confidence envelopes are developed based on asymptotic theory to quantify the
variability in the covariance estimator and to make global inferences on the true covari-
ance. Monte Carlo simulation experiments provide strong evidence that corroborates

the asymptotic theory.

Keyword: B spline, confidence envelope, covariance function, functional data, Karhunen-

Loeve L? representation, longitudinal data.

1 Introduction

Covariance estimation is crucial in both functional and longitudinal data analysis. For

longitudinal data, people have found that a good estimation of the covariance function
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improves the efficiency of model estimation ([20, 5]). In functional data analysis (see [19] for
an overview), covariance estimation plays a critical role in functional principal component
analysis ([7, 11, 14, 22, 23, 27, 25]), functional generalized linear models ([1, 13, 16, 24]), and
other functional nonlinear models ([12, 15]). Other related work on functional data analysis
includes [6, 17].

Following [19], the data that we consider are a collection of trajectories {n;(x)};_, which
are i.i.d. realizations of a smooth random function n(x), defined on a continuous interval
X. Assume that {n(z),z € X} is a L? process, i.e. Eff( n(x)dr < 400, and define the
mean and covariance functions as m(x) = E{n(x)} and G (z,2") = cov{n(z),n(z’)}. The
covariance function is a symmetric nonnegative-definite function with a spectral decompo-
sition, G (x,2") = > 70 Methy(2)y, ('), where Ay > Xy > -+ > 0, are the eigenvalues, and
{¢,(x)},—, are the corresponding eigenfunctions and form an orthonormal basis of L? (X).
By the standard Karhunen-Loeve representation, n;(x) = m(z) + > 7 &x¢r(x), where the
random coefficients &;;, are uncorrelated with mean 0 and variance 1, and the functions
¢, = VA, In what follows, we assume that A\, = 0, for k > &, where s is a positive
integer, thus G(z,2") = > r_, dn(@)@y, (2).

We consider a typical functional data setting where 7, (+) is recorded on a regular grid
in X, and the measurements are contaminated with measurement errors. Without loss of
generality, we take X = [0,1]. Then the observed data are Y;; = n, (X;;) + o (Xi;) &, for
1 <i<n, 1<j <N, where X;; = j/N, ¢;; are i.i.d. random errors with E (g11) = 0
and E(e}) = 1, and o%(z) is the variance function of the measurement errors. By the

Karhunen-Loeve representation, the observed data can be written as

Yy =mG/N) + Y. & (G/N) +0 (/N)ey. (1)
We model m(-) and G(-,-) as nonparametric functions, and hence {A\y}r_;, {¢(-)}r_; and
{& i, are unknown and need to be estimated.

There are some important recent works on nonparametric covariance estimation and
principal component analysis in functional data setting described above, for example [7,
14, 23]. These papers are based on kernel smoothing methods and only contain results on
convergence rates. So far, there is no theoretical work on simultaneous or uniform confidence
envelopes for G (z,z’). Nonparametric simultaneous confidence regions are powerful tools
for making global inference on functions, see [2, 8, 26] for related theory and applications.
The fact that simultaneous confidence regions have not been established for functional data
is certainly not due to lack of interesting applications, but to the greater technical difficulty

to formulate such regions and to establish their theoretical properties.
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In this paper, we consider dense functional data, which requires N > n? as n — oo
for some 6 > 0, and propose to estimate G (z,z’) by tensor product B-splines. In contrast
with the existing work on nonparametric covariance estimation, which are mostly based on
kernel smoothing ([7, 14, 23]), our proposed spline estimator is much more efficient in terms
of computation. The reason is that the kernel smoothers are evaluated pointwise, while for
the spline estimator, we only need to solve for a small number of spline coefficients to have
an explicit expression for the whole function. For smoothing a two dimensional covariance
surface with a moderate sample size, the kernel smoother might take up to one hour, while
our spline estimator only takes a few seconds. Computation efficiency is a huge advantage
for the spline methods in analyzing large data sets and in performing simulation studies. See
[10] for more discussions on the computational merits of spline methods.

We show that the estimation error in the mean function is asymptotically negligible
in estimating the covariance function, and our covariance estimator is as efficient as an
oracle estimator where the true mean function is known. We derive both local and global
asymptotic distribution for the proposed spline covariance estimator. Especially, based on
the asymptotic distribution of the maximum deviation of the estimator, we propose a new
simultaneous confidence envelope for the covariance function, which can be used to visualize
the variability of the covariance estimator and to make global inferences on the shape of the
true covariance.

We organize our paper as follows. In Section 2 we describe the spline covariance estimator
and state our main theoretical results. In Section 3 we provide further insights into the error
structure of our spline estimator. Section 4 describes the actual steps to implement the
confidence envelopes. We present simulation studies in Section 5. Proofs of the technical

lemmas are in the Appendix.

2 Main results

To describe the tensor product spline estimator of the covariance functions, we first introduce
some notation. Denote a sequence of equally-spaced points {t J}]jil7 called interior knots
which divide the interval [0, 1] into (Ns + 1) subintervals I; = [t;,t;41), J = 0,....;, Ny —
1, In, = [tn.,,1]. Let hs = 1/ (Ns+ 1) be the distance between neighboring knots. Let
HP=2) = 7{P=2) [0, 1] be the polynomial spline space of order p, which consists all p— 2 times
continuously differentiable functions on [0, 1] that are polynomials of degree p — 1 on each

interval. The J** B-spline of order p is denoted by By, as in [3]. Thus we define the tensor
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product spline space as
7 (P—2).2 [07 1]2 = P22 _ 2/(r-2) ® 7 (P—2)
Ns
= { Z bJJ/pB(Lp ([E)le7p($/) ,bJJ/p S R,{L‘,J}/ c [0, 1]} .
J,J'=1—p

If the mean function m(z) was known, one could compute the errors

Uz‘jEYij—m(j/N):Zfik¢k(j/N)+U(j/N)€ij, 1<i<n, 1<j<N.
k=1

Denote (_].jj/ =ntY " UUy, 1 < j#j <N, one can then define the “oracle estimator”
of the covariance function

G, (-,-) = argmin Z {U;5 —g(j/N,j /N)} (2)

O I P I

using tensor product splines of order p, > 2. Since the mean function m(z) is unavailable

when one analyzes data, one can use instead the spline smoother of m(z), i.e.,

() = axgmin 3OS (Vg — g (/N pr = 1

g(-)eHP1~ Q)le 7

To mimic the above oracle smoother, we define

. - 2
G = avgmin > {Ujyp =g (G/N,T/N)} (3)
g(.,.)e?{(PQ*Q)vQ 1<j#j'<N
where U.jjrp, = n~" 320 Uijpy Uiy, with Uy, = Yi5 — 1y, (§/N).

Let Ng, be the number of interior knots for mean estimation, and Ny, be the number of
interior knots for (A?pl,m(x, ') in each coordinate. In other words, we have N2 interior knots
for the tensor product spline space H®2=2-2, For any v € (0, 1], we denote C%” [0, 1] as the
space of v-Holder continuous functions on [0, 1],

(@) (2)— (@) (2 .
cvo,1) = {(;5 L SUD, £y 5 a€(0,1] % < +oo}. We now state the technical assump-

tions as follows:
(A1) The regression function m € CP*~b1[0,1].

(A2) The standard deviation function o (x) € C%[0,1]. For any k = 1,2,...k, ¢, (x) €
Ccr2=tv(0,1]. Also Sup(m@/)e[o,l]gG(x,I'/) < (C, for some positive constant C' and
mingep,q G (z, ) > 0.
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(A3) The number of knots Ny, and N, satisfy n*/PV) < N, < N, n¥/®) < N, <
min (N3, n'/3) and Ny, < NP

00,00

(A4) The number k of nonzero eigenvalues is finite. The variables (fik)fi’f’k:l and (Sij)izl,jzl
are independent. In addition, Ee,, = 0, Ee?, = 1, B¢, = 0, EE, = 1 and

maxi<p<p B |€,|" < +00, E|enn|” < +00, for some 01,8, > 4.

Assumptions (Al)-(A4) are standard in the spline smoothing literature; see [9], for
instance. In particular, (Al) and (A2) guarantee the orders of the bias terms of the spline
smoothers for m(z) and ¢, (). Assumption (A3) is a weak assumption to ensure the order
of the bias and noise terms provided in Section 3. Assumption (A4) is necessary for strong
approximation. More discussion about the assumptions is in Section 4. The next proposition
provides that the tensor product spline estimator CAr’me is uniformly close to the oracle

smoother at the rate of o, (n_l/g).

PROPOSITION 2.1. Under Assumptions (A1)-(A4), one has

sup n'/? épl’m(x,a:’) — C?pz (z,2")| =0, (1).

(z,z’)€[0,1]2

This proposition allows one to construct confidence envelopes for G based on the ten-
sor product spline estimator CA}'me rather than unavailable “oracle estimator” ém. The

next theorem provides a pointwise asymptotic approximation to the mean squared error of

Gpl,pQ (.’L’, :E/)‘

THEOREM 2.1. Under Assumptions (A1)-(A4),

~

nE[Gm,pz (z,2") — G(x, $,)]2 =V (z,2") 4 o(1),
where V (z,2') = G (z,2')> + G (x,2) G (2, 2) + Sr_ dp (7) B () (Ef‘lik -3).

To obtain the quantile of the distribution of n'/? ‘G’mm (z,2") — G(x,2")| VY2 (2,2),

one defines

(z(x,2") = {Z Ziw by, () dp (27) + Z o, () ¢, (27) Zi (E&lk - 1)1/2} vz (z,2),

k£k!
(4

where Zyp = Zpy, and Zy are i.i.d. N (0,1) random variables. Hence, for any (z,2') €
[0,1]2, 4 (x,2') is a standardized Gaussian field such that EC, (z,2') = 0, EC (z,2') = 1.
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Define @;_, as the 100 (1 — &)th percentile of the absolute maxima distribution of ¢, (z, z’),
V(z,2") € [0,1]? ie.

P{ sSup ‘CZ (.T,.T/)| SQl—a} :1_a>va€ (071)
(

z,z’)€[0,1]2
The following addresses the simultaneous envelopes for G(x, ).

THEOREM 2.2. Under Assumptions (A1)-(A4), for any a € (0,1),

A

lim P{ sup 1'% |Gy, (2, 2') — G(2,2)

nee (z,2')€[0,1]?

VL2 (x,2') < Ql_a} =1-aq,

lim P {n1/2 Gm,m (z,2") — G(z, )

n—o0

VIR (2,0 < Ziap = 1—a, ¥zo) e 0,17,
where Z1_q )2 s the 100 (1 — a/2)th percentile of the standard normal distribution.

Remark 1. Although this covariance function estimator cannot be guaranteed to be positive

definite, it tends to the true positive definite covariance function in probability.
The next result follows directly from Theorem 2.2.

COROLLARY 2.1. Under Assumptions (A1)-(A4), as n — oo, an asymptotic 100 (1 — o) %
confidence envelope for G(z,x'), ¥(z,2') € [0,1]? is

G (,2) £0712Q1_o V12 (2,27), Va € (0,1), (5)

while an asymptotic 100 (1 — a) % pointwise confidence envelope for G(z,2'), ¥(z,2') € [0, 1]?
18

CAT’pl’pQ (z,2") £ 07270V (2,2"), Ya € (0,1).
Remark 2. Although the above confidence envelopes for G(x,z') is most useful, one can

also construct asymptotic 100 (1 — ) % confidence ceiling and floor for G(x,x') as

épl,m(x, ')+ n_l/QQU,l,aVU2 (xz,2"), Ya € (0,1),

~

GPl,pQ (337 xl) - nil/QQU,lfozvl/2 ([L’, .1'/) ) Va € (07 1) ) (6)

respectively, in which Qui-o satisfies that P {SUP(m,x/)e[o,lP Cy () < QUJ,&} =1-a,
Va € (0,1).
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3 Error structure for the spline covariance estimator

To gain a deeper understanding on the behavior of the spline covariance estimator, we
provide an asymptotic decomposition for the estimation error épl’m(a:,w/ ) — G(z,2"). We
first introduce some additional notation. For any Lebesgue measurable function ¢ on a
domain D, denote ||¢||,. = supyep |¢(x)|. In this paper, D =[0,1] or [0,1]*. For any
bivariate Lebesgue measurable function ¢ and ¢, define their theoretical and empirical inner

products as

<¢w=££¢@wm@MMMﬂ«m%wav2§j¢um¢mmwmwm»

1<j#j' <N

with the Corresponding theoretical and empirical L? norms defined as

||¢||2 fo fo (z,2') dzdz’ and ||¢||2N =N~ 2Z1<];ﬁg/<N¢ (J/N,j'/N) respectively.
For simplicity, denote By p, (z,2") = By, (x) By p, (') and

(Bl_pQ’l_pQ’p2 (fL’, I/) yro 7BN52,1—P2,]72 (l‘, I/) )

B, (v,7') =
pz( ’ ) '7B1—p27Ns27p2 (IL‘,ZL’/) e . >BN52,N527P2 (‘Tvx/))T ’

where sup , . ejo1j2 | Bp, (7,7')[|, < 1. Further denote

Ns,

Ns, o
\% B B V,,o=((B B
p22 = (B po, Byrgm P2>)JJ’ T =1—py p2,2 (B pas J'/J//'7p2>2,N JT T =1

(7)
as the theoretical and empirical inner product matrices of { B p, (z, ) 1132/:1_;;2-
Next we discuss the tensor product spline space H®1=22 and the representation of the

tensor product spline estimator éphm in (3) more carefully. Denote the design matrix X as

2 1 1 1 1 B
X:{Bp2 <N,N>,...,Bp2 <1,N),...,Bp2 (N,l),...,Bp2 <1—N,1>} .

We rewrite G, p, (2, 2') in (3) as

~

AT
Gp1,P2 (x7 .I'/) = Bpl,prPQ (x7 w/) ) (8)

where ﬁ

squares

o1pe 15 the collector of the estimated spline coefficients by solving the following least

- ~ . 2
'6p1,p2 = argmin Z {U~jj’7p1 - bggBJJ’m (]/N)} .

bp, €RWstr2)? 1<j#j'<N
By elementary algebra, one obtains

~

G a2, 2') = B (2,2') (X7X) 7' X7,

7
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Gpy(z,2') = B} (z,2') (X"X) "' X"T, (9)

£ 2~ 2 2 2 T
where Upl = (U.QLpl, N U'NLpl’ ey Uv.l]\[’p17 P U-(N—l)N,;m) and
U = (U-217 cey U~N17 ceey U-1N7 cey U.(Nfl)N)T.
By the definitions of empirical inner product and V,,» in (7), one has
X'X =NV,,o, X'U= Y B, (j/N,j/N)Uj.
1<j#j'<N
By Proposition 2.1, decomposing the error in Gp17p2(a:,:13' ) is asymptotically equivalent

to decomposing C~¥p2 (z,7") — G(z,2'). Therefore, below we decompose U j; into four parts,

where
Uy = 07> ) &abuwdi (G/N) dy (7/N),
i=1 k#k!
Uyjyr = n™" Z Zf?k?bk (J/N) & (J'/N)
k=1 =1
Usiy = n™' Y o (i/N)o(j/N)egei,
=1

Uyy = an{Z@m G/N)o (7' /N) ey + > &ty (j’/N)a(j/N)aU}.

i=1 k=
Denote U; = {Uyj }, ;s Uips (2,2) = By (w,2') (X™X) ' X", for i = 1,2,3,4. Then
G, (z,2') yields the following decompotion

G, (z, 37,) = Z;{1102 (517, x/) + Z;{sz (m, 33,) + 5{3:02 (m, 55/) +Z/~{4p2 (z, :17/) .

Define L
Uy (z,2") =n~" Z Z i O () By (27) (10)

i=1 k#Ak'

Uae,2') = G (,a) + Y {m (@) 61 () <n > - 1) } . (1)

In the following proposition, we illustrate the facts that Uiy, (z,2') and Us,, (x, ') are the
dominating terms, which converge uniformly to U;(x,z') and Us(x,z’) respectively, while

Us,, (x,2') and Uy, (z,2') are negligible noise terms.
PROPOSITION 3.1. Under Assumptions (A2)-(A4), one has

=0, (n'?). (12)

[e.9]

Hiﬁm + Uy, — Uy — UQH + Hdgm

[t
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4 Implementation

In this section, we describe the procedure to implement the confidence envelopes. Given
the data set (j/N, Y;j);y:’?iﬂ , the number of interior knots Ny, for 7, (z) is taken to
be [nY/#PV]logn], where [a] denotes the integer part of a. Meanwhile, the spline estima-
tor Gy, p, (2, 2') is obtained by (8) with the number of interior knots Ny, = [n!/*72)loglogn).
These choices of knots satisfy condition (A3) in our theory.

To construct the confidence envelopes, one needs to evaluate the percentile );_, and

estimate the variance function V (z,2’). An estimator V (z,2') of V (z,2’) is

~ ~ A

/ / A /AW K 72 72 / — noos4
4 (m,:c) = Gpl,pz(xvx )2 + Gpl,pz(xv x>Gp1,P2(x » L ) + Zk:l (bk (l‘) ¢k (x ) (n ! Zi:l gzk - 3) )

where éﬁk and ézk are the estimators of ¢, and &, respectively. According to [24], the
estimates of eigenfunctions and eigenvalues correspond to the solutions g?)k and A\, of the

eigen-equations,

A

1 ~ A~ A~
/0 G, 7Y (2) di = Dby (2 (13)

where the ¢, are subject to fol &Si (t)dt = A and fol O (1) by (t)dt = 0 for k' < k. Since
N is sufficiently large, (13) can be approximated by N~ Z;V:1 Gy (3/N, /Ny (5/N) =

Aedy (7'/N). For the same reason, the estimation of £, has the form of
p B e . o
i =N ijl Ny (Yij =1y, (7/N)) &4 (3/N) -

To choose the number of principal components, x, [18] described two methods. The first
method is the “pseudo-AIC” criterion proposed in [23]. The second is a simple “fraction
of variation explained” method, i.e. select the number of eigenvalues that can explain, say,
95% of the variation in the data. From our experience in the numerical studies, the simple
“fraction of variation explained” method often works well.

Finally, to evaluate Q1_,, we need to simulate the Gaussian random field {,(x,z’) in
(4). The definition of (,(x,2’) involves ¢, (z) and V(x,z’), which are replaced by their
estimators described above. The fourth moment of £, is replaced by the empirical moments
of ézk We simulate a large number of independent realizations of (,(x,z’), and take the
maximal absolute deviation for each copy of (,(z,z’). Then Q_, is estimated by the

empirical percentiles of these maximum values.
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5 Simulation

To illustrate the finite-sample performance of the spline approach, we generated data from
the model

. 2 . . .
Yy=m@/N)+Y €t ()/N) +oey 1 <j<N1<i<n,

where £, ~ N(0,1),k = 1,2, g;; ~ N(0,1), for 1 <i <n, 1 <j <N, m(z) =10+
sin {27 (x — 1/2)}, ¢y (x) = —2cos {7 (x — 1/2)} and ¢y(z) = sin{m (x — 1/2)}. This setting
implies A\; = 2 and Ay = 0.5. The noise levels are set to be 0 = 0.5 and 1.0. The number of
subjects n is taken to be 50, 100, 200, 300 and 500, and under each sample size the number
of observations per curve is assumed to be N = 4[n%3log(n)]. This simulated process has a
similar design as one of the simulation models in [23], except that each subject is densely
observed. We consider both linear and cubic spline estimators, and use confidence levels
1—a =0.95 and 0.99 for our simultaneous confidence envelops. Each simulation is repeated
500 times.

Figure 1 depicts a simulated data set with n = 200 and o = 0.5. Table 1 shows
the empirical frequency that the true surface G(x,2’) is entirely covered by the confidence
envelopes. At both noise levels, one observes that, as sample size increases, the true coverage
probability of the confidence envelopes becomes closer to the nominal confidence level, which
shows a positive confirmation of Theorem 2.2.

We present two estimation schemes: a) both mean and covariance functions are es-
timated by linear splines, i.e., p; = py = 2; b) both are estimated by cubic splines, i.e.
p1 = pa = 4. Since the true covariance function is smooth in our our simulation, the cubic
spline estimator provides better estimate of the covariance function. However, as can been
seen from Table 1, the two spline estimators behave rather similarly in terms of coverage
probability. We also did simulation studies for the cases p; = 4, po = 2 and p; = 2, p, = 4,
the coverage rates are not shown here because they are similar to the cases presented in
Table 1.

We show in Figure 2 the spline covariance estimator and the 95% confidence envelops
for n = 200 and o = 0.5. The two panels of Figure 2 correspond to linear (p; = py = 2)
and cubic (p; = py = 4) spline estimators respectively. In each panel, the true covariance

function is overlayed by the two confidence envelopes.

10
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Table 1: Uniform coverage rates from 500 replications using spline (5).

o n 1 — a | Coverage proportion | Coverage proportion
(pr =p2=4) (p1 =p2=2)
50 0.950 0.720 0.710
0.990 0.824 0.828
100 0.950 0.858 0.834
0.990 0.946 0.930
0.950 0.912 0.898
051200 1 g 990 0.962 0.956
300 0.950 0.890 0.884
0.990 0.960 0.958
500 0.950 0.908 0.894
0.990 0.976 0.964
50 0.950 0.626 0.690
0.990 0.720 0.796
100 0.950 0.752 0.796
0.990 0.874 0.904
0.950 0.798 0.852
101200 1 4 999 0.912 0.944
300 0.950 0.822 0.828
0.990 0.922 0.936
500 0.950 0.864 0.858
0.990 0.946 0.946
APPENDIX

Throughout this section, C' and ¢ mean some positive constant in this whole section. For
any continuous function ¢ on [0,1], let w(¢,d) = max, ze(o1),e—a|<s |@(T) — ¢ (2)| be its
modulus of continuity. For any vector a = (aq,...,a,) € R", denote the norm |al|, =
(lag]" + -+ |an|)"", 1 < r < +00, lall, = max (Ja1], ..., |a,]). For any n x n symmetric
matrix A, denote by Apuin (A) and Apax (A) its smallest and largest eigenvalues, and its
L, norm as ||Al|, = maxacpnazo||[Aal, |lal|-". In particular, [|[Al, = Amax (A), and if A

(A). Also Lo, norm for a matrix A = (a;;),) ._, i8

is also nonsingular, ||[A7Y], = At i

min
Al = maxi<i<m )5y |agl.

11
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A.1 Preliminaries

For any positive integer p, denote the theoretical and empirical inner product matrices of
Ns
{Bup(x)};2,_, as

Ns

V= (/01 By () By p (1) dw)NS V= (N_liBJ,p (7/N) By (j/N))

J,J'=1-p j=1 J,J'=1—p

(A.1)
The next lemma is a special case of Theorem 13.4.3, Page 404 of [4]. Let p be a positive
integer, a matrix A = (a;;) is said to have bandwidth p if a;; = 0 when |i — j| > p, and p is

the smallest integer with this property.

LEMMA A.1. If a matriz A with bandwidth p has an inverse A™' and d = ||All, ||A™],

is the condition number of A, then |A7Y| < 2¢0 (1 —v) "', with cg = v ||A7Y,, v =
d2-1 1/(4p)
<d2+1) )
We establish next that the theoretical inner product matrix V,, defined in (A.1) has an

inverse with bounded [,, norm.

LEMMA A.2. For any positive integer p, there exists a constant M, > 0 depending only on
p, such that ||V, 1| < Myhs', for a large enough n, where hy = (N + 1~

PROOF. According to Lemma A.1 in [21], V), is invertible since it is a symmetric matrix
with all eigenvalues positive, i.e. 0 < ¢, N;' < Apin (V) < A (V) < C, N < 00, where
¢, and C), are positive real numbers. The compact support of B spline basis makes V,, of
bandwidth p, hence one can apply Lemma A.1. Since d, = Amax (Vp) /Amin (V) < Cp/cyp,
hence

Vp = (d?, — 1)1/417 (dz I 1)—1/413 < (056;2 . 1)1/4p (05652 n 1)_1/4p 1

If p =1, then V' = h'In 4, the lemma holds with M, = 1. If p > 1, let u;_, =
(1,0%. 1), wo = (07_1,1,0%)", then [Jui_pll, = [[uo], = 1. Also lemma A.1 in [21]

implies that

Amin (V) = Amin (V) Hul—pug < uf—pvpul—p = ||B1—p,pH;>
2 2
u,V,u = HBO,sz < Amax (V) aoll = Amax (V)

hence d, = Amax (V) /Amin (V) > ||B0,p||§ HBI_p’pH;2 =1, > 1, where r, is an constant

depending only on p. Thus v, = (df) — 1)1/41’ (dz% + 1)*1/417 > (7,]2) _ 1>1/4p (rz n 1)—1/419 - 0.

12
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Applying Lemma A.1 and putting the above bounds together, one obtains
IV o B < 202 [V, (L= w) ™
< 20 =) ()AL (V)
x[1-(Clg =) x (24 ) Y]

< 2(2-1) ) gt 1= (G2t - ) (G2 1) Y] o

- p p

Il
=

The lemma is proved. 0

LEMMA A.3. For any positive integer p, there exists a constant M, > 0 depending only on
p, such that ||(V, ® V,) 7| < M2h2.

Proor. By Lemmna A.2, |V, © V). = [V; & V'L, < (v;']l.)" < azhs

O
LEMMA A.4. Under Assumption (A3), for Vy, 5 and V.o defined in (7), || Vppo — Vo N
O (NN and [V =0 ().
PRrROOF. Note that
Ne,

Vie = {N2 > BJJ',pz(j/N;j’/N)BJ"J“',pz(J'/N,J"/N)}

1<j#j'<N
— { N2

N o
- {w S~ Bisrgn (0/N.3/N) By g (/. j/N>}

J=1 JJ T I =1—po

J7J/ ’J//7J///:1_p2
N,

ZBJJ/,m (j/Naj/N)]

Z By p, (3 /N, j/N)] }

J,J I I =1—pgy

= Vp2 ® sz

1
- {N_l |:/ BJJ’,pz (ZE,JI) BJ”J”’,pz (1’,[17) dz + O(N_lhs_;)} }
0

= Vm ® vpz + 0 (N_1h52 + N_th_zl) :

N,

J,J7J" J"=1—pgy

13
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Hence, || Vp,2 =V, @ V|| = O (N71hy, + N72h_1) x N2 = O (N,,N~!). Since
vaz ® VP2 - sz ® sz -
Ns, N
= oamax >IN By (/N.GN) By g, (/N 5 /N)
1-p2<J’,J" < Ns,, JI=1 =
1,1
—/ / By py (2,2") By, (x, ") dwda’
0o Jo
N‘Q J'IN J/N | y )
< max / / By, (§/N,j' /N
1=p2<J’,J" <Ns, JJ,, 1—ps jji=17 @ =D/N J(G=1)/N "

X By (1IN, 7 IN) = B @,2) Bangony, (3,2)] dida’
< COhy?(Nhs,)> x N2 x N72h? = CN2h?,
O (N, N7V,

According to Lemma A.3, for any (N, + ps)” vector 7, one has ||(V,, @ V) 'l <
hi? |7l Hence, |[(Vp, @ V)7 > B2 |||l Note that

(Vi & V)7 = Vot | =0 (2) Il

applying Assumption (A3) one has HVp2 ® V,, — \A/mg =

Voot | = 10V 2 V)7L

If 7 satisfies that HVp2 9

= HV;;QTHOO < O (h3?) ||7]l = O (hg?), the lemma is proved.

LEMMA A.5. For V,, o defined in (7) and any N(N — 1) vector p = (pj;r), there exists a
N=2By,(2,2)V,,X"p|| < Clipl

p2,2

constant C' > 0, such that  sup
(z,2")€[0,1]2

PRrOOF. Firstly, one has that

Ne,
N2 XTpll, = NQ{ > BJJ',pz(j/NaJ"/N)ij’}

1<j#j'<N J,J'=1-ps |9
< ol max_|IN7? Y By, (§/NLJ/N)|| <R el
= 0 | _pa<JJ'<N, P2 ’ TR
Pamil= 1<jAj <N )
Note that for any matrix A = (a;;);"} ,_, and any n by 1 vector @ = (av1,..., )", one

has ||Aa|l, < ||All, [le|ly, the above together yield that
N7’B; (z,z WoLXTp

p2,2

su /
P(z,2)€l0,1)2 LO

< o B [N X, V)

T (eanelo)? pe:?
< C sup ||By,(x,2)||  hiPh2, lelooSCHPHoo,
(z)€[0.,1]2

14
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which proves the lemma. O
Denote ¢y (z,2') = B, (v,2) (X™X) ' X", and

G = (01 (2/N) & (1/N) ., 0 (1) b (1/N) - b (1/N) 0 (1), 65 (1= 1/N) e (1))

We cite next an important result concerning the function ¢y (z,#'). The first part is from
3], p. 149 and the second is from Theorem 5.1 of [9].

THEOREM A.l. There is an absolute constant Cy > 0 such that for every g € C[0,1],
there exists a function g* € HP~V[0,1] such that ||g — g*||, < Cyw (g, hs) and in particular,
if g € CPH0,1], for some pu € (0,1], then |lg — g*|l, < Cyht='*#. Therefore, under
Assumption (A2), Hqﬁkk, — g)kk'H =0 (h2?) .

A.2 Proof of Proposition 2.1

Recall that the errors defined in Section 2 are U;; = Yi;—m(j/N) and U;;,,, = Yi;—m,, (j/N).

For simplicity, denote
Bl—plapl(l/N) BNsl,m(l/N)
X, = e . e

B].*pl,pl (N/N) ’ BN517p1 (N/N) >N><(Ns1+p1)

for the positive integer p;. We decompose 1, (j/N) into three terms m,, (j/N), §,, (j/N)
and &,, (j/N) in the space HP1=2) of spline functions: 7, (v) = 1y, (z) + &, (z) + Epl (),
where

iy (2) = {B1 s (2) > B ()} (X3X) ™ X,

g1101 (ZB) = {Bl—pl,m (aj) e >BNs,p1 (33)} (XTX1>_1 Xfea
épl (x) = {Bl—phpl (ZE) PRI BNs,’pl (I)} (Xrlrxl)_l er ng¢k7
k=1

inwhichm = (m (1/N),...,m (N/N)) is the signal vector, e = (o (1/N)z4,...,0 (N/N)zy)
g, =ntY " e, 1 < j < N is the noise vector and ¢, = (¢, (1/N),...., ¢, (N/N))T
are the eigenfunction vectors, and £, = n~ !> " &, 1 < k < k. Thus, one can write
Usjpy = m(j/N) =1, (j/N) — E’m (j/N) —&p, (j/N) + U;j. We calculate the difference of

Gy o (7, 2') =G, (z, 2') by checking the difference U.jr ,, —U.;; first. Forany 1 < j # j' < N,

15
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one has
U‘jj/J)l - U‘jj/
S (U — ) (/) + Ui, = m) (/) + Uiy, (/)
i=1

Uiy GIN) + Uy, (7'/N) + Uy, (5/N)] + (g, = m) (/N (g, — m) (i/N)

Next, we calculate the super norm of each part of G’pl’pz (z,2") — G, (x,2) respectively. One
can write &,, (j//N) = Z]J\fillfpl By, (5'/N)w;, where {wJ}]}fillfpl = N~V XTe and

Xt {”_1 Z Uij€p (j'/N)}

= {n_lz Z Uz‘jgpl (j,/N)BJJ’,pz (]/ijl/N)}

1<j#j' <N
Ny,

i=1 1<j#j'<N S =1-ps
Thus,

2

X" {”_1 > Uisp, (j'/N)}
i=1 1<)/ <N ||y

N52 n NSl ?
= 2 "X > Us| 22 Brw(§/N)wsr | Buyg i/N.J/N)

J,J'=1-ps i=1 1<j#j'<N Jr=1-p

Ns,

Ns, Ny, n 2
< Z Z [n_lz Z Uz‘jBJ",pl(j'/N)BJJ',pz(j/Naj//N)] X Z Wi

JJ'=1—ps J"=1—p, i=1 1<j#j'<N Jr=1—p,
= [ xII,
Nsy N -1 n ; -/ -/ 2
where [ = J,J'=1—ps ZJ”:lfpl {TL Zi:l Zlgj#j’SN UijBJJ’,pz (.]/N7] /N) BJ”,pl (] /N)}

R 2
and IT = ||N"1V, 1 XFe|
2

Let h, = min {hs,, hs, }. The definition of spline function implies that

B =t Y Y {Z E(UyUsy) Biy (3/N) By (7"/N)

T =1-ps J"=1-p1 \jj"=1

N N
xS " By, (7'/N) By (7'/N) By, (i"/N) By, <j’"/N>}
§'#3 3"

< C(G,0*)n " N*hi hiN,, max {N,,, Ny,} < C(G,0*)n " N*hg,h,.

16
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Hence, HN”XT {n 130 Uijép, (/N ejsiran ‘2 =0 (n*1/2h52/2hi/2> . Meanwhile, one
has that 11 < C,, ||N_1Xfe||§ hy? = Ons {(Nnh%)™'}. By Lemma A.5, one has

x,z'€[0,1]

n'/? sup B, (v,x )Vp2 ,N72XT* {n_l Z Uij€p, (j//N)}

1<j#5/'<N || o

= O{n PNV hiPRPh Y = O {n T PNTVERPRPY = o

Similarly, one has épl (J//N) = Z]}fill_pl By, (7'/N) s, where
{SJ}J Ly = 1\7;11Xf 3 €4, Assumption (A3) ensures that
k=1

1<j#5' <N ||
N,

X' {”_1 Z Uiy, (j'/N)}
> 2 [‘12 > UsByr, (7'/N) By, (j/Nj/N)] < Y 8,

J,J'=1—py JV'=1—p; i=1 1<j#j'<N J"=1—p1
= I xIII,

IN

. _ 2
where 111 = HN”V;X? P f_kqka . Note that
2

K K N Ns,;
N_le ng¢k = {ZZ-kN_l Z By, (j/N) o (]/N)}
k=1 k=1 j=1 J=1—py
and
K N 2
E|Y &N By, (i/N) ¢y (j/N)] =0(n'h2),
k=1 j=1
hence I11 < Gy, [N XTS5 €|l b2 = O, {(nhy,) '} and

n'/? slup Bp (z,2 )Vpg 2N X" {n_l Z Uiﬂgm (j,/N)}
za'ef0,1] =1 1<j#5 <N || o,

_ O{n*1/2h 1/2h1/2h1/2h 2} O( *1/2h 3/2) =o(1).

17
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Next one obtains that

E {n_lN_2 Z Z UijBip, (j/N) By, (J'/N) (m — 1y, (],N)}

i=1 1<j#j'<N

= n'N7* Z (U1;Usjr) By, (3/N) By, (5" /N)

]]// 1

XY D By (7/N) By, (7" /N) (m = 1i,,) (7 /N) (m = 1iy,) (7" /N)

J'#5 3" #5"

< O(G, ) )h'n !N~ (Nhy,)"! = C(G,o*)hZ n~'hl .

Therefore,

n'’? sup B, (2, x )Vp2 ,N72XT { ! Z Usj (m (j'/N) — 1y, (j,/N))}
1<j#j'<N

z,z’€[0,1] i—1

= O(h*hl'hs,) = O(h'h) = o(1).

Finally, we derive the upper bound of sup, /¢ 1] HB T, T )Vp2 Z,N72X™ (m — rhpl)®2H :

where (m — i, )** = {(m — 1,,) (j/N) (m — 1hy,) (J'/N)}<jzj<n - Inorder to apply Lemma
A.5, one needs to find the upper bound of H(m — rhpl)®2||oo. Using the similar proof as
Lemma A.8 in [21] and Assumption (A3), one has

SUPye [0,1] |§P1 (ZL‘)

o (x)‘ =0 (n_1/2) )

Therefore,
SUP(, e poz (M (2) = 1y, (2)) (m (2) — 10y, (2))
< [sup,epq) (m () — 1y, (2))]°
~ 2
< (SUPaefo I (2) = 1y, ()] 4 5By o (@)] + 50D |65 (2)])

< [0 ( 4 ) = 0 (2 btk ) — o (u )

A ®2||

Hence [|(m — 1m,,) = 0 (n""/?). Hence, the proposition has been proved. O

18
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A.3 Proof of Proposition 3.1

By the definition of Uy, one has that

U, (v,a)) = N7Bj (2,2/)V,LXT {nl > Lkt (G/N) (J"/N)}

i=1 kAk’
K n .
= Z (n_l Z fikfik/) G (z,27) .
KAk i=1

Theorem A.1 and Assumption (A3) imply that

R n
- 5 » B
‘ Z/[lpz - Z/{l == u1p2 - Z (n Zglkglk/> ¢k‘k‘/
= k#k' i=1 -
n
2 1 ~
s 5 15@223/(@ " Z Sinlin qukk/ — Ppp -
=1 00
= 0, (hg);n—l/Q) =0, (n‘l/Q) '
Similarly,
~ K n
1 Ji -1 2
‘ Uap, — Us = ||Ugp, — Z (n Z&k) Prk
> k=1 i=1 o
n
-1 2 ~
= ”@% " 251‘/6 H¢kk - ¢kkHOO
1=

= Oy (h) = 0p (n™1%).

P
Therefore, one has Hz;{lm + Z;Igm —U; — Uy = 0, (nfl/Z). Denote that

n NSQ
N7?X"U; = {n_l Z AiJJ’} ;
i=1 J,J'=1—po
where A;;; = N2 Zlgj;éj’gN By, (3/N)o (j/N) By p, (j'/N) o (§'/N) eijeiyr. 1t is easy to
see that EA;;y = 0 and EA?,,, = O (hi,N~?). Using standard arguments in [21], one
has HN”XTI_J?,HOO = O, {]\7*17”F1/2h5210g1/2 (n)} . Therefore, according to the definition of

Usp, (x,2), one has

sup || B, (z, x')V;Q12N_2XTIj3”
z,x'€[0,1]2 ’ 0
< Cn swp By (0] [V, N X0
z,x’€[0,1 o

= Ous. {N‘ln_l/th_;loglmn} = Oas. (7771/2) )
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Likewise, in order to get the upper bound of Z;le (x,2")|, one has
N7X"U,
Na,
_ —1p7-2\ W " ; U j i ”
- {% LD DD DA 1<;<N¢’“ G/N) o (7'/N) By, GIN, 7' /N) &5 }
<J#I'<

Let Dijy = N—2 22:1 (fik Zlgj;éj’gN ¢ (3/N) o (3'/N) By p (3/N,j'/N) 5ij’>»
then EDiJJ/ = O,

ED}, = N> Y 6;(j/N)o*(j'/N) B3, (§/N,j'/N)EEEs,

k= 11<j7éj/<N
< ONUY Y G /N By, /N6 G /N) Bl (7/N) = O (N,
k=1 1<j#j'<N

XTQO,
NQ

Similar arguments in [21] leads to H = Oas. {N‘ln_1/2h3210g1/2 (n)} Thus,

X™U
1 4
HBT x,x )Vp2 >N

= Ops. {1\7_171_1/2hs_2110g1/2 (n)} = Ops. (n_1/2) . 0O

A.4 Proofs of Theorems 2.1 and 2.2

We next provide the proofs of Theorems 2.1 and 2.2.
Proor or THEOREM 2.1. By Propositions 3.1,
E[éplym(x, 1) — G(z,2))? = Bl (z,2) + Uy (2,2') — G (=, x’)]2 + o(1).
Let &y =n 230 iy 1 < kK < k. According to (10) and (11), one has
Uy (2,2") + Uy (z,2") Z E e () Op () + Z E = 1) & (2) by, (2).

k£k!

Since

nE W (v ') + U (2,5) = G (s 96’)]2

K

= Z 1 () o (x Z &, (') &y, () by () By () + ) 67 (2) 61 (2) (EES, — 3)

kek! = ke k! = k=1
= G(2,2)’ + G (2,2)G (2,2 —i—Zgék ) (B¢, —3) =V (z,2)),
and the desired result follows from Proposition 2.1. O

Next define ¢ (z,2') = n'/2V =12 (2, 2/) {U (z,2") + Uy (2,2') — G (z,2")}.
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LEMMA A.6. Under Assumptions (A2)-(A4), sup ez [Cz (@,7") — ¢ (z,2')] = 045 (1),

where (4 (z, ') is given in (4).

PROOF. According to Assumption (A4) and multivariate Central Limit Theorem

- =2 ~1/2
vn {§~kk’7 (f-k - 1) (BE, — 1) }1Sk<k/9 —a N (040041)/2, Liges1)2) -
Applying Skorohod’s Theorem, there exist i.i.d. variables Zyy = Zyy ~ N (0,1),2Z; ~
N (0,1),1 <k < k' < k such that as n — oo,
max_{ Vi€ — Zw| [V (&~ 1) - 2 (Beh - 1)1/2(} — 0. (1), (A2)

1<k<k'<k

The desired result follows from (A.2). O
PROOF OF THEOREM 2.2. According to Lemma A.6, Proposition 3.1 and Theorem

)

2.1, as n — o0,

P{ sup  n'/? Z;Ilm (x,2") +L~12p2 (x,2') — G(x,2")|V (x,x’)fl/2 < Ql_a}
(

x,2')€[0,1)?

- P{ sup  nY2 Uy (x, 7)) + Us (z,2") — Gz, 2)| V (x,x’)71/2 < Ql—a}
(

z,2')€[0,1]?

= P {supgnepape 1€z (2,2")] < Qioa},Ya € (0,1).

The desired result follows from Proposition 2.1 and equation (12). O
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Figure 2: Plots of
: the true covariance f i
their 95% confid ce functions (middle surfaces) of -
nfidence envelopes (5) (upper and lower surfaces): no 2t01:)e SliImUIated data and
Cn= , :]_007 c=0.5. (a
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