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Abstract

We establish asymptotic normality of weighted sums of periodograms of a stationary
linear process where weights depend on the sample size. Such sums appear in numerous
statistical applications and can be regarded as a discretized versions of the quadratic
forms involving integrals of weighted periodograms. Conditions for asymptotic nor-
mality of these weighted sums are simple and resemble Lindeberg-Feller condition for
weighted sums of independent and identically distributed random variables. Our re-
sults are valid for short, long or negative memory processes. The proof is based on
sharp bounds derived for Bartlett type approximation of these sums by the correspond-
ing sums of weighted periodograms of independent and identically distributed random
variables.
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1 Introduction

Let X;,7 =0,+£1,---, be a stationary process with a spectral density fx and let u; = 27j/n,
j=1,---,[n/2], denote discrete Fourier frequencies. In this paper we develop asymptotic
distribution theory for the weighted sums

[n/2]

D baglx(uy), n>1, (1.1)

=1
of periodograms Ix (u;) = |(27n) "' Yo eituiXt}Q
if b, ; = b, (u;) where b,,n > 1 is a sequence of real valued functions on II := [—n, 7|, these
sums are estimates of 22"2/12} bn(u;) fx(u;) and can be viewed as discretized versions of the

, where b, ; are real weights. In particular,

integrals



Z, = /07T by (u) I x (u)du.

Integrals Z,, arise naturally in many situations in statistical inference. For example, the spec-
tral distribution function F' can be written as F(y f Y fx(u)du, and the auto-covariance
function of {X} is

Cov(Xy, Xo) = 2/ cos(ku) fx(u)du, k=0,1,2,---
0

In these two examples b does not depend on n. If one wishes to estimate fx(ug) at a point
ug € (0,7) by kernel smoothing method, then b will typically depend on n.

In the case when b does not depend on n and {X;} is a stationary Gaussian or linear
process, asymptotic distribution theory of Z,, is well understood and investigated both for
short memory and long memory linear processes: for asymptotic normality results see Han-
nan (1973), Fox and Taqqu (1987), Giraitis and Surgailis (1990) and Giraitis and Taqqu
(1998); for non-Gaussian limits see Terrin and Taqqu (1990) and Giraitis, Taqqu and Terrin
(1998). Simple sufficient conditions for central limit theorem (CLT) of quadratic forms that
can be written as a sequence of multiple stochastic integrals can be found in Nualart and
Peccati (2005).

It is perhaps worth pointing out that even in the case when b does not depend on
n, investigation of limit distribution of Z,, is technically involved. As is evident from the
works of Hannan (1973) and Bhansali, Giraitis and Kokoszka (2007b), deriving asymptotic
distribution of Z, in case of general weight sequences b,, depending on n will be prohibitively
complicated, and conditions for asymptotic normality will lack desirable simplicity.

In comparison, the verification of asymptotic normality of weighted sums of periodograms
is relatively simple. In sections 2 and 3 below we provide theoretical tools to establish
asymptotic normality of

[n/2] [n/2]

melx u;) mefx u;)

and to evaluate the mean-squared error ED?, when {X;} is a stationary linear process with
i.i.d. innovations, possibly having long memory. Our conditions for asymptotic normality of
these weighted sums are formulated in terms of {b, ;, fx(u;)}. They are simple and resemble
Lindeberg-Feller type condition for weighted sums of i.i.d. r.v.’s, regardless of the dependence
structure of the process {X;}, which can be short, long or negative memory. In contrast,
conditions for asymptotic normality of integrated periodogram Z,, given in Bhansali, Giraitis
and Kokoszka (2007b) cannot be expressed directly in terms of weights b,, and spectral density
fx. They are more involved and their verification requires significant technical effort.

Secondly, important benefit of using discretization is the translation invariance property
of the periodogram, viz, Ixi.(u;) = Ix(u;), for any ¢ € R, and j = 1,--- ,n — 1, i.e. the
data is automatically de-meaned.



A number of papers in the literature deal with more general quadratic forms (sums
of weighted periodograms). Generalizations of D,, usually includes relaxing assumption of
linearity of {X;}. Hsing and Wu (2004) obtain asymptotic normality of a quadratic form
D tem1 bio (X, X) for a non-linear transform K of a linear process {X;} under a set
of complex conditions that do not provide a direct answer in term of {b;}, K and {Xj}.
Moreover, their weights b;’s are not allowed to depend on n.

Shao and Wu (2007a) derive CLT for discrete Fourier transforms and spectral density
estimates under some restrictions on dependence structure of {X;} based on conditional
moments. Liu and Wu (2010) consider nonparametric estimation of spectral density of a sta-
tionary process using m-dependent approximation of X;’s. Wu and Shao (2007b) establish
the CLT for quadratic forms with weights depending on n using martingale approximation
method. Generality of these papers requires verification of a number of complex technical
conditions which impose a prior: a rate condition in approximations, that must be verified in
each specific case. For example, Shao and Wu (2007a) requires geometric-contraction condi-
tion, which implies exponential decay of the autocovariance (k) function of {X;}, whereas
in Liu and Wu (2010) the dependence is restricted assuming summability of |y(k)| and the
use of a coupling argument. Both papers also restrict the set of b, ;’s to specific weights
appearing in kernel estimation. Such structural assumptions may be easier to verify than
verifying mixing conditions, but they are redundant, not informative and too restrictive in
the case when {X;} is a linear process. The present paper establishes asymptotic normality
of D,, in the latter case under minimal conditions, which allow for all types of dependence
in {X,} and arbitrary weights b, ; as along as fx(u;)b, ;’s satisfy condition of uniform neg-
ligibility, e.g. (3.6). The main tool of the proof is Bartlett type approximation for discrete
Fourier transforms of X;’s which is essentially different from the methods of approximations
used in the above works. The obtained conditions are close to being necessary, and simple
and easy to verify.

Assumptions. Accordingly, let Z := {0, £1,- -},

X, = Zak(‘j,k, Jj EZ, Zaz < 00, (1.2)
k=0 k=0

be a linear process where {(;, j € Z} are i.i.d. standardized r.v.’s.
We assume that the spectral density fx of the process X, j € Z, satisfies

fx(u) = |u]g(u), |u| <, (1.3)
for some |d| < 1/2, where g(u) is a continuous function satisfying
0<C’1§g(u)§02<oo, UGH, (30<01,02<OO).

As was shown by Hosking (1981), ARFIMA(p, d, q) model satisfies this assumption for all
de(—1/2,1/2).



Condition (1.3) allows to derive the mean square error bounds of estimates which is
discussed in Theorem 3.3. To derive asymptotic normality and some delicate Bartlett type
approximations, we shall additionally need to assume that the transfer function Ay (u) :=
S0 s *uay, u € T1, is differentiable in (0,7) and its derivative Ax has the property

|Ax(w)| < Clu|™*7%, well (1.4)
Since fx(u) = |Ax(u)|*/27, u € TI, assumptions (1.3) and (1.4) imply
@] € Cll ™™, weTl (15)

Conditions (1.3) and (1.4) are formulated this way to cover long and negative memory
models, with |d| < 1/2, d # 0. They allow spectral density to vanish or to have a singu-
larity point at zero frequency. The standard case where functions fyx and Ax are Lipshitz
continuous and bounded away from 0 and oo is discussed in section 3.

To proceed further, let

iuik iuik
Wy E 7% Xy, We 5 g J 1.6
g \V2mn “i V21T G, (16)

denote the discrete Fourier transforms of {X,} and {(;}, respectively, computed at frequen-
cies u;’s, j = 0,---,[n/2]. The corresponding periodograms, transfer functions and spectral
densities of {X;} and {(;} at frequency u; are denoted by

Ix; = |wxil, Iej=lweil’, Axy=Ax;(uy), Ac;=1,
1 .
nyj = fX(uj)7 fCJ = fC(uj)E%> ]:0717777//2

The main focus of this paper is to establish asymptotic normality of the quadratic forms

Qn,X = an,j[X,j> V=1V, = [n/Q] -

where {b,;, j = 1,---,v} is an array of real numbers depending on n. This in turn is
facilitated by first developing asymptotic distribution theory for the sums

v

Snx = bn ﬁ

Moreover, asymptotic analysis of these sums is more illustrative of the methodology used.
The asymptotic normality of the sums .S, x is discussed in section 2, and that of @), x in
section 3. It is based on Bartlett type approximation of 5,, x and ),, x by the corresponding
sums of weighted periodograms of the i.i.d. r.v.’s {(;}.

Asymptotic normality (CLT) for the quadratic forms @), x with weights b, ; = b; that
do not depend on n was investigated by Hannan (1973), see also Proposition 10.8.6. of
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Brockwell and Davis (1991). Their proof required restrictive condition > "o, k¥/2|ax| < oo
on coefficients ay, of the linear process { X} of (1.2) and was based on Bartlett approximation
of periodogram Ix ;/fx ; by periodogram I ;/ fc ; of the noise. Robinson (1995b) established
asymptotic normality of the sum S, x in a particular case of weights b, ; = log(j/m) —
m~ty " log(k/m), j=1,---,m where m = m,, — oo, m = o(n).

In the present paper we show that CLT’s for ),, x and S, x hold under similar conditions
as the classical CLT for weighted sums of i.i.d. r.v.’s. It requires Lindeberg-Feller type
condition on weights b, ; and minimal restrictions on a linear process {X;} which may have
short or long memory. For example, in short memory case it suffices to assume that a; of the
linear process {X;} of (1.2) satisfy Y .- |ax| < oo and the spectral density fx is bounded
away from oo and 0. Results below demonstrate that weighted sums of rescaled periodogram
Ix;/fx,; of a linear process behave, to some extend, similarly as the weighted sums of i.i.d.
r.v.’s.

We also investigate precision of Bartlett approximation of @), x and S, x by sums of
weighted periodograms I ;/ fc ;. Approximation Lemma 2.1 and Theorem 3.3 contain sharp
bounds and are of independent interest. From these results one sees that the above approxi-
mation is extremely precise, and the resulting error is small and can be effectively controlled
by the weights {b, ;} alone.

In the sequel, Cumy(Z) denotes the kth cummulant of the r.v. Z, I1D(0,1) denotes the
class of i.i.d. standardized r.v.’s, a A b := min(a,b), and a V b := max(a,b), for any real
numbers a, b.

2 Asymptotic normality of 5, x

Important role in the asymptotic analysis of .S, x is played by Bartlett type approximation

(Ixj/fxj) ~ (Ici/feg) =2nlcy, G=1,---,v, v=[n/2] -1,

Our first goal is to approximate .S, x by the weighted sum of I, ;,

Snc = boj(Iei/fes) =D bnj2m I (2.1)
j=1 j=1

Let

.7:17"'7

Ri = Sax—Suc o= max Bl Bom (D87 (22
j=1

@ = Bg+Cum4(Co)%<Zb”’j)2’
=1

We show later that Var(S, ) = ¢2, see (2.19).



By definition S, x = S, ¢ + R,. Lemma 2.1 below provides an upper bound of order
by log®n for ER%. The main term Sh.c 1s a quadratic form in ii.d. r.v.’s. Its asymptotic
normality is established under minimal conditions on the weights b, ; in Lemma 2.2.

The following theorem proves asymptotic normality for S,, x under Lindeberg - Feller type
condition (2.3) on weights b, ;, which is analogous to the asymptotic normality condition for
the sums of ii.d. r.v.’s Y77 by je;, {e;} ~ 11D(0,1).

Because of the invariance property Ix,(u;) = Ix(u;), p € R, j=1,--- ,n—1, all results
obtained below remain valid also for a process {X;} of (1.2) that has non-zero mean.

Theorem 2.1 Suppose the linear process {X;, j € Z} of (1.2) satisfies assumptions (1.3)
and (1.4), and E¢j < oo. About the weights b, ;’s assume

man:1,---,u|bn7j| _ b”

=——0. (2.3)
» 172 -
(Zj:l bi,j) Bn
Then, the following hold.
ESn,X - Z bn,j + 0(Qn)> Var(sn,X) = %21 + O(qz)a (24)
j=1
q;1<5n,x — mej) —D N(O, 1).
j=1
Moreover,
min (1, Var(¢3)/2) By < o < (1+ |Cumy(Go)|) By (2.5)

Proof. The proof uses Lemmas 2.1 and 2.2 given below. To prove (2.5), use definition
of ¢, and the Cauchy-Schwarz inequality to obtain the upper bound. The lower bound is
derived in (2.21) of Lemma 2.2.

By (2.18) of Lemma 2.2 and (2.10) of Lemma 2.1, (2.3) and (2.5),

ESuc= bu;,  E|R,| < (ERY)'Y? =0(B,) = o(qy). (2.6)
7j=1

These facts in turn complete the proof of the first claim in (2.4).

To prove the second claim, note that by (2.19), Var(S, ) = ¢2, which together with (2.6)
yields Var(R,) < ER2 = o(q2), |Cov(S,.¢, R,)| = o(q2). These facts together with the fact
Var(S,, x) = Var(S, ) + Var(R,,) + 2Cov(S,, ¢, R,) completes the proof of the second claim
in (2.4).

Finally, since ES, ¢ = >_"_ by, and ER} = o(q?),

Snx =D bnj = Sux = ESnc=Snc— ESuc+0p(an).
j=1
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This together with (2.20) of Lemma 2.2 implies the asymptotic normality result in (2.4). O

The following lemma provides two types of sharp upper bounds for the mean square
error ER? that are useful in approximating S, x by S, . The idea of using Bartlett type
approximations to establish the asymptotic normality of an integrated weighted periodogram
of a short memory linear process goes back to the work of Hannan and Heyde (1972) and
Hannan (1973), whereas for sums of weighted periodograms of an ARMA process it was used
in Proposition 10.8.5 of Brockwell and Davis (1991). Their approximations were derived
under the assumption that the weight function b did not depend on n, and the bounds
they obtain have low-level of sharpness, though they are sufficient to show that the main
term dominates the remainder. The sharp bounds for an integrated weighted periodogram
established in Bhansali, et al. (2007b) technically are more involved and harder to apply
than those for sums in the next lemma.

Lemma 2.1 Assume that {X;} of (1.2) satisfies (1.3) and (1.4), and E(§ < oo. Then, the
following hold.

E(R, — ER,)? < Cb:log’n, and (2.7)
< Cb,By,
|ER,| < Cb,log’n, and (2.8)

o(By), if b, =o0(B,).

In particular,
E(Spx — Sue)? < Cb2log'n; (2.9)
E(Spx — Sue)? = o(B2), if by=o0(By). (2.10)

To prove Lemma 2.1, we need two auxiliary results. Next proposition provides a general
approximation bound.

Proposition 2.1 Let{ J, j=1,--- n}, i =12 n > 1 be the two sets of moving
averages

=S 0w, SR <o, =12,

kEZ kEZ

where {bff)](k;)} are possibly complex weights. Assume, ¢, ~ I1D(0,1), E¢} < oo. Then, for
any real weights ¢, ;, j = 1,---,n,

Var(i AV = V2R (211)

< O lemsensd | Ii5l? + 22 = 202,
7,k=1

where 1y, ;= E[YTSZ]) Yn(,l)] D ter b(z i )bg,)k(t)a i,l=12.

7



Proof. Observe that

Zcm{\ — 212

= (s BN — AT )k

t,s€Z j=1
= Z Bn(ta S)CtCS'
t,s€Z
Hence,
E|Qn — EQ.|’
2 2
S 4<E) ZBn(t7 S)CtCs +E) ZBn(ta S)CtCS
t<s s<t
+E| Y Bt 0)(G - BG) 2)
teZ
= 4) [B,(t,s)P+4> [Bu(t,s|* + 4Var(Go) Y _ |Ba(t, 1)
t<s s<t teZ
< (4+4Var(Go)) Y [Ba(t,s)|.
t,sEZ
But,

STUBut )P = Y cngenr Y ADOD(s) — b (0 (s)}

t,SET jk=1 t,SET

< b0 (67 (5) — b2 (0B (5)}

n

- Z Cnﬂcnk<‘rn]k|2+‘rn]k|2 ‘Tn]k|2 ‘Tnkj|2>'

Jk=1

This completes the proof of (2.11).
Now note that

: Ix; I
R, = Sux—Suc=Y buj(+ -2
X ¢ Z; J ( fX,j fg,j)

 bn,j Ie,
_ Zﬂ{fx,j—fx,jﬁ}-

(2.12)

Also, recall that Ix; = |wx|? Ic; = |we;]?, and that the discrete Fourier transforms wy ;
and w¢ ; are moving averages with complex valued coefficients. The corollary below, which
follows from Proposition 2.1, is useful in analyzing the sums of the type appearing in (2.12).
Let fxc(u) = (2m) ' Ax(u) denote the cross-spectral density of {X,} and {(;}. See (4.2)

below for the definition of cross spectral density.

8



Corollary 2.1 Suppose that {X;} is a linear process as in (1.2) and E¢; < oo. Then, for
any real weights ¢, ;, 7 =1,--+ ,n,

v

I
Var(Z Cnillx; — fX‘y%}) < C(Spg + Sn2), (2.13)
’J

Jj=1

where

Elwx;|* — fx,;

su1 i =C Y ciJ{(Ewa,j\Z — )+ Fxa

j k=1
- 2 3 .
+ x| Blwx 0] — fxei| + /X5 | Elwx 0] — fxci| (s
Sz = D lengensl{ | Elwx 0wl 2 + fcrl Blwx, w1}
1<k<j<v

Proof. The proof uses some results from section 4 below. Observe that

Ixjlcj
Je.d

Note that the r.v. Yn(}j) = wx,; and Yn(?j) = Ax jw¢; can be written as moving averages of
¢;’s with complex weights. Therefore, by Proposition 2.1, the Lh.s. of (2.13) can be bounded

= |Ax ;I ; = |Ax jwe .

above by

14
C Y lenjcnil ’E[wx,ij,kHZ + [ Ax i P Ax | Elwe ;g il P — 2| Ax 1P| Elwx jocx]|?
jk=1

= C( DL+ Dk) = Ol + sha):
J=k=1 k#j
By (4.1) below, Elwe;|* = 1/2n, Elwewey) = 0, for 1 < k < j < v. Recall also that
Ixj = |Ax,|*/(27). Therefore,

v

/ o 2
Sn,l - E cn,j

J,k=1

Sa= D lensensl (1Bwx 03] + fal Blox me]l).

1<k<j<v

(Elwx ;)" + fx; — 4m fxj| Elwx jwc 5]

Y

Observe that s), , = s,,2. To estimate s, ,, let

A= (Blwx,[*)* =[x B = |Elux o) = fxes.
The term within [---|in 5], ; can be written as
(Elwx;*)* + fx; — 47 x| Elwx ;05
= (A - 47TfX7jB) -+ (2f)2(7] - 47er,j’fXC,j’2) = A — 4’/TfX7jB,

9



because 47 fx | fxcil? = 47 fx | Ax )%/ (2m)% = 2f§(’j.
Next, note that } B |z2]2’ < |21 — 29|* + 2|21 — 22]|22], for any complex numbers 21, 2o,

and that |fxc ;| = [Ax |/(27)? < f1/2 Therefore,

|A—Anfx;B| < |A|+4nfx;|B]

< (Bluxl” = fxi)” + 2fx5|Elwx* — fx,
2
_ 3/2 S
4 | Blux 025) — fres| + 87 S35 | Elwx W3] = el
which shows that s}, | < Cs,; and completes proof of corollary. O

Proof of Lemma 2.1. The proof uses Theorem 4.1 given in section 4. Recall R, =
Sp.x — Spc. We shall prove (2.7) and (2.8). Since EFR2 < 2(E(R, — ER,)*+ (ER,)?), these
two facts together imply (2.9) and (2.10).

Now, we prove (2.7). Note that from (2.12), R, is like the r.v. in the left hand side of
(2.13) with ¢, ; = by j/fx,;. Thus, Var(R,) < Sp1 + Sp2, with

Elwx ;> = fx;

Sp1 = sz [E!wxj\ — Ixj)+ fxg
X,J

2
+fxg | Blwx, o] — fxes| + O Elwxjag;] — fxey ]>
Snz =) |f J.f A <\E[wx,ij,k]!2 + fX,k\E[wX,ng,kHZ)-
1<k<j<p X3 Xk

It thus suffices to show that these s, ; and s, 2 are bounded from the above by the the upper
bounds given in the r.h.s. of (2.7).

Part (iii) of Theorem 4.1 below provides bounds for E[wx ;x| and E|wx ;w¢|. Recall
that the spectral density fx satisfies (1.3), whereas the cross-spectral density fx¢(u) =
(2m) "' Ax (u) has the property |fxc(u)| < Clu|=?, |fxc(u)| < Clu|~=% u € TI. Therefore,
they satisfy conditions of part (iii) of Theorem 4.1, and hence

|Elwx ;> = fx il < Clu;| 2%~ log 4, (2.14)

|E[wx jwe;] — fxcil < Clu|~% " log 4,

where C' does not depend on j and n. Since, by (1.3), 1/fx; < Cu3?, these bounds yield

v

sp1 < C Z by (5" log 7).

j=1

10



From this we obtain the bounds

sn1 < Chllogn) j=' < Chllog’n, and

j=1

Sp1 < Cb, Z\bn]\ ~Llog 7)

< Cbn(z bo )2 () % log? j)? < Cb, B,

j=1
which proves that s, ; satisfies both bounds of (2.7).
Next, by (iii) of Theorem 4.1, for all 1 < k < j < v,
|Elwxjwxel] < Clu;™ +w™)j ™ log j,
<

| Elwx ;W) | Cu;* +u ") log j.

Since, by (1.3),

(fifie) M (u;? + u®)?
f;l(u;d 4 u};d)Z

Cujug)* (u;* + u ™) < C(j/k)*,
Cu?d(u;Zd + U;Qd) S C(j/k)Q‘d‘,

IAIA

we obtain

log?
502 <C Y Ibasbusl (2 )2|d| s J. (2.15)
1<k<j<v ‘7
Bound |b,, jb, x| by b2 to obtain
1
27 2 Z 27 3
8n72 S Cbn log n W S Cbn log n,

1<k<j<v

which implies the first estimate of (2.7). Next, bound |b, ;| by b, in (2.15), to obtain

log 7J
Snp < Chy Y |bn,,€\k2ld| s < Cbn > \bnk\

1<k<j<v 1<k<v
1/2 log* Kk 1/2
2
< on( D) (X )" <chb.,
1<k<v 1<k<v

that establishes the second bound of (2.7).
To show (2.8), recall that fx ;F|we;1*/fc; = fx;. Therefore,

= bn fX - bn
ER, = 2] <E|wx,-\2 JE\ we | ) = <E|wx,‘\2 - fx,‘>-
JZI Jxd ] ] le Ixs T

11



Then, by (2.14) and (1.3),

Z' il 2aj110g j < C> " |bugli~tlog j

ER,|
fX] =1

IN

< Cb, Zj—l logj < Cb, log?n,
j=1
which implies the first bound in (2.8).
To establish the second bound, let K = (B, /b,)"/?. Because of (2.3), K — oo, b,K =
(bn/Bn)'?B,, = o(B,,). Thus,

K-1
R < O3 Iousli M logs + 3 Ibusli~og) (2.16)
7j=1 =K
12 , & 1/2
< oftur+ (Zb ) (Xweti)
=K
= o(B,).
This completes proof of the second estimate in (2.8). O

Now we return to establishing asymptotic normality of S, ¢, a weighted quadratic form
i i.i.d. 71.v.’s where weights depend on n. The CLT for quadratic forms in i.i.d. r.v.’s
¢; ~ II1D(0,1) is well investigated, see Guttorp and Lockhart (1988). The following theorem
summarizes useful criterion for asymptotic normality, given in Theorem 2.1 in Bhansali et
al. (2007a). Let C,, = {cnus, t,s = 1,--- ,n} be a symmetric n x n matrix of real numbers
Cn,ts, and define the quadratic form

- Z Cn,ts Ct Cs .

t,s=1

Let |Cull == (327 =1 €2 40)"? and [|Cyllsp = maxyy=1 [|Criz|| denote Euclidean and spectral

n,ts
norms, respectively, of C,,.

Theorem 2.2 Suppose (; ~ IID(0,1) and E¢; < co. Then

1Cnllsp
Gl

— 0 (2.17)

implies (Var(Q,)) " V?(Qn — EQ,) —p N(0,1). In addition, if the diagonal of the matriz
Cy satisfies Yy coyy = o(||Cnl[?), then Var(Q,) ~ 2||Cy|]?, and condition E¢§ < oo can be
replaced by E|(o|**° < oo, for some § > 0.

Next lemma derives asymptotic distribution of the sum S, of (2.1). Its proof uses
Theorem 2.2 and some ideas of the proof of Theorem 2, Robinson (1995b). Recall the
definition of ¢ and B, from (2.2).

12



Lemma 2.2 Suppose (; ~ I[1D(0,1), E¢; < 0o, and b, ; satisfy (2.3). Then

ESpc = buy, (2.18)
Var(S,.) = q, (2.19)
Q;l(sn,g - ESn,C) —D N(Oa 1)7 (220)
Moreover,
g, > min (1, Var((3)/2) B (2.21)

Proof. Write
Snc = Z Z =, GG = Z en(t = 5)CG,
ts 15=1 t,s=1
where ¢, (t) == n~' 377 by jcos(tuy), t = 1,2,---. Matrix C,, = (ca(t — 8))ts=1,. 0 15 2
symmetric n X n matrix with real entries. Hence, (2.18) follows because (;’s are I1D(0,1).
For the same reason,

n

Var(S,¢) = 2 Z 2(t—s)+ Var((3) > it —t) (2.22)

s,t=1:t#s t=1
= 2||C,|]> + Cuma(éo)n me

> min(2, Var((5)) |Gl

since Var((7) —2 = B¢y — 3 = Cumy((p), and ¢, (0) =n~" 377 by ;
Next, we show that the weights ¢, (t — s) satisfy
1CLlI? = 27'B2, (2.23)
[Cnllsp = o([|Cnl])- (2.24)

By Theorem 2.2, (2.24) implies

(Var(S,.¢)) (S — ElSnc]) —p N(0,1),

v

Var(S, ¢) = B2 + Cum4(C0)n_1(Z bn.i)?,

j=1
which proves (2.20), whereas (2.23) with (2.22) prove (2.21).
To prove (2.23), by definition of ¢, (¢),

n

IC> = Y enlt—s) (2.25)

t,s=1

= n? Z bribn i Z cos((t — s)u;) cos((t — s)ug).

jk=1 st=1
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Since v = [n/2] — 1, then j +k < n in the above sums. We first recall the following equality:
for1<j,k<m,j+k<nandabecR,

Z cos(tu; + a) cos(tuy + b) = g cos(a —b)I(j = k). (2.26)

t=1

To prove this equality, use the fact cos(z) = (el* + e~%)/2 to write the L.h.s. of (2.26) as

n

> i <€it(“j+“k)ei<a+ D) 4 g itlutui) g milatd)

t=1
ity —ur) gila=b) e—it(uj—uk)e—i(a—b)) '

Since

n

3 it = eg — {1 =0)+ I(I = n)}, (2.27)

el
t=1

this expression reduces to (n/4)(el(@=?) 4 e=1@=0)[(;

=k)=(n/2)cos(a —b)I(j = k).
Hence, applying (2.26) in (2.25), readily yields (2.23):

ICa*=27") b2, =27'B2.
=1

To prove (2.24), let = € R™ be such that ||z||* = 1. Then

n n

Cual = 3 el = ) = 3w (3

t=1 s=1 s,v=1 t=1

M:

W (t—8)e,(t — v)) (2.28)
But, by (2.26),

ch s)ep(t —v) = —an]bnchos (t — s)u;) cos((t — v)uy)

]k 1
= Zb -cos((s — v)uy).

Hence

|Cpz|® = Zb Zcos ((s = v)uj)zsmy.

s,v=1

Thus, by the equality Y7 cos((s — v)uy)wew, = | Yo, €%,|?,

1 v n 1 n n
[Caall? = 5= DB e < i | e
J=1 s=1 j=1 s=1



By (2.27), >0, el = nJ(t = 5). Therefore,

1 n
[Cuzll® < S0 D wf = —b2H50||2 ICullsy < (1/V2)0s
t=s=1
Since b, = o(B,,), and B,, = V/2||C,|| by (2.23), this proves (2.24), and also completes the
proof of the lemma. O

3 A general case of sums of weighted periodogram

We now focuss on the sums

Qn,x = Z by ilx,;.

j=1
Bartlett approximation Iy ; ~ fx;(Ic;/fc;) suggests to approximate @, y by the sum

v

1,
Qn,C = Z(bn,ijg fC] Z anfX] 277)]§j
Jj=1 G

Corollary 2.1 provides tools for establishing approximation to the variance and the mean
square error of @, x — Q. ¢.

In Theorem 2.1 above, the spectral density fx can be unbounded at 0, but is differentiable

n (0,7). Then the asymptotic normality of the sums S, x = Y7 bn;(Ix;/fx;) holds

under Lindeberg-Feller type condition (2.3) on the weights b, ;.

Now we turn to case when fx is bounded and continuous on II, with no assumptions
about its differentiability, i.e. d = 0 in (1.3). In addition, we assume that fx is bounded
away from 0 and oo:

0<01 Sfx(U)SCQ<OO, UEH, (30<01,CQ<OO). (31)

The restriction fx(u) > C; > 0 can be dropped at an expense of the simplicity of conditions.
Theorem 3.1 below shows that under Lindeberg-Feller type condition (2.3) on weights
b, j, continuity of fx, or more precisely, continuity of the transfer function Ax, suffices
for asymptotic normality of the centered sums @), x — EQ), x. To obtain an upper bound
on the variance Var(Q,, x) it suffices to assume fx to be continuous, whereas satisfactory
asymptotics of EQ,, x requires fx to be Lipshitz(3), # > 1/2, see Theorem 3.3.
By Lemma 2.2, ), ¢ has the following mean and variance.

v

/U’SL = Z(b”’jij) +Cum4 C() (an]fXg> )

Jj=1

Var(Qn,C) - UZ? EQn,C - an,ij,j‘

Jj=1
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Observe that Q,, x, @n¢ and v2, respectively, are like the S, x, S, ¢ and ¢2 of (2.2) with b,
replaced by b, ; fx ;. Let

v

by = 1ax_ byl fx;, B}, = (bnjfx,)™

j=1

Similarly as in (2.5), one can show that the variance v2 has the same order as B]%m, i.e. for
some C1,Cy > 0,

C\Bj, < v:<(C,Bj,,  and (3.2)
CiB? < v2<(0yB%, under (3.1).

Let C(II) denote the class of bounded (complex valued) continuous functions on II, and
A(IT) denote Lipschitz continuous functions of order 5, 0 < f < 1. The next theorem
establishes asymptotic normality of @, x.

Theorem 3.1 Suppose the linear process {X;, j € Z} of (1.2) is such that E¢; < oo, and
the real weights by, ;’s satisfy (2.3).
If fx satisfies (3.1) and the transfer function Ax of {X;} is continuous, then

Var(Q,x) = v2 +o(vs), v, (Qux — EQnx) —p N(0,1). (3.3)
In addition, if fx € Ag(Il), with B > 1/2, then

EQux =Y bujfxj+o(n), v, (Qux =D bujfx;) —>p N(0,1).  (34)
Jj=1 Jj=1

In the next theorem we extend the result of asymptotic normality of @), x to the case
when the spectral density fx is not bounded in the neighborhood of 0, i.e. d > 0, or is
not bounded away from 0, i.e. d < 0. Then the second bound of (3.2) does not hold. The
Lindeberg-Feller condition (2.3) now has to be formulated using the weights b, ; fx; and we
need to impose some additional smoothness conditions on Ax in a small neighborhood of 0.
We assume that Ax can be factored into a product Ax = hG of a differentiable function

h, which may have a pole at 0, and a continuous bounded function G. In particular, if Ax
satisfies (1.4), we take G = 1.

Theorem 3.2 Suppose {X;, j € Z} is the linear process (1.2) with E(§ < oo. Assume that
[x satisfies (1.3) with |d| < 1/2, the transfer function Ax can be factored as Ax = hG, where
G 1s continuous and bounded away from 0 and oo, and h s differentiable having derivative
h and satisfying

Chlul ™ < [h(w)| < Colu[™,  [h(w)| < Clu| 7%, 0 < |u <, (3.5)
for some 0 < C,Cy,Cy < 0o. Then, for any real weights b, ;’s satisfying

man:L...,y\bn,ij,j‘ _ bym

(Z;ﬂ(bn,ij,j)Q)l/Q B By

— 0, (3.6)
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(3.3) continues to hold.
If, in addition, G € Ag(I1), with B > 1/2, then also (3.4) holds.

PROOFS OF THEOREMS 3.1 AND 3.2. Write

Qn,X - EQn,X - Qn,{ - EQn,C + T,

where r, == Qn x — Qn¢ — ElQnx — EQn¢]. The proof of both theorems follows from this
decomposition and Lemmas 2.2 and 3.1. The latter lemma will be proved shortly. In (i) and
(ii) of this lemma it is shown that Er2 = o(v2) under the assumptions of Theorems 3.1 and
3.2. Therefore the result (3.3) of Theorems 3.1 and 3.2 follows, noticing that, by Lemma
2.2, under assumption (3.6), v, (Qn.x — Qnc) —p N(0,1). The second result (3.4) of these
theorems is shown in (3.17) of Theorem 3.3 below. O

Lemma 3.1 below shows that the order of approximation of @), x —EQy x by Qpn ¢ —EQn ¢
is determined by the smoothness of the transfer function Ax. For example, by part (i) of
this lemma, if Ax is a bounded continuous function, then

Qux —EQnx = Quec— EQnc=0,(vy), (3.7)

where v2 = Var(Q,¢). If, in addition, Ax has a bounded derivative, then the order improves
to 0,(n"*?(logn) v,) without requiring any additional assumptions on b, ;. Lemma 3.1(ii)
shows that if Ax is discontinuous at 0, then approximation (3.7) is valid under additional
regularity behavior on Ax in a neighborhood of 0, as long as the weights b, ; satisfy (3.6).

To state the lemma, we need the following notation. For a complex valued function
h(u), u € 11, define

€nh = n~tlog®n, h € A4,
= n P, he Ag[ll), 0 < 3 <1,
= Op, o, — 0, heC[].

Lemma 3.1 Assume that {X;} is as in (1.2) and E(} < co. Then

Qn,X - EQn,X = Qn,{ - EQn,g + T, (38)

where 1, satisfies the following.
(i) If Ax € Ag[lT], 0 < B <1, or Ax € C[II], then

Er: < CepayB2=o0(v2).
(ii) If Ax = hG, where h satisfies (3.5) and either G € C(II) or G € Ag(Il), 0 < B <1, then

Er? < O(min(b?,log®n, bnBra) + enaBi,); (3.9)
< Cmin(bj, log’n, by, By,), G € A(IN).

If, in addition, (3.6) holds, then
Er? = o(v?). (3.10)

n
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Proof. Let

= Z f 7"[ "
Ry=Qnx —Quc= buj{lx;— ij L3,
j=1 C,J

By Corollary 2.1,
Var(R,) < C(tp1 + tns), (3.11)

where t,,;, 1 = 1,2 are like s, ;, i = 1,2, of Corollary 2.1 with ¢, ; = b, ;.
Proof of (i). We shall show that

E(R, — ER,)*> < Cepa, B2, (3.12)

which, in view of (3.2), proves (3.8). The proof of (3.12) is similar to that of Lemma 2.1.
For the sake of completeness, we provide the details.

We shall now prove part (i) by considering three cases separately. First, observe that fx
and fx. = Ax/(2m) are bounded functions.
Case (1). Ax € Ay[I1]. Then, by (i) of Theorem 4.1,

|Elwx i = fxj| VI E[wx ;@55) = fxe l < Cn™'logn,
|Elwx juxg)| V| Elwx W] | < Cn'logn, 1<k<j<w.
Therefore,

tny < Cn'logn» b, =Cn 'logn By,

=1

tny = Cn7’log’n Y |byjbosl

1<k<j<v

IN

Cn~'log*n Z biﬂ- = Cn 'log*nB?,
j=1

which proves (3.12).

Case (2). Ax € Ag[ll], 0 < 8 < 1. Then by (i) of Theorem 4.1,

|Elwx;|* = fx V[ Elwx wg;) = fxesl < On™?
|Elwx jwx | V | Elwx i)l < Cn~ 0, (85 — k), k<.
Note that for 1 <k < j<v<n/2,j—k<n-—j+k, and hence bound
log(2+ 75 — k)
(2475 — k)-8’

log*(2 4 j — k)
nf(24j — k)20

Ca(B55 — k) < (3.13)

(02685 — k))® <

18



Apply this fact, to obtain, that for 0 < 5 < 1,
thy < Cn Py 0 =Cn?B2,

tnp < C Z [bn3bn k| (R7700(5; 5 = K))?

1<k<j<v

_ log®(2 +j — k)
< Cn™” by.ibn
- 1<;< b (247 = k)*F

i<v

_ log*(2 + u) _

B B2
< Cn Zb Z 2+ )7 <Cn "B,

which proves (3.12).
Case (3). Ax € C[II]. By (ii) of Theorem 4.1,

|Elwx ;| — fxil V |Elwx we;] — fxeil < Coy
|Blwx jwx )| V |Elwx jwei]| < Copnln(ej—k), k<]

for any 0 < € < 1/2, with some d,, — 0, that does not depend on k, j and n. Next observe,
that (3.12) follows by the same argument as in case (2) above. This completes the proof of
(i) of the lemma.

Proof of (ii). First, we prove (3.9). As above, for that we need to bound ¢, ; and t, 5 of
(3.11).

Recall that fx = |Ax|?/(27), fxc = Ax/(27), Ax = h(u)G(u), where h satisfies (3.5),
which together with (1.3) implies that G is bounded away from infinity and zero. For
1 <k <j<v, define

fn,jk = 0, GGAl(H),
log(2+4j — k)
A G e Ag(ID), 0 1
(2+j_k)17ﬁ7 6 ﬁ( )? <ﬂ< 9
log(2+4j — k)
= 0, — 2, GeC(), o 1/2,
PRy eC(ll), 0<e<1/

where 6,, — 0.
By (iv) of Theorem 4.1, for 1 < k < j,

|Elwx jwx ] — fx;1(j = k)|
< C{(uy* + uy 21y~ og j + (u, " A uy 2y

|Elwx jWer) — fxe,;I(j =Fk)|
< C{(uy® +u; M) og j + (up® Ay )i}
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Since fx = |Ax|*/(27) = |hG|?/(27), assumptions on h and G used in part (ii) of lemma,
imply that for all u € II,

fx (u)
| fxe(u)l

Clu|™?", f'(u) < Clul,
Clul™,  [fxt(w)] < Clul”.

Therefore, for 1 < k < j,

(Fxifxn) Hug® + UJ'_M)Q < Clj/k[*,
(Fxgfxn) > Au?)? < C,
(Fxg) up®+u; D> < CLEPY, (fxg) M u® A h)? < C.

To prove (3.9) of (ii), we shall use the bound (3.11). It suffices to show that ¢, 1 + ¢, can
be bounded above by the r.h.s. of (3.9). The above bounds readily yield that

tag < C Z(bn,jfx,jf(fl l0g j + 7n,j5),

log 7
tn,2 S C Z |bn]fXijnkka|(( )2|d| ] +r ngk)

1<k<j<v

The argument used in evaluating s,,; and s, 2 in Lemma 2.1 yields

v

,log g log® j
Z(nana)T+ > b fxl e fcl (5 )Z‘d‘ 7

j=1 1<k<j<v

< C'min (bfc’n log®(n), bsnByn),

whereas estimation in Cases (2) - (3) above yields that

v

> bnifx i) g+ > Ibngfxil bakfxrlfe < CenaB .

j=1 1<k<j<v

Therefore,
tn1 +tn2 < C( min (b{n log®(n), bmef’n) + engB%n), (3.14)

which proves (3.9).
Observe that €, — 0. Therefore, (3.9), (3.6) and (3.2) imply (3.10). This completes
the proof of the lemma. O

As seen above, proving CLT for v, (Qnx — > 7_; bn;[x ;) required some smoothness of
the spectral density fx and the transfer function Ax. Conditions on Ax can be relaxed if
one wishes to establish only an upper bound for the mean square error of the estimator @), x
of 771 bujfx,; as is shown in the next theorem.
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Theorem 3.3 Let {X,} be as in (1.2) with E¢; < oco. Assume that fx(u) = |u|=2g(u),

|d| < 1/2, where g is a continuous function, bounded away from 0 and oco.
(i) Then

E(Qnx — EQnx)* < CBj},.
(i) In addition,

Y 2
E(Qn,x - Z bn,jfx,j) < CBj,,
=1

i each of the following three cases.

cl) d=0, ge Ag[ll], 1/2<p8<1;
c2) d#0, geAg[l], 1/2<p<1;
c3)  |fx(u)| < Cut72, 0<u<m.

Moreover, in case cl),
EQn,X - Z bn,jfj - O(Bf,n)‘
j=1

If b, ;’s satisfy (3.6), then (3.17) holds also in cases ¢2) and c3).

Proof. (i) Recall Ix; = |wx ;|>. By Proposition 2.1,

v

E(Qux — EQux)® = \@(Z bn,jIX,j)

J=1

< O bnjbnsll Elwx x|

J,k=1

For j = k bounding (Elwx ;|*)* < 2(E|lwx;|* — fx;)* + 2f%;, and letting

v

Sy = Db (Bluxgl’ = fx)%
=1

Sho = D |bnsbukll Elwx j0x],
1<k<j<v

one obtains

E(Qnx — EQnx)* < C(shy + 8,5+ B},).

(3.15)

(3.16)

(3.17)

(3.18)

Under assumptions of this theorem, by (iv) of Theorem 4.1, for 1 <k < j <v, (0 <e < 1/2),

|Elwx;|* = fx;] Cu]-_Qd(j_llogj+5n)7

<
|Elwy wxr]| < C((uy*+ uj_2d)]'_1 log j + (uz 2 A ufd)énﬂ(e,j — k),
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where 6,, — 0. Observe that sim- < t,i, @ = 1,2, where ¢, and ?, 5 are as in the proof of
Lemma 3.1. Therefore, the same argument as used in proving (3.14) implies that s}, | + s/ ,
satisfies the bound (3.14), which in turn yields

1t Sho < C(bgnBin + encB},) < CBj,,

since by,, < By,,. This completes proof of (3.15).
(ii) Observe that

12 . —2d,,—08 ;
2 ’ J
|Elwx ;| — fx; Cu;*n™", in case cl)

Cuj_2d(j Yogj +n"), in case c2)

ININ TN

C’u;Qd(j_l log j), in case c3)

by parts (i), (iv) and (iii) of Theorem 4.1, respectively. Let

qn ‘= ’EQn,X - an,ij,j
j=1

= ‘Z b, (Elwx 3 = fx;)
j=1

Under assumptions of theorem, f)}}j < Cu?d, 0 <u <. Thus, in case cl),

Gn < O |busfrgln? <O P (N (s fx)) (3.19)
=1 =1
- O(nyn)7
which proves (3.16) and (3.17).

In case ¢2),
qn < CZ by fx |G logn 4 n7).
j=1
By the same argument as in the proof of (2.16), it follows that

Z|bn,ij,j‘j_1 logj - O(Bf,n)’
j=1
= o(Byn), if (3.6) holds,

which together with (3.19) yields (3.16) and (3.17).
In case ¢3), proof of (3.16) and (3.17) is the same as in case ¢2). This completes proof of
theorem. O

Remark 3.1 Consider now the sum

On
Qux =Y bojlx;,  (0<0<1/2), (3.20)

j=1
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where summation is taken over a fraction {1,---,6n} of the set {1,---,v}. Then peri-
odograms Iy ; used in @, x are based on frequencies u; from the zero neighborhood [0, A],
A = 270 which is a sub-interval of [0,7]. Observe that smoothness conditions on fy and
Ax are required only to obtain upper bounds on covariances Flwy ;wx | and E|wx jw¢ | in
Theorem 4.1. Therefore, it follows that in order for these bounds to be valid at frequencies
u; € [0,A] it suffices to impose smoothness conditions on fx and Ax on a slightly larger
interval [0,a|, a > A, covering [0, A].

Hence, for the sum @, x of (3.20), all of the above results derived in this section hold
true if conditions on fx and Ay are satisfied on some interval [0, a], with a > A, instead of
[0, 7]. For example, Theorem 3.2 holds if on [0,a], Ax = hG and h, f satisfy (3.5) and (1.3).
Theorem 3.3 is valid, if on [0,a], fx(u) = |u|~?*!g(u) and g is Lipshitz continuous of order
g>1/2.

No restrictions are required on fy on the interval [a, 7], except the integrability condition
[T fx (u)du < oo.

Eample 3.1 Consider the stationary ARFIMA(p, d, ¢) model
¢(B)X; = (1—B) (B)¢;, j€Z  {G}~IID(0,07).

We shall show that this model satisfies the smoothness and differentiability conditions (1.3)
and (1.4) pertaining to the spectral density fx and the transfer function Ax. Indeed, when
the complex roots of polynomials ¢(z) and #(z) lie outside unite circle {|z| < 1}, the operator
¢(B)'0(B) = > 32, bp B* can be written as a series of powers B* and the above equations
are rewritten as

X;=(1-B)%,, Y;=¢B) 0BG =Y bl jEZ
k=0

where {Y;} is a short memory process with a absolutely summable weights by. Its transfer
and spectral density functions

—i

") = —iuk Ug 2

¢

are continuous and bounded away from 0. Moreover, Ay and fy have bounded derivatives.
Then, with h(u) = (1 — e—iu)—d7

Fx(u) = |h(u)]*fy(u) = |u|*g(w), (3.21)
Ax(u) = h(u)Ay(u),

where g(u) = (|h(u)]?/|u|7%) fy(u) = (2| sin(u/2)|/|u])~2%fy (u) is a continuous function on
I1, bounded away from 0 and co. Whence, fx satisfies assumption (1.3).
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Moreover, h is differentiable and satisfies

|h(u)] < O|u|_2d, \h(u)\ < O|u|_1_2d, Yu € [0, 7], (3.22)
|h(u)| ~ [u] 7>, u— 0.
Thus
[Ax(u)] < C(|h(u)|| Ay (u)] + [h(u)|| Ay (u)])
< Cll—e™[ < Clul™ ™Y, 0<ul<m,

and hence Ax satisfies (1.4). Note also that Ay = hAy is naturally factored into a dif-
ferentiable component h and continuous component Ay as required in Theorem 3.2. Thus
Theorems 2.1, 3.1, 3.2 and 3.3 are applicable.

Eample 3.2 Now consider a more general process {X;},
X;=(1-B)%;, jez  |d<1/2

where Y; = Y77 bk, {(} ~ IID(0,1), >°727,|bg| < oo, is a short memory process.
Observe that {X;} has the spectral density and transfer function as in (3.21). Hence, the
same argument as used in (3.21), shows that fx satisfies (1.3) with parameter |d| < 1/2.
Although Ay may not satisfy (1.4), because Ay is only continuous, but Ay is factored as
required in Theorems 3.2 and 3.3. Hence, these theorems are applicable.

4 Appendix. Covariances of DFT

Here we shall present some preliminary results needed about the properties of discrete Fourier
transforms. Observe, that if {(;} is a white noise process WN(0, 1), then its discrete Fourier
transforms (DFT’s) are uncorrelated:

1
Elwewgy) = 5= 1<k=j<n, (4.1)
= 0, 1<k<j<n,

which follows in view of (2.27).

In general, unlike in the white noise case, DFT’s of a stationary process {X,} with a
spectral density fx are correlated, i.e. covariances Elwx jWxy| # 0, for k # j.

Consider now the two linear processes

0o 0 e >
. . 2 2
Xj = E aij,k, Y} = g bij*ka J € Z; § :ak < 09, Zbk < o0
k=0 k=0 k=0 =0

with the same white noise innovations {(;} ~ WN(0,c?). Let

Ax(v) :== Z e *ay, Ay (v) = e vy,
k=0 k=0
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denote their respective transfer functions and

fx(w) = (o*/2m)|Ax ()", fr(v) = (0°/27)| Ay (v)[%,
their respective spectral densities.
Let fxy(v) denote a (complex valued) cross-spectral density:

0_2

fxy(v) = QWAX(U)Ay(’U), vell, (4.2)
2 o
E[X;Y; 4] = / e fxy (v)dv = 7 ZalJrkbh k>0,j¢€Z.
I 2 P

Observe, that in the case of white noise Y; = (;, j € Z,

2

fxe(v) = —Ax (v), vell (4.3)

E[XJ)/J_k] = —/ lkUAX dv = 0' Qg k Z 0.

Theorem 4.1 below summarizes asymptotic properties of cross-covariances Elwy ;Wyg|. 1t
generalizes and extends Theorem 2 of Robinson (1995a) for short memory and long memory
time series, which enable derivation of the upper bounds based on Bartlett approximation
of this paper. Its proof is technical and full details are given in Giraitis and Koul (2010).

In case when Fourier frequencies in covariances E[wx jWyy] are from an interval (—A, A),
A < 7 (a neighborhood of 0), smoothness conditions on fy, fy, Ax, Ay are local, i.e. they
need to be imposed on an interval [0, a], a > A. If the Fourier frequencies are from the entire
spectrum over II, then smoothness conditions have to be imposed on the whole spectrum II.

To proceed further, let C[0, a] denote complex valued functions that are continuous on
0, a], and Agl0,a], 0 < B <1 denote Lipschitz continuous functions with parameter 5. We
write h € C1,[0,al, |a| <1, if

[A(u)| < Clul™,  |h(u)] < Clu| ™7, Yu e [0,al.

Class C1,,[0, a] allows an infinity peak and non-differentiability at 0, whereas Az[0, a| covers
continuous piecewise differentiable functions.
Note that for any h € C[0, al,

wp(n) = sup |h(u) — h(v)] — 0, n — 0,

u,we(0,a]:|lu—v|<n

because h is uniformly continuous on [0, a]. Define

Snc(h) == wp(n tlogn) + (logn)™, 0<e<l.
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For the sake of brevity introduce the functions
log(2+ k) log(2+4+n—k)
2+ k)= (24+n—k)'-<
Tngk(g) = 0, g€ M0,a], B=1,
= n 20, (B;5—k), geMg0,a, 0<pB<1,
= One(9)lule;j — k), g€C[0,a], €e€(0,1)

Ca(es k) 0<k<j<n,

Theorem 4.1 Let either A < a <7, or A =a =mx. Then, the following facts (i)-(iv) hold
for all 0 < |ug| < u; <A.

(1) If fxy € Ag[0,a], 0 < B <1, then

’E[wx,jw—m] — fxv(u)| < Cn~'logn, 6=1,
< Cn™” 0<pg3<1.
‘E[wx,jw—m]’ < Cn 'logn, g=1,
< CnPU(B5—k), 0<pB<l1, k<j

(i) If fxy € C[0,a], then, Ve € (0,1),

IN

)E[wx,jw—w] - fXY(uj)‘ Cone(fxv);
‘E[wX,jw—Y,k” S Oén,e(fXY) gn(@j - k)? k < j

(ili) If fxy € C1.4[0,a], || < 1, then

< Cu;®j 'logj,

’E [wx Wy ;] — fxv(u;)

|Elwx jwyz)] < C(lue|™®+u;%)j ogj, k< j.

(iv) Suppose fxy = hg, where h € Cy4[0,al, |a| < 1, and g € Agl0,a] UC[0,a], 0 < 3 < 1.
Then, for all 1 < |k| < j <n,

Bl vl — fxv (u)1G = )
< O (ual ™ w05 og g + (Jusl ! A ) rsadg))
The constant C' in the above (i)-(iv) does not depend on k,j and n.

Parts (i)-(ii) of Theorem 4.1 consider the case when fx is continuous and bounded,
whereas part (iv) covers the case when fx(u) = |u|"?g(u), |d| < 1/2 can be factored into
component |u|~2¢ and a bounded continuous part g(u). The case when g has also bounded
derivative is covered in part (iii). Obtaining upper bounds in (i)-(iv) of Theorem 4.1 does
not require the process {X,} to be linear. For convenience of applications, theorem is
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formulated for a cross-spectral density of two stationary linear processes X and Y with the
same underlying white noise innovation process. This allows to express the cross spectral
density fxy via transfer functions Ax and Ay as indicated in (4.2). In general, the results
of Theorem 4.1 are valid for any spectral density or cross-spectral density that satisfies
smoothness condition of this theorem.
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