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Abstract

The family of multiplicative error models, introduced by Engle (2002), has attracted
considerable attention in the recent literature for modeling positive random variables,
such as the duration between trades at a stock exchange, volume transactions and
squared log returns. Such models are also applicable to other positive variables like
waiting time at a queue, daily/hourly rainfall, or demand for electricity. This paper
develops a new method for testing the lack-of-fit of a given parametric multiplicative
error model having a Markov structure. The test statistic is of Kolmogorov-Smirnov
type based on a particular martingale transformation of a marked empirical process.
The test is asymptotically distribution free, consistent against a large class of fixed
alternatives and has non-trivial asymptotic power against a class of nonparametric local
alternatives converging to the null hypothesis at the rate of O(n~'/2). In a simulation
study, the test performed better overall than the general purpose Ljung-Box Q-test, a
Lagrange Multiplier type test and a Generalized Moment test. We illustrate the testing
procedure by considering two data examples.
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1 Introduction

Non-negative random variables are frequently encountered in economics and finance, as well
as in other fields of social and natural sciences. Examples include, financial durations such
as the duration between consecutive trades at a stock exchange, waiting time at a queue,
daily /hourly rainfall, and demand for electricity. As a general framework for modeling such
nonnegative processes, Engle (2002) introduced a family of multiplicative error models.

To introduce this family of models, let y;, ¢ € Z := {0,+1,£2,---}, be a discrete time
process defined on [0,00), and let H;_; denote the information available for forecasting y;.
A multiplicative error model takes the form

Yi = E[yz ‘ Hifl]gia € ‘ Hio1 ~ D+(1702)7 (1)

where DT (1,0?) is a probability distribution on the positive real line with unit mean and
a finite variance o2. The error sequence ¢;, i € Z, is often assumed to be independent and
identically distributed.

This family of models has attracted considerable attention in the recent literature. Mul-
tiplicative error specifications have been adopted for modeling durations (Engle and Russell
1998), volume transactions (Manganelli 2005), high—low price range (Chou 2005), squared log
returns (Engle and Gallo 2006), equity market volatilities (Engle, Gallo and Velucchi 2011),
and realized volatility (Lanne 2006, and Engle and Gallo 2006), amongst many others.

The parametric form of E[y; | H;_1] is the main component of interest in a multiplica-
tive error model (MEM), and hence, testing for the specification of this component has an
important place in the process of model evaluation. However, a large proportion of MEMs
have a complicated probabilistic structure (see Pacurar 2008 and Brownlees, Cipollini and
Gallo 2011 ). Consequently, assessing the goodness-of-fit of such parametric specifications is
a non-trivial task. A small number of general methods have been developed for testing the
goodness-of-fit of a given parametric form for E[y; | H;_1]. We will shortly describe some
of these tests. One aspect of these general methods is that they are designed for models
with more dynamic parametric forms. For example, they would typically allow E|y; | H;_1]
to depend on the whole infinite past, {y;—1 : ¢ < i}. However, in empirical studies, one
would want to consider such elaborate models only if a simpler one does not fit. This paper
develops a formal test for this purpose. More specifically, a method is developed for testing
the lack-of-fit of a given MEM having the Markov specification

Elyi | Hi-a] = 7(yi-1), (2)

where 7(+) is a positive function defined on R* := [0, 00). We shall call the model (1)—(2), a
Markov MEM.



In what follows, we describe some of the existing methods of testing for multiplicative
error models. A common practice for evaluating a MEM is to carry out simple diagnostic
tests to examine the dynamical and distributional properties of the estimated residuals; for
example, see Jasiak (1998), Giot (2000), Ghysels, Gouriéroux and Jasiak (2004), Bauwens
and Veredas (2004), Luca and Gallo (2004) and Bauwens (2006). The Box-Pierce-Ljung type
portmanteau test statistic applied to the estimated residuals or squared estimated residuals
is among the most frequently used tests in the literature. This approach was employed for the
class of multiplicative error models known as autoregressive conditional duration (ACD) by
Engle and Russell (1998), and has frequently been employed in subsequent studies. Another
method which was introduced by Engle and Russell (1998) is to test for no excess dispersion
of the estimated residuals, paying particular attention for checking the first and second
moments of the residuals when the error distribution is assumed to be either exponential or
Weibull. These diagnostic tests may suggest that the MEM is misspecified as a result of a
misspecification of the conditional mean and/or of the error distribution.

Several tests that exclusively test for misspecifications of the conditional mean function
have also been proposed recently. Meitz and Terédsvirta (2006) developed Lagrange multiplier
[LM] type tests, focusing on testing the specifications of the functional form of the condi-
tional mean against various forms of parametric alternatives (e.g., tests against higher-order
models, tests of linearity, and tests of parameter constancy). Hautsch (2006) also considered
some Lagrange multiplier tests. One aspect of such LM-type tests is that they require the
alternative hypothesis to specify a larger finite dimensional parametric model, so that the
null hypothesis is obtained by setting some components of the model parameter equal to
zero. Thus, LM type tests are targeted to detect departures in the direction of the particular
finite dimensional parametric model in the alternative hypothesis.

Recently, Hong and Lee (2011) developed a class of tests using a generalized spectral
derivative approach for testing the specification of the conditional mean, without assuming
the knowledge of a parametric form under the alternative. These tests are based on kernel
density estimators, and hence, their finite sample performances are subject to the choice
of the kernal and the bandwidth. Chen and Hsieh (2010) proposed a set of generalized
moment tests, unifying several existing parametric tests for the conditional mean. In addi-
tion, the general diagnostic test considered by Hong and Lee (2003) can also be used as a
misspecification test for multiplicative error models (see Meitz and Terésvirta 2006).

There are also methods available for testing the goodness-of-fit of a given parametric form
for the distribution of the error term ¢; in (1) (for example see Fernandes and Grammig 2005,
Chen and Hsieh 2010). However, these methods are not applicable for testing the adequacy
of a given parametric form for the conditional mean function, which is the topic of this paper.

This paper develops a new test for the conditional mean specification of a Markov mul-



tiplicative error model. Most of the existing tests that we mentioned above are developed
for general models that are not necessarily Markov. Thus, by design, they do not make
use of the simple dynamic structure of the Markov model (2). By contrast, the test pro-
posed in this paper is designed specifically to exploit the special structure of the model (2).
Therefore, there is some ground to conjecture that, for the case of testing the lack-of-fit
of a given Markov MEM, the test proposed in this paper would be more suitable than the
existing ones. In a simulation study, when testing for the conditional mean specification of
a Markov model, the new test performed significantly better than a LM test, a generalized
moment test and a Box-Pierce-Ljung type portmanteau test. We expect that the new test
complements these tests and spectral derivative based tests for multiplicative error models
in a desirable fashion.

The test is introduced in section 2. It is based on a marked empirical process of residuals,
analogous to the ones in Stute, Thies and Zhu (1998) and Koul and Stute (1999). The
main result of section 2 says that the asymptotic null distribution of the test statistic is
that of the supremum of the standard Brownian motion on [0, 1]. Therefore, the test is
asymptotically distribution free, and a set of asymptotic critical values are available for
general use. Consistency against a fixed alternative and the asymptotic power against a
sequence of local nonparametric alternatives are discussed in section 3. Section 4 contains a
simulation study. Two illustrative examples are discussed in section 5. Section 6 concludes

the paper. The proofs are relegated to an Appendix.

2 The test statistic and its asymptotic null distribution

This section provides an informal motivation for the test, defines the test statistic and states
its asymptotic null distribution. First, subsection 2.1 provides a motivation for the test and a
brief indication of the approach adopted in constructing the test statistic. Then, subsection
2.2 introduces the regularity conditions, defines the test statistic and states the main result
on its asymptotic null distribution.

To introduce the null and alternative hypotheses of our interest, let ¢ be a known positive
integer, © € R? and let M = {U(y,0) : y > 0,0 € O} be a parametric family of positive
functions. We wish to test

Hy:7(y) = ¥Y(y,0), for some § € © and Vy >0, vs H;:Not Hy. (3)

Let {Yo, Y1, ..., Y,} be observations of a positive, strictly stationary and ergodic process
{Y;} that obeys the model (1)—(2). Let G denote the stationary distribution function of
Yy. Let 7, ¥, 0% and the testing problem be as in (1)-(2) and (3). Let 6 denote the true



parameter value under Hy and 19 denote an arbitrary point in ©. Under Hy, G may depend

on #, but we do not exhibit this dependence.

2.1 Motivation for the test statistic

This subsection provides a motivation for the test and an overview of the general approach.
The regularity conditions are not discussed here; they will be provided in the next subsection.
Let T(y,9) = [/{7(x)/¥(x;9)} —1]dG(z), and

- Y;
Un(y, ) =n" Y {m - 1}1(11._1 <y), y>00€0. (4)

First, consider the special case when the true parameter value 6 in Hy is given. Arguing
analogously as in Stute et al. (1998), because 6 is known, the integral transform 7'(-,0) is
uniquely determined by 7(-), assuming G is known. Therefore, inference about the functional
form of 7(-) could be based on an estimator of T'(-,6). From (2) it follows that under H,,
T(y,0) =FEI(Yy, <y)[{Y1/V(Yo,0)} —1] =0, for all y > 0. Further, an unbiased estimator of
T(y,0) is given by n='2U,(y,0). It is shown later that, under Hy, U,(y,0) converges weakly
to W o G, where W is the standard Brownian motion. Therefore, a Kolmogorov-Smirnov
type test could be based on sup,, [U,(y,0)|, which converges weakly to supy<,<, |W(t)|, under
Hy.

Now, consider the testing problem (3), where H, specifies a parametric family W(-, #) for
7(+), for some unknown 6. Let 6 be a n!/?-consistent estimator of 6. Then, an estimator of
T(y,0) is n=/2U,(y, 6). The limiting null distribution of I, (y,#) depends on  and the un-
known parameter 6 in a complicated fashion. Therefore, the method outlined in the previous
paragraph for known € is no longer applicable, and it does not lead to an asymptotically
distribution free test. Constructing such a test based on L{n(y,a) is the focus of the next
subsection.

The process U, (y, (/9\) is an extension of the so called cumulative sum process for the one
sample setting to the current set up. The use of cumulative sum process for testing the
lack-of-fit of a given regression function goes back to von Neumann (1941), who proposed a
test of constant regression based on an analog of this process. More recently, its analogs have
been used by several authors to propose asymptotically distribution free (ADF) lack-of-fit
tests in some other models.

Stute, Xu and Zhu (2008) and Escanciano (2010) proposed residual empirical processes
marked by appropriately chosen weighting functions, for additive regression and certain time
series models, respectively. The testing procedure proposed in Escanciano (2010) could also
be viewed as a generalization of the method developed in Wooldridge (1990) for obtaining
ADF tests. This approach is not directly applicable for testing Hy in (3) using Z/{n(y,@\),



because U, (y, @\) is a marked empirical process with the marks that are the centered residuals
(Y:/¥ (Y1, 5) - 1) and not functions of a conditioning set containing past observations as in
Escanciano (2010).

Escanciano and Mayoral (2010) and Ling and Tong (2011) have also developed ADF tests
based on marked empirical processes similar to U, (y, (/9\) However, the hypotheses considered
in these papers are different from (3), and hence, these tests are not applicable in the present
context.

In this paper, we appeal to a particular martingale transformation method to construct
an ADF test for Hy in (3) based on U, (y, 6). Such martingale transformation methods have
been successfully applied to location, regression and certain autoregressive models. More
specifically, tests have been developed when the null hypothesis specifies a parametric family
for the mean function of a regression and/or an autoregressive model, and the conditional
variance function in a regression model; see, for example, Stute et al. (1998), Koul and Stute
(1999), Khmaladze and Koul (2004), Dette and Hetzler (2009), and Koul and Song (2010).
A common feature of all these studies is that they are all for additive models. The Markov
multiplicative time series models studied in this paper are structurally different (see Engle
2002, Brownlees et al. 2011).

2.2 The test and the main results

Let F' denote the cumulative distribution function [cdf] of 1. In the sequel, ||a|| denotes
Euclidean norm of a vector a € R?, and for a ¢ x ¢ real matrix D, ||D|| := sup{|la’ D||; a €

R4, |la]| = 1}. Now we shall introduce a set of regularity conditions.
(C1). The cdf G is continuous, G(y) > 0 for y > 0, and EYy' < co. The sequence of random

variables {¢;} is positive and independent and identically distributed (i.i.d.) with E(e;) =1,
0 < 0% < 0o and ¢; is stochastically independent of {Y;_1, j < i}.

(C2). The cdf F of 1 has a bounded Lebesgue density f.

(C3). (a) ¥(y,v) is bounded away from zero, uniformly over y € R™ and ¢ € O.
(b) The true parameter value 6 is in the interior of ©, and [;° [¥(y,6)|* dG(y) < oo. For
all y, W(y,v) is continuously differentiable with respect to 9 in the interior of ©.

. T
For 9 € © and y > 0, let U(y, ¥) = [(9/99,)¥(y, V), - - ,(8/819q)\11(y,19)] ,

9y, 0) = B(y,9)/V(y,9), and  C(y,0) = / 4(=.0)g(z9)T dG(2).

z2y

(C4). For every 0 < K < o0,

sup VU (Y1, 9) — U(Y;1,0) — (9 — 0)T(Yi_y,0)| = 0,(1).
1<i<n, /nlld-6[|<K



(C5). There exists a ¢ X ¢ square matrix ¢(y,f) and a nonnegative function h(y, ¢), both
measurable in the y-coordinate, and satisfying the following: Vo > 0,dn > 0 such that
|9 — 0] < n implies

l9(y,9) — g(y,0) — 9(y,0) (0 — O)|| < h(y,0)|[Y -0, Yy=>0,
ER(Yy,0) < oo, Elg(Yo,0)|lg(Yo,0) <oo,  j=0,1.

(C6). [5~ lla(y. 0)* dG(y) < oo.

(C7). C(y,0) is a positive definite matrix for all y € [0, 00).

(C8). |lg*(-,0)C~(-,0)| is bounded on bounded intervals.

(C9). [llg"(y.0)C~(y,0)|| dG(y) < oo.

(C10). There exists an estimator 8, of § satisfying n'/2||8, — 6|| = O,(1).

An example of 6, satisfying Condition (C10) is the quasi maximum likelihood (QML) esti-

mator of f given by

~

. Y
0, = arg rﬁnei(gl Qn(9), where Q,(¥) =n"" Z {m +1In \Il(Y;,l,zS‘)}. (5)

Conditions (C2), (C8) and (C9) are needed to ensure tightness of some sequences of stochastic
processes appearing in the proofs. Conditions (C3)—(C6) are concerned with the smoothness
of the parametric model being fitted to the conditional mean function. Similar conditions
have been assumed for regression and autoregressive models in Stute et al. (1998) and Koul
and Stute (1999). It can be shown that, the conditions (C3)—(C9) are satisfied by linear
Markov models of the form ¥(y, ) = ¥, + ¥y, 1,92 > 0. The condition (C2) on the error
distribution is satisfied by many distributions that are continuous and have positive supports,
including exponential, Weibull, gamma, generalized-gamma, Burr and many others.

Now, let U,(y) = Un(y,6,), G() = g(y,6), Guly) := nt Yor I(Yin < y), and
5y = f:va 9(2)g(x)T dG,(x). The proposed test is to be based on the following transform

~

of the U,,:

— —~ Y ~ ~
Walo) = tolo) = [ G C [ G)alh () G o). (©
This transformation is similar to the Stute-Thies-Zhu transform of Stute et al. (1998), which
in turn has its roots in the work of Khmaladze (1981).

The next theorem provides the required weak convergence result. It implies that the
transform (6) of U(-, 5n), under H, is asymptotically nuisance parameter free. Recall that
the weak convergence in D[0, 00) is the weak convergence in D|0,y], for every 0 < y < oo
(see Stone 1963). Here, and in the sequel, the symbol “=" denotes weak convergence and

W is the standard Brownian motion.



Theorem 1. Suppose that (1)-(2), (C1)—(C10) and Hy hold. Further, suppose that, for
some 3 >0, v > 0, we have that

(@) Ellg(Yo,0)|[* <00, (b) E{llg(Yo, O)[I*Yo["*7} < o0,
() EX(lg(Yr, Ol (Yo, 0)[I*[er — 1YVa[} 7 < oo (7)

Then, for any consistent estimator  of o,
8’1)7\/\”(3;) = WoG(y), in D[0,00) and the uniform metric.

Let 0 < yo < 0co. For the rest of this section, we assume that the conditions of Theorem
1 are satisfied, unless the contrary is clear. Then, it follows from the foregoing theorem
that 8_1)7\/\”(@/) = W o G(y) on D|0,yo] with respect to the uniform metric. Therefore,
8’1)7\/\“((1;) converges weakly to a centered Gaussian process. Further, as shown in the next
section, 8’1)7V\n(y) has a drift under H;. This suggests that a test of Hy vs H; could be
based on a suitably chosen functional of E’lw\n(y). To this end, define

TES = {7v/Culuo)} " sup [Waly)l: (8)
0<y<yo

Then, by arguments similar to those in Stute et al. (1998), it follows that TK S - Supg<s<1 W (t)].
Therefore, an asymptotic level-a test rejects Hy if TKS > ¢, where P(supg<,<; |[W(t)| >
¢o) = a. While the foregoing result holds for any fixed g, in practice, its choice would
depend on the data. A practical choice of yo could be the 99-th percentile of {Yg,...,Y,}
(see, Stute et al. 1998).

For computing )7\/\” (y), the following equivalent expression may be used:

—~

W) = 5= 3o [1(¥ir <) = 2 30 G < ¥ Ay, o)

where r; := {Y;/¥(Y;_1,0,) — 1} and G; == 57 (Y;_1)Cy.t G(Yiey).
A candidate for 52 in the foregoing theorem is
5% =n"" {7 - 1} . (10)
i=1 \Ij( n)

By (C3)(b), (C6) and (C10), the 52 in (10) converges in probability to o2, under Hy.

3 Asymptotic Power

In this section we show that the test introduced in the previous section is consistent against
certain fixed alternatives, and that it has nontrivial asymptotic power against a class of local

nonparametric alternatives converging to the null hypothesis at the rate of O(n=1/2).



3.1 Consistency

Let v ¢ M be a known positive measurable function defined on R*. The alternative we are

interested in is
H,:7(y) =v(y), Yy>0. (11)

Consider the following set of conditions.

(C11). (a) The estimator 6, of 6, obtained under the assumption that H, holds, con-
verges in probability to some point in © under H,; we shall also denote this limit by 6. (b)
inny]R-s- v(y) > 0.
(c) Ev(Yy)/¥(Yy,0)] # 1 and Ev*(Yy) < oo under H,, where 6 is as in part (a) of this
condition, and conditions (C3)(b) and (C5)—(C7) are assumed to hold.
(d) There exists a d > 0 and a nonnegative function t(y, #), measurable in the y-coordinate,
such that, for ¢(y,0) as in (C5), Et*(Yy,0) < oo, E||g(Yo, 0)||t(Ys,0) < oo, and || ¥(y, ) —
U(y, 0)[| < t(y,0)[|0 — 0] for y > 0 and || — 0] < d.
(e) There exists a y > 0, such that

B[~ 1]1(% < 1)) - Blw.) 0. (12)
where D(z,6) := E([v(Y,)/¥ (Yo, 0) — 1]g(Yo, 0)I(Yy > x)), and

Yy
B(y.0) = / o7 (2,0)C(z,0) D (x, 0)dG (x).
0
Now, the following theorem states the consistency of the proposed test.

Theorem 2. Assume that (1)-(2), H,, (C1), (C3)(a) and (C11) hold, and that the estimator
a2 converges in probability to a constant o2 > 0. Then, P(TKS > ¢,) — 1. That is, the test
that rejects Hy whenever TKS > c,, is consistent for H,.

Under H,, by (C1), (C3)(a), (C11) and the Ergodic Theorem [ET], the 2 of (10) con-
verges in probability to o2 := o2 E{v(Yy) /¥ (Yy,0)}* + E{v(Yy)/¥ (Y, 0) — 1} > 0.

3.2 Local Power

Let v ¢ M be a positive measurable function on R™,  be as in Hy, and consider the following

sequence of alternatives
Hyy o 7(y) = U(y,0) + 0~ 1(y), y>0. (13)

Assume that 571 continues to be y/n-consistent under H,,. Let

ply) = E %g(%ﬂ(% > y)]-

Then we have the following theorem.
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Theorem 3. Assume that (1)-(2), Hy, (7) and conditions (C1)—(C10) hold, and that the
o in Theorem 1 continues to be a consistent estimator of o. Also, assume that the function
v in (13) satisfies E[y*(Yy)] < oo. Then, for all yo > 0,

lim P(TKS > ¢,) = P( sup |WoG(y)+ o 2M(y)| > ca>,

n—0oo 0<y<yo

where M (y) = E[{v(YO)/\I/(Yo, ) }I(Yy > y)] )

x

-, 9 (x)C p(x) dG(x). Consequently, the
<y

test based on TKS of (8) has nontrivial asymptotic power against H,., for all ~y for which
M # 0.

A routine argument shows that the estimator 6, defined in (5) continues to satisfy (C10),
under H,,. In fact, one can verify that under H,. and the assumed conditions, n'/2 (5n —
0) —p N (C1(0,0)E{y(Yo)g (Yo, 6)/¥(¥o, 0)}, 0°C1(0,6).

Note also that the 2 in (10) continues to be a consistent estimator of o under H,,,

because

=1 \Ij()/i—lven) =1
- _1/2 Y(Yi1,0)
+ 2n71 n~1/? 2 (e; — De (Y
221{ g Vel )
u (Yi1,0) — U(Y;1,0,)]

It follows from (C3)(b), (C6) and (C10) that, under H,.,, maxi<;<, |V;(Y;—1,0)—V;(Yi_1, 5n)\ =
0p(1) [see (A.15) below in the Appendix|. Thus, the first term on the right of the last equality
converges in probability to o2. Since E[y*(Yy)] < 0o and &, is independent of Yy, by Ergodic
Theorem, the second term is o0,(1). Since n~Y?max <;<, [¥(Yi_1,0)] = 0,(1) by (C3)(b),
and maxi<j<p, |V;(Yie1,0) — ¥;(Y;_q, @J\ = 0,(1), the last two terms are also 0,(1).

4 A simulation study

A simulation study was carried out to investigate the finite sample performance of the pro-
posed test for checking the lack-of-fit of a given parametric form for the conditional mean
Ely; | Hi—1] of a Markov multiplicative error model. For comparison, the Ljung-Box @ test
(Ljung and Box 1978), a Lagrange multiplier (LM) test (Meitz and Terésvirta 2006), and a
generalized moment test (Chen and Hsieh 2010) were also considered. The Ljung-Box @ test
was first used for evaluating a multiplicative error model by Engle and Russell (1998). Since
then, it has been used in a large proportion of the subsequent studies involving multiplica-
tive error models. Ljung-Box @ statistic is given by LBQ(L) = T(T +2) S.r_, (T — k)2,
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where L is the number of autocorrelation lags included in the statistic, and p7 is the squared
sample autocorrelation at lag k of the residuals corresponding to the estimated model.
Design of the study:

To evaluate size performances of the tests, 6 data generating processes (DGPs) were

considered for generating Yy, Y7, -+ ,Y,,. Five of them were based on the model,
ACD(l, O) : }/; = T;&;, T — 0.2+ 0.1}/;‘,1, (14)

where the error distributions were, respectively, the Exp(1) [E] and the following Weibull
[W], Gamma [G], Generalized Gamma [GG| and Burr [B] distributions:

W: Jw(x,a) = (a/b)(z/b)*t exp{—(x/b)*}, a=0.6
C: fale) = {4/T(@)}a exp(~22)

GG:  feg(z,a,c) = {b*T(a)} ezt exp{—(z/b)°}, a=3,c=0.3
B: fg(z,a,d) = (a/b)(z/b)* {1+ d(z/b)*} 1+ 4 =1.3,d=0.4.

For each of these distributions, the scale parameter b was chosen so that E(e;) = 1. The
sixth DGP for size was the following Squared-ARCH(1) model:

Squared-ARCH(1) :  X; = \/T;e;, 7 =0.1+0.85Y;_, Y; = X7, (15)
where the errors {¢;} are i.i.d. standard normal [N]. Here, ¥; = X? follows a Markov

multiplicative error model of the form (1)-(2).
To evaluate the powers of the tests, 4 data generating processes were considered. First

three of them were based on the following Markov multiplicative error model:

M(a,B,v): Yi=me, 7i=a+0Y,1+7VYio1. (16)

The data were generated from M(0.2,0.1,0.3), M(0.2,0.1,0.5) and M(0.2,0.1,0.7), keeping
Exp(1) as the distribution of the error term ¢;. The fourth DGP to evaluate powers was the
following Squared-ARCH(2) model:

Squared-ARCH(2) :  X; = /Tie;, 7 =024+0.1Y;_; +0.05Y; o, Vi = X7, (17)

where {¢;} are i.i.d. standard normal. The Y; = X? in (17) follows a multiplicative error
model, however, it is not Markov.

For each DGP, the null and alternative hypotheses were
Hy: 1, =VY(Y;_1,9), where ¥(y,9) =9, + U2y, and H;: Not Hy (18)

respectively, with 0 = (J1,92) € (R")? Y; = 7e; and ¢; are i.i.d.. Thus, ACD(1,0) in
(14) and Squared-ARCH(1) in (15) are models under Hy, whereas, M(a, 3,7) and Squared-
ARCH(2) in (16) and (17) are models under Hj.
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To start the recursive data generating processes to generate Y, Y7, ---,Y,, the initial
value of 7; was set equal to the unconditional mean of Y for every DGP. To ensure that
the effect of initialization is negligible, we generated (n + ¢ + 1) observations with ¢ = 300,
discarded the first ¢ observations and used the remaining n+ 1 observations as Yy, Y7, , Y.
All the simulation estimates are based on 1000 repetitions.

It follows from the null hypothesis in (18) that the parametric family to be fitted is
M = {V(,9) : ¥(y,0) = V1 + Doy, V1,02 > 0,y > 0}. Let = (51,52)’ denote the quasi-
maximum likelihood estimator (5) of § and let 52 be given by (10). Then, we have that

U(y,9) = (1, y)', g(y,0) = ¥(y,9)/T(y, ),
3W) = 9(y,0,) = [1, y'/{0 + Oy}, 7 =Yi/{0i +6,Yi 1} —1 and

Cy=n"1Y gV )g(Yi ) I(Yir > y) =n' Y Vi {0+ 62Yi 1 2 1(Yios > ),
i=1 =1

where
I Y,

Vi, =
' }/;,1 }/;2,1

Now, let Y{(1),Y(2), -+, Y(n) be the ordered values of the sample Y;,Y5,---,Y,. Then, with
the forgoing choices and with 1y being the 99% quantile, we have that
TKS = {5v0.99} " sup Wa(y)| = {5v0.99}" max [W,(Yi ),
0<y<yo 1<i<[n0.99]
where W, is as in (9).

The large sample level-av critical value ¢, of TKS is equal to the 100(1 — «)% quantile
of supg<s<; [W(t)[. For a = 0.01,0.05 and 0.10, these critical values are 2.807034, 2.241403
and 1.959964, respectively. These values, prepared by Dr R. Brownrigg, are available at
hitp://homepages.mcs.vuw.ac.nz/~ray/Brownian.

For the LM test, we used the form in Theorem 1 of Meitz and Terdsvirta (2006), with
ACD(2,0) being the model under the maintained hypothesis. Because the null model is
ACD(1,0), the asymptotic null distribution of LM is x3 (Meitz and Terdsvirta 2006). The
generalized moment test is the M-test proposed in Chen and Hsieh (2010). Its test statistic
M, was computed as on page 354 of Chen and Hsieh (2010), using (g;,1 — 1) as the “mis-
specification indicator” g;. Under H,, the statistic M converges in distribution to x3 (see
page 353 in Chen and Hsieh 2010). As in Engle and Russell (1998), the critical values for
the LBQ(L) were obtained from x%.

Results:

We evaluated the performance of the TKS test, with the LM, Ljung-Box @ (with lags 1,

5, 10 and 15) and M tests, for 1%, 5% and 10% levels, considering different data generating
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processes and sample sizes. A summary of the main results are presented in Table 1. More
detailed results are available from the authors on request.

Each entry in Table 1 is the percentage of times H, was rejected out of 1000 repetitions,
at 5% level. For each such entry, say p, a corresponding standard error is {p(1 —p)/1000}*/2.
It is evident from Table 1 that the TKS test proposed in this paper performed well in terms
of size, although it was slightly undersized for n = 200. The M test exhibited serious size
distortions for n = 200, but to a lesser extent for n = 500. Table 1 shows that, for n = 200,
the type I error rate of the 5% level M test was at least 20%. However, this test performed
well in terms of size when n = 1000, 2000, and 5000. The results for LBQ and LM were
not particularly good. The LM test exhibited significant sensitivity to the form of the error
distribution. For example, for the ACD(1,0) model, the type I error rate of the 5% level LM
test ranged from 0.3% for gamma distribution to 22% for the Weibull distribution.

The estimated powers of the tests (in %) corresponding to 5% level are also presented in

Table 1. The main observations may be summarized as follows.

(i) The test proposed in this paper, TKS, performed consistently well throughout. Its
performance was either the best or close to the best. Specially, when the DGP was
Markov, the power of the TKS test was substantially better than those for LBQ, LM
and M tests.

(ii) The LM test implemented in this study was defined for testing against a Squared-
ARCH(2) alternative. Consequently, as expected, the LM test performed the best
when the DGP was Squared-ARCH(2) in (17). However, when the DGP was not
Squared-ARCH(2), the LM test performed substantially worse than the TKS test.

(iii) The LBQ test appeared somewhat sensitive to the number of lags included in the
statistic. In comparison, the performance of the M test was more consistent, through-
out. However, its power was considerably lower than that of the TKS test, in all the

simulations.

5 Empirical examples

In this section, we illustrate our testing procedure by considering two data examples. For
comparison, the LBQ, LM and M tests considered in Section 4 are also employed.
Ezxample 1:

We first apply the testing procedures to monthly squared log returns of Intel stocks.
The data for this example were downloaded from the home page of Professor Ruey S. Tsay.

The sample consists of monthly log stock returns of Intel Corporation from January 1973 to
December 2008. Tsay (2010) studied this data set, and concluded that an ARCH(1) model
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appears to fit well. This indicates that a multiplicative Markov model of the form (1)—(2)
may be adequate for squared log returns. We employ the proposed testing procedure for

checking the adequacy of the following Markov multiplicative error model:
Y; = U(Yiq,9)e, U(y,9) =01 + oy, 9= (V1,92)" € (RT)2 (19)

First, the model (19) is estimated by the QML estimator (5). The estimated model is,
U(y, é\) = 0.0115 + 0.3661y, where the standard errors of the parameters are 0.0015, and
0.1226, respectively. Figure 1 provides a plot of {8\/@}_1\)7\/\”(3;)] against y. From this
graph, we obtain that TKS = 1.9192, which is the supremum of the graph. Hence, the TKS
test does not reject the null model in (19) at 10% level. For other three tests, the observed
test statistics are LBQ(1)=0.8001, LBQ(5)=6.7610, LBQ(10)=13.1506, LBQ(15)=30.5898,
LM=0.8153 and M = 3.5415, with the corresponding p-values 0.3708, 0.2390, 0.2154, 0.010,
0.3666 and 0.06, respectively.

Thus, apart from LBQ(15), all other tests fail to reject the null model (19), at 5% level.
In the simulations carried out in the last section, it was evident that the LBQ test was
somewhat sensitive to the number of lags included in the statistic. Therefore, it is prudent
not to rely on the conclusion of the LBQ(15) alone. The LM test too, in the simulations,
was considerably sensitive to the distribution of the error term &;, which is unknown to
us in this case. However, the TKS test, which displayed the best overall performance in
the simulations, fails to reject the null model (19). The conclusions from the LBQ(L) (at
L =1,5,10) and M tests, are also similar. Therefore, the indications are that the model (19)
provides a good fit for the data.

FExample 2:

For the second example we consider the viscosity data (Series D) from Box and Jenkins
(1976). This sample consists of 310 observations of hourly viscosity readings of a particular
chemical process. Based on preliminary diagnostic tests, Datta and McCormick (1995) who
studied this data set, concluded that a positive AR(1) model appears to fit well. This
suggests that an additive Markov structure is adequate for the hourly viscosity readings of
the process. In order to check whether a multiplicative Markov structure would also be
adequate, we test the lack-of-fit of the Markov multiplicative error model in (19) for the
data set.

We first estimate the model using QML estimator (5), and obtain that W(y, §) = 4.2814 +
0.5299y, where the standard errors of the parameters are 0.3111, and 0.0342, respectively. A
plot of {8\/@}_1]17\/\”(3/)\ against y for this data set is given in Figure 2. As appears from
this graph, we have that TKS = 10.9627. Therefore, our test would reject the null model
(19) at any reasonable level of significance. This is also consistent with the conclusions
of the M and LBQ tests. However, the LM test fails to reject the null model (19) even
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when « is as high as 0.7. Specifically, we obtain that LBQ(1)=80.8609, LBQ(5)=229.3536,
LBQ(10)=287.1413, LBQ(15)=306.0199, LM=0.133 and M = 338.6616, with the p-value of
LM being 0.7154 and the p-values of M and LBQ(L), at all lags, being almost zero.
Therefore, as indicated by the TKS, M and LBQ tests, it does not appear that the
multiplicative model (19) is a good fit for the data. The LM test performed poorly in
the simulations carried out in the last section within the Markov setting. Therefore, the

conclusion of the LM test may not be very reliable in this case.

6 Conclusion

The contribution of this paper has methodological and theoretical components. We devel-
oped a new test for the lack-of-fit of a given multiplicative error model having a Markov
structure. The family of such Markov multiplicative error models is a simple subfamily of
the general class of multiplicative models introduced by Engle (2002). In empirical studies,
one would want to consider a general non-Markov model only if a simpler Markov model
does not fit. The development of the test proposed in this paper, makes use of the Markov
structure in the proposed model. Therefore, this test is fundamentally different from the
more general ones such as the Lagrange Multiplier (LM) type tests (Meitz and Terésvirta
2006, Hautsch 2006), spectral derivative based tests (Hong and Lee 2011) or generalized
moment tests (Chen and Hsieh 2010), for multiplicative error models. Thus, it is reasonable
to conjecture that these may also have properties that are complementary. In fact, in a
simulation study, the new test performed better overall than the Ljung-Box Q-test, a LM
test and a generalized moment test. Therefore, the indications are that the test proposed
in this paper would be useful in empirical studies involving multiplicative error models. We
illustrated the testing procedure by considering two data examples.

This paper also makes a theoretical contribution. The approach of constructing a process
such as 17\/\”() through a particular martingale transformation of an empirical process marked
by the residuals, and then using it to construct an asymptotically distribution free test, is
fairly recent. At this stage, this method has been developed for location, regression and
certain autoregressive models. This paper is the first to develop the method for multiplicative
time series models.

The technical details of this method included in the Appendix to this paper, would

provide valuable insight and facilitate extension to other models.



16

References

Bauwens, L. (2006) Econometric analysis of intra-daily trading activity on the Tokyo stock
exchange. Monetary and Economic Studies 24, 1-23.

Bauwens, L. & D. Veredas (2004) The stochastic conditional duration model: A latent factor

model for the analysis of financial durations. Journal of Econometrics 119, 381-412.

Billingsley, P. (1968) Convergence of probability measures. New York: John Wiley & Sons

Inc.

Box, G.E.P. & G.M. Jenkins (1976) Time series analysis: forecasting and control. San

Francisco, Calif.: Holden-Day, revised edn.

Brownlees, C.T., F. Cipollini, & G.M. Gallo (2011) Multiplicative error models. Economet-
rics working papers archive, Universita degli Studi di Firenze, Dipartimento di Statistica
“G. Parenti”.

Chang, M.N. (1990) Weak convergence of a self-consistent estimator of the survival function
with doubly censored data. The Annals of Statistics 18, 391-404.

Chen, Y.-T. & C.-S. Hsieh (2010) Generalized moment tests for autoregressive conditional

duration models. Journal of Financial Econometrics 8, 345-391.

Chou, R.Y. (2005) Forecasting financial volatilities with extreme values: The conditional
autoregressive range (CARR) model. Journal of Money, Credit and Banking 37, 561-82.

Chow, Y.S. & H. Teicher (1978) Probability theory. New York: Springer-Verlag.

Datta, S. & W.P. McCormick (1995) Bootstrap inference for a first-order autoregression with

positive innovations. Journal of the American Statistical Association 90, 1289-1300.

Dette, H. & B. Hetzler (2009) Khmaladze transformation of integrated variance processes
with applications to goodness-of-fit testing. Mathematical Methods of Statistics 18, 97-116.

Engle, R. (2002) New frontiers for ARCH models. Journal of Applied Econometrics 17,
425-446.

Engle, R.F. & G.M. Gallo (2006) A multiple indicators model for volatility using intra-daily
data. Journal of Econometrics 131, 3-27.

Engle, R.F., G.M. Gallo, & M. Velucchi (2011) A mem-based analysis of volatility spillovers

in east asian financial markets. Review of Economics and Statistics (forthcoming).



17

Engle, R.F. & J.R. Russell (1998) Autoregressive conditional duration: a new model for
irregularly spaced transaction data. FEconometrica. Journal of the Econometric Society
66, 1127-1162.

Escanciano, J.C. (2010) Asymptotic distribution-free diagnostic tests for heteroskedastic
time series models. Econometric Theory 26, 744-773.

Escanciano, J.C. & S. Mayoral (2010) Data-driven smooth tests for the martingale difference
hypothesis. Computational Statistics € Data Analysis 54, 1983-1998.

Fernandes, M. & J. Grammig (2005) Nonparametric specification tests for conditional dura-

tion models. Journal of Econometrics 127, 35-68.

Ghysels, E., C. Gouriéroux, & J. Jasiak (2004) Stochastic volatility duration models. Journal
of Econometrics 119, 413-433.

Giot, P. (2000) Time transformations, intraday data, and volatility models. Journal of

Computational Finance 4, 31-62.

Hall, P. & C.C. Heyde (1980) Martingale limit theory and its application. New York: Aca-

demic Press Inc. [Harcourt Brace Jovanovich Publishers].

Hautsch, N. (2006) Testing the conditional mean function of autoregressive conditional du-
ration models. FRU Working Papers 2006/06, University of Copenhagen. Department of

Economics. Finance Research Unit.

Hong, Y. & T.-H. Lee (2003) Diagnostic checking for the adequacy of nonlinear time series
models. Econometric Theory 19, 1065-1121.

Hong, Y. & Y.-J. Lee (2011) Detecting misspecifications in autoregressive conditional dura-
tion models and non-negative time-series processes. Journal of Time Series Analysis 32,
1-32.

Jasiak, J. (1998) Persistence in intertrade durations. Finance 19, 166-195.

Khmaladze, E.V. (1981) A martingale approach in the theory of goodness-of-fit tests.
Akademiya Nauk SSSR. Teoriya Veroyatnostei i ee Primeneniya 26, 246—-265.

Khmaladze, E.V. & H.L. Koul (2004) Martingale transforms goodness-of-fit tests in regres-
sion models. The Annals of Statistics 32, 995-1034.

Koul, H.L. & W. Song (2010) Conditional variance model checking. Journal of Statistical
Planning and Inference 140, 1056-1072.



18

Koul, H.L. & W. Stute (1999) Nonparametric model checks for time series. The Annals of
Statistics 27, 204-236.

Lanne, M. (2006) A mixture multiplicative error model for realized volatility. Journal of

Financial Econometrics 4, 594-616.

Ling, S. & H. Tong (2011) Score based goodness-of-fit tests for time series. Statistica Sinica
(to appear).

Ljung, G.M. & G.E.P. Box (1978) On a measure of lack of fit in time series models.
Biometrika 65, 297-303.

Luca, G.D. & G. Gallo (2004) Mixture processes for financial intradaily durations. Studies

in Nonlinear Dynamics & Econometrics 8, 1-12.

Manganelli, S. (2005) Duration, volume and volatility impact of trades. Journal of Financial
Markets 8, 377-399.

Meitz, M. & T. Terdsvirta (2006) Evaluating models of autoregressive conditional duration.
Journal of Business € Economic Statistics 24, 104-124.

Pacurar, M. (2008) Autoregressive conditional duration models in finance: A survey of the

theoretical and empirical literature. Journal of Economic Surveys 22, T11-751.

Stone, C. (1963) Weak convergence of stochastic processes defined on semi-infinite time

intervals. Proceedings of the American Mathematical Society 14, 694-696.

Stute, W., S. Thies, & L.X. Zhu (1998) Model checks for regression: an innovation process
approach. The Annals of Statistics 26, 1916-1934.

Stute, W., W.L. Xu, & L.X. Zhu (2008) Model diagnosis for parametric regression in high-

dimensional spaces. Biometrika 95, 451-467.

Tsay, R.S. (2010) Analysis of financial time series. Wiley Series in Probability and Statistics.
Hoboken, NJ: John Wiley & Sons Inc., third edn.

von Neumann, J. (1941) Distribution of the ratio of the mean square successive difference
to the variance. Annals of Mathematical Statistics 12, 367-395.

Wooldridge, J.M. (1990) A unified approach to robust, regression-based specification tests.
Econometric Theory 6, 17-43.



19

APPENDIX: PROOFS

In this section we present the proofs of Theorem 1 and Theorem 2. We first obtain several
needed preliminaries. The following lemma provides a general weak convergence result about

the marked empirical process
_1/2 ZE (Y-Z L < y)

where / is a nonnegative measurable function on R*. This result will be used in the proofs

of the other results in this section.

Lemma 1. Assume that model (1)-(2), (C1) and (C2) hold, and that inf,cg+ 7(y) > 0.
Suppose, in addition, that for some 3 >0, v >0,

(a) EL(Yp) < oo, (b)  E{C(Yo)[Yo|™7} < oo,
() E{E(Yo)?(V1)|er = 1PYi[}F7 < oo (A1)

Then, o, => W o p, in the space D|0, 00| with respect to uniform metric, where p(y) :=
PBL(Y,) (Yo < 1)

This lemma is similar to Lemma 3.1 of Koul and Stute (1999) but it does not directly
follow from that lemma. The main reason is that the present model is multiplicative while
the one considered in Koul and Stute (1999) is additive.

Proof of Lemma 1. The convergence of finite dimensional distributions of «,(-) follows by
an application of the CLT for martingales [Hall and Heyde (1980), Corollary 3.1]. To show the
tightness of «, () we now argue as in Koul and Stute (1999). First fix 0 < ¢; <ty < t3 < 0.
Then,

[ (t3) — v (t2))*[aun (t2) — cun(t1)]? Y UUVV,
i, J, ky L
where (]Z = 6()/2'—1)(52' - ].)I(tg < )/i—l S t3) and V = 6( )( )I(tl < Y < tg)
Since ¢; is independent of {Y;_1,Y; o,---, Yo} and E(g;) = 1,

E{n? Y GUVV}=n? Y BVVUE 402 Y BUOVEL  (A2)
i, 3, k, 1 1, j<k 1, j<k

Note that by (A.1)(a) the above expectations exist.
We shall now find bounds for the two sums in the right hand side. We only consider the

first sum. A bound for the second sum can be obtained similarly. First, let k be an arbitrary
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integer in the range 2 < k < n. Then, by the inequality (a + b)* < 2a® + 2b%, a,b € R, and
the stationarity of {Y;},

> BVVUE} < 20[ {(ZV;) (Yi)I(t2 < Yi1 < ts) }

L B(ZeW, >f<t2<m<t3>}] (A3)

By conditioning on Y, 5 and using Fubini’s theorem and the Cauchy - Schwarz inequality,

the first expectation inside brackets is the same as

{(Zv)/t (Y )2)f<T(YiQ)) dy}

2

< [A{BEW Y {rwelamr Gl o

1=

Since the V;’s form a centered martingale difference array, by the Burkholder’s inequality
[Chow and Teicher (1978), page 384] and the fact (Zf;f V2)?2 < (k- )(Zk 214,

k—2 4 k—2 9
g 2 _9)\2 4
E(;v) §KE<ZZ:;VZ) < K(k —2)2EV;

Here and in the rest of the proof, K is a generic constant that does not depend on n, k or

the chosen t1,ty and t3 but may vary from expression to expression. Now, let

Fi(t) == E(e,—1)'E("(Y0) (Yo <t), 0<t<oo,

Fy(t) = /Ot{64(y)E[72(1%)f2(7g/0))]}1/2dy, 0<t< oo,

Then we obtain, EVi! = E(e; — 1)*E((*(Yo)I(t1 < Yy < t)) = [Fi(t2) — Fi(t1)] and
L) B[ (y/m(Y0) /7 (Y0)] }? dy = [Fy(ts) — Fa(ts)]. Hence, the first expectation
1ns1de brackets in (A.3) is bounded from the above by

K(k = 2)[Fi(t2) — Fi(t)]?[Fa(ts) — Fa(ta)]. (A4)

Since, EY}' < oo, we have that E(e; — 1)* < co. Then, by assumption (A.1)(a), F is a
continuous nondecreasing bounded function on R*. Clearly, F; is also nondecreasing and
continuous. We shall now show that F5(oc0) is finite.

To this end, let r be a strictly positive continuous Lebesgue density on R* such that

r(y) ~ y~ 1P as y — oo, where 8 is as in (A.1)(b). Then, by the Cauchy — Schwarz
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inequality, Fubini’s theorem, and using the fact that f/7 is uniformly bounded,

Lo oal

K{E{ /00054@)%%)]‘(%)?‘1(9) dy}]m < o0,

where the finiteness of the last expectation follows from (A.1)(b).

Fy(00)

IN

IN

By conditioning on Yj, using Fubini’s theorem, Holder’s inequality and the v as in

(A.1)(c), we obtain that the second expectation inside brackets in (A.3) is the same as

/ E{I(n < Yo < B)E ) (s - 1)27(;0 )f(T(i’/O))} dy
}7/(1+7)

< {BI(t <o <)

/(+7)

</ {E{gg%)m”@&) 1) s <T<§fo>)}m] W

Thus,
E{VRC(Y)I(t; < Y1 < t3)} < [G(ts) — G(t2)]/ V[ Fy(ts) — Fa(ts)), (A.5)

where, for t € [0, o],

Fy(t) = /Ot [E{W(%)EQ(y)(T&) - 1)?;”(3/7/(71-/((_)5)/0)) }1/(1%)} Y

Clearly, Fj is a nondecreasing and continuous function on R*. For the boundedness, we shall

show that F3(oc0) is finite. Towards this end, let s be a strictly positive continuous Lebesgue
density on R* such that s(y) ~ y~'7'/7 as y — oo, where « is as in (A.1)(c). Arguing as in

the case of Fy, we obtain that F3(oc) is less than or equal to

UOOO E{é%%)ﬁ(y)(T&) - 1)27(;))16(7&)) }””S—W(y) 2
< K[E{EY)P(V1)(er — 1)2s /(v ]V < o0,

] 1/(147)

This yields that Fj is also a continuous nondecreasing and bounded function on R*. Now,
by (A.3), (A.4) and (A.5) and summing from k = 2 to k = n we obtain

n? 3 BVIRY < K{[Fi(t2) — F(0)]P[Fa(t) — Falta)]

+ G () = G Fy(ts) - Fy(t)] |-

By similar arguments, the second sum in the right hand side of (A.2) also has a similar
bound. Consequently, tightness of {«,} follows from Theorem 15.6 in Billingsley (1968).
This completes the proof of Lemma 1. |
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For the proof of Theorem 1 we need some more additional results. Next lemma gives the

needed weak convergence result for U, (y, 6).

Lemma 2. Suppose (1)-(2), (C1), (C2), (C3)(a) and Hy hold. Then, o~ 'U,(y,0) =
W o G(y), in D[0,00] and uniform metric.

Proof. Under Hy and (C3)(a), 7(y) = ¥(y,#) is bounded away from zero uniformly in y.
Since, by (C1), EY;' < co then condition (A.1) is satisfied for £(y) = 1. Thus, an application

of Lemma 1 completes the proof. [ |

For brevity, write U, (v) = U, (y,0), 9(y) = g(y,0) and C, = C(y,0), and define

Y 9]
W) =) - [ @0 [ o) )] d6la). puty) = 1¥is 2 )
0 T
The following lemma gives the weak convergence of W,,.

Lemma 3. Under (1)-(2), (C1)—(C9) and Hy, o0~ *W,(y) = W o G(y), in D[0,00] and

uniform metric.

Proof. Arguing as in Stute et al. (1998) and using a conditioning argument, one can verify
that Cov{oc ™" W, (r),c " W,(s)} = G(r A s).

To establish the convergence of finite dimensional distributions, let F; be the o-algebra
generated by {e;,e; 1, -+ ,Y;1,Y; o,---},1 € Z and

hi(y) = o (g; — 1){I(Yi_1 <vy)-— /OyA o g (2)C g (Y, ) dG(x)}, i=1,---,n.

Note that E(h;(y)|Fi—1) = 0, for all i and o ='W, (y) = n~2>7" | hi(y), for all y. Because
Cov (o™ W, (), 07" W,(y)) = Cov(W o G(z), W o G(y)), by CLT for martingales, e.g., cf.
Corollary 3.1 of Hall and Heyde (1980), all finite dimensional distributions of ='W, converge
to those of W o G.

Lemma 2 implies the tightness of the process U,,(-) in uniform metric. It remains to prove
the tightness of the second term in W,. Denote it by W,. Then,

1 <& Yy
W) = 2= Y06 =1) [ 6 @O 00V iua)aGa).
i=1 0

Proceeding as on page 231 of Koul and Stute (1999), let A(y) := [ [|¢" («)C; || dG(x),

y € [0,00]. By condition (C9), 0 < A(co) < oo. Because G is continuous, the function

A(y) = A(y)/A(oc0) is strictly increasing continuous distribution function on [0, co]. More-
over, using the fact ||C,|| < [|lg|]*dG, for all 0 < z < oo, and by the Fubini Theorem, for
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Y1 <y < Yo,

EWan(n) — Wan(y)]® = / / T () O Coriny Ol g (2) dG (1) dG (1)

<o / laW)II? 4G () [A(s) — Alyr)]A%(00).

This bound, together with Theorem 12.3 of Billingsley (1968), imply that W, is tight. This

completes the proof of Lemma 3. [ |

For the proof of Theorem 1 we also make use of Lemma 3.4 of Stute et al. (1998) which
in turn is a generalization of Lemma 3.2 of Chang (1990). For the sake of completeness we

reproduce it here.

Lemma 4. Let V be a relatively compact subset of D[0,yo]. Then with probability 1, for all
Yo < 00, fo x)[dGp(z) — dG(x)] — 0 as n — oo, uniformly in 0 <y < yg and v € V.

Proof of Theorem 1. Fix a yo > 0. Recall that U, (y) = Uy, (u,0) and U,(y) = Un(y,@\n).
Let

Walo) =)~ [ 3"@0C] [ ) ()] dGto)

We shall first show that supg<,<,, }W\n(y) - Wn(y)’ = 0,(1). Write

Waly) — Waly) = Laly) — Un(y) — /Oy§T<x>6;1Jn<x> Go(z),  (AS)
where J,(y) := [ | (2).

First, con51der Z/ln( ) —L{n(y). Let A, := n'/? (é\n —6). By the mean value theorem, there
is a sequence of random vectors {6’} in © with ||0 — 0] < H@n — 0], and such that

Un(y) —Uny) = —Aln~ Zezg I(Yi <y) + ATRA(y), (A7)
where R(y) = =0t S (o a0 = o))l (e < )

Since, by (C3)(a), ¥ is bounded from below, r := 1/inf, 3 ¥(y,9) < oco. By the triangle
inequality, sup,s || R, ()| is bounded from the above by

[

< K max [¥(Y;_1,0) — ¥ (Y;_1,0) |< ZHQ —1, nng)

1<i<n

L 1)g(Vir 8)e + (a(Virn8) — g(Yir))e,

n

+ 07> |[(9(Yie1,6;) — g(Yi))eil). (A.8)

i=1
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By condition (C4),

max [W(Yi1,0) = W(Yi1, 0,)] < [|An 0"/ max H‘I’( 1O+ op(n™V?). (A.9)

1<i<n

Since (C3)(b) gives [ |¥(y,0)* dG(y) < oo, along with (C6), we obtain

/Hw, )12 dGly) /ug 2 dG () /mfy, )2 dG(y) <

This in turn implies that

n~% max || U(Y;_1,0)|| = o,(1). (A.10)

1<i<n

Thus, in view of (A.9) and (C10), maxi<;<, |V (Y;—1,0) =V (Y;_1,6})| = 0,(1). By the triangle

inequality

_IZHQ —1,00)el < "_IZHQ Ve +n” ZHQ —1,07) — g(Yie1)|lei-

Since E(g1) = 1, and ¢, is independent of Yj, by the ET and (C6), the first term in the right
hand side converges almost surely (a.s.) to El|g(Yp)|| < co. By (C5), the second term, on the
set {||6% — || < n}, with 7 and & as in (C5), is less than or equal to {n~! Yo la(Yicy)le: +
n= S 8h(Yi1,0)e;}||6 — ]| Then, (C5) and (C10) together with the ET imply

n- ZHQ —10)ell = Op(1). (A.11)

From these derivations, we obtain that the first term in the upper bound (A.8) is 0,(1). A
similar argument together with condition (C5) shows that the second term in this bound
tends to zero, in probability.

Thus, sup,>¢ || Ra(y)]] = 0,(1), and uniformly over 0 <y < oo,

Un(y) —Un(y) = Z eig(Yim)I(Yiey < y) + 0,(1)
— Zg I[(Yiey < y) +0,(1). (A.12)
The last claim is proved as follows. Since ¢; is independent of {Y;_1,Y; o, -+, Yo}, E(e1) =1

and, by (C6), E||g(Yo)|| < oo, ET implies the point wise convergence in (A.12). The unifor-
mity is obtained by adapting a Glivenko-Cantelli type argument for the strictly stationary
case as explained under (4.1) in Koul and Stute (1999).
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Next, consider J, in (A.6). For the sake of brevity, write ;-1 = g(Y;—1) and ¢g;—1 =
g(Yi_1). Because ¢; = Y;/¥(Y;_1,0),

e~ (U(Yi_1,0) — U(Yi_1,6)
In = N 1/2 i— ’ = 7 Eilli
(v) ;g 1( ) ) 1:(y)
where
e __
Jn) = == Gaglam(), Sy Zgz 1911 (1= e pa(y),
=1

I~
Jan(y) = n Z (gi—lgiTA - 9i—19£1)(1 —€i)pi(y),

Tinly) = Z Vi1 0) - W(Yi1,0) — (0 0T (Y 79)}#%#&3/),

Jon(y) = —Zgz i1 — gi1) Eattay).

1~ U(Yi1,0) — V(Y;1,0)
Jon(y) = — gi— 9£ ( = Eii\y
on(Y) n £ 19i-1 U(Y; 1. 0) 1i(y)

By definition Jy,(y) = —éy. We now show that

sup [|Jjn ()|l = 0p(1), 7 =2,---,6. (A.13)

y=>0

Arguing as for (A.12) and (A.11), one obtains, respectively, sup, [|Jan(y)|| = 0,(1), and
n= Y |[Gic1llei = Op(1). Then, as ¥ is bounded below by 1/k, condition (C4) implies that,
SUP, o || Tan ()| < Vimaxicicn [W(Yio1,0) =T (Vi 1, 0)—(0—0)" (Y1, 0) |0 S0, [Giallei =
op(1).

Next, consider Js,(y). Let ¢;—1 = §(Yi—1,0), hi—1 = h(Y;_1,8) where h is as in assumption
(C5), v == 5n — 6 and n; = 1 — ;. Then, (C5) and the triangle inequality implies that, on
the set {||va|| < n}, where 7 is as in (C5),

y>0

1= Jym .
sup [ Fan()| < (181 = gecall* o+ 2lgiall (18- — gi1]) |
=1

1 < . 2 .
< =3 [0+ gial) Il + 2lge-ll (- + gs-21) Il | Il
i=1

Then by (C5), ET and (C10), sup,> [|/3n(y)|| = 0,(1). A similar argument proves (A.13)
for j = 5. For the case of j = 6, note that sup, [|Jsn(y)|| is bounded above by

, (A.14)

ol e 10 (i1,0) — (v, 0)) | DG a0l
=1

1<i<n
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where 1/k is the lower bound on ¥. By (A.10), (C4) and (C10),

max |U(Y;_1,0) — U(Y;_1,6)| = 0,(1). (A.15)

1<i<n

By (C5), (C10) and the ET, on the set {||v.|| < n}, where n is as in (C5),

IN

1 e . .
- > Ulgi=allivall + Shizallvnll + llgiea )l gi=1 e
=1

1 o
H— Z gi—1g¢T_1€i
N3

=l (EHQOH g0l + 0 E(hol|goll) + Op(l)) + Ellgoll* + 0p(1)
= Ellgoll* + 0p(1) = Op(1).
Hence, the upper bound (A.14) is 0,(1). We have thus proved that

sup || 1 (y) + CyAnll = 0,(1). (A.16)

y>0

Next, observe sup,s ||C,—C,[| < sup, > Hn_lz (G108 =998 1) paly H +Sup,>o Hn‘lZz 1 9i—16
CyH. The first term in the right hand side is o0,(1) by arguing as for (A.13), j = 3. A

Glivenko-Cantelli type argument and ET imply that the second term is also 0,(1). Thus,
SUP,> ||6y — Cy|| = 0p(1). Consequently, the positive definiteness of C, for all y € [0, 00)
implies that

Ogs;lgyo Héy’l — C M| = 0,(1). (A.17)

Condition (C5) and ET imply n~* Z” L 1Gi—1 — gi—1]| = 0p(1). Hence, (A.17), (C9) and a

routine argument yield n=* "% | g 10 1(Yio1 < y) = Oy(1), uniformly over 0 < y < yo.

Upon combining these facts with (A.6), (A.12) and (A.16), we obtain

s [Waly) = Waly)| = op(1). (A.18)
Next, we shall show o
S Wa(y) = Wa)] = 0,(1). (A.19)
First observe that, W, (y) — Wi (y) = D1n(y) + Dan(y) + Dsn(y) + Dan(y), where
D) = [ gr@e{ [T o) )} 6, - G,

Duty) = [ éT(az)GI—O;I){ 96 o)} dc o),
puln) = [ e { [T @6 - o) @} e,
Dut) = ['|@@ - @) { [Toe) ano}] e,

o

o
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Note that because gy and €; — 1 are square integrable, uniformly in y > 0,

By the martingale CLT, the first term is bounded in probability. Lemma 1 together with
(C1), (C2), (C3)(a), (7) and the continuous mapping theorem, imply that the second term

is O,(1), uniformly over y > 0. Hence,

sup || gdU,|| = O,(1). (A.20)
y=>0 Yy
By (C8) and (C7), supgc,<,, l9(¥)"C, || < oo. These facts together with Lemma 4 yield
SUDg<y <y, |1 D1n ()] = 0p(1).
We shall next prove that supy<,<,, |Djn(y)| = 0p(1) for j = 2,3,4. Towards this end we
make use of the following fact.

n*l/ZZ@\iA_gi,l)(ei—l)ui(y)H = 0,(1). (A.21)

=1

sup
y=>0
The proofs of this fact will be given shortly.

Arguing as in the proof of (A.11), by (C5), (C10) and ET, we obtain that n='> " |
1Gi-1 — gi—1ll = 0p(1) and n=" 377 [lgia|| = Op(1). Since, for each 0 < y < yo, Cy — Cy,
is positive semi-definite, we also have supgc,<,, [|C; || < oo. Hence, (A.17), (A.20), (A.21)
and a routine argument yield sup,c(,,j [Don(y)| = 0p(1). Similarly, by (A.21), it follows
that sup, ey [D3n(y)| = 0,(1), and by (A.20), it yields sup,c(y ) [Dan(y)| = 0p(1). This
completes the proof of supy., <, |Djn(y)| = 0,(1) for j = 2,3, 4, and hence of (A.19).

Consequently, in view of (A.18), we obtain

S0 W) = Walw) = op(D). (A-22)
This fact, together with consistency of & for ¢ > 0 and Lemma 3 completes the proof of
Theorem 1.
We shall now prove (A.21). Again, for the sake of brevity, write &_; = (i1 — gi—1 —
Gi—1(6, — 0)). Observe that the left hand side of (A.21) is bounded above by

sup
y>0

y>0

e Zf( ~ Dpuly)|| + sup |[n”! Zg( “ D[ A (A23)



28

The following argument is similar to that in the proof of (4.19) of Koul and Stute (1999).
Condition (C5) implies that, on the set {H@\n —0|| <n}, where n is as in (C5),

]nmism(ei—nm@)” < 580 Y hYle - 1] = 0,00)

i=1

sup
y=>0

Since ¢ > 0 is arbitrarily chosen, this implies that the first term in (A.23) is 0,(1). On the
other hand, as ¢; is independent of {Y;_1,Y; o,---, Y5}, E(e1) = 1 and E||go|| < oo, we have
Ego(er — Duo(y) = 0. Hence, by (C10), a Glivenko-Cantelli type argument and ET, the
second term in the bound (A.23) is 0,(1). |

Proof of Theorem 2. It suffices to show that n=/2)W,(y)| = O,(1), for some 0 < y < 0o
satisfying (12). Fix such a y. Under H,, ¢; = Y;/v(Y;_1). Write v; := v(Y;), ¥; := U(Y}, ),
and U, := \I/(Yi,gn). Then, with 6 as in (C11),

71/22/{ — 261&1 - }[(Y; 1<)

+ nt Z {ei(vi )W) = 1H(Yia <y). (A.24)

By (C11)(d), for d and t(+,0) as in (C11), on the set H@\ —0|| < d, the first term on the right
hand side of (A.24) is bounded from the above by k?n=* 3" | g0, 1t(Yi- ,0)[10, —0 = 0p(1),
by ET, and because Hn —, 0. Hence, by an extended Ghvenko—Cantelh type argument,

n VU, (y) = E([v(Yo)/®(Yo,0) — 1I(Yo < y)) +0,(1), under H,. (A.25)

Recall under (C11), E(v(Yy)/ ¥ (Yo, 0)) # 1.
Next, let £,(y) denote the second term in Wn(y) and

Kn(z) :=n""? /> G(2)dUh,(z), Kn(x):=n""? /> g(z)dU,(z).

Recall g(z) = g(z,g), 9(z) = g(z,0) and p;(z) = 1(Y;—1 > x). Also, observe that K,(x)
nt o [Ei(vie /W) = Ugipu(x), and EK,(2) = E([v(Yo)/ (Yo, 0) — 1g(Yo, 0)1(Yo >
z)) = D(z,6). Hence, an adaptation of the Glivenko-Cantelli argument yields

sup || K(z) — D(z, 0)|| = 0,(1). (A.26)
Moreover,
Ro(e) — K D Y FLE N | N P
= \1} ‘112'_
1 s
+n” Zezvz | \T} - g Jgmmi(@) + Zez - “[Gi-1 = i) ()
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Then using arguments as above we see that under the assumed conditions,

sup || Kn(z) — Kp(z)|| = 0,(1),  under H,. (A.27)

z€[0,00]

Now,
n2E () = /jﬁ%)( S Y Ro(x) dGa(a)

y N y
+ / 7" (2)C (Kn(z) — Kn(2))dGy(2) +/ 97 (2)C Ky (2)dG (20)
0 0
= Siu(y) + S2(y) + Ss(y),  say.
Let H,(z) = [; [[g(x)||dGy(z). Arguing as above, we see that uniformly in z € [0, o0],
H,(z) = E||g(Y0)||](Y0 < z) + 0,(1). Hence, by (A.17), (A.27) and (A.26), it follows that
[S1(y)| < sup,<,, [|C7 = C || sup, [ Ko (@) Ha(y) = 0p(1). Similarly, [S(y)| = 0,(1), while
Ss(y) = B(y) + 0,(1). These facts combined with (A.25) yield
nTPWa(y) = 0 VU (y) - nTPL(y)

= E([\Ifzg};))g) —1I(Yy <y)) — B(y,0) +0,(1), under H,.

In view of (12), this completes the proof of Theorem 2. [

Proof of Theorem 3. Many details of the proof are similar to that of Theorem 1, so we

shall be brief at times. Fix a yg > 0. We shall shortly show that under the assumptions

of Theorem 3, (A.22) continues to hold. Consequently, by the consistency of ¢ for o > 0

under H,., the weak limit of 5_117V\n(y) is as same as that of o'W, (y). Let U,(y) :=
n23T (e = DI(Yi < y) and

Then W,.(y) = Wy (y) + M,(y), y > 0, where

_/OygT( - [ _lzgl 1”YZ 1? 1) Z(x)] dG(x).

Proceeding as in the proof of Lemma 3 we obtain that, c7'W,(y) = W o G(y) in
D|0,00) and uniform metric. By ET and an extended Glivenko-Cantelli type argument,
sup,so |Mn(y) — M(y)| = o,(1), where M is as in Theorem 3. Now, these facts, together
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with consistency of & for o > 0, Slutsky’s theorem and the continuous mapping theorem
completes the proof of Theorem 3.

We shall now prove (A.22) holds under the conditions of Theorem 3. For brevity,
write UF | = W(Y;_y,0%), Ut | == U(Y;_1,0), and g* | := g(Y;_1,60%). Arguing as for (A.7),

we obtain
LA{n(y) —U,(y) = —AIn~! isi{\lli_l\i/j_l/‘llﬁl}](}/i_l <vy)+ AZ}N%n(y),
=1
where {07} € © satisfies [|6% — 6]| < ||6,, — ]|, and
Buly) = -t S eon VP (Vi U2 (Y < )
=1

By the triangle inequality, n=' S0 &||¥r /U2 || < S, +n ' 320 eillgi1/ Wi 1|, where
S =0 30 Eillga /Y {gim /Wi M| < maxicicn [|Wima =7y (|62 (07 3200 llgia i)
+ m(n_l Yoy ngll — i1 81‘)' Proceeding as in the proof of Theorem 1, one can obtain that
maxicicn [Wis1 = Wi [[(n7! 3000, g7 s ller) = 0p(1) and that (n™' 350, llgiy — gilles) =
0,(1), under H,,. Hence, S, = 0,(1). Also note that, n=/2 max;<;<, |y7(Yi_1)| = 0,(1), and
clearly n ™' 37 &illgim1/Vi1]| = Op(1). Thus, sup,q [|Rn(y)]] < n™Y2 maxi<icn [7(Yie1)] (St
n 3 eillgioi/Wiall) = 0p(1). Consequently, under H,.,, uniformly in y € [0, o0},

-~ IR P
un(y) _un(y) = —AZTL ! 251‘11711](}/1—1 S y) + Op(l)'
i=1 i—
Thus, by proceeding as for the proof of (A.12) we obtain that, under H,,, uniformly in
y € [0, 00], Un(y) — Un(y) = —ATn! Yo gi-1I(Yier < y) + 0,(1). Then, in view of (A.6),
under H,, uniformly in 0 <y <y,

and gn(y) = —n! Z?:l {/g\i_l’y()/i_l)(‘/l}i_l‘lli_l)il({I\/i_l — ‘Ijz—l)gz,uz(y)} Since we assume
E72(Y;—1) < oo, by (C5), ET and a routine argument, n=* > " | [[gi—1[|7(Yi—1)e: = Op(1).
One can verify, under the assumptions of Theorem 3, that (A.15) continues to hold true.
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Since W is bounded below by 5, then it follows that sup,sg [|S(y)|| < &2 max;<i<, |[¥; 1 —
i 17 T 1Bt (¥i)e] = o,(1). Consoquenty, wiformly in y > 0, Jus) =
nV23 G ((\T/i_l — ‘Ili_l)/‘fli_l)eiui(y) + 0p(1). Thus, proceeding as in the proof
of Theorem 1, we obtain that sup,. I7(y) + C,A|| = o0,(1). This fact and a routine
argument yield (A.18) continues to hold under the assumptions of Theorem 3.
Next we shall show that (A.19) also holds under the assumptions of Theorem 3. First
observe that

Un(y) =Tnly) +n" ) {prif;ll)aif(ﬁl < y)}> y>0.

=1

n

_ v(Y;- _ e (Y
Let 6n(y) =n 1291'71 EI/ 11)&‘/%(3/), 6n(y) =n! gi—1 51; 11)€iUi(y)-

i=1 =1

Then, under H,,, Wy (y) — Wi(y) = Lyo(y) + C1n(y) + lon(y) + €30 (y) + Lan(y), where

L = [ 7@ [ 56 dv,o)] deu
/ S0 [ o) d0.2)] 6o
) = [ 9" @0 () 146 () — dG(o)]
tal) = [ 7" @(C - )] o)
bl = [ 700 @) - en(w)] dGafo)
) = [ @@ - @)C 0] dGlo)

Proceeding as in the proof of Theorem 1, one can show that under H,, and the assumed

conditions on M and 7, supy<,<,, [ Ln(y)| = 0p(1) = supg<,<,, 16in(y)|, 7 =1,2,3,4. [ |
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Table 1: Percentage of times the null hypothesis was rejected by 5% level tests for different

data generating processes.

DGP F TKS Qs Qi LM M  TKS Qs Qs LM M
n=200 n=500

S1 E 25 14 41 24 218 49 29 29 51 82

W 3.0 2.8 37 220 228 44 41 43 219 96

G 36 20 32 04 221 45 23 37 03 109

GG 2.9 28 33 7.7 221 37 26 37 86 99

B 2.6 25 38 6.1 199 39 26 35 74 94
n=500 n=1000

32 N 57 2.8 42 140 44 52 39 48 114 54

Pl E 155 34 50 00 44 282 31 44 0.1 88

P2 E 26.7 33 48 0.1 76 551 54 62 0.1 82

P3 E 404 46 57 02 7.5 765 7.6 63 03 89

P4 N 163 94 7.6 352 105 174 147 116 50.6 10.8

Notes: The DGPs under the null hypothesis are S1 and S2, where S1 is ACD(1,0) in (14)
and S2 is Squared-ARCH(1) in (15). The error distributions are Exponential [E], Weibull
[W], Gamma [G], Generalized Gamma [GG], Burr [B] and Normal [N].

The DGPs P1-P4, are under the alternative hypothesis. Specifically, P1 is M(0.1,0.2,0.3),
P2 is M(0.1,0.2,0.5) and P3 is M(0.1,0.2,0.7), where M(«, 3,7) is the model in (16), and
P4 is Squared-ARCH(2) in (17).

The test proposed in this paper is TK.S. The other tests are Ljung-Box @) test with lag
length L (@), the Lagrange Multiplier test (LM) and M test (M).
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Figure 1: Plot of {51/0.99}~!|W,(y)| against y for squared log returns of Intel stocks. The
horizontal dashed-line corresponds to the 10% level critical value of the TKS test. The
observed test statistic TKS = 1.9192 is the supremum of the curve.
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Figure 2: Plot of {5v/0.99} W, (y)| against y for the viscosity data (Series D in Box and
Jenkins 1976). The horizontal dashed-line corresponds to the 10% level critical value of the

TKS test.
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