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Abstract

The purpose of this course was to present results on weak convergence and
invariance principle with statistical applications. As various techniques used to obtain
different statistical applications, | have made an effort to introduce students to embedding
technique of Skorokhod in chapter 1 and 5. Most of the material is from the book of Durrett
[3]. In chapter 2, we relate this convergence to weak convergence on C [0,1] following the
book of Billingsley [1]. In addition, we present the work in [1] on weak convergence on D[0,1]
and D[0,«) originated in the work of Skorokhod. In particular, we present the interesting
theorem of Aldous for determining compactness in D[0,~) as given in [1]. This is then
exploited in chapter 4 to obtain central limit theorems for continuous semi-martingale due to
Lipster and Shiryayev using ideas from the book of Jacod and Shiryayev [5]. As an
application of this work we present the work of R. Gill [4], Kaplan-Meier estimate of life
distributin with censored data using techniques in [2]. Finally in the last chapter we present
the work on empirical processes using recent book of Van der Vaart and Wellner [6].

| thank Mr. J. Kim for taking careful notes and typing them.

Finally, | dedicated these notes to the memory of A. V. Skorokhod from whom |
learned a lot.



2 Weak Convergence In Metric Spaces

2.1 Cylindrical Measures

Let {X¢,t € T} be family of random variable on a probability space (2, F, P).
Assume that X, takes values in (X, A;).

For any finite set S C T,

Xs =[] X As = Q) A1, Qs = Po (Xt € 5)7

tes tesS

where Qg is the induced measure. Check if IIg/g : Xg — Xg for S C S’, then

Qs =Qs o Hgfls (1)

Suppose we are given a family {Qgs, S C T finite dimensional} where Qg on
(Xs, As). Assume they satisfy (1). Then, there exists probability measure on
(Xr, Ar) such that

Qollg' = Qs

where Xr = [[,cq &, Ar = O’(USCT Cs),Cs = Hgl(As).

Remark. For S C T and C € Cg, define

Qo(C) = Qs(A4)
C = Ig'(4)
Cs = Ig'(As)

We can define Qo on (Jg-p Cs. Then, for C € Cs and Cs,
Qo(C) = Qs(A) = Qs/(A),

and hence Qg is well-defined.

Note that
Cs, UCg, U---UCg, CCsu.-Us,

Qo is finitely additive on (Jg-r Cs. We have to show the countable additivity.

Definition 2.1 A collection of subsets K C X is called a compact class if for
every sequence {Cr} C K, for all n < oo,

k=1

k=1



Exercise 1. Every subcollection of compact class is compact.

Exercise 2. If X and )Y are two spaces and 7' : X — Y, and K is com-
pact class in ), then T~1(K) is compact class in X.

Definition 2.2 A finitely additive measure u on (X, Ap) is called compact if
there exists a compact class KC such that for every A € Ay and € > 0, there exists
C. e K, and A. € Ay such that

AcCC.CA and plA—A) <e
We call K is p—approximable Aj.
Lemma 2.1 Every compact finitely additive measure is countably additive.

Proof. Suppose (X, Ay, 1) is given. There exists a compact class K which is
p—approximable Ag. Let {4, } C Ag such that A, \, 0. We need to show that
w(Ap) N\ 0. For given € > 0, let B,, € Ay and C,, € K such that

B, CcC, C A,, and u(A, — B,) < 2%

Suppose p(A;,) does not go to 0, i.e., for all n, u(A,) > €. Since we know that

n

(e A1) s (12) ()

k=1

)

N

we conclude that for all n,

k=1
Next for all n .
n Bk 7& Q)a
k=1
and hence we have for all n .
() Cr #0,
k=1
which implies
o0
() Cr #0
k=1



since Cj € K, and K is compact. Therefore, it follows that
(N AD [)Cr#0
k=1 k=1
implies
lim A, # 0,
n—oo

which is a contradiction.



2.2 Kolmogorov Consistency Theorem

In this section we show that, given finite dimensional family satisfying (1.1) for
random variables we can construct all of them on the same probability space.
Suppose S C T is finite subset and Qg is measure on (Xs, Ag) satisfying con-
sistency condition (1-1). Let (X, Agsy, @) be compact probability measure
space. For each t € T' with compact class Ky C A;, Q4 approximates Agyy.
Then, there exists a unique probability measure Qy on (Xr, Ar) such that

g : Xr — Xs, and Qoo Il = Qs

Remark. For (H Ay, ® A:, Qo) as probability space

teT teT
N——
Q F
Xi(w) =w(t), |JCs=0C
SCT
Proof)
Define
D={C:C=1;YK),K €K,tcT}

Let

{I1;"(Cy,), i = 1,2...}

be a countable families of sets and

B, = |J 1 (Cy,)

t;=t

If the countable intersection is empty, then By, is empty for some t. Since Ky,
is a compact class and all Cy, € K;,, we get a finite set of ¢;’s (t; = tg). Let’s
call it J for which

UCn=0= |J I (C,)=0

t;eJ tied

Since D is a compact class, K as a countable intersections of sets in D os a com-
pact class. We shall show that Q)¢ is a compact measure, i.e., K Qo—approximates
Co. Take C € Cy and € > 0. For some S C T,

C =1Ig"(B)

Choose a rectangle



so that for A; € A,

€
Qs(B-JJ4) < 3
tes
_ _ €
Qo(Is'(B) — Hsl(H A)) < 5
tes
For each t, choose K; € K; such that K; C A; and
€
A K _—
@u(Ar) < QulHe) + cardinality (.S)

Let
K = | I (K,) for K, € K,y
tesS

Then, K C C and

Q(n5'm) -5 (] K)) = Q(ns' B -[[40)

tesS tes

+Qo (15" ([T 40 - 15" ([T )
tesS tes
< €

Qo extends to a countable additive measure on o(C). Call it Q). Consider now
Q =X, 0(C), and Q and define X;(w) = w(t).

(X; = R, R, or complete separate metric space.)

Example 1. T'= N, X; = R with Q4 probability measure on B(R).

Suppose
Q= QQ Qu

te{1,2,...,n}

Then, there exists {X,,,n € N} of random variables defined on R*.
Example 2. T = [0,1].

Let {C(t,s),t,s € T} be a set of real valued function with C(t,s) = C(s,t)
and

Z arasC(t,s) >0

t,s€S

for S finite.({at,t € S} C R) Let Qs be a probability measure with character-
istic function for t € RY

. 1,
$os(t) = exp <zat— it %:t) (2)



where ) ¢ is the covariance matrix given by

Z = (C(u, v)) -

S

Qs satisfies the condition of Kolmogorov Consistency Theorem. Therefore,
there exists {X;,¢t € T} a family of random variables such that joint distribu-
tion is Qg.

Example. Take ¢,s € [0,1] and C(t, s) = min(, s).

1
Clts) = / 0. () - 1o, ()
0

= min(¢, s)
Let S = {t1,...,tn},{a1,...,an} C R. Then,
1
ZaiajC’(ti7tj) = Zaiaj/ Lo, () - Ljo,e,1 (w)du
— — 0
27] Z7J

1 n
i=1

0

Y

since Y > a;a;C(t;,t;) is non-negative definite. Therefore, there exists a Gaus-
sian Process with covariance C(¢, s) = min(t, s).



2.3 The finite-dimensional family for Brownian Motion

Given Covariance function C(t,s) = C(s,t) with s,¢ € T, and for all {ay, ..., a}
and {t1,...,tx} C T, such that

> ara;C(te, tj) > 0
k.

then there exists a Gaussian Process {X;,t € T} with EX; = 0 for all ¢ and
C(t,s) = B(X X,).

Example.
C(t,s) = min(t,s), and T = [0, 1].

1
/ l[o,t] (u) . 1[075] (u)du

0
= EXiX;

min(t, s)

There exists {X;,t € T} such that C(t, s) = E(X; Xs) = min(Z, s).

Since X; is Gaussian, we know that
X; € L*(Q,F, P)
Let
J—
M(X)=SP" (X;,teT)
Consider the map

I(X¢) = 1j0,49(u) € L2([0,1]), (Lebesue measure)

I is an isometry. Therefore, for (t1,...,t,) with t; < ... <t,

I(Xy, — Xi,,,) = I(Xy,)—1(Xt,_,) ( because I is a linear map)
Lio,e4) (W) = Lo,y (u)
= 1(tk717tk](u)

For k #£ j
1
E(th - th71)(th - th71) = /O l(tk—lxtk](u) ! l(tj—htj](u)du
=0
X, — Xy, _, is independent of X, — Xy, if (tg—1,tx] N (t;—1,;] = 0 because

(tr—1,tk] N (ti-1,t] = 0 = B(Xyy, — Xpp ) (Xy; — Xy ) =0



{X:,t € T} is an independent increment process.

Given to = O,XO = 0, tO S tl S S tn, we have

2
Yk
P(X:, — X4, , <ap,k=1,2..,n)= e te=te—1) dyp

n %) 1
]];[1 ~/—<>o \/ 27T(tk — tk—l)

By using transformation

}/tl th
}/152 = th - th
Vi, = Xi, =X,

we can compute joint density of (X3, ..., X¢,).

1 1 — (xg — xp—1)
T1yey Tp) = — ex —
fxeyxi) (@1 ) T Vortr i) p[- 221 - ]
Define
(t,z,B) S >0
7x’ 7 -
P \/27‘1’
and
o(t,s,z, B) = p(t — s,z, B)
Exercise 1. Prove for 0 =tg <t; < ... <t,
Qx,,..x,, (Bix-xB / / (t1i—to, dy1)p(ta—t1,y1,dyz2) - - - p(P(tn—tn—1,Yn—1,dyn))
n Bl

Suppose we are given transition function p(t,s,z, B) with < ¢. Assume that
s<t<u

p(u,s,z,B) = /p(t,s,x,dy)p(s,t,y,B) (C-Kolmogorov Condition)
Then for 0 = to < tl S .. <

Qt, .1, (B1x:--xB / / (t1,to, @, dy1)p(ta, t1,y1, dy2) - p(P(tns tn—1, Yn—1,dYn))
By

(Use Fubini’s Theorem.) For this consistent family, there exists a stochastic
process with @ as finite dimensional distributions.



Exercise 2. Check that p(t, s, z, B) satisfies the above condition.

Q% (Xs € B1,X: € By) = / p(s,0,2,dy)p(t, s,y, B2)
By

/ Q" (X, € BalX, = y)Q" 0 X (dy)
By
where

Qz (Xt" S Bn|Xt1a veny th) = p(tna tn—h th71 s Bn) (Markov)

The Gaussian Process with covariance
min(t, s), t,s,€[0,1]
has independent increments and is Markov.

Remarks. Consider

e X(w) € RO
e C[0,1] ¢ o(C(RIW))

C[0,1] is not measurable. But C]0, 1] has Q§(C[0,1]) = 1 (outer measure).

10



2.4 Properties of Brownian Motion

Definition 2.3 A Gaussian process is a stochastic process {X.,t € T}, for
which any finite linear combination of samples has a joint Gaussian distribution.
More accurately, any linear functional applied to the sample function Xy will give
a normally distributed result. Notation-wise, one can write X ~ GP(m, K),
meaning the random function X is distributed as a GP with mean function m
and covariance function K.

Remark.

X ~ N(/LXvag()
N(py,o0%)
Z = X+Y

~
2

Then, Z ~ N(uz,0%) where
Wz = px + py and a% = a§< + 032/ +2px,yoxoy

Proposition 2.1 Given covariance C(t,s) = C(s,t) with s,t € T and for all
{a1,...;ax} C R and {t1,..,tp} CT

Z akajC(tk, tj) Z 0
k.j

then there exists a Gaussian Process such that
{Xi,t € T} with for allt, EX; =0, C(t,s) = E(X¢, Xs)
Example: C(t,s) = min(¢,s) and T = [0, 1].
In this example,
1
min(¢,s) = / Lo, (u)l[o,s] (u)du
0
= FEX;X;

So, there exists {X;,t € T'}, which is Gaussian Process, such that for all ¢

EX, =0, and C(t,s) = E(X;, Xs) = min(¢, s)

Since X; is Gaussian, we know that
X, € L*(Q, F,P)
Let ,
M(X) = Sp" (X;,t € T) (SP means ”Span”)

11



Consider the map I : M(X) — SiP{l[oﬁt](u),t € [0,1]} such that

I(Xy) = 1j,49(u)

I(Zakth> = ZakI(th)

Proposition 2.2 I is a linear map.

and

Proof. Easy.
Proposition 2.3 I is an isometry

Proof. Since {X;,t € T} is Gaussian,
Var(Xy, — X¢,_,) = Var(Xy,) +Var(Xy,) —2Cov(Xy,, Xe,_,)
= Cl(tp,ty) + Ctp—1,th—1) — 2C(tp—1,tx)
tp +tp—1 — 2tg_1

bt —tp—1

Therefore,

X0 — Xo 2, /[ O s

E(th - th—l)2
VCl’/’(th — th—l)

= tp—tp—1

Also,

11(Xe) = I(Xe DI, = Mo (@) = Lo @I,

= |l @Il,
= tp—tp—1
Hth - th—l ||%2

This completes the proof.

Suppose that to < ... < tg. Then,

I(X;, — Xy,,,) = I(Xy,)—I(Xy,_,) (since I is an linear map)
Lo, () = Lo,y 1 (w)
= l(tk—htk](u)

12



X, — X¢,_, is independent of Xy, — Xy, if
(te—1,te] N (tj_1,t5] =0
Proposition 2.4 If X;, — X;, , is independent of Xy, — Xy,_,, then

E(th - th—l)(th - th—l) =0

Proof. For k # j
E(Xy, — Xo )Xty — Xy, )

1
= /01(tk71,tk](U)l(tj,l,tj](U)du
— 0

Suppose {X;,t € T} is an independent increment process such that ¢ = 0,
Xo=0,and tg <t; <...<t,. Then, X;, —X;, , is Gaussian with mean 0 and
variance tp — tp_1.

=

P(th — th_l S iCk,k = 172771,) = P(th — th_l S xk)

=
Il

1
2

n T 1 vy
_ H/ ¢ THmE T dy,
27T(tk—tk,1)

k=1v7°
Let
Y, Xty
i, = Xo, — Xy
i, = X, — X,
Then,

2

1 1~ (2 — T
FXy X (@15 80) = /27 (b — 1) exp | — 5 ) G
[Ti= 2

= (tr —tr-1)

13



2.5 Kolmogorov Continuity Theorem.

For each ¢, if P(X,=X,) =1, then we say the finite dimensional distributions
of X; and X, are the same and {X,} is a version of {X;}.

Proposition 2.5 Let {X;,t € [0,1]} be a stochastic process with
E|X;: — X.|? < C|t — s|** with C,a, 3 >0

Then, there exists a version of {X;,t € [0,1]} which has a continuous sample
paths.

Corollary 2.1 The Gaussian Process with covariance function
C(t,s) = min(t, s), t,s € [0,1]

(has independent increment and is Markovian) has a version which is continu-
ous.

B(X,-X,)? = EX?-2EX,X,+FEX?
T
t—2s+s
= |t—s]
E(X, — X,)* 3[E(X, — X4)%?
= 3|t —s|?

We shall denote the continuous version by Wy, called Wiener process BM.

Proof. Take 0 < v < % and § > 0 such that

(1-0)14+a—py)>1+46

For 0 <i<j<2%and |j—i| <27,

ZP(|X]-2~,L—XZ-2~L >[(j—z‘)2—”]”) < O (5 =277+ (hy Chevyshev)
1,7 1,7

= 20 =(1=8)(1+a—p)]

< o0

where (14 6) — (1 —8)(1+a— Bv) = —p.
Then, by Borell-Cantelli Lemma,

P(|Xjpn = Xign| > [(j = )27"]) =0

14



i.e., there exists ng(w) such that for all n > ng(w)

| Xjo—n — Xjgn| < [(j—1)27"]7

Let ¢1 < t2 be rational numbers in [0, 1] such that

to—t; < 2 no(1-9)

tp = 27" =27P1 — L —27PF (pn<pp < ... < Dg)
to = j27" =271 — 27" (n< @ < ... < Q)
1 < 27 <527 <ty
Let
h(t) = t7 for 2~ (D=9 <4 < 9=n(1=9)
Then,
‘th ~ Xpw| < CiR(27M)
‘th - Xj2—" < C2h(2—n)
‘Xh ~X,| < Cshts—t)
and
‘Xizfn—rm—...—rpk — Xign_opi_ _gpir | S27PFY

Under this condition, process is uniformly continuous on rational numbers in
[0, 1].

Let
¥ (Qq,Caq) — (C0,1],0(C[0,1]))

Then, v extends uniformly continuous functions on rational to continuous func-
tion on [0, 1].

Let P is a measure generated by the same finite dimensional on rationals. Then
P=Poy!

is the measure of X;, version of X;. In Gaussian, there exists a version of con-

tinuous sample path. In case of Brownian motion, there exists a version. We

call it {W,}.

{Witt, — Wiy, t € [0,00]} is a Weiner Process.

15



2.6 Exit time for Brownian Motion and Skorokhod Theo-
rem

Let
FV =o(W,, s <t)

7 is called ”stopping time” if

{r<tyer?

Define
Fr={A:An{r <t} e F"}

Then F. is a o—field.

% is a standard normal variable.

Define
T, = inf{t: W; = a}

Then, T, < o a.e. and is a stopping time w.r.t {FV}.

Theorem 2.1 Leta <z <b. Then

b—x
b—a

P(T, <Ty) =

Remark. W; is Gaussian and has independent increment. Also, for s <t
E(W, — W,|Fs) =0
and hence {W;} is Martingale.
Proof. Let T =T, N'T,. We know T,,T; < oo a.e., and
Wr, =a, and Wq, =
Since {W;} is MG,

EWr = EW,
= X
= aP(T, <Ty)) +b(1—P(T, <T)))

Therefore,
b—x

PI(TG <Tb) = b—a

16



{W,,t € ]0,00]} is a Weiner Process, starting from z with a < z < b. Recall

T, = inf{t:Wy=a}
Tb = inf{t : Wt = b}
T = T,NT
EWr = E,W,
b—=x
P, (T, <Ty) =
:v( a < b) b—a
We know that
B(W, = Wo)2IF)) = E(W, —W,)?
= (t—y9)
Also,
E(W, —W)HFY) = EWHFY) - 2E(W,W,|FV)+ E(W4FY)
= BEWZFY)-w?
= EW?-wZ|F")
= (t—39)
Therefore,

EW? —t|FV)=w2 —s
and hence {(W2 —t),t € [0,00]} is a martingale.
Suppose that = 0 and a < 0 < b. Then T' = T, A T}, is a finite stopping

time. Therefore,
TNt

is also stopping time.
EW2,, —TAt)=0

Eo(W2) = E T
EW? = ET

= a’P(T, <Ty) +b*(1 - P(T, <Tp))
= —ab

Suppose X has two values a,b with ¢« < 0 < b and

EX = aP(X =a)+bP(X =0b)
0

17



Remark.
a

b—a

b_aandP(X:b):—

Let T'=T, AN'Ty. Then, Wr has the same distribution as X. We denote
L(Wr) = L(X)

or
Wr =p X

2.6.1 Skorokhod Theorem.

Let X be random variable with EX = 0 and EX? < co. Then, there exists a
FV —stopping time T such that

L(Wr) = L(X) and ET = EX?
Proof. Let F(z) = P(X < x).
0 00
EX=0 = LmudF(u)+/0 vdF(v) =0
0 e
= —/ udF(u) :/0 vdF(v) =C

—0o0

Let ¢ be a bounded function with 1(0) = 0. Then,

C’/ Y(x)dF(x)
/ Y(v)dF (v / Y(u)dF (u
/ Y(v)dF (v / —udF(u / Y(u)dF (u / vdF (v)

/0 4F(v) / AP@)(v() = i)

Therefore,

/R b@)dF(z) = C- / dF (v / AF (u)(0ih(u) — wp(v))

= 0/ dF()[mdF< u)(o — )| v(w) — ()

v—u v—u
Consider (U, V) be a random vector in R? such that

P|(U.V) = (0.0)] = F({0})

18



and for A C (—00,0) x (0,0)

PUU,V) € A) = O~ / /A AP (u)dF (v) (v — )

Ifop =1,

%) 0
P((U,V) € (—00,0) x (0, 0)) 0*1/0 dF(v)[ AP (u)(v — )
0

(71£mdF@X/mdFWXvuﬂviu
/R W(@)dF ()

/R dF(z)
1

and hence, P is a probability measure.

Let uw < 0 < v such that
u

po,y ({u}) = ” E ” and ppy ({v}) = —

v—u
Then, by Fubini,

[owire -
On product space  x ', let
Wiw,w') = Wi(w)
U V)(w,w') = (UV)W)

Ty.v is not a stopping time on F,V.
We know that if U =u and V =0
L(Tyy)=L(X)

Then,

ETyyv = FEyvE(Tyv|U,V)
= —FEUV

_ /_ Ooo AF (u)(—u) /O  AF @) — u)

S /0 4F (o) (~u) [0~ /0 vdF (v) ~ ]
= EX?

19



Next time, we will show that
W(t+7)—W(r)

is again Brownian motion.

20



2.7 Embedding of sums of i.i.d. random variable in Brow-
nian Motion
Let tg € [0,00). Then,
{W(t+to) —W(to),t >0}
is a Brownian motion and independent of F,.
Let 7 be a stopping time w.r.t ]-'tW. Then,
Wi (w) = W) 4(w) = Wr (@)
is a Brownian Motion w.r.t 7% where
FV ={BeF:Bu{r<tyeF"}
Let Vi be countable. Then,

{w: W (w) € B} = U {w:W(t+1tg) —Wi(ty) € B,7 =1to}
to€Vo

For A€ FIV,

P[{(Wt’i7~--7WZ;) € Brtn A} > P[{(th,...,Wtk) e ByNAN{r =to}

to€Vo

- ¥ P((W;, W)€ Bk> CP(AN{r = to})
to€Vo
(because of independence)

= P((Wt*l,...,Wt*k) € Bk) Z P(AN{T =to})

to€Vo

- P((W;;, W) € Bk>P(A)

Let 7 be any stopping time such that

T_{O, if 7=0;
= k e k=1 k
" o lf on <TS2fn
k k41
If o7 <t < 55, i
{Tngt}:{rgﬁ}e}‘rﬁcﬂ

Claim. F, C F,.

21



Proof. Suppose C € F, = {B: BN{r <t} € F}. Then, since 2% <t,
k
Cﬂ{rgt}:Cﬂ{TSQ—n}e]:%
This completes the proof by continuity.

W =W, ++ — W, is a Brownian Motion for each n, independent of F..

Theorem 2.2 Let X, ..., X,, be i.i.d. with EX; =0, EX? < oo for alli. Then
there exists a sequence of stopping time Ty = 0,171, ..., T, such that

L(Sn) = LWr,)

where (T; — T;—1) are i.i.d.

Proof. (Uy,V1),...,(U,,V,,) i.i.d. as (U,V) and independent of W;.
To=0,T, = inf{t > Ty 1, WTk — I/Vka1 S (U}€7 Vk)}

T, — Ty_1 are i.i.d. and

L(X1) = L(Wr)
L(X2) = L(Wg, —Wr,)
L(Xn) = LWg, —Wr, )

Hence L(Sy) = L(Wr,). Now

o(5) - o)

Assume EX? = 1. Then

T,
= —a.s. E<T1) = E‘)(l2 = 1’
n
and hence g
“~ 5 W(1). (CLT
T W), (L)

22



2.8 Donsker’s Theorem

Xn1y.y Xn,n are i.id. for each n with £X,, ,,, =0, EX,ZLm < oo, and Sy, =
Xna+-+Xpm = Wen where 77 is stopping time and W is Brownian motion.
Define _
g { Spms  fu=me{0,1,2,...,n};
o linear, if u € [m —1,m].

Lemma 2.2 If 7 — s fors € [0, 1], then with |||| as supnorm

[[Sn,in) — W ()| = 0 in probability.

Proof. For given ¢ > 0, there exists § > 0(1/¢ is an integer) such that
P(|Wt —Ws| <e¢ forallt,sel0,1],]t—s| < 26) >1—c¢ (3)

7% is increasing in m. For n > NJ,

1
P(ITZZM —ké| < 6,k=1,2,.., 5) >1—¢

since 7, — s. For s € ((k —1)6, kd), we have
Tins) =5 2 Th(k-1)s] ~ K0

>
< s — (k= 1)8

T[?LS] — S
Combining these, we have for n > N¢

P( sup |17, — 8| < 26) >1—e. (4)
1

0<s< [ns]
For w in event in (3) and (4), we get for m <n
| Woy, —Wa| <
—~—
:Sn,m

Fort:mT'”'ewith0<9<l,

W
Sn,[nt] - Wt) < (1 - 9) Smm - W%’ + 0 Smm—i—l - 1 ‘
+(1— 9)‘W% — Wil + HIW;H - W,

For n > Ns with % < 20,

P(HS,MLS — Welloo > 26) < 2e.
We now derive some consequences of Donsker theorem.
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Theorem 2.3 Let f be bounded and continuous function on [0,1]. Then

Bf (Sum1) = EFOW())

Proof. For fixed € > 0, define
={W, W' € C[0,1] : [|[W — W'||oc < ¢ implies |f(W) — f(W')| < €}
Observe that G5 1 C[0,1] as § | 0. Then,

EBf (Sum1) = EXW()| < e+ 20 (P(G5) + P(|ISn s = W > 6))

Since P(GS) — 0 and P(||Sn,[n.] —W(E) > 5) — 0 by (2.2). In particular

— max |[W (¢)| in distribution

MEC
NG

and
m — max |W(t)| in distribution
1<m}<(n \/7| t X| ( )‘
Let
R,=1+ max S,,— min S,
1<m<n 1<m<n
Then

R, .
= weakly Max W(t) — min W(t)

\/ﬁ 0<t<1 0<t<1

We now derive from Donsker theorem invariance principle for U-statistics.

[nt] [nt]
H( ax) ang S X, X,

i=1 1<i1<--<ip<n

where X; are i.i.d. and EX-2 < 0o. Next,

o[f(-29)] - £l

[nt]

nt]

_ ZX 7% )(Z2 +073[nt] Xf’ B
N N ) ~n 3 & nyn ~~

=~ —0
—— 5
—t by SNNL
92

= OW(t) — ?t’
and hence -

nt

0X
1 v = GW(t)



2.9 Empirical Distribution Function

Let us define empirical distribution function

. 1 <
F.(z)=— 1(X; <x), €R
@)= LU,
Then Glivenko-Cantelli lemma says

sup |Fn(x) - F(.’L’)| —a.s. 0
z

Assume F' is continuous. Let U; = F(X;). For y € [0,1], define

n

> 1FXG) < ).

i=1

S|

Gly) =

Then by 1-1 transformation,

\/ﬁsgp |F(z) — F(x)| = vn sup |Gn(y) -yl

y€[0,1]

Let Uy, Us,...,U, be uniform distribution and let U;) be order statistic such
that
U(l)(w) <... < U(n)(w).

Next,
f(U(l),...,U(n)> - f(Uﬂ(l),...,Uw(n))

SOy Unoy W1 i) = fuy v, (Wt ey un)
(1, ifuel0,1)%
= 1o, ifuglfo1]

For bounded g,

Eg(Ul,...,Un) - Z/u

gU’/r(l)a"'7U7r(7L) (ula EEEE) un)f(”ﬂ(l)7 ceey uﬂ(n))dul te dun
rell 1<ug<-<Up

So we get

u)_ n!, ifup <wug < -+ < upy;
U1 0, otherwise.

Theorem 2.4 Let e; be i.3.d. exponential distribution with failure rate A. Then

() =

i
Zi: E €;.
j=1

where
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Proof. First we have

n+1

I (U1 ooy Upg1) = AT I i g > 0;
€1,...,€n )ty N - .
! i 0, otherwise.

Let s; —s;_1 =u; fori =1,2,...,n+ 1. Then
n+1

fZ17~~~aZn+1(s]~’ E) SnJrl) = H )‘e_(Si_Siil)
i=1

Use transformation. Let

Si

v; fori<n
Si+1
Un4+1 = Sn+41
Then
n+1
—Avn, i Vi —App1(1—vy,
fV17---,Vn+1(Ulv ~~~7vn+1) — H ()\6 VUnt1(vi—v 1)))\6 VUnt1(1=vn)
i=1
_ n+l_—AvpUpni1—AVvn+AV,Up n
= A" +1 Tropig
Z m
D, = n max n _ =
1<m<n ZnJrl n
n Ly M ZLpy1
= max |—— — —
Zn+1 1<m<n \/ﬁ n \/’ﬁ
n Zypm—m MZpy1 —n
= max - —
Zpt1 1<m<n|  /n n  /n
n Z 1 — Z,
- mwtm@—wmm+ii—Jﬁ
Zpt1 1<Sm<n NG

where

Zp—m 3 — m.
Im@:{ Ve =10

linear , between.

We know that n/Z,11 —q4.s 1 and

Zoir — Za\2 1
B(Z ) — S Eel o,
Vvn n

and hence by Chebyshev’s inequality,

Zn+1 — Zn
NG

—p 0.
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Since max(-) is a continuous function and

(W) = Wa))) =0 (W) —-W (D),

we have
o n Zn+1 - Zn
D = gy, W0 —e(Wa( + =2 )
—— —_———
—ra.sl —p0

=p rnax‘ W(t) — tW(1) ]

1<m<n

Brownian Bridge

P(th < a1, Wy, < 9,0, Wi, < 2, W(1) = 0) - P(th < a0, Wy, < 9,0y Wy, < xk)-P(W(l) - o)

P(th < a1, Wy, < 2oy, Wiy, < 2, W(1) = 0)
POW(1) =0)
= P(Wiy <o, Wi, <o, Wiy < )

P(Wt1 < x17Wt2 < x27"'7Wtk S xk|W(1) - O)

{W?} is called Brownian Bridge if

EWW? = E(W, —tW(Q))(W, — sW(1))
= min(t,s) — st —ts+ts
= s(1-1)

for s < t.
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2.10 Weak Convergence of Probability Measures on Pol-
ish Space

Let (X, p) be a complete separable metric space. {P,}, a sequence of probability
measure on B(X) converges weakly to P if for all bounded continuous function

on X
/fdPn—>/fdP

Theorem 2.5 Every probability measure P on (S,S) is regular; that is, for
every S—set A and every € there exist a closed set F' and an open set G such
that F C AC G and P(G—F) <.

and we write P, = P.

Proof. Denote the metric on S by p(z,y) and the distance from = to A by
p(x, A) = inf{p(z,y) : y € A}. If Ais closed, we can take F = A and G = A’ =
{z : p(xz, A) < 0} for some ¢, since the latter sets decrease to A as § | 0. Hence
we need only show that the class G of S—sets with the asserted property is a
o—field. Given sets A,, in G, choose closed sets F;, and open sets (G, such that
F, CA, CG,and P(G,—F,) <e¢/2""'. IfG =J, Gn,and if F = F,

with ng so chosen that
€
P F,—F| <=,
(A

then F C |J,, An C G and P(G — F) < e. Thus G is closed under the formation
of countable unions; since it is obviously closed under complementation, G is a
o—field.

n<ng,

(2.5) implies that P is completely determined by the values of P(F') for closed
sets I'. The next theorem shows that P is also determined by the values
of [ fdP for bounded, continuous f. The proof depends on approximating
the indicator Ir by such an f, and the function f(z) = (1 — p(z, F)/e)T
works. It is bounded, and it is continuous, even uniformly continuous, because
|f(x) = fy)| < p(x,y)/e. And = € F implies f(x) = 1, while ¢ F*° implies
p(x, F) > € and hence f(x) = 0. Therefore,

Ip(z) < f(2) = (1= p(a, F) /)" < Ip<(x). (5)

Theorem 2.6 Probability measures P and QQ on S coincide if and only if
[ fdP = [ fdQ for all bounded, uniformly continuous real functions f.

Proof. (=) Trivial.

(<) For the bounded, uniformly continuous f of (5), P(F) < [ fdP = [ fdQ <
Q(F°). Letting € | 0 gives P(F) = Q(F'), provided F is closed. By symmetry
and (2.5), P = Q.
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The following notion of tightness plays a fundamental role both in the the-
ory of weak convergence and in its applications. A probability measure P on
(S,8) is tight if fir each € there exists a compact set K such that P(K) > 1 —e.
By (2.5), P is tight if and only if for each A € §

P(A) =sup{P(K): K C A, K is compact.}

Theorem 2.7 If S is separable and complete, then each probability measure on
(S,8) is tight.

Proof. Since S is separable, there is, for each k, a sequence A1, Ago, ... of
open 1/k—balls covering S. Choose ny large enough that

€
ifnk
By the completeness hypothesis, the totally bounded set
N U 4
E>1i<ny

has compact closure K. But clearly P(K) > 1 — €. This completes the proof.

The following theorem provides useful conditions equivalent to weak conver-
gence; any of them could serve as the definition. A set A in S whose boundary
OA satisfies P(OA) = 0 is called P—continuity set. Let P,, P be probability
measures on (X, B(X)).

Theorem 2.8 (The Portmanteau Theorem) The followings are equivalent.

1. for bounded and continuous f
lim [ fdP, = /fdP
n—oo

2. for closed set F
limsup P, (F) < P(F)

n—oo
3. For open set G
liminf P, (G) > P(G)

n— oo

4. for all set A with P(OA) =0

lim P,(A) = P(A)

n—oo
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Proof. (1)— (2)
Let fi(x) = ¥i(p(x, F)). First of all, we know that

fe(@) N\ 1r(2)

Then, for any 6 > 0, there exists K such that for all k > K

limsup P,(F) = limsup / 1pdP,

n— oo n—oo

IN

limsup/fden

n—roo

< P(F)+5

The last inequality follows from the fact that

/ fndP ™\, P(F)
F

As a result, for all § > 0, we have

limsup P, (F) < P(F)+46

n—0o0
2) =)
Let G = F°. Then, it follows directly.
(4) = (1)

Let f be approximation of f,, which satisfy (4). Then it follows.

Theorem 2.9 A necessary and sufficient condition for P, = P is that each
subsequence { Py} contain a further subsequence {P,, )} converging weakly to
P.

Proof. The necessary is easy. As for sufficiency, if P, doesn’t converge weakly
to P, then there exists some bounded and continuous f such that [ fdP, doesn’t
converge to f fdP. But then, for some positive € and some subsequence P,,,

| [ sa..~ [ gar
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for all 4, and no further subsequence can converge weakly to P.

Suppose that h maps X into another metric space X', with metric p’ and
Borel o—field B(X). If h is measurable X'/X’, then each probability P on
(X,B(X)) induces on (X', B(X’)) a probability P o h=! defined as usual by
Poh7'(A) = P(h7(A)). We need conditions under which P,, = P implies
P,oh™! = Poh~!. One such condition is that h is continuous: If f is bounded
and continuous on X”’, then fh is bounded and continuous on X, and by change
of variable, P,, = P implies

[P ) = [ fa)Pudn) > [ fn@)Pln) = [ )Pona)
(©

Theorem 2.10 Let (X, p) and (X', p’) be two polish space and
h:X— X
with P(Dy) = 0. Then, P, = P implies
P,oh™'!=Poh 1l

Proof. Since
h=Y(F) c h-Y(F) c D, Uh™Y(F),

limsup P, (h™'(F)) limsup P, (h=1(F))

P(Dh U h—l(F))
P(h™(F)) (since Dy, is set of zero)

IN

IN

IN

Therefore, for all closed set F,

limsup P, o A" (F) < Po h™'(F)

n—oo

and hence, by (2.8), the proof is completed.

Let X,, and X are random variables(X— valued). Then, we say X,, —p X
if PoX,;'=PoX L

Observation. If X,, —p X and p(X,,Y,) =, 0, then

)/n —>DX
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Remark. We use the following property of limsup and liminf.

lim sup(a, + b,) < limsup a,, + limsup b,

n—oQ n—oo n—oo

and

liminf(a, + b,) > liminf a,, + liminf b,

n—oo n—oo n—00
Proof. Consider closed set F. Let F¢ = {z: p(x,F) < e}. Then, F\  F as
€ — 0 and

{(Xn ¢ F} = {w: Xp(w) ¢ F}
= {w:p(Xn(w), F) > €}

Therefore,
we{X, ¢ FIn{p(X,,Yn) <e} = p(X,(w),F)>eand p(X,(w),Vn(w)) <e

=

= p(Y,(w),F) > 0 (draw graph.)

= Y,(w)¢F

= wel{Y,¢F}
Thus,

{Xn ¢ F I {p(Xn,Yn) <€} C{Y, ¢ F}

Therefore,

P(Y, € F) < P(p(Xn,Ys) > €) + P(X», € FF)
Let PY = PoY, ! and PX = Po X!, Then, for all ¢ > 0

limsup P,(F) = limsupP(Y, € F)
n—oo n— oo
< limsup P(p(X,,Ys) > €) + limsup P(X,, € F°)
n—o0 N—— n—oo
—p0
= limsup P(X, € F°)

n— oo

P(X € F°) (since X, =p X)

Therefore, for all closed set F', we have

limsup PY (F) < PX(F)

n—oQ

and hence, by (2.5),
PY — p¥|
which implies Y,, =p X.
We say that a family of probability measure IT C P(X) is tight if given € > 0,

there exists compact K. such that

P(K.)>1—c¢forall PelIl
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2.10.1 Prokhorov Theorem

Definition 2.4 II is relatively compact if for {P,} C II, there exists a subse-
quence {P,,} C II and probability measure P (not necessarily an element of 1I)
such that

P, =P

Even though P,,, = P makes no sense if P(X) < 1, it is to be emphasized that
we do require P(X) = 1-we disallow any escape of mass, as discussed below.
For the most part we are concerned with the relative compactness of sequences
{P,}; this means that every subsequence {P,,} contains a further subsequence
{P,,(m)} such that P, ) = P for some probability measure P.

Example. Suppose we know of probability measures P, and P on (C,C)
that the finite-dimensional distributions of P, converges weakly to those of
p: Pym' . = P, forall kand all y,...,t;. Notice that P, need not
converge weakly to P. Suppose, however, that we also know that {P,} is rela-
tively compact . Then each {P,} contains some {P,,, ()} converging weakly to

some . Since the mapping theorem then gives Pni(m)ﬂ-t_l}...,tk = Q?Tt_l?_“’tk and

since int:}___’tk = Pﬂ-;,l,__,tk by assumption, we have Pw;’lwtk = Qﬂt:}---,tk for
all ¢1,...,t;. Thus the finite-dimensional distributions of P and @ are identical,
and since the class C; of finite-dimensional sets is a separating class, P = Q.
Therefore, each subsequence contains a further subsequence converging weakly
to P-not to some fortuitous limit, but specifically to P. It follows by (2.9) that
the entire sequence { P, } converges weakly to P. Therefore: If {P,} is relatively
compact and the finite-dimensional distributions of P,, converge weakly to those
of P, then P, = P. This idea provides a powerful method for proving weak
convergence in C' and other function spaces. Not that, if {P,} does converge
weakly to P, then it is relatively compact, so that this is not too strong a con-
dition.

Theorem 2.11 Suppose (X, p) is a Polish space and II C P(X) is relatively
compact, then it is tight.

This is the converse half of Prohorov’s theorem. It contains (2.7), since a II
consisting of a single measure is obviously relatively compact. Although this
converse puts things in perspective, the direct half is what is essential to the
applications.

Proof. Consider open sets, G,, / X. For each ¢ > 0 there exists n, such
that for all P € I1
P(Gy) >1—c¢

Otherwise, for each n we can find P, such that P,(G,) < 1 —e. Then by by
relative compactness, there exists {P,,} C II and probability measure @ € II
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such that P,, = Q. Thus,

Q(G,) < liminfP,,(G,)
11— 00
< liminf P,,(G,,) ( since n; > n and hence G,, C Gy,,)
71— 00
< 1l—e€
Since G,, S/ X,
I = Q)
Jim Q(G)
< 1-—c¢

which is contradiction. Let Ay, , m = 1,2,... be open ball with radius k{ﬂ,

covering X (separability). Then, there exists ny such that for all P € II

P(UAki)>1*2%

i<ng

Then, let

K= U

E>1i<ny

where (51 Uj<p,, Ak, is totally bounded set. Then, K is compact(completeness),
and P(K.) > 1—e.

Remark. The last inequality is from the following. Let B; be such that

P(B;) > 1 — 5;. Then,

P(B;) > 1-% = P(BY)< =
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2.11 Tightness and compactness in weak convergence

Theorem 2.12 If 11 is tight, then for {P,} C II, there exists a subsequence
{Pn,} C{P.} and probability measure P such that

P, =P

Proof. Choose compact K1 C K5 C ... such that for all n

1
P (K,)>1—~
(Ku) -

from tightness condition. Look at |, K. We know that there exists a countable
family of open sets, A, such that if x € U, K, and G is open, then

reACACG
for some A € A. Let
H = {0} U{ finite union of sets of the form AN K,u > 1,4 € A}

Then, H is a countable family. Using Cantor Diagonalization method, there
exists {n;} such that for all H € H,

a(H) = lim P,,(H)

71— 00

Our aim is to construct a probability measure P such that for all open set G

P(G) = Pbllé% a(H) (7)

Suppose we showed (7) above. Consider an open set G. Then, for € > 0, there
exists He C G such that

P(G) = Eg%a(H)

< of(H)+e
lim P, (H.) + ¢

liminf P,,(H,) + €
liminf P,,(G) + €

IN

and hence, for all open set G,

P(G) <liminf P,,(G),
which is equivalent to P,, = P.

Observe H is closed under finite union and

35



1. Oé(Hl) < CM(HQ) if Hi C Ho
2. a(H; UHQ):a(H1)+OZ(H2) ifHINHy=10
3. Oé(Hl @] HQ) < OZ(H1) + OZ(HQ)

Define for open set G

B(G) = sup a(H) (8)

Then, a(B) = (0) = 0 and S is monotone.

Define for M C X

v(M) = inf 5(G)

Then,
(M) = inf 5(G)

= it (sup o(H))

_ /
v(G) = inf B(G)
= B(G)
M is y—measurable if for all L C X
L) Zy(MNL)+~y(MNL?

We shall prove that v is outer measure, and hence open and closed sets are
S —measurable.

~y—measurable sets M form a o—field, M and

.

is a measure.
Claim. Each closed set is in M and
P = ‘
7 B(X)

so that for open set G
P(G) =~(G) = B(G)

Note that P is a probability measure. K, has finite covering of sets in A when
K, e H.

1 > P(X)
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= p(X)

= supa(K,)
()
=1

Step 1. If FF C G (F is closed and G is open), and if ' C H for some H € H
then there exists some Hy € ‘H such that

HCHycCcG

Proof. Consider x € F and A, € A such that
r€eA, CA, CG

Since F' is closed subset of compact, F' is compact. Since A, covers F', there
exists finite subcovers A;,, A4, ..., Az, . Take

k
Hy=|J (4, N K.)

i=1

Step 2 [ is finitely sub-additive on open set. Suppose H C G1 U Gs, and
HeH. Let

F = {zeH:pG)
F, = {xeH:p(xGS)

p(z, G5)}
p(z,G7)}

If z € Fy but not in Gy, then x € G2, and hence x € H. Suppose z is not in
Go. Then, x € G§ and hence, p(z,G§) > 0. Therefore,

2
2

0 = p(z,GY) (since z € GY)
< plz,G3)
———
>0

which contradicts that « € Fj, and hence contradicts p(z,G§) > p(z, GS).
Similarly, if x € F» but not in Go, then x € G;. Therefore, F; C G; and
F5 C G4. Since F;’s are closed, by Step 1, there exist H; and Hy such that

Fy C H C Gl
and
Fy C Hy C G2
Therefore,
a(H) < a(Hp)+ a(Hs)
B(G) < B(G1) +B(G2)



Step 3. S is countably sub-additive on open set H C |J,, G, where G, is open
set.

Since H is compact(union of compacts), there exist a finite subcovers, i.e., there
exists ng such that

HcUGn

n<ng

and

IN

a(H) B(H)

s(Ua)

n<ng

= > B(Gn)

n<ng

= Zﬁ(Gn)

IN

Therefore,

(Jen) =z, e

< Gn
< o D AG)

" on

= ZB(Gn)

Step 4. v is an outer measure. We know -y is monotonic by definition and is
countably sub-additive. Given € > 0 and subsets {M,,} C X, choose open sets
G, M, C G,, such that

B(Gn) < (M) + o
(Un) < 5(Ue)
> B(Gy)
> (M) +e

IN

N

Step 5. F is closed G is open.
B(G) 2 v(FNG)+y(FNG)
Choose € > 0 and Hy; € H, H; C F°N G such that
alHy) > B(GNF°) —e
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Chose Hj such that
a(Ho) > BHENG) —

Then, Ho,Hl C G, and HyNnH, = @,

B(G) > «(HyUH;)
a(Hy) + a(Hy)
> BHTNG)+B(FNG) — 2
> Y(FNG)+~v(F°NG)—2¢

Step 6. If FF € M then F are all closed. If G is open and L C G, then,
B(G) = 1(F N L) ++(F° N L)
Then,

inf 3(G) > inf (v(F N L) +~(F°N L))
= (L) >v(FNL)+~(F°NL)
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3 Weak Convergence on C[0, 1] and D0, c0)

3.1 Structure of Compact sets in C[0, 1]

Let X be complete separable metric space. We showed that IT is tight iff II is
relatively compact. Consider P, is measure on C|0, 1] and let

Lot () = (@(E1) s 2(t1))

and suppose that
does not imply

on C[0,1]. However, P, o 7775_1,1...,tk = Po W,;ltk and {P,} is tight. Then,
P, = P.

Proof. Since tightness implies(as we proved), there exists a probability measure
Q@ and subsequence {P,,} such that

P, = Q

-1 B 1
Po Tttt = Qo Tyt

giving P = ). Hence all limit points of subsequences of P, is P, i.e., P, = P.

Arzela-Ascoli Theorem

Definition 3.1 The uniform norm (or sup norm) assigns to real- or complex-
valued bounded functions f defined on a set S the non-negative number

1 lloe = [[fllcc,s = sup{|f(z)[ : 2 € S}

This norm is also called the supremum norm, the Chebyshev norm, or the in-
finity norm. The name ”uniform norm” derives from the fact that a sequence of
functions {f,,} converges to f under the metric derived from the uniform norm
if and only if f,, converges to f uniformly.

Theorem 3.1 The set A C C|0,1] is relative compact in sup topology if and
only if
(i) sup |z(0)| < oo
z€A

(i) lign (iggwm(é)) =0
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Remark(Modulus of Continuity). Here

wx(0) = sup |z(t) —z(s)]
|s—t[<s

Proof.
Consider function
f:C0,1]—=R

such that f(z) = z(0).

Claim. f is continuous.

Proof of Claim. We want to show that for € > 0, there exists § such that
|z = yllo = fgg{lf(t) —y®)[} <6 — [f(x) = f(y)| = [x(0) —y(0)] <€

Given € > 0, let § = €. Then, we are done.

Since A is compact, continuous mapping x +— x(0) is bounded. Therefore,

sup |z(0)] < oo
€A

Wy (%) is continuous in x uniformly on A and hence

. 1
Jm () =
Suppose (i) and (ii) hold. Choose k large enough so that

1
supw$(7):sup( sup |x(s)—x(t)|)
ved Nk wea Noy<t

is finite. Since

k . .
)] < )]+ 3o (1) ~ ()

we have

a = sup (sup |:L'(t)\) < oo
0<t<1 \z€A

Choose € > 0 and finite e—covering H of [—«, a]. Choose k large enough so that



Take B to be finite set of polygonal functions on C[0,1] that are linear on

{izl , %] and takes the values in H at end points.

If x € A and ‘x( )‘ < « so that there exists a point y € B such that

() ()

1
k

<e =12 ...k

then
1—1 1
<2 forte [7 f}

y(%) — () kO k

y(t) is convex combination of y(£),y (1), so it is within 2e of z(t), p(z,y) < 2e,
B is finite, B is 2e—covering of A.

Theorem 3.2 {P,} is tight on C|[0,1] if and only if
1. For each n > 0, there exists a and ny such that for n > ng
Po({z: [z(0)] > a}) >n
2. For each €,m > 0, there exists 0 < § < 1 and ng such that for n > nyg

P,({z:wy(8) > €}) <n

Proof. Since {P,} is tight, given § > 0, choose K compact such that
P,(K)>1-—n
Note that by Arzela-Ascoli Theorem, for large a
K CA{z:|z(0)] <a}

and for small §
K C{z:w;(6) <€}

Now, C[0, 1] is complete separable metric space. So each n, P, is tight. Given
n > 0, there exists a such that

Po({z: [x(0)] > a}) <n
and €, > 0, there exists § > 0 such that
Py({z:we(6) > €}) <n

This happens for P, where n < ng with ng is finite. Assume (i) and (ii) holds
for all n. Given n, choose a so that

B={z:]z(0)] <a},
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a satisfies for all n
Pn(B) > 1- m,

and choose d; such that
1
B = {x s wg(0k) < %},

with "
Pn(Bk) >1- 27]C

A=Bn (OBk)

K is compact, and by Arzelar-Ascoli theorem,

Let K = A where

P,(K)>1-2n
3.2 Invariance principle for sums of i.i.d random variables
Let X,’s be i.i.d with £X; = 0 and EXZ»2 = 02. Define

n 1 1
Wt (w) = U\/ﬁs[nt] (CU) + (nt - [nt]) UQ\/ﬁX[nt]-‘rl
Consider linear interpolation

S
Wi = 2% where W" € C[0,1] a.c. P,

" \/ﬁ
Let x
e = (nt = [ot]) - =2
Claim For fixed t, by Chevyshev’s inequality, as n — oo
wnt —0
Proof of Claim.
ov/ne
P(|yn, = P||X > —
(nele) <| 1) (nt — [m‘]))
E|Xnt 1 |2
S a‘gn;_ ]
(nt—[nt])?
_ (nt—[nt])?
N ne?
< Lo (9)
~  ne?
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By CLT,

Sin
) N(0,1)
o/ [nt]
Since @ — t, by CLT,
LT R V) VA L N

avn o/ [nt] Vn
by Slutsky’s equation. Therefore,
th =D \/iZ

Then,

(WS W =W = —= (S[ns]as[nt] - S[ns]) + (ﬂfns, YVt — 1/1ns)

Since S, and S — S[ns) are independent, Ny and Na are independent normal
with variance s and t — s. Thus,

W we) = (W (W =W+ W)
=p (N1, N1 + Na)

We considered 2 dimensional. We can take k—dimensional. Similar argument
shows that

(WP, ..., W}') =p finite dimensional distribution of Brownian Motion.

Now, we have to show that P, is tight. Recall Arzela-Ascoli Theorem.

Theorem 3.3 {P,} is tight on C|[0,1] if and only if

1. For each m > 0, there exists a and ng such that for n > ng
Po({z: [z(0)] > a}) >n
2. For each e,m > 0, there exists 0 < § < 1 and ng such that for n > ng
P,({z:w,(8) > €}) <n
Theorem 3.4 Suppose 0 =ty <t; <---<t, =1 and

in (t; —ti_1) >0 10
min, (b — i) 2 (10)
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Then for arbitrary x,

w,(6) <3 max ( sup fa(s) — alti-1)) (11)

I<isv \¢, 1 <s<t;

and for any P on C[0,1]

Pz : wy () > 3e) < ZP(J? :osup  |x(s) —x(ti1)] > €) (12)

i=1 ti—1<s<t;
Proof. Let m denote the maximum in (11), i.e.,

m = max su x(s) —x(t;— )
ax (| sup_ fals) = a(ti-a)|

If s,t lie in I; = [t;—1,t;]. Then

|z(s) = =(8)]

|2(s) = @(tiza)| + [2(t) — (i)

2m

INIA

Suppose s,t lie in adjoining intervals I;_; and I;. Then,

[2(s) —2(®)] < |2(s) —a(tiz1)| + [x(ts) — z(tima)| + [2(t) — 2(t:)]
< 3m

Since

in (¢; —ti_1) >0 13
i b t) 2 13)

for s and ¢ to be such that |s —t| < §, s and ¢ should lie in the same interval or
adjoining intervals. Therefore,

wy(6) = sup |z(t) —z(s)|
[s—t|<é
< max swp  fo(t) = a(s)) sup [2(t) — 2(s)|
s,tesame interval s,teadjoining interval
< 3m

This proves (11). Note that if X > Y, then
P(X >a)>P(Y >a)
Therefore,
Pz :wg(6) >3e) < P(3 max (t sup |z(s) — x(ti,1)|) > 36)

Iisv Vg, 4 <s<t;

Iisv Ny 1 <s<t;

= P(m: max (t sup |z(s) —x(ti,1)|> > e)

= zi:P(x : ) sup |z(s) —z(ti—1)| > 6)

i—1<8<t;
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This proves the theorem.

Condition (ii) of Arzela-Ascoli theorem holds if for each €,n, there exists § €
(0,1) and ng such that for all n > ng

§n<x: sup |$(8)—x(t)|>€>>77

t<s<t+6

Now apply Theorem (3.4) with ¢; = id for i < v = [1/6]. Then by (12) we get
condition (ii) of Arzela-Ascoli theorem holds.
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3.3 Invariance principle for sums of stationary sequences

Definition 3.2 {X,} is stationary if for any m,

(Xi,, - Xiy,) =P (Xistms s Xigtm)
Lemma 3.1 Suppose {X,} is stationary and W™ is defined as above. If

hmhmmmVPQ%mwm>Amm):o

A—=00 p—oo

then, W™ is tight.

Proof. Since W' = 0, the condition (i) of Arzela-Ascoli theorem is satisfied.
Let P, is induced measure of W™/ i.e.,

P@mmng:mmwmzq
We shall show that for all € > 0
o nos s ) —
;1_% 117rln_>bolipP<w(W ,0) > 6) 0

If
min(tt - ti—l) Z §

then, by Theorem (3.4)

P(w(W”,é) > 36) < iP( sup }WS” - Wt”‘ > e)
=1t

i—1<8<t;

Take t; = %, 0=mp <mq <---<my, =n. W/ is polygonal and hence,

sup  |[WP— W' = max M
ti—1<s<t; * K mi—1<k<m; O’\/ﬁ
Therefore,

- Sk — S,

P(w(W”,(S) > 36) < ZP( max 1Sk = Smi | > 6)
P} mi—1<k<m; 0\/5

< ZP( max  |[Sk — Sm,_,| > U\/ﬁe)
i=1

m;—1<k<m;

Smi—mi—1

= Z P(k< max  |Sg| > U\/ﬁe) ( by stationarity)
i=1

This inequality holds if

my; mi—1

n n

>dforl<i<v
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Take m; = im for 0 < ¢ < v and m, = n. For ¢ < v choose § such that
m; — M1 = m > no
Let m = [nd], v = {%} Then,
my —My_1 <M

and

Therefore, for large n

P(w(W”,5) > 36) < ;P(kgﬁﬁﬁi_l |Sk| > cﬂ/ﬁe)
< VP(£n<a;l<|Sk\ > U\/ﬁe)
< %P(%aé|5k| > a\/ﬁe)

Take A\ = \/6275. Then,

472
P(w(W",8) > 3¢) < =5 P(max|Si| = Aov/n)
€ <m
By the condition of the Lemma, given €, > 0, there exists A > 0 such that
402
— hmsupP(maX|Sk| > )\U\/ﬁ) <n
€ n—00 k<n
Now, for fixed A, d, let m — oo with n — oo

Look at X} i.i.d. Then,

lim limsupP<maX |Sk| > )x(ﬂ/ﬁ) =0
A=0 pnooo k<n
We know that o
P(max|5u| > a) < 3maXP(\Su| > —)
ulm u<m 3
To show
lim lim sup )\2P<max |Sk| > )\J\/ﬁ) =0
—00 n—oo0 k<n
we assume that X; i.i.d. normal, and hence, S/ Vk is asymptotically normal,
N. Since we know N .
3o
P(IN| >\ < VDR
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N
Wehaveforkgn(\/g>1)

P(|Sk| > Aov/n) = P(VEIN|> \ov/n)

3
= Aot
ky is large and k) < k < n. Then,
P(Si > Aovi) < P(Si| > AovR)
3
= w
Also,
E|Sk|2/0'2
P(|Sk| > Aov/n) < e,
k.
A2n
and hence,

3 ky
rngaZ(P(|Sk| > \ov/n) < max{)\w )\2n}

3.4 Weak Convergence on Skorokhod Space
3.4.1 The Space D|0,1]

Let
z:[0,1] = R
be right-continuous with left limit exists such that
1. for0<t <1
ll\ni x(s) = z(t+) = z(t)
2. for0<t <1
};% x(s) = z(t—)

We say that x(t) has discontinuity of the first kind at t if left and right limit exist.

For zx € D and T C [0, 1]

we(T) = w(z,T) = sstue% |z(s) — ()]

We define Modulus of continuity
we(0) = sup  wy([t,t+9))

0<t<1—6
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Lemma 3.2 (D1) For each x € D, and € > 0 there exist points 0 =ty < t1 <
<ty =1 and we([ti—1,t)) < €.

Proof. Call ¢;’s above d-sparse. If min;{(t; —t;—1)} > ¢, define for 0 < < 1

! _ / 3 . .
wy(6) = w'(z,6) = ;g’f; nax wy([ti1,t:))

If we prove the above Lemma, we get x € D

lim w!,(8) =
51_1)1(1)111:5(5) 0

If 6 < 3, we can split [0,1) into subintervals [t;_1,t;) such that
6 < (ti — ti—l) <26

and hence,
wh(8) < wy(26)

Let define jump function

j(@) = sup |z(t) —z(t—)|
0<t<1

We shall prove that
we(0) < 2wy (6) + j(x)

Choose d—sparse sequence {t;} such that
wy([tim1,t:)) < wl(8) + €
We can do this from the definition

/ _ / s . .
wy(0) = w'(z,6) = inf max wa([ti-1,1:))

If |s — t| <0, then s,t € [t;—1,t;) or belongs to adjoining intervals. Then,

lo(s) — 2(2)| wl(8) + €, if s, belong to the same interval;
ne) - 2w.(8) + e+ j(z), if s,t belong to adjoining intervals.

If x is continuous, j(x) = 0 and hence,

Wz (6) < 2wy (9)

3.4.2 Skorokhod Topology

Let A be the class of strictly increasing function on [0, 1] and A(0) = 0, A(1) = 1.
Define

d(x,y) = inf{e: I\ € A such that sup [A(t)—t| < € and sup [z(A(t))—y(t)] < €}
¢ ¢
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d(xz,y) = 0 implies there exists A, € A such that A,(f) — ¢ uniformly and
z(A(t)) = y(¢) uniformly. Therefore,

=1 = sup A(®) —
t€[0,1]
le=yoXl = sup [a(t) - yA(®))]
t€[0,1]
d@,y) = il (IA =11V llz = yoAl)

If A(t) = t, then
1. d(z,y) = sup |z(t) —y(t)| < oo since we showed |z (s) —z(t)| < wl,
2. d(z,y) = d(y, ).

3. d(z,y) = 0 only if z(t) = y(t) or z(t) = y(t—).

(0) < 0.

If)\l,)\geAand )\10)\261\
[[Adr oA = Il < [|Ax — ][ + |[A2 — 1|

If A1, A2 € A, then the followings hold:

1. Moy €A

2. (Ao de = Il < [[Ax = I]| + [[A2 — 1]

3. lz—zo (Mol <z —yo ||+ [ly — 20\
4. d(z,z) < d(z,y) + d(y, 2)

Therefore, Skorokhod Topology is given by d.

Remark. dj is equivalent to d, but (D, dy) is complete.

Choose A € A near identity. Then for ¢, s close, % is close to 1. Therefore,
At) — A
[[A]]° = sup ‘ log At = Ms) € (0,00)
s<t t—s

3.5 Metric on D[0,1] to make it complete
Let A € A (X is non-decreasing, A(0) = 0, and A(1) = 1). Recall

A = sup | log A0 =2 ¢ (g,
s<t t—s
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Consider d°

d’(z,y) = inf{e>0:3X € A with [|A]|® < e and sup|z(t) — y(A(1))| < €}
¢

it AV Jle =y o A}

since, for u > 0,
lu—1| <ellosul —1,

we have
At) — A
sup |A(t) —t] = sup t At = MO) -1
0<t<1 0<t<1 t—0
YL

For any v, v < e” — 1, and hence
d(z,y) < e @y) _ 1,

Thus, d°(x,,y) — 0 implies d(z,,,y) — 0.
Lemma 3.3 (D2) If v,y € D[0,1] and d(z,y) < 6%, then d°(z,y) < 40+w(3).

Proof. Take € < ¢ and {t;} d—sparse with
wy([tic1,ti)) <wl(86)+e Vi
We can do this from definition of w/,(§). Choose 1 € A such that

sup [#(t) — y(u(t))| = sup e (u™ (1) — y(t)] < 82 (14)

and
sup |u(t) —t| < 62 (15)
t

This follows from d(x,y) < §2. Take A to agree with y at points ¢; and linear
between.

p~ Lo\ fixes t; and is increasing in t. Also, (u~! o \)(¢) lies in the same interval

[ti—1,t;). Thus, from (14),

j2(t) —yAD) < o) = a((u" o (@) +|x((p™! 0 N)(#)) = y(A(#))|  (by Triangle Inequality)
Swi(6)+e <42

= wh(6) +e+ >
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§ < 3 <46+ wl(8). X agrees with p at t;’s. Then by (15) and (¢; — t;—1) > &
(6—sparse)

[(At) = Alti-1)) = (ti = ti1)| < 207
< 25(751 — ti—l)

and

[(A(E) = Als)) = (t = s)| < 20]t — s

for t,s € [ti—1,t;) by polygonal property. Now, we take a care of adjoining
interval. For wq,us, ug

|(A(uz)=A(u1)) = (us—u1)| < [(A(us) =A(uz)) = (us—uz)|+|(A(uz) =A(u1)) = (u2—u1)|
If t and s are in adjoining intervals, we get the same bound. Since for u < %
[log(1 £ u)| < 2u,

we have

A(t) — A(s)
t—s

log(1 — 26) < log <log(1 + 29)

Therefore,
MO =) | _ s

[INII” = sup |log ==
s<t - S

and hence, d° and d are equivalent. Now, we shall show that D° is separable
and is complete.

Consider 0 = {s,} with 0 = 59 < --- < s = 1 and define 4, : D — D
by

(Aoz)(t) = 2(su-1)
for ¢t € [sy—1,8y) with 1 < wu < k with (A,z)(sk) = z(1).

Lemma 3.4 (D38) If max(s, — sy—1) <0, then
d(Asx,z) <6V wl,(0)
Proof. Let A,z = Z. Let ((t) = sy—1 if t € [Sy—1,84) With {(1) = s, = 1.
Then, &(t) = x(¢(t)). Given € > 0, find d—sparse set {t;} such that
we([ti—1,t:)) < w,(d) + €

for all i. Let A(t;) be defined by

1. A(to) = so

2. A(t;) = sy if t; € [Sy—1, Sy) Where

ti—tic1 >0 2> 5y — Sp—1
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Then, A(t;) is increasing. Now, extend it to A € A by linear interpolation.

Claim.

l2(t) —=(A7H(H) = |=(C(t) — x(AT (1)
< w,(6)+e

Clearly, if t =0, or t = 1, it is true. Let us look at 0 < ¢t < 1. First we observe
that ¢(t), A\™1(¢) lie in the same interval [t;_1,t;).(We will prove it.) This follows
if we shows

< C() iff £ < ATL(D)

or equivalently,
t; > C(t) iff t; > A7)

This is true for t; = 0. Suppose t; € (sy—1, Sy] and ((t) = s; for some i. By
the definition of () ¢ < ((t) is equivalent to s, < t. Since t; € (Sy—1,Sy);
A(tj) = s,. This completes the proof.

3.6 Separability of Skorokhod space

d°— convergence is stronger than d— convergence.

Theorem 3.5 (D1) The space (D,d) is separable, and hence, so is (D,d°).

Proof. Let By be the set of functions taking constant rational value on [“771, %]

and taking rational value at 1. Then, B = U Bj is countable. Given x € D
€ > 0, choose k such that 1 < € and w, (%) Apply Lemma D3 with o = {% :
Note that A,z has finite many values and

d(z,Asx) < €

Since A,z has finitely many real values, we can find y € B such that given
d(z,y) <e,
d(Asz,y) < €

Now, we shall prove the completeness.

Proof) We take d°—Cauchy sequence. Then it contains a d°—convergent subse-
quence. If {z;} is Cauchy, then there exists {y,} = {zk, } such that

do(ynuynJrl) < ﬁ
There exists u, € A such that

L lpnll® < 5%
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SUP [y (1) = yna (a ()] = sgplyn(ufll(t))*ynﬂ(t)l

< 1
on

We have to find y € D and A,, € A such that
IAnll® =0

and
(AL (1) = y(t)
uniformly.

Heuristic.(not a proof) Suppose y,,(A;1(t)) — y(t). Then, by (2), yn (15 (Ari1 (1))
is within =& of yn41(A11(2). So, yn(A;1(2)) — y(t) uniformly.

Find \,, such that
Yn (i i1 () = yn (0,1 (1))

ie.,
pato i = AL
Thus,
Ap = /\n—i-l,ufn

= A'n-i—2,l-¢n-‘,-1/f('n

= " Hnt2Mn+1Hn
Proof. Since

e —1<2u

for0<u< %,we have

sup |A(t) —t] < eI —1
t

Therefore,
Sltlp | (ntmtt bt - pin ) (8) = (Hngmbingm—1 - i) (E)] <SP |[pnym1(s) — 5|
S
S 2H;U’n+m+1||0
1
= 2n+m
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For fixed n
(Mn+m/fbn+m71 e Mn)(t)

converges uniformly in ¢ as n goes to co. Let

An(t) = WM (finpmbntm—1 - pn)(t)

m—o0
Then, A, is continuous and non-decreasing with A,(0) = 0 and A, (1) = 1. We

have to prove ||\,||" is finite. Then, \,, is strictly increasing.

(rtmbntm—1 - fn)(t) = (Hntmbntm—1 - fn)(S)
t—s

log < ||Bntmbngm—1 - NHHO

(‘since A, € A, ||\,]|° < o0)

< ||Mn+m‘|0 +eee H,un”O
('since [[AAo|” < [[Aa]]® + [IA2]|%)
1
< 2n71

Let m — co. Then, [|A,]|° < 271171 is finite, and hence, A, is strictly increasing.
Now, by (2),

sgplyn(kﬁl(t))—yn(A;il(t))l <SP [ya(s) = Y (a(9))]

1

< N
2n

Therefore, {y,(\,;1(t))} is Cauchy under supnorm and
yn(A (1) = y(t) € D

and hence converges in d°.

3.7 Tightness in Skorokhod space

We turn now the problem of characterizing compact sets in D. We will prove
an analogue of the Arzela-Ascoli theorem.

Theorem 3.6 A necessary and sufficient condition for a set A to be relatively
compact in the Skorohod topology is that

sup ||z < oo (16)
T€EA
and
lim supeawl,(§) = 0. (17)
6—0
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Proof of Sufficiency. Let
a = sup ||z]|.
€A

Given € > 0, choose a finite e—net H in [—«, «] and choose ¢ so that § < ¢
and w’,(§) < e for all z in A. Apply Lemma 3 for any o = {s,} satisfying
max(s, — Sy—1) < 0: z € A implies d(z, A,z). Take B to be the finite set of y
that assume on each [s,_1,8,) a constant value from H and satisfy y(1) € H.
Since B contains a y for which d(z, A,x), it is a finite 2e—net for A in the sense
of d. Thus A is totally bounded in the sense of d. But we must show that
A is totally bounded in the sense of d°, since this is the metric under which
D is complete. Given (a new) ¢, choose a new ¢ so that 0 < 6 < 1/2 and
so that 46 + w), () < € holds for all  in A. We have already seen that A is
d—totally bounded, and so there exists a finite set B’ that is a §2—net for A
in the sense of d. But then, by Lemma 2, B’ is an e—net for A in the sense of d°.

The proof of necessity requires a lemma and a definition.

Definition 3.3 In any metric space, f is upper semi-continuous at x, if for all
€ > 0, there exists 6 > 0 such that

plr,y) <= fly) < f(z) +e

Lemma 3.5 For fized §, w'(x,0) is upper-semicontinuous in x.

Proof. Let z, §, and € be given. Let {¢;} be a d—spars set such that w,[t;—1,t;) <
w’,(0) + € for each i. Now choose n small enough that § + 21y < min(¢; — t;—1)
and 7 < e. Suppose that d(z,y) < n. Then for some A in A, we have

sup ly(t) — z(At)| <n
sup |\t —t| <
t

Let s; = A™'t;. Then s; — s;_1 > t; —t;_1 — 217 > 6. Moreover, if s and ¢ both
lies in [s;—1, s;), then As and At both lie in [t;—1,%;), and hence |y(s) — y(¢)| <
|z(As) =z (At)[+2n < w}(6)+e+2n. Thus d(x,y) < 1 implies wy, (§) < w),(5)+3e.

Definition 3.4 (d—bounded) A is d—bounded if diameter is bounded, i.e.,

diameter(A) = sup d(z,y) < oo
z,y€A

Proof of Necessity in Theorem (3.6). If A~ is compact, then it is d—bounded,
and since sup, |z(t)| is the d—distance from z to the O-function, (16) follows.
By Lemma 1, w’'(x, ) goes to 0 with 0 for each x. But since w’'(, ) is upper-
semiconinutous, the convergence is uniform on compact sets.
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Theorem (3.6), which characterizes compactness in D, gives the following result.
Let {P,} be a sequence of probability measure on (D, D).

Theorem 3.7 The sequence {P,} is tight if and only if these two conditions
hold:

We have
algglo 1imnsup Pn({x ]| > a}) =0 (18)
(ii) for each e,
élinolo limnsup P, ({x cwh (6) > e}) =0. (19)

Proof. Conditions (i) and (ii) here are exactly conditions (i) and (ii) of Azela-
Ascoli theorem with ||z|| in place of |2(0)] and w’ in place of w. Since D is
separable and complete, a single probability measure on D is tight, and so the
previous proof goes through.
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3.8 The Space D0, 0)

Here we extend the Skorohod theory to the space Do, = D[0, 00) of cadlag func-
tions on [0, 00), a space more natural than D = D|0, 1] for certain problems.

In addition to Dy, consider for each t > 0 the space D, = DJ0,¢] of cadlag
functions on [0,¢]. All the definitions for D; have obvious analogues for Dy :
sup, <, [2(s)|, A, [|N]]9, d?, di. And all the theorems carry over from D; to Dy
in an obvious way. If x is an element of D, or if x is an element of D, and
t < u, then z can also be regarded as an element of D, by restricting its domain
of definition. This new cadlag function will be denoted by the same symbol; it
will always be clear what domain is intended.

One might try to define Skorohod convergence x,, — x in Dy, by requiring that
dY(x,, ) — 0 for each finite, positive ¢. But in a natural theory, z,, = Tio,1-1/n)
will converge to & = Ijp 1] in Do, while d (2, z) = 1. The problem here is that
x is discontinuous at 1, and the definition must accommodate discontinuities.

Lemma 3.6 Let z,, and x be elements of Dy. If d2(xp,z) — 0 and m < u,
and if x is continuous at m, then d°,(x,,z) — 0.

Proof. We can work with the metrics d,, and d,,. By hypothesis, there are
elements \,, of A, such that

[[An = 1| =0

and
[|zrn — 2An||w — 0.

Given €, choose 0 so that |t —m| < 2§ implies |z(t) — 2(m)| < €/2. Now choose
ng so that, if n > ng and ¢t < u, then |A,t —t| < ¢ and |z, (t) — z(A\nt)| < €/2.
Then, if n > ng and |t —m| << §, we have [A,t —m| < [At —t|+ [t —m]| < 20
and hence |z, (t) — z(m)| < |z, (t) — 2(Ant)| + [x(Ant) — z(m)| < e. Thus

sup |z(t) —z(m)| <, sup |zn(t) —ax(m)| <e,  forn>mng. (20)
[t—m|<5 |t—m|<§

If
(i) Apm < m, let p, =m — 1;

(ii) Aym > m, let p, = A7} (m — %),
(iii) Apm = m, let p, = m.

Then,

(i) |pn _m| = %;
(i) [pn = ml =< ]\ (m = n7h) = (m =0~ + 35
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(iii) |pn, — m| = m.
Therefore, p,, — m. Since

‘)\npn - m‘ < |)\npn _pn‘ + |pn - m|7

we also have \,p, — m. Define u,, € A,, so that u,t = A\t on [0,p,] and
tnm = m; and interpolate linearly on [p,,m]. Since p,m = m and p, is linear
over [pn,m], we have |u,t —t| < |A\npn — Pm| there, and therefore, p,t — ¢ uni-
formly on [0, m]. Increase the ng of (20) so that p, > m —d and \,p, > m — 0
for n > ng. If t < pp, then |2, (t) — x(pnt)| = |20 (t) — 2(Ant)] < ||2n — A0 |]u-
On the other hand, if p, <t < m and n > ng, then m > ¢ > p, > m — 0 and
m > fpt > fnPn = Anpn > m — 0, and therefore, by (20), |z, (t) — x(unt)| <
|zn () — z(m)| + |x(m) — x(pnt)| < 2e. Thus, |z, (t) — 2 (p,t)| — 0 uniformly on
[0, m].

The metric on Do, will be defined in terms of the metrics dY, (z,y)for inte-
gral m, but before restricting x and y to [0,m], we transform them in shcu a
way that they are continuous at m. Define

1, ift<m-—1;
gn(t)=¢ m—t, ifm—-1<t<m; (21)
0, t>m.

For x € Do, let 2™ be the element of D, defined by

z"(t) = gm(t)z(t), t=>0 (22)
And now take -
A (,y) = Y 27" (A A (=™, y™)). (23)

If d° (z,y) = 0, then d2 (z,y) = 0 and 2™ = y™ for all m, and this implies
x = y. The other properties being easy to establish, d’, is a metric on D; it
defines the Skorohod topology there. If we replace d°, by d,, in (23), we have a
metric do, equivalent to d2, .

Let A be the set of continuous, increasing maps of [0, c0) onto itself.

Theorem 3.8 There is convergence dS (z,,x) — 0 in Dy if and only if there
exist elements A, of Ao such that

sup |Apt —t| =0 (24)
t<oo
and for each m,
sup |, (Ant) — x(t)| — 0. (25)

t<m
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Proof. Suppose that d2 (x,,z) and duo(zs,2) go to 0. Then there exist ele-
ments ;' of A,, such that

& = [l = Al V|20 AR — 2™ || — 0
for each m. Choose I, so that n > l,, implies €' < 1/m. Arrange that l,, <
lm+1, and for I, < n < ly41, let my, = m. Since I, < n < l4+1, we have
my, — n and €)' < 1/m,,. Define

N e it < mp;
" t+ AT (my,) — my, it 2> my,.

Then |\t —t| < 1/m, for t > m,, as well as for t < m,,, and therefore,

1
sup |[A,t —t| < — — 0.
t m

n

Hence, 24. Fix c. If n is large enough, then ¢ < m,, — 1, and so

1
lzndn = 2lle = (|27 AT — 2™ [|e < — =0,

n

which is equivalent to (25).
Now suppose that (24) and (25) hold. Fix m. First,
' (Ant) = gm (Ant)xn(Ant) = gm (t)x(t) = =™ (t) (26)

holds uniformly on [0,m]. Define p,, and p, as in the proof of Lemma 1. As
before, u,t — ¢ uniformly on [0, m]. For t < p,, [2™(t) — 2" (unt)| = |™(t) —
™ (Apt)], and this goes to 0 uniformly by 26. For the case p, <t < m, first
note that |z™(u)| < gm(u)||z||m for all w > 0 and hence,

2™ (t) = 23 ()| < g (D)2l + G ()] |20 |- (27)

By (24), for large n we have A, (2m) > m and hence ||n||m < ||ZnAnll2m;
and ||z, Anll2m — [|Tnll2m by (25). This means that ||z,||, is bounded(m
is fixed). Given ¢, choose ng so that n > ng implies that p, and p,p, both
lies in (m — €, m], an interval on which g,, is bounded by e. If n > ng and
pn <t < m, then ¢ and p,t both lie is (m — ¢, m], and it follows by (27) that
lz™(t) — 27 (unt)] < €(||2|lm + ||znl[m). Since ||z, |[m is bounded, this implies
that |z™(t) — 2 (unt)] — 0 holds uniformly on [p,,m] as well as on [0, p,].
Therefore, d2,(x™,2™) — 0 for each m and hence d°, (z,,z) and doo(zp,2) g0
to 0. This completes the proof.

Theorem 3.9 There is convergence do (2, ) — 0 in Do if and only if d9(z,, ) —
0 for each continuity point t of x.
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Proof. If d% (z,,x) — 0, then d° (2,2™) — 0 for each m. Given a conti-
nuity point ¢ of z, fix an integer m for which ¢ < m — 1. By Lemma 1(with
t and m in the roles of m and u) and the fact that y and y™ agree on [0, ],

d(zp, ) = dO(z™, 2™) — 0.

To prove the reverse implication, choose continuity points t,, of x in such a
way that t,, T co. The argument now follows the first part of the proof of (3.8).
Choose elements A of A, in such a way that

& = A5 = e, V lJen Ay —2llt,, =0

for each m. As before, define integers m,, in such a way that m, — oo and
emn < 1/my, and this time define A\, € A by

\g [ oAt i<t
n t, if >ty .

The |\t — t| < 1/m,, for all t, and if ¢ < t,,, , then ||z, Ay — 2||c = ||x NP —
z|le < 1/my — 0. This implies that (24) and ((25)) hold, which in turn implies
that d% (x,,z) — 0. This completes the proof.

3.8.1 Separability and Completeness

For z € Do, define 1,z as 2™ restricted to [0, m]. Then, since d2, (VmZn, Ymz) =
dO (z™, x™), 1, is a continuous map of Dy, into D,,. In the product space
II =Dy x Dy X ---, the metric

plan ) = 3 27 (1A% (ams Bun)

defines the product topology, that of coordinatewise convergence. Now define
¥ : Do — Il by Yz = (Y12, Y2, ...):

Vm t Doo = Dy, ¥ : Do — 11

Then d° (x,y) = p(bx,1by) : ¥ is an isometry of Do, into II.

Lemma 3.7 The image ¥ Do, is closed in II.

Proof. Suppose that x,, € Do, and « € I1, and p(¥z,,, ) — 0; then d¥, (27, ay, ) —
0 for each m. We must find an z in D, such that a = yx-that is , o, = Y., x for
each m. Let T be the dense set of ¢ such that, for every m > ¢, o, is continuous
at t. Since d), (2™, ay,) — 0, t € TN [0, m] implies 27 (t) = gp (t)xn(t) = m(t).

n
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This means that, for every ¢ in T, the limit z(¢) = lim x,,(¢) exists(consider an
m >t + 1, so that ¢,,(t) =1). Now g, (t)x(t) = am(t) on T N[0, m]. It follows
that z(t) = an,(t) on T'N[0,m — 1], so that « can be extended to a cadlag
function on each [0,m — 1] and then to a cadlag function on [0, oc]. And now,
by right continuity, g, (t)z(t) = an(t) on [0,m], or Ypx = 2™ = . This
completes the proof.

Theorem 3.10 The space Do is separable and complete.

Proof. Since II is separable and complete, so are the closed subspace ¥ D, and
its isometric copy Do.. This completes the proof.

3.8.2 Compactness

Theorem 3.11 A set A is relatively compact in Do, if and only if, for each m,
Um A is relatively compact in D,,.

Proof. If A is relatively compact, then A is compact and hence the continuous
image ¥,, A is also compact. But then, 1, A, as a subset of 1, A, is relatively
compact.

Conversely, if each 1),, A is relatively compact, then each 1,, A is compact, and
therefore B = 91 A x ¢ A x --- and E = 9Dy, N B are both compact in II.
But = € A implies ¥z € 9,, A for each m, so that ¢z € B. Hence YA C E,
which implies that 1A is totally bounded and so is its isometric image A. This
completes the proof.

For an explicit analytical characterization of relative compactness, analogous
to the Arzela-Ascoli theorem, we need to adapt the w'(x,d) to Dy. For an
x € D, define

w), (z,0) = inf max w(x, [t;i—1,t)), (28)

1<i<v

where the infimum extends over all decompositions [t;—1,t;),1 < i < v, of [0,m)
such that t; —¢;_1 > 0 for 1 < i < v. Note that the definition does not require
t, — ty—1 > §; Although 1 plays a special role in the theory of D1, the integers
m should play no special role in the theory of D.

The exact analogue of w'(z,d) is (28), but with the infimum extending only
over the decompositions satisfying ¢; — t;_1 > J for ¢ = v as well as for ¢ < v.
Call this w,, (z, ). By an obvious extension, a set B in D,, is relatively compact
if and only if sup,, ||z||m < oo and lims sup, @w(x,d) = 0. Suppose that A C Do,
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and transform the two conditions by giving v,, A the role of B. By (3.11), A is
relatively compact if and only if , for every m

sup ||z ||m < 00 (29)
T€EA
and
lim sup @, (z™, §) = 0. (30)
§—0 TxEA

The next step is to show that (29) and (30) are together equivalent to the
condition that, for every m,

sup ||z||m < 00 (31)
€A
and
lim sup w),, (z,6) = 0. (32)
0—=0,cA

The equivalence of (29) and (31) follows easily because ||2™||m < ||Z||lm <
[|z™ |1 Suppose (31) and (32) both hold, and let K,, be the supremum
in (31). If x € A and § < 1, then we have |2™(t)| < K0 for m — 0 <t < m.
Given €, choose 0 so that K,,d < €/4 and the supremum in (32) is less than €/2.
If x € A and m — § lies in the interval [t;_1,t;) of the corresponding partition,
replace the intervals [t;_1,t;) for i > j by the single interval [t;_1,m). This new
partition shows that @,,(x,d). Hence (30).

That (30) implies (32) is clear because w),(x,0) < Wy, (x,0): An infimum in-
creases if its range is reduced. This gives us the following criterion.

Theorem 3.12 A set A € Dy, is relatively compact if and only if (31) and
(32) hold for all m.

3.8.3 Tightness

Theorem 3.13 The sequence {P,} is tight if and only if there two conditions
hold:
(i) For each m

ali_)r& limnsup P, ({x ) fm > a}) =0. (33)
(i1) For each m and e,
1i§n lim sup Pn({a: cw), (z,0) > e}) =0. (34)
And there is the corresponding corollary. Let
Jm(x) = sup |z(t) — z(t—)]. (35)

t<m
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Corollary 3.1 Either of the following two conditions can be substituted for (i)
(i’) For each t in a set T that is dense in [0, 00),

lim limsup P, ({x a(t)] > a}) =0. (36)

a—» o0 n

(ii’) The relation (36) holds for t =0, and for each m,

lim limsup P, ({x S gm(z) > a}) =0. (37)

a—r 00 n

Proof. The proof is almost the same as that for the corollary to (3.7).

Assume (ii) and (i”). Choose points t; such that 0 = tg < t1 < -+ < t, = m,
t;i —tiog >0 for 1 <i<wv-—1,and wy[ti—1,t;) < wh,(x,6)+1for 1 <i<o.
Choose from T points s; such that 0 = 59 < 81 < -+ < s, = m and
sj—sj—1 <6 for 1 <j <k Let m(r)=maxo<j<k|z(s;)]. If t, —ty_1 > 6,
then ||z||m < m(z) + w),(z,d) + 1, just as before. If ¢, —t,—1 < d(and 6 < 1,
so that t,—1 > m — 1), then ||z||m-1 < m(z) +w],(x,d) + 1. The old argument
now gives (33), but with ||z||,, replaced by ||x||m—1, which is just as good.

In the proof that (i) and (i’) imply (i), we have (v — 1)§ < m instead of vd <!.

But then, v < md~! + 1, and the old argument goes through. This completes
the proof.
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3.8.4 Aldous’s Tightness Criterion

Equation
lim hmsupP(HX“Hm) =0 (38)
a— o0 n

Consider two conditions.

Condition 1°. For each €,7n,m, there exist a 6§y and an ng such that, if § < dy
and n > ng, and if 7 is a discrete X" —stopping time satisfying 7 < m, then

P(|X¢+5 — X7 > e) <. (39)

Condition 2°. For each ¢€,n, m, there exist a 6 and an ng such that, if n > ng,
and if 71 and 7y are a discrete X" —stopping time satisfying 0 < 7y < 79 < m,
then

P(]X%—Xfl > ¢, Ty — 11 ga) <. (40)

Theorem 3.14 Conditions 1° and 2° are equivalent.

Proof. Note that 7+ § is a stopping time since
{(r+o<t}={r<t—3d}eF .

In condition 2, put 75 = 7, 7y = 7. Then it gives condition 1. For the converse,
suppose that 7 < m and choose §y so that § < 209 and n > ng together imply
39. Fix an n > ng and a § < Jp, and let (enlarge the probability space for
X™) 60 be a random variable independent of 7" = o (X} : s > 0) and uniformly
distributed over J = [0,24§]. For the moment, fix an = in Dy, and points ¢; and
to satisfying 0 < ¢t; < t9. Let p be the uniform distribution over J, and let
1= [0,5], Ml = {S e J: |CU(tl + S) — x(tl)| < 6}, and d = to —tq.
Suppose that

ty—13 <6 (41)

and
u(M;) = P(6 € M;) >

o

, fori=1,2 (42)

If n(M>NI) < %, then pu(M,) < 2, which is a contradiction. Hence, u(MaNI) >
1, and for d(0 < d < 0), p(Ma+d)NJ) < p((MaNI)+d) = p(MzN 1))t
Thus p(My) + p((Ma+d)NJ) > 1, which implies u(M; N (M3 +d)) > 0. There
is therefore an s such that s € M7 and s — d € Ms, from which follows

l2(t1) — z(t2)] < 2e. (43)
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Since 0 < 0 < 26 < 26y, and since 6 and F" are independent, it follows by (39)
that the final term here is at most 8. Therefore, condition 1 implies condition 2.

This is Aldous’s theorem:
Theorem 3.15 (Aldous) If 38 and Condtion 1° hold, then {X"} is tight.

PROOF. By theorem 16.8, it is enough to prove that

lim limsupP(w;n(X",(S) > e) =0. (44)

a—r 00 n

Let Ay be the set of nonnegative dyadic rationals! j/2% of order k. Define
random variables 73, 71", ... by 73" = 0 and

Tt =min{t € Ap iy <t <m,[XJ - X [ > €},

K2

with 7" = m if there is no such ¢. The 7" depend on €, m, and k as well as
on ¢ and n, although the notation does not show this. It is easy to prove by
induction that the 7* are all stopping times.

Because of (3.14), we can assume that condition 2 holds. For given €,7,m,
choose ¢ and ng so that

P(‘Xﬁi XM | >emt—rl, < 5’) <7
for i > 1 and n > ng. Since 7" < m implies that |X;‘ — X271| > ¢. we have

P(Tf<m,7f77f_1§5/>§77, 1> 1,n2>ng (45)

Now choose an integer g such that gé > 2m. There is also a § such that

P(rt<mrf =7y <8) <2 iz 1>, (46)

q

Ldyadic rational is a rational number whose denominator is a power of two, i.e., a number
of the form a/2b where a is an integer and b is a natural number; for example, 1/2 or 3/8,
but not 1/3. These are precisely the numbers whose binary expansion is finite.
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But then

q
p<U{Tf<m,Tf— f_lﬁ})m nz g (4)
1—1

Although the 7" depend on k, 45 and 47 hold for all £ simultaneously. By 45,

BE(r' =7yl <m) > SP(rr =71l > 5/|T; <m)

5’(“%)’

Y

and therefore,

m > E(T;’|T;L <m)
q
= Y B =1y <m)
i=1

> q5’<17m).

Since g6’ > 2m by the choice of g, this leads to P(7;' < m) > 2n. By this and
47,

a
P({T;' <m}uU U {7 <m, 7] =7, < (5}) <3n, k>1,n>ng (48)
i—1

Let A, be the complement of the set in 48. On this set, let v be the first index
for which 77 = m. Fix an n beyond ng. There are points t¥(7*) such that
O=th < ---<th=mandtF -t | >6for1 <i<wv And|X] - X" <e¢
if s,t lie in the same [tF |, tF) as well as in Ag. If A, = limsup, A,,, then
P(A,) > 1—3n, and on A, there is a sequence of values of k along which v
is constant(v < ¢) and, for each i < v, tf converges to some t;. But then,
0=ty < -+ < t, =mt; —t;_1 > 0 for i < v, and by right continuity,
| X7 — X?| < eif s,t lie in the same [t;—1,t;). It follows that w'(X™,d) < e on
a set of probability at least 1 — 37 and hence 44.

From the corollary to Theorem follows this one:

Corollary 3.2 If for each m, the sequences {X§} and {jm(X™)} are tight on
the line, and if Condition 1° holds, then {X"} is tight.
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4 Central Limit Theorem for Semimartingales
and Applications

4.1 Local characteristics of semimartingale

In this chapter we study the central limit theorem by Lipster and Shiryayev.
We begin by giving some preliminaries. We considered (2, {7}, F, P) a filtered
probability space, where F = {F;,t > 0} is a non-decreasing family of sub
o—field of F, satisfying (,~ , F+ = Fs. We say that {X, F} is a martingale, if for

each t, X, € X = {X,} C L1(Q, F;, P) and E(X(t)|]—'5) = X, ae. P. WLOG,

we assume {X;,t > 0} is D[0, 00) valued(or a.s. it is cadlag) as we can always
find a version. A martingale X is said to be square-integrable if sup, EX? < oo.
We say that {X;,t > 0} is locally square integrable martingale if there exists
an increasing sequence o, of (F;)-stopping times such that 0 < o, < © a.e.,
lim, 0, = 0o, and {X(t A 0)15, 503} is a square integrable martingale. A
process (X, F) is called a semi-martingale if it has the decomposition

Xy = Xo+ My + Ay

where { M.} is local martingale, My = 0, A is right continuous process with Ao,
A, Fi-measurable and has sample paths of finite variation. We now state condi-
tion of A to make this decomposition unique (called canonical decomposition).
For this we need the following. We say that a sub o-field of [0, 00) x 2 generated
by sets of the form (s,t] x A, 0 < s <t < oo with A € F; and {0} x B(B € Fy)
is the o-field of predictable sets from now on called predictable o-algebra P. In
the above decomposition A is measurable P then it is canonical.

We rework that if the jumps of the semi-martingale are bounded then the de-
composition is canonical.

We now introduce the concept of local characteristics.

Let (X, F) be a semi-martingale. Set

X() = Y AX(5)L(AX(5)] > €

s<t
Then X (t) = X (t) — X (t) is a semi-martingale with unique canonical decompo-
sition
X(t) = X(0) + M(t) + A(t)
where (M, F) is a local martingale and A is predictable process of finite variation.

Thus,
X(t) = X(0) + M(t) + A(t) + X (¢).

Let
,u((O,t];A n{x|> e}) = 1<AX(s) € A |AX(s)] > e)

69



and V((O, t]; -N{|X] > e}) its predictable projection (Jacod, (1979), p.18). Then
for each € > 0, we can write

X(t)=X(0)+M'(t)+ At) + /Ot /‘|> av(ds, dx)

where (M',F) is a local martingale. Now the last two terms are predictable.
Thus the semi-martingale is described by M’ ,A, and v. We thus have the
following:

Definition 4.1 The local characteristic of a semi-martingale X is defined by
the triplet (A, C,v), where

1. A is the predictable process of finite variation appearing in the above de-
composition of X (t).

2. C is a continuous process defined by C}

Oy = [X, X]¢ =< M® >,

3. v is the predictable random measure on Ry x R, the dual predictable pro-
jection of the measure p associated to the jumps of X given on ({0})

by

p(w, dt,dx) = Z LAX (s,w) # 0)0(s,ax (s,w))(dt, dx)
s>0

with & being the dirac delta measure.
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4.2 Lenglart Inequality

Lemma 4.1 (McLeish Lemma(1974)) Let F,,(t),n =1,2,... and F(t) be in
DI0, 00) such that F,(t) is increasing in t for eachn, and F(t) is a.s. continuous.
Then
sup | (t) — F(t)] = 0
t

where sup is taken over compact set, and there exists {t,} such that

Fn(t) —P F(t)

PROOF. For ¢ > 0 choose {t,,,i = 0,1,...,k} for fixed k¥ > 1/e such that
tn, — te and F,(t,,) —p F(i€) as n — co. Then

Sgpan(t)_F(t” < Sup‘Fn(th)_Fn(tni)l+Sup‘Fn(tm)_F(tm)|

+Sup |Fn(tm+1) - F(tm) +e

As n — oo, choose € such that |F((i + 1)e) — F(ie)| is small.

We assume that A; is an increasing process for each t and is F;—measurable.

Definition 4.2 An adopted positive right continuous process is said to be dom-
inated by an increasing predictable process A if for all finite stopping times T
we have

EXr < FEAp

Example. Let M? is square martingale. Consider X; = M2. Then, we know
Xi— < M >, is a martingale, and hence, X7— < M > is a martingale. Thus,

E(XT—<M>T):EXO:0
= EXr=E<M >t

Let
X[ =sup|X;|
s<t

Lemma 4.2 (M1.) LetT be a stopping time and X be dominated by increasing
process A(as above). Then,

for any positive c.
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PROOF. Let S =inf{s <T An:X; > c}. Clearly, s < T An. Thus,

EAr

Y

EAg (since A is an increasing process)
EXg (since X is dominated by A)

/ XgdP (since Xg > 0on {X7,, >c})
{XFan>ch

C P(X;"/\n > C)

V

v

%

Therefore, we let n go to co, then we get
EAp > c¢- P(X} > c).

Theorem 4.1 (Lenglart Inequality) If X is dominated by a predictable in-
creasing process, then for every positive ¢ and d

E(A;Nd)

P(X:>¢) <
C

+P(AT > d)

PROOF. It is enough to prove for predictable stopping time 7" > 0,
1
P(X7_>c¢) < EE(AT_ Ad)+ P(Ar_ > d). (49)

We choose 7" = co. Then T" is predictable, o,, = n and apply to X = X;ar
for T finite stopping time X%i = X7.

To prove (49)
P(Xj_>c¢) = P(Xj_>c¢,Ar_ <d)+P(X;_ >c,Ar_ >d)
E(l[{X:*L >y n{Ar_ < d}]) + E(l[{x;, >} n{Ar_ > d}})

E(1{X5_ 2 c} N {Ar_ <d}]) + P(Ar_ > d)
P(X;_ > o)+ P(Ar_ > d) (50)

IN

Let S = {t: Ay > d}. It is easy to show that S is a stopping time. Also, S is
predictable. On {w: Ap_ < d}, S(w) > T(w), and hence

H(A— <d) X7 < X{ppg)--

By (50), we have

P(Xj_>0¢) < P(Xj_=0)+P(Ar_ > d)

<
< P(Xjns =)+ P(Ar_ > d)

72



Let e >0,e<cand S, ~SAT. Then,

P(X(rpgy—- =2¢) < lir%linf P(Xg >c—e¢) ( by Fatou’s Lemma)

1
S lim EASn
C — € n—oo
1
= EAsary ( by Monotone Convergence Theorem)
c—€
Since € is arbitrary,
N 1
P(X{rpgy- 2¢) < “PAs,
1

IN

EE(A(TfAd))

This completes the proof.

Corollary 4.1 Let M € M3 - ((F:), P) (class of locally square integrable mar-
tingale). Then,

1
P(sup | M| > a) < ?E(< M >p Ab) + P(< M >1>b)
t<T

Proof. Use X; = |M;|?, c=a? b=d, Ay =< M >,.

Lemma 4.3 Consider {F]', P}. Let {M™} be locally square martingale. As-
sume that
< M™ >t—>p f(t),

where f is continuous and deterministic function(Hence, f will be increasing
function). Then, {P o (M™)~1} on D0, 00) is relatively compact on D]0,00).

PROOF. It suffices to show for T' < oo, and any 1 > 0 there exists a > 0 such
that
sup P(sup |M}'| > a) <. (51)
n t<T

For each T' < oo and 7, ¢ > 0, there exist ng, d such that for any stopping time
T(wrt F,7<T,74+0<T).

sup P( sup (M, — M| 2 ¢) <7 (52)
n>ng 0<t<é
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Observe that by corollary to Lenglast Inequality,

1
P(sup |M}*| > a) < ;E(< M"™ >1 Ab) + P(< M™ >p>b)
t<T

Let b = f(T) + 1, then under the hypothesis there exists ny such that for all
n>n
P(< M™ >7>b) > g

Thus,
n b
sup P(sup [M{'| > a) < — +
n t<T a

z (sup M| > a)

t<T

l\D\d

Choose a large to obtain (51).

We again note that M, , — M is a locally square integrable martingale. Hence

by (4.1)
1
P( sup M, — M| >¢€) < €2E<(<M” Sops— < M >T)/\b> +P(<M” >S5 — < M™ >0
0<t<
1 n n
< 2E(sup(<M S — <M >t)/\b>
€ t<T
+P<sup| < M" > — < M™ >, ! > b)
t<T
1
< E sup‘Mt"H—f(t—i—&)‘/\b + < E| sup |M] —
€2 t<T €2 t<T
1 . b
+€—2$up\f(t+5)ff(t)\+P(sup|<M R ()| = b
t<T t<T

Wl o
—

+P<sup| <M™ > —f(t)] > b > b) + 1<sup|f(t+5) - ft) >
t<T 3 t<T

+P(sup| < M" > — < M™ >, | > b)
t<T

Using McLeish Lemma each term goes to 0. This completes the proof.
If our conditions guarantee that for a locally square integrable martingale the

associated increasing process converges then the problem reduces to the conver-
gence of finite-dimensional distributions.
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4.3 Central Limit Theorem for Semi-Martingale

Theorem 4.2 Let {X"} be a sequence of semi-martingale with characteristics
(B™, < X" > v™) and M be a continuous Gaussian martingale with increasing
process < M >.

(i) For any t >0 and € € (0,1) let the following conditions be satisfied:

(4) t
/0 /|a:|>e v (ds,dzx) =, 0

By Y / n({s},dz) =, 0

0<s<t f”|<5

(B)

(C)

2
¢
< X" >y +/ / v (ds, dx) — Z (/ xu"({s},dx)) —p< M >,
0 Jjz|<e o] <e

0<s<t

Then X™ = M for finite dimension.

(ii) If (A) and (C) are satisfied as well as the condition

Br+ Y /xlgexun({u},dm)

0<u<s

sup

—p 0 (53)
0<s<t

for any t and € € (0,1] then X = M in D[0,T].

Proof. For e € (0,1)

A <0§§t/€<lwlélmyn({s}’dx)> <Bm+ Z /L|<6 ek d$)>

0<s<t

+</Ot /|z|>1mu"(ds,dx)+/0t /E<I|<1(u”—1/”)(ds,dx)>
<ch [ - d@)

= a6 + B (e) + 7' (6) + Al(e)

o0 - ¥ | sk

0<s<t
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i)

B+ Y / 2" ({s}, dz)

0<s<t” lz|<e

¢ ¢
/ / xp™(ds,dz) + / / (u™ —v™)(ds, dx)
0 Jlz|>1 0 Je<|z|<1

A = x| t /m.gs(“"‘”")(ds’d””’

V¢ (€)

By (A) we have
sup oy (€) =, 0
s<t
By (B) we have
Bi'(e) =p 0
By (53) we have

sup B¢ (€) =, 0
s<t

Let
Yy =1 (e) + Af(e).

It suffices to prove Y™ — M on DI0,T] for each T'(by the decomposition Y™
does not depend on €). Next, we have

T T T
sup |4 (e)] S/ / |z|p"™ (ds, dx)+ / / " (ds, dx) —I—/ / v™(ds, dx)
0<t<T 0 Jlz[>1 0 Jlz|>e 0 Jiz|>e

10 by Lenglast Inequality 10 by (A)
(54)
Therefore, if we can show that the first term of RHS goes to 0, then supy <1 |77 (€)| —
0. We have -

T
/ / el (ds,dz) = 3 JAXD[ 1 axz i
0 |z|>1

0<s<T

For ¢ € (0,1),

> IAXY gaxy sy > 5} = { > lgaxzsy > 5}
0<s<T 0<s<T

and

T
> 1(\AX;W>1)=/O /|>1M"(d8,d$) —p 0

0<s<T

by Lenglast Inequality. Therefore, by (54), we have

sup [7;'(€)] = 0.
<t<T
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Now, only thing left is to show that

A (e) = 0

A (e) = X+ / / —v")(ds, dx)
\w\<e

Since (u™ — v™) is martingale, and X™¢ is martingale, A™ is martingale. Since
An(e) € Myoc ((F")i, P).

t
<AMe) > = <X >y +/ / x"v"(ds, dx)
|z|<e
=X ()
0<s<t I|<f
—< M >y

by condition (C).
By McLeish Lemma,

sup| < A"(e) > — <M >, | =, 0 (55)
t<T

We showed sup, <7 |7;*(€)| — 0. Combining this with (55), we have

max <sup| < AMe) > — < M >y >SUP|’Y;L(€)|> =0
t<T t<T

Then, there exists {€,} such that

sup| < A(ep) > — <M >, | =0, supl|v/(e)| — 0 (56)
t<T t<T

M= Ap(en), Y = Af(en) + 7' (en)

It suffices to prove that M™ = M. {M]* = A}(e,)} is compact by (4.3) and
(55). It suffices to prove finite-dimensional convergence.

Let H(t),0 <t < T be a piecewise constant left-continuous function assum-
ing finitely many values. Let

¢ ¢
N} :/ H(s)dM?, N; :/ H(s)dM
0 0

Since M is Gaussian, N is also Gaussian.
Remark. Cramer-Wold Criterion for Dy— convergence

) . T rr2
BNt L peite _ =[] o,
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Let A be predictable, A € Aroc(F, P)

e(A)y =et J] (1+AA)e A

0<s<t

Then et will be a solution of dZ; = Z;_dA;. If m € Mpoc then

1 ! ;
Ay = —= < m® >, —|—/ / (e — 1 —ix)vp(ds, dx)
2 0o JR-{0}

Lemma 4.4 For some a > 0 and c € (0,1), let < m >5< a, sup, |[Amy| < c.
Then (e(Ay), Ft) is such that

a2 e (- £225)

‘ —1
and the process (Zy, Fi) with Z; = '™t (e(A)t) is a uniformly integrable

martingale.

We will use the lemma to prove

. . T 2
Ee'Nt _y EeiNt — o737 J H (5)d<M>,

Case 1. Let us first assume < M"™ >p< a and a > 1+ < M >p. Observe that
1. By (56), < N >;—< N >,
2. |A7| < 2ep,
3. |AN{| < 2Xe,, = d,, where A = maxi<7 |H(s)]
We want to prove
Eexp (z’N%+%<N>T)—>1 (57)

Let A7 be increasing process associated with NJ*. Let Z;, = e'Mi' (e(A”)t>

Choose ng such that d,,, = 2Xep, < 1/2. By (4.4), Z" is a martingale with
EZ} = 1. To prove (57) is equivalent to proving

n— oo 2

1 N -1 1
lim (Eexp (iN:,TH—f <N >rp )—EeuvT (e(A")T) ) = 0F exp (Z'qu_i <N >r ) —1

=EZr=1
(58)
So it is sufficient to prove

e(A")p — e"F<N>T
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Recall
1

t
A= —— < N >, +/ / (e” —1—ix)p"(ds, dz)
2 0 Jl|z|<dn
Let

o = / (€% — 1 — iz)o™ ({t}, dx)
|z|<dn

Since (e — 1 —iz) < 22/2, we have af' < d? /2. Therefore,

1 T
3 lopl = 5/ / 2207 (dt, dx)
0 |z|<dy
1

0<t<T

= 3 < N" >p
1 \%a
2 2
Then,
H (1+af)e @ =1

0<t<T
By definition of e(A);, it remains to prove
1 T . 1
— < N"™ >p —/ / ("% =1 —isx)p"(ds,dx) =) = < N >p
2 0 Jzl<d, 2

By observation (a) and the form of < N™ >, it suffices to prove

T
/ / (€% — 1 —isz)0"™(ds,dx) —, 0
0 Jlz|<dn

We have
T ) 2 d T
/ / ((e“’” —1—dsx)+ x—) v (ds,dx) < —n/ / 220" (ds, dz)
0 Jizi<d, 2 6 Jo Jiel<d,
<lz®
dy
< —<N"'>
< 35 T
< dn A2q
6
— 0

To dispose of assumption define
Tp=min{t <T :< M" >>< M >r +1}

Then 7, is stopping time. We have 7, = T"if < M" >;<< M >7 +1. Let
M"™ = Mj,, . Then

<M" >p< 14+ < M >p 4 <14+ < M >p +é2
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and
limP(| <SM" >y —<M>|> e) <limP(r, >T)=0
n n

Next,

. S AT . S AT NEC . S AT
lim Ee'Nt = lim E(eth —eZNMTn> + lim EeNinm

n—oo n—oo n—roo

] - o )
= lim E(eZNT — e’NTMn> + EetNr

n—oo
= EeNr

The last equality follows from

lim
n—oo

<2 lim P(r, >T) =0.

n—oo

E<em; - euv;fm)

This completes the proof.
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4.4 Application to a Survival Analysis

Let X be a positive random variable. Let F' and f be cumulative distribution
function and probability density function of X. Then, survival function F' is
defined as

F(t)y=P(X >t)=1-F(t)

Then, we have

P(t<X <t+At)
F(t)

ft+m dF(s)

t

P(t <X <t+At|X >t)

Since we know

t+At
& f@as— s

as At — 0, hazard rate, is defined as
ht) = =5

= ——logF(t
7 108 (t)

Therefore, survival function can be written as
~ t
F(t) = exp ( - / h(s)ds)
0

If integrated hazard rate is given, then it determines uniquely life distribution.
For example, think about the following:

7 =sup{s: F(s) < 1}

Consider now the following problem arising in clinical trials.

Let
1. Xq,...., X, be iid F(life time distribution)

2. Uy, ....,U, be i.i.d measurable function with distribution function G with
G(o0) < 1 which means U; are not random variable in some sense(censoring
times).

Now, consider
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1. indicator for "alive or not at time s”: 1(X; < U;, X; AU; < s)
2. indicator for ”alive and leave or not at time s”: U;1(X; AU; < s)

3. indicator for ”leave or not at time s”: 1(X; AU; > s)

and o—field

]:tn = U({l(Xi <U;, X;\U; < S), Uil(Xi/\Ui < S), 1(Xi/\Ui > S),S <ti=1,2, ,n})

Fi' is called information contained in censored data.

Let

It A(t) is an estimate of 3(t), then we can estimate survival function. Estimator
of survival function will be

F(t) = e P
which will be approximately be

I1 (1 - d(B(s))).

s<t

This is alternate estimate of survival function, which is called, Nelson Esti-
mate.

Let

=
I
M=

X, <UL X AU; < t)
1

o
I

=
[
M=

LXiAU; > 1)
1

.
Il

Then, 5(t), which is called Breslow estimator, will be

o [TANG(s) [T dF(s)
Alt) = /0 Yols) © F()

Now, we consider another estimator of survival function, which is called Kaplan-
Meier estimator. It will be

(-5

s<t
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Richard Gill showed asymptotic properties of Kaplan-Meier estimator.

We can show that

OIS -o6) )

s<t

by using following lemma.

Lemma 4.5 C.1 Let {a"(s),0 < s < T,n > 1} be real-valued function such
that

1. {s € (0,u] : a™(s) # 0} is P—a.e at most countable for each n

2. Y gcs<cu |0 (8)] < C with C constant
3. supg<, {|a™(s)|} = O(an) where a, 0 as n goes co.
Then,
su 1—a"(s)) — e ") = O(a,,
Sup I1 ¢ s)—- 11 (an)

0<s<t 0<s<t

PROOF. We choose ng large such that for n > ng O(a,) < % Since

H (1—a"(s)e*"® = exp ( Z log(1 — a™(s)) + oz”(s))

0<s<t 0<s<t
o~ (-1 *?
J

I
(]
(]

(a"(s))j) ( by Taylor expansion.),

for n > ng we have

O (_1)it2
[T - or@er @ 1) < fesp( 3 Y <a”<s>]—1>)‘
0<s<t 0<s<t j=2 J
< o ¥ S T ey
0<s<t j=2 J
where
o0 o J 2 (o] o J+2
THID 1}+ (@ (s)f <n<ov 3 T 1} (a(s))?
0<s<t j=2 0<s<t j=2
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For large n

0<s<t j=2 0<s<t j=2
< swplan)] Y o] 30 (3)
< sup|a” a” ( ) -
s<u 0<s<t =1 J
=0(ayn) <t-M <oo
— 0

D o<s<t |a™(s)| < t- M holds since |a"(s)| will be bounded by M.

In order to prove (59), we let

and
AN(s)=0, s>T.

We get a, = 1/n by using Glivenko-Cantelli theorem.
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4.5 Asymptotic Distributions B(t) and Kaplan-Meier Es-
timates

X; and U; are defined as previously. Again, define N, (t),Y,(t) as
n
No(t) = > UXi<U, X; NU; <t)
Yut) = > UX; AU >t)

Then,

plt) =

Using above lemma, we can show that

o T (1= 57) -
— T 550 oo (- [ 55500

KM estimator Nelson estimator

Let
Ql(s) = P(Xl/\Ulgs,XlgUl)
H(S) = P(Xl/\Ulgs)
o t dQl(S)
0 = [ 5 ey

Assume that X ( with F') and U (with G) are independent. Then,

AQi(s) = P(s<Xi AU <s+0s, X, <Uy)
= P(s<X;<s+A0s,X,<Uy)

85



= P(s< X1 <s+As,U; >s+ As)
= P(s<X;1<s+As) - PU; >s+As)
dQ:1(s) = (1—G(s—))dF(s)
Similarly,
(1—-H(s—)) = (1-G(s—))1 - F(s)). (60)
Then,

o ¢ dQl(S)
w0 = [ Gohe
/t (1 —G(s—))dF(s)
0o (1-G(s—))(1—F(s))

/t dF(s)
o (1=F(s))

O. Aalen (Annals of Statistics, 1978) considered this technique. He considered
P(U; < 00) = 0. So, data is not censored and we figure out true distribution of
Xi.

Lemma 4.6 (PL 1.) Let

Suppose we have

1. (Ny(t), F{*) is Poisson process and

{va) _/O Yals) g ﬁ}i)—))}

s martingale.

A t dN,,
2. ﬁn(t) =Jo Yn(g)

Then, mn(t) = Bn(t) — B1(t) is locally square integrable martingale, and increas-
ing process < my, >4 will be

- t 1 dQl(S)
=M 2= / Yo(s) (1= H(s—)
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Remark. If X and U are independent, from (60) and (60), we have

dQ1(s) _ dF(s)
(1-H(s—)) 1-F(s)

Let us assume that {X;} and {U;} are independent and

: 001 (s)
Ant) = / ) TG

From the previous theorem we know that m., () = (8n(t) — B1(t)) is a locally
square integrable martingale with

dQl()
<m”>t‘/Y H(s—))

Hence A
Vi(Bn(t) = Bi(t) =as. 7

and

< \/ﬁmn > = / Y,n dQl(( ) )) — Cl(t)

o dQl( )
a0 = [ ey
<y > = Cl(t)

Also < m,, >;= A,(t) which gives by Glivenko-Cantelli Lemma < m,, >;=
O(%) Using Lenglart inequality we get

in(s) = Bi(s)] = 0 (61)

sup
s<t

Hence 3n(s) is consistent estimate of integrated hazard rate under the indepen-
dence assumption above. We note that under this assumption

b dF(s)
w0 = [ =

and
s dF(s)
0= [ e —eny

With 77 = inf{s : H(s—) < 1}, the above results hold for all ¢ < 75 only.

Lemma 4.7 1. Fort <ty
o (- [ =) —ow (- ] dxz/ZTES))‘ o
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lonlcf ion | D] oL Ry
in D[0,t] for t < Ty with v as above.

Proof. Using Taylor expansion we get

e et e ) - P

with h,, is a random variable satisfying 81 (£) A By (t) < hn < B1(t)V Bn(t). Since
for t < 75, exp(—hy,) is bounded by convergence of sup,<;(8n(s) —B1(s)) — 0,
the result follows. To prove the second part, note that

V(Bi(-) = Bu())” = Vi(Bi() = Ba()(B1(-) = Bu(-) =D 7. -0 =0

by Slutsky theorem and the first term converges in distribution to +..

Theorem 4.3 (R.Gill) Let F,(t) = [T<: (1 - A;Z’Z’S()S)). Then under indepen-
dence of {X;},{U;}, we get that

n(£,() = F())

1-F( 7

in D[0,¢] fort < Tp.
Proof. We have exp(—p1(t)) = 1— F(t) for t < 7. Hence by previous Lemma

Ja )
m(exp(—ﬁn(-)) —(1-F())) =p .

Using (3.11) we get the result.
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5 Central Limit Theorems for dependent ran-
dom variables.

In this chapter we study central limit theorems for dependent random variable
using Skorokhod embedding theorem.

Theorem 5.1 Martingale Central Limit Theorem (discrete) Let {S,} be a mar-
tingale. Let Sop = 0 and {W(¢),0 < t < oo} be Brownian motion. Then there
ezists a sequence of stopping time, 0 = Ty < Ty < Ty--- < T, with respect to
FV such that

(505 - 8n) =a (W(Tp), ..., W(T3))

Proof. We use induction.
To=0
Assume there exists (T, ..., Tp—1) such that
(SO’ sy Skfl) =d (W(CZ—‘O)’ vy W(kal))

Note that the strong Markov property implies {W (Ty_1 +t) = W (Tj—1),t > 0}
is a Brownian motion, independent of F}V. Look at conditional distribution of
Sy — Skg—1 given Sy = sq, ..., Sk—1 = Sk—1, if it is regular. Denote it by

1(So, ..., Sk—1; B € B(R)) = P<Sk — Sk—1 € B|So = 50, ..., Sp—1 = 8k71)

Since Sj is a martingale, we have
0= E(Sk — Sk_1]So, ...,sk_l) - /xuk(So, oy Sl d)

By Skorokhod’s representation theorem, we see that for a.e. S = (S, ..., Sk-1),
there exists a stopping time 7g(exist time from (Ug, Vi)) such that

W(Th—1+7s) = W(Th—1) = W (i) =a (S0, - Sk—1; )
We let Ty, = T)_1 + Ts then
(S0, 51, s Sk) =a (W(To), ..., W(T}))

and the result follows by induction.

Remark. If F(S, — Sx_1)? < oo, then
E(%S|S07~--7Sk—1) = /IQNk(SOa-"aSk—l;dx)

since W2 — t is a martingale and g is the exit time from a randomly chosen
interval (Sg—1 + Uk, Sk—1 + Vi).
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Definition 5.1 We say that X,, y, Foom,1 < m < n, is a martingale dif-
ference array if X, . is Fpm—measurable and E(X, m|Fnm-1) = 0 for
1 <m < n, where F, o = {0,Q}.

Notation. Let

S, = Sk, ifu=keN;
(W) =\ linear on u, ifu € [k, k+ 1] for ke N.

and
g | Suk, ifu=ke N;
™) 7 linear on u, if u € [k, k + 1].

Consider X, (1 < m < n) be triangular arrays of random variables with

EXym = 0
Sn,m = Xn,l + -+ Xn,m
Lemma 5.1 If
Spm =W ()
and
Tins) — P § for s €[0,1]

then HSn,(n) — W()HOQ —p 0.

Proof is given before.
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Theorem 5.2 Let { Xy, m, Frnom} be a martingale difference array and Sy, m =
Xn1+ -+ Xpm. Assume that

1. | Xpm| < € for allm, and €, — 0 as n — o0

2. with Vi = 27 E(Xﬁvk]]-"n,k,l), Vi jnt) = t for all t.
Then Sy, (ny = W(-).
Proof. We stop V,, i first time if it exceeds 2(call it ko) and set X, ,, =0, m >
ko. We can assume without loss of generality

Van <2+ ei
for all n. By theorem (5.1) we can find stopping times T}, 1, ..., Ty, n so that
(0,501, s Snn) =¢ W), W(Th1),...., W(Thn))
By lemma (5.1), it suffices to show that T, [, —p t for each t. Let
tnm = Tnom — Tnom—1 with (T,0 = 0)

By Skohorod embedding theorem, we have

E (tn,m |fn,m_1) —E (X;m }fn,m_l)

The last observation with hypothesis (2) imply

[nt]

> E(tum|Famr) 2pt

m=0

Observe that

2 [nt] 2
E(Tny[m] - an[m]> - E( 3 ( tm —E(tn7m|]-'n,m,1) ))

m=1

these two terms are orthogonal
[nt]

2
= mZ:1 E (tn,m — E(tn7m‘]:n’m1)>

[nt]

< mZ:l E(tg,mm,m_l)
< [f C - B(X} | Fam-1) ( we will show

m=1
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that C' =4.) (62)
[n?]

Z CeiE(Xi7m|fn,m_1) (by assumption (1))
m=1

IN

= C’eiVn,n
< Ce(2+e)—0

Since L? convergence implies convergence in probability,

2
E (Tn,[nt] - Vn,[nt]) —0
and
Vn,[nt] —p0

together implies
Tn,[nt] —pt

Proof of (62) If 0 is real, then
_ Ll w _
E| exp (0(W(t) — W(s)) 29 (t—s))|Fs | =1

Since

E(exp (OW(t) — %9%)

]-'SW> = exp (GW(S) — %0%),

we know that {exp (HW(t) - %9215)7]:,}”} is a Martingale. Then, for all A €

FW,
/ (exp (GW(S) - ;025)>dP
A

1
Ely (exp (GW(S) - 023>>
2
1
/ exp (HW(t) — 59215) dP (by definition of conditional expectation)
A

El, <exp <9W(t) = ;e%))

Take a derivative in 6 and find a value at 8 = 0.

number of derivative \

1 W(t) is MG

2 W2(t) —t is MG

3 W3(t) — 3tW (t) is MG

4 W4(t) — 6tW2(t) + 3t* is MG

92



For any stopping time 7,

EW*(1) —6rW?(1) +37%) =0

Therefore,
EW?! —6E(tW?) = —3EW?
N——
>0
= EW? <2E(TW?)
Since

E(rW?2) < (ETQ)W . (wa)l/2

by Schwartz Inequality, we have
1/2 1/2
(ETQ) <2 (EWf)

B(t2 [ Fam1) < 4B(X4 0| Fanr)

Therefore,

Theorem 5.3 (Generalization of Lindberg-Feller Theorem.) Let {X,, i, Fnm}
be a martingale difference array and Sy pm = Xp1+ -+ + Xpm. Assume that

1. Vi = 2@1 E(Xfl,k|fn,k—1> —pt

2. ‘A/(e) = ngn E(X?L,ml(\XmM > e) |]:n,m_1) —p 0, for all e > 0.

Then Sy (ny = W(-). For iid. X,m, andt = 1, we get Lindberg-Feller
Theorem.

Lemma 5.2 There exists €, — 0 such that €2V (e,) —p 0.

Proof. Since V(€) —p 0, we choose large N,, such that

(7G> ) <a

for m > N,,. Here we choose ¢, = % with n € [Ny, Nppt1). For 6 > %, we
have
e ber 1y 1 1
P2V (e, >0 gpmv(—)>— <.
m m m
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This completes the proof of lemma.

Let
Yn,m = Xn,ml(‘Xnﬂrz' < En)
Xom = Xnml(Xnm| > en)
)A(In,’m = Yn,’m - E(Yn,'m|]:n,m—l)

Lemma 5.3 gn,[n.] = W()

Proof. We will show that X, ,, satisfies Theorem (5.2).

|jzn,m| = ‘Yn,m - E(Yn,m‘]:n,m—l)‘
S ‘Y’n,m‘ + ‘E<yn,m|]:n,mfl) ‘
< 2, —0

and hence, the first condition is satisfied. Since
Xn,m = Yn,m + Xn,Tm

we have

E(Yi,m Fn,m—l) = E((Xn,m - )?n,m)2|]:n,m—1)

E(X,Ql’m — 2X X + Xn’m)ﬂ]:n,m—l)

E(Xﬁ7m|}'n,m_1) . E()?fl7m|]-"n7m_1). (63)

Last equality follows from E(Xn,m)?n,m|fn,mfl) = E()?gymu'n,m,l). Since
X m is a martingale difference array, and hence, E(X,, n|Fnm—1) = 0. The
last observation implies E(Yn1m|fn’m,1) = —E()?nm}]-'n,m,1>7 and hence,

(anl )]

E()?Tzl’m‘]:n,m,l) (by Jensen’s inequality)

()]

IN

Therefore,

n

n
|:E (yn,m’fn,m—1>:| ’ < Z E()?i,mlfn,m—l)

m=1 m=1



by given condition. Finally,

> B(X2,|Fam)
m=1 m
by the conditional variance formula)

S <E(Xg,m\fn,m_l) - E(ximm,m_l)) S (Kl P )

m=1 m=1

Zn: E(Yi,m|fn,m_1) - zn: E(Ymm|fn,m_1)2

m=1

Il
-

from equation (63))

S B(XFan) - 30 B(R 0 B
m=1

Q
3
Il
_

and hence, we get

tim 3 B(R2 | Fanet) = lim 37 B(X2 [ Fan)

m=1 m=1
Since
[nt]
an[”t] = Z E(X?L,mp:n,m—l) —pt,
m=1

we conclude that ]
nt

Z E()?Z,m’]:n,m—l) —p t,

m=1

This show that the second condition is satisfied, and hence, completes the proof.

Lemma 5.4

m=1

Proof. Note that if we prove this lemma, then, since > _,

E(Yn,m ]}'mm,l) ' —p

O(we will show this), and we construct a Brownian motion with ||§n7(n‘) —
W()||oo — 0, the desired result follows from the triangle inequality.
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Since X, ,, is martingale difference array, we know that E(Yn’m‘fn,m,1> =

—E()?n,m ’fnym,1>, and hence,

I
NE

E ()?nm |fn,m_1)

>

m=1

E(Yn,m |fn,m—1)

3
ﬂ‘

NE

E(‘)/(\'nm| ‘anm,1> by Jensen

m=1
1 - 2
< — E(Xn,m|]:n,m*1)
€n m=1
~ 2 X2
(if |Xn,m| > €ny Xnm < X:.'m = X:)m)
V(en
- (€n) —, 0 (by lemma (5.2) )
€n

On {|X,m| < €, 1 <m < n}, we have X, ,, = X, m, and hence, S,y =
?n’(n.). Thus,

[n-]
||Sn,(n) - Sn,(n)”oo = HSn,(n) - Sn(n) =+ E(Xn,m|-/—"n,m—l)”oo

m=

—

[En% |E(X | Fam-) | =p 0

m=1

IA

Now, complete the proof, we have to show that lemma (5.4) holds on {| X, | >
€n, 1 <m < n}. It suffices to show that

Lemma 5.5

P(|Xn,m| > €,, for somem,1 <m < n) —0

To prove lemma (5.5), we use Dvoretsky’s proposition.

Proposition 5.1 (Dvoretsky) Let {G,} be a sequence of o—fields with G, C
Gny1- If Ay, € G, for each n, then for each § > 0, measurable with respect to

g07
m=1 m=1

Proof. We use induction.
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hn=1
We want to show

P(44]Go) < 6+ P(P(41/Go) > 6/Go) (65)

Consider Qg = {w: P(A1]Go) < 6}. Then (65) holds. Also, consider Qg = {w :

P(A1|Go) > 6}. Then

P(P(A1/G) > 6160 )

B(1(P(411G0) > ) 16o)

1(P(A1|g0) > 5)
= 1

and hence (65) also holds.

ii)n>1
Consider w € §2g. Then

P(S PUAMIGa) > 3160) = P(P(Ai]Go) > 5160)

m=1

].Q@ (w)
1

Then, (64) holds. Consider w € Qg. Let B,, = A, N Qg. Then, for m > 1,
P(Bm|Gm-1) = P(AnNQs|Gm-1)

Now suppose v = § —

= P(An|Gm-1) - P(Qc|Gm-1)
= P(A |gm 1) lﬁe(w)
= P( m|gm—1)

P(B1]Gp) > 0, and apply the last result for n — 1

sets(induction hypothesis).

P( LnJ Bul61) <7+ P( Z P(BylGi-1) > 2161 )
m=2 m=2

Recall E(E(X\go)lgl) = E(X|Go) if Go C G1. Taking conditional expectation
w.r.t Go and noting v € Gy,

(G

IA

(’V-FP(EH:P B |Gm—1 >7§1>|go>

m=2

NE

N+ P( P(B|Grm—1) > vIgo)

2

3
I

M=

= 7+P( P(B|Gm-1) > 6\Qo)

1

3
Il



Since UB,,, = (UA,,) N Qg, on Qg we have

ZP Bin|Gm-1) = Y P(Am|Gm—1).
m=1

Thus, on Qg,

n

P( O AnlGo) < 8= P(411Go) + P( 3 P(AnlGm-1) > 81G0)-

m=2 m=1

The result follows from
P( | AnlGo) < P(A11Go) + P( | Aml0)
m=1 m=2
by using monotonicity of conditional expectation and 14y < 14 + 1p5.

Proof of lemma (5.5). Let A,, = {|Xnm| > €}, Gn = Fnm, and let 6
be a positive number. Then, lemma (4.3.3) implies

n
P(|Xnm| > €n for some m < n) < 8+ P( 3" P(Xum] > nlFrmor) > 6)

m=1
To estimate the right-hand side, we observe that ”Chebyshev’s inequality” im
plies

Z P(|Xn,m| > en‘fn,m—l) S 6;2 Z E()?va,LFn,m—l) —0

m=1 m=1
so limsup P(| Xy m| > €, for some m < n) < 4. Since § is arbitrary, the proof
of lemma and theorem is complete.

Theorem 5.4 (Martingale cental limit theorem) Let {X,,, F,} be Mar-
tingale difference sequence, X, m = Xm/v/n, and Vi, = 2221E<X,2L‘]:n,1>.

Assume that

1. Vk/k —p o2

Y E(anl(|Xm| > eﬁ)) 50

Then,
S

NG

Definition 5.2 A process {X,,,n > 0} is called stationary if

{Xm), Xmt1, -, Xtk } =p {Xo, X1, .00, Xic}

()

for any m, k.
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Definition 5.3 Let (0, F, P) be a probability space. A measurable map ¢ :
Q — Q is said to be measure preserving if P(p~1A) = P(A) for all A € F.

Theorem 5.5 If X, X1, ... is a stationary sequence and g : RN — R is mea-
surable then Yy = g(Xg, Xk41,-..) is a stationary sequence.

Proof. If x € RN, let gr(x) = g(xk, Tg+1,...), and if B € RN et

A= {x: (90(x), 91(x),...) € B}

To check stationarity now, we observe:

P({w (Yo, Y1,...) € B}) P({w (9(Xo, X1, ), 9(X1, Xo, ), ) € B})

{w: (90(X), 01(X), ..) € BY)

{ :(XO,Xl,...)eA})

(w: (Xp, Xpp1s.) € A}) ( since Xo, X1, ... is a stationary sequence)

{

Definition 5.4 Assume that 0 is measure preserving. A set A € F is said to
be invariant if 7 1A = A.

= P

I Il
R
S

|
i)
&

(
(
(
(

- (Yo, Viep1, ) € B}) ( Check this!)

Definition 5.5 A measure preserving transformation on (Q, F, P) is said to be
ergodic if T is trivial, i.e., for every A € T, P(A) € {0,1}.

Example. Let Xy, X1, ... be i.i.d. sequence. If Q = RN and @ is the shift op-
erator, then an invariant set A has {w:w € A} ={w: 0w € A} € 0(X1, Xo,...).
Iterating gives

A€ () o(Xn, Xni1,...) = T, the tail c—field
n=1

so Z C T. For an i.i.d. sequence, Kolmogorov’s 0-1 law implies 7 is trivial, so
7 is trivial and the sequence is ergodic. We call 6 is ergodic transformation.

Theorem 5.6 Let g : RN — R be measurable. If Xo, X1,... is an ergodic

stationary sequence, then Yy = g(Xg, Xg+t1,...) is ergodic.

Proof. Suppose Xy, X1, ... is defined on sequence space with X,,(w) = w,. If B
has {w: (Yp,Y1,...) € B} ={w: (Y1,Y>,...) € B}, then A = {w : (Y, Y1,...) €
B} is shift invariant.
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Theorem 5.7 Birkhoff’s Ergodic Theorem. For any f € L,(P),

n—1
> f(0™w) = E(f|G) a.s. and in Ly(P)
m=0

S|

where 0 is measure preserving transformation on (0, F,P) and G = {A € F:

9~1A = A}

The proof is based on an odd integration inequality due to Yosida and Kaku-
tani(1939).

Theorem 5.8 Suppose {X,,n € Z} is an ergodic stationary sequence of mar-
tingale differences, i.e., 0> = EX? < oo and E(X,|F.-1) = 0 with respect to
Fn=0(Xm,m<n). Let S, = X1+ -+ X,,. Then,

S

% = oW(:)

Proof. Let u,, = E(X2|F,_1). Then u,, can be written as 0(X,_1, X,,_2,...),
and hence by theorem (5.6), u,, is stationary and ergodic. By Birkhoff’s ergodic
theorem(G = {0, Q}),

1 n
— Z Um — Bug :EX(? =2 as.
n

m=1

The last conclusion shows that (i) of theorem (5.4) holds. To show (ii), we
observe

1 & 1<
- Z E(X%1(|Xm| > 6\/ﬁ>> = - Z E<X31(|X0| > eﬁ)) ( because of stationarity)

m=1 m=1
2
0

E(X 1(|X0\ > e\/ﬁ)) =0

by the dominated convergence theorem. This completes the proof.

Let’s consider stationary process

X, = chfn,k &are i.d.d.
k=0

If & are i.i.d., X, is not definitely stationary but it is not martingale difference
process. This is called Moving Average Process. What we will do is we start
with stationary ergodic process, and then we will show that limit of this process
is the limit of martingale difference sequence. Then this satisfies the conditions
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of martingale central limit theorem.

We can separate phenomena into two parts: new information(non-deterministic)
and non-new information(deterministic).

2
EX, X, = / e™NF(\)
0

where F' is spectral measure. In case X,, = Z,;“;O ckén_k, then F < Lebesgue
measure.

Theorem 5.9 There exist ¢, and ¢ such that
. L2
° f(ez)\) — ‘¢(61)\)‘

° d)(ei)\) — ZZ‘;O Ekeik)\

if and only if

o = log f(A)
/0 log f(AN)dF(X) > —oc0 ( or /_OO WdF()\) > —oo)

Now we start with {X,, : n € Z} ergodic stationary sequence such that
e £EX,=0,EX2 < o0
o >t IE(Xo|F-pn)ll200

Idea is if we go back then X,, will be independent Xj.

Let

H, = {Y €F, with EY? < 00} = L*(Q, F,,, P)
K, = {YeH,withEYZ=0forall Ze H, 1}=H,©H,_,

Geometrically, Hy D H_; D H_5 ... is a sequence of subspaces of L? and K, is
the orthogonal complement of H, ;. If Y is a random variable, let

(0"Y)(w) = Y (0"w),

i.e., 0 is isometry(measure-preserving) on L2. Generalizing from the example
Y = f(X_,,...,Xx), which has 6"Y = f(X,—j, ..., Xn4x), it is easy to see that
if Y € Hy, then 0"Y € Hy,,, and hence Y € K; then 6"Y € K, ;.

Lemma 5.6 Let P be a projection such that X; € H_; implies Py_, X; = X;.
Then,

0Py, X; = Pu,Xju
= Pp0X;
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Proof. For j < —1,
QPHinj = QXJ = X]‘+1
———

X,
We will use this property. For YJE H_ 4,
X;,— Py  X;1Y
= (X;- PHle]yY)Q =0
= (Q(Xj — PHlej),HY)Q =0 ( since 0 is isometry on L?)
Since Y € H_1, Y generates Hy. Therefore, for all Z € Hy, we have
(0, = 0P, ;). 2) =0

= (GXJ 79PH71XJ‘)J_Z
= GPH,lxj = PHOQXJ‘ = PHOXj+1

We come now to the central limit theorem for stationary sequences.

Theorem 5.10 Suppose {X,,n € Z}is an ergodic stationary sequence with
EX, =0 and EX2 < 0co. Assume

> IE(XolF-n)ll2 < oo
n=1

Let S,, = X1+ ...+ X,,. Then
S(n-)
Vn

where we do not know what o 1s.

=oW()

Proof. If X, happened to be in Ky since X,, = "Xy € K,, for all n, and
taking Z = 14 € H,_1 we would have E(X,14) = 0 for all A € F,,_; and
hence E(X,|F,—1) = 0. The next best thing to having X,, € Ky is to have

Xo=Yo+ 2007 ()
with Yy € Ko and Z, € L?. Let

Zy = Y E(X;|F.1)

<.
I
o

E(Xj41|Fo)

>
S
I

<
I
o

=
I
NE

(B(X1F0) - B(X|1F))

<.
Il
o
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Then we can solve (x) formally
Yo + Zo — 0Zy = E(Xo|Fo) = Xo. (66)
We let
n n n
Sp=> Xm=> 0"Xo and T, =Y 0"Y.
m=1 m=1 m=1

We want to show that T, is martingale difference sequence. We have S,, =
T, + 02y — "1 Zy. The ™Y, are a stationary ergodic martingale difference
sequence (ergodicity follows from (5.6) ), so (5.8) implies

T
il N oW (-) where 0? = EY{.

vn

To get rid of the other term, we observe

07
20 40 as.
Vn
and
n—1
m—+1 < ( — )
P(os%ﬁlw Zo| > E\/ﬁ) = Z_OP |0 Zo| > ev/n
— nP(|Zo| > e\/ﬁ)
< G_QE(Z§1{|ZO\>E\/TL}) =0

The last inequality follows from the stronger form of Chevyshev,
E(Z§1{|Zo\>€\/ﬁ}) > GZHP(’Z()’ > Eﬁ)

Therefore,

S, _Ta 02 0%

—p0 —p0
STL T’n
= Lo, —
n n
Sin. Tin.
= lim 2 = lim ) = W)
n— o0 \/ﬁ n— o0 n

Theorem 5.11 Suppose {X,,n € Z}is an ergodic stationary sequence with
EX, =0 and EX2 < 0co. Assume

D IE(Xo|Fon)llz < o0

n=1
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Let S,, = X1+ ...+ X,,. Then
Sn)
Vn

=oW(")

where

0?2 =EX2+ ZZEXOX

n=1

If > | EXoX, diverges, theorem will not be true. We will show that > ’EXoXn’ <
0o. This theorem is different from previous theorem since we now specify o2.

Proof. First,

‘EXOXm

E(E(XOXm|]-'O)>|

IN

E‘XOE(Xm\]-'O)‘
[1Xoll2 - || E(Xm | Fo) [
= || Xol|z2- HE(X0|}',m)||2 ( by shift invariance )

IN

( by Cauchy Schwarz inequality )

Therefore, by assumption,

i |EX0X,| < [|X0l|2 i || B (Xo|F-m)||, < oo
Next,
ES? = zn:zn:EX i Xk
i B
= nEX§+2) (n—m)EXy,
m=1

From this, it follows easily that

ES? >
S 2+2ZE0Xm.

m=1

To finish the proof, let T,, = " _, §™Y;, observe o = EY{(we proved), and

nrE(S, —T,)? = n 'E(0Zy—0""Z)?
3EZ}
n

—0

since (a — b)? < (2a)? + (2b)2.
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We proved central limit theorem of ergodic stationary process. We will dis-
cuss examples: M-dependence and Moving Average.

Example 1. M-dependent sequences. Let X,,, n € Z be a station-
ary sequence with £X,, = 0,EX2 < oco. Assume that o({X;,7 < 0}) and
o({X,,j > M}) are independent. In this case, E(Xo|F_,) = 0 for n > M,
and Y 00 [|E(Xo|F-n)|l2 < co0. Let Fooo = Npo({X;,5 > M}) and Fi, =
oc({X;,j < k}). f m —k > M, then F_LF;. Recall Kolmogorov 0-1 law.
If A€ Fy and B € F_o, then P(AN B) = P(A) - P(B). For all A € UF,
A e 0( Uk }'k). Also, A € F_o where F_o, C UpF_i. Therefore, by Kol-
mogorov 0-1 law, P(AN A) = P(A) - P(A), and hence, {X,,} is stationary. So,
(5.8) implies

Sn (n+)
) = oW ()
where
M
o =FE?+2 Z EXo X
m=1

Example 2. Moving Average. Suppose

X, = chgm,k where Zcz < 00

k>0 k>0

and &, i € Z are i.i.d. with E¢; = 0 and B2 = 1. Clearly {X,,} is stationary
sequence since series converges. Check whether {X,,} is ergodic. We have

ﬂa({Xm,m < n}) C mo‘({fk,k < n}),

n n

trvivial algebra trvivial algebra

therefore, by Kolmogorov 0-1 law, {X,,} is ergodic. Next, if F_,, = U({fm, m <
—n}), then

IEXolF-)lla = 1Y exéillz

k>n

_ (Z Ci)1/2

k>n

If, for example, ¢, = (1+ k)77, ||E(Xo|F_n)|]2 ~ n1/27P) and (5.11) applies if
p>3/2.

Mixing Properties

Let G,H C F, and

alG,H) = sup {|P(AmB)—P(A)P(B)|}
AeG,BeEH
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If « = 0, G and H are independent so a measures the dependence of two
o—algebras.

Lemma 5.7 Let p,q,r € (1,00] with 1/p+1/q+ 1/r =1, and suppose X € G,
Y € H have E|X|P,E|Y |7 < co. Then

1/r
[EXY — EXEY| < 8||X[,[[Y ]Iy (a(G, 7))

Here, we interpret 2° = 1 for x > 0 and 0° = 0.

Proof. If « = 0, X and Y are independent and the result is true, so we can
suppose « > 0. We build up to the result in three steps, starting with the case
r = 00.

(a). =00
|[EXY — EXEY| < 2[|X][,[|Y]],
Proof of (a) Hoélder’s inequality implies |[EXY| < || X||,||Y |4, and Jensen’s
inequality implies
X1 1ly > |EIX|EIY]| > |[EXEY ]
so the result follows from the triangle inequality.
(b). X, Y € L™
[EXY — EXEY| < 4[| X[ [Y[|coc(G, H)

Proof of (b) Let 7 = sgn (E(Y|g) - EY) €G. EXY = E(XE(Y|G)), so

|[EXY — EXEY| |E(X(E(Y|G) — EY))|
IX|o E|E(Y]G) — EY |
IX|oe E(nE(Y]G) — EY)

= [[Xl[c(E(®Y) — EnEY)

IN

Applying the last result with X =Y and Y = n gives
|E(Yn) — EY En| < [|Yloo|E(Cn) — ECEN]

where ¢ = sgn(E(n|H) — En). Nown =14 —1g and { = 1¢ — 1p, so

|E(Cny) — ECEn| = |P(ANC)—P(BNC)—P(AND)+ P(BND)
—P(A)P(C)+ P(B)P(C)+ P(A)P(D) — P(B)P(D)|
< 4a(G,H)
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Combining the last three displays gives the desired result.
(c)g=o00,1/p+1/r=1
1-1/p
[EXY —~ EXEY| < 6]|X[|,|[Y ||« ((¢. )

Proof of (c) Let C = o '/?||X||,, X1 = X1(x|<c), and Xo = X — X.

|EXY — EXEY| |EX,Y — EX,EY| + |EX,Y — EX,EY|

<
< 4aClY oo + 2/|Y || B X
by (a) and (b). Now
E|X2| < C™PVE(X[P1(x|<c)) < CTPHE|X P
Combining the last two inequalities and using the definition of C gives
|EXY — EXEY| < 4a' VP X || [[Y [loc + 2][Y [Joca /P X ||, 7H
which is the desired result.

Finally, to prove (5.7), let C = a~9||Y||,, Y1 = Y1(jy|<c), and Yo = Y — Y;.

|EXY — EXEY| |EXY; — EXEY,| + |[EXY, — EXEYa|

<
< GCIIX |pat 7 + 2| X][,][Yallo
where § = (1 —1/p)~! by (c) and (a). Now
ElY|” <G E(Y|"(y|<c)) < CTHE|Y]
Taking the 1/6 root of each side and recalling the definition of C
[Valle < CTU=D||y[2/0 < alt=D/50 v |,

so we have

|EXY — EXEY| < 6a™4||Y[|q]|X||pa! /7 + 2||X |00~y ]|/ 0+/a
proving (5.7).
Combining (5.11) and (5.7) gives:

Theorem 5.12 Suppose X,,, n € Z is an ergodic stationary sequence with
EX, =0, E|Xo|** < c0. Let a(n) = a(F_n,0(Xy)), where F_, = c({ X, m <

—n}), and suppose
(o]

a(n)5/2(2+5) < 00

n=1
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If S, =X1+---X,, then
S(n-)

vn

= UW(')v

where

o =EX2+2 Z EXoX,.

n=1
Proof. To use (5.7) to estimate the quantity in (5.11) we begin with

IE(X[F)]l2 = sup{ E(XY) : Y € F [Vl =1} (%)

Proof of (*) If Y € F with ||Y||]2 = 1, then using a by now familiar property
of conditional expectation and the Cauchy-Schwarz inequality

EXY = E(E(XY|F)) = E(Y E(X|F)) <[|E(X]F)[2][Y]|2
Equality holds when Y = E(X|F)/||E(X|F)||2-
Letting p =2+ and ¢ = 2 in (5.7), noticing
1 1 1 1)

r » g 20219

and recalling E Xy = 0, showing that if Y € F_,,

|EX0Y| < 8]|Xo||245][Y [J2a(n)*/ 2+
Combining this with (*) gives

|E(XolF_n)||2 < 8[| Xo|[24sa(n)’/2T)

and it follows that the hypotheses of (5.11) are satisfied.
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6 Empirical Process

Let (2, A, P) be an arbitrary probability space and 7 : Q@ — R am arbitrary
map. The outer integral of T with respect to P is defined as

E*T =inf{EU : U > T,U : Q — R measurable and EU exists}.

Here, as usual, EU is understood to exist if at least one of EUY or EU™ is
finite. The outer probability of an arbitrary subset B of Q) is

P*(B) = inf{P(A): A> B, A€ Al

Note that the functions U in the definition of outer integral are allowed to take
the value oo, so that the infimum is never empty.

Inner integral and inner probability can be defined in a similar fashion. Equiv-
alently, they can be defined by E.T' = —E*(-T) and P.(B) = 1 — P*(B),
respectively.

In this section, D is metric space with a metric d. The set of all continuous,
bounded functions f : D — R is denoted by Cy(D).

Definition 6.1 Let (Q,, A, Pa), a € I be a net of probability space, X, :
Q4 — D, and P, = Po X, '. Then we say that the net X, converges weakly to
a Borel measure L, i.e., P, = L if

E*f(Xa) — /de, for every f € Cp(D)

Theorem 6.1 (Portmanteau) The following statements are equivalent:
(i) P, = L;

(i1) liminf P, (X, € G) > L(G) for every open G;

(#1i) limsup P*(X, € F) < L(F) for every open F;

(iv) liminf B, f(X,) > [ fdL for every lower semicontinuous f that is bounded
below;

(v) limsup E* f(X,) < [ fdL for everyupper semicontinuous f that is bounded
above;

(vi) im P*(X,, € B) = lim P.(X, € B) = L(B) for every Borel set B with
L(0B) = 0.

(vii) liminf E, f(X«) > [ fdL for every bounded, Lipschitz continuous, nonneg-
ative f.

Definition 6.2 The net of maps X, is asymptotically measurable if and only

if
E*f(Xa) — E.f(Xa) =0,  for every f € Cy(D).
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The net X, is asymptotically tight if for every ¢ > 0 there exists a compact set
K such that

liminf P, (X, € Ké) >1—¢, forevery §d > 0.

Here K% = {y € D : d(y, K) < 6} is the ”§—enlargement” around K. A collec-
tion of Borel measurable maps X,, is called uniformly tight if, for every € > 0,
there is a compact K with P(X, € K) > 1 — € for every .

The § in the definition of tightness may seem a bit overdone. It is not-asymptotic
tightness as defined is essentially weaker than the same condition but with K
instead of K°. This is caused by a second difference with the classical concept
of uniform tightness: the enlarged compacts need to contain mass 1 — € only in
the limit.

On the other hand, nothing is gained in simple cases: for Borel measurable
maps in a Polish space, asymptotic tightness and uniform tightness are the
same. It may also be noted that, although K?° is dependent on the metric,
the property of asymptotic tightness depends on the topology only. One nice
consequence of the present tightness concept is that weak convergence usually
implies asymptotic measurability and tightness.

Lemma 6.1 (i) X, = X, then X, is asymptotically measurable.
(ii) If X, = X, then X, is asymptotically tight if and only if X is tight.

Proof. (i). This follows upon applying the definition of weak convergence to
both f and —f.

(ii). Fix € > 0. If X is tight, then there is a compact K with P(X € K) > 1—e.
By the portmanteau theorem, liminf P,(X, € K°) > P(X € K?°), which is
larger than 1 — € for every § > 0. Conversely, if X, is tight, then there is a
compact K with liminf P,(X, € K°) > 1 —e. By the portmanteau theorem,
P(XeK%>1—e Let §10.

The next version of Prohorov’s theorem may be considered a converse of the
previous lemma. It comes in two parts, one for nets and one for sequences,
neither one of which implies the other. The sequence case is the deepest of the
two.

Theorem 6.2 (Prohorov’s theorem.) (i) If the net X, is asymptotically
tight and asymptotically measurable, then it has a subnet X, gy that converges
i law to a tight Borel law.

(i1) If the sequence X, is asymptotically tight and asymptotically measurable,
then it has a subsequence Xy, that converges weakly to a tight Borel law.

110



6.1 Spaces of Bounded Functions

A vector lattice F C Cy(D) is a vector space that is closed under taking positive
parts: if f € F, then f = fv0 € F. Then automatically fvVg € F and fAg € F
for every f,g € F. A set of functions on D separates points of D if, for every
pair x # y € D, there is f € F with f(z) # f(y).

Lemma 6.2 Let L; and Lo be finite Borel measures on D.

(i) If [ fdLy = [ fdLs for every f € Cy(D), then Ly = Lo.
Let Ly and Lo be tight Borel probability measures on D.

(i) If [ fdLy = [ fdLs for every f in a vector lattice F C Cy(D) that contains
the constant functions and separates points of D, then L1 = Lo.

Lemma 6.3 Let the net X, be asymptotically tight, and suppose E*f(Xq) —
E.f(Xs) — 0 for every f in a subalgebra F of Cp(D) that separates points of
D. Then the net X, is asymptotically measurable.

Let T be an arbitrary set. The space {*°(T) is defined as the set of all uniformly
bounded, real functions on T': all functions z : T'— R such that

||zl := sup [2(t)] < oo
teT
It is a metric space with respect to the uniform distance d(z1,z2) = ||z1 — 22| 7.

The space [*°(T), or a suitable subspace of it, is a natural space for stochas-
tic processes with bounded sample paths. A stochastic process is simply an
indexed collection {X(t) : t € T'} of random variables defined on the same prob-
ability space: every X(¢) : Q — R is a measurable map. If every sample path
t — X(t,w) is bounded, then a stochastic process yields a map X : Q — [*°(T)).
Sometimes the sample paths have additional properties, such as measurability
or continuity, and it may be fruitful to consider X as a map into a subspace
of I°°(T). If in either case the uniform metric is used, this does not make a
difference for weak convergence of a net; but for measurability it can.

In most cases a map X : Q — [°°(T) is a stochastic process. The small amount
of measurability this gives may already be enough for asymptotic measura-
bility. The special role played by the marginals (X (t1),..., X (tx)), which are
considered as maps into R¥, is underlined by the following three results. Weak
convergence in [*°(T") can be characterized as asymptotic tightness plus conver-
gence of marginals.

Lemma 6.4 Let X, : Qo — I°°(T') be asymptotically tight. Then it is asymp-
totically measurable if and only if X, (t) is asymptotically measurable for every
tefT.
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Lemma 6.5 Let X and Y be tight Borel measurable maps into 1°°(T). Then
X and Y are equal in Borel law if and only if all corresponding marginals of X
and Y are equal in law.

Theorem 6.3 Let X, : Q, — 1°°(T) be arbitrary. Then X, converges weakly
to a tight limit if and only if X, is asymptotically tight and the marginals
(X (t1),..., X (tr)) converge weakly to a limit for every finite subset t1, ..., tx of T.
If X, is asymptotically tight and its marginals converge weakly to the marginals
(X(t1),..., X(tr)) of a stochastic process X, then there is a version of X with
uniformly bounded sample paths and X, = X.

Proof. For the proof of both lemmas, consider the collection F of all functions
f:1°°(T) — R of the form

f(z) =g(z(t1), ..., 2(tx)), g€ Cb(Rk),tl, oty €T,k €N,

This forms an algebra and a vector lattice, contains the constant functions, and
separates points of {*°(T"). Therefore, the lemmas are corollaries of (6.2) and
(6.3), respectively. If X, is asymptotically tight and marginals converge, then
X, is asymptotically measurable by the first lemma. By Prohorov’s theorem,
X, is relatively compact. To prove weak convergence, it suffices to show that
all limit points are the same. This follows from marginal convergence and the
second lemma.

Marginal convergence can be established by any of the well-known methods
for proving weak convergence on Euclidean space. Tightness can be given a
more concrete form, either through finite approximation or with the help of the
Arzela-Ascoli theorem. Finite approximation leads to the simpler of the two
characterizations, but the second approach is perhaps of more interest, because
it connects tightness to continuity of the sample paths t — X, (¢).

The idea of finite approximation is that for any ¢ > 0 the index set T can
be partitioned into finitely many subsets T; such that the variation of the sam-
ple paths ¢ — X, (t) is less than € on every one of the sets T;. More precisely, it
is assumed that for every €, > 0, there exists a partition T = UleTi such that

limsupP*(sup sup |Xa(s) — Xa(t)’ > e) <.
a i s,teT;

Clearly, under this condition the asymptotic behavior of the process can be de-
scribed within error margin €, ) by the behavior of the marginal (X, (t1), ..., Xa(tx))
for arbitrary fixed points t; € T;. If the process can thus be reduced to a finite
set of coordinates for any €,77 > 0 and the nets or marginal distributions are
tight, then the net X, is asymptotically tight.
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Theorem 6.4 A net X, : Qo — 1°°(T) is asymptotically tight if and only if
X (t) is asymptotically tight in R for every t and, for all €, > 0, there exists
a finite partition T = UX_| T, such that (6.1) holds.

Proof. The necessity of the conditions follows easily from the next theorem.
For instance, take the partition equal to disjointified balls of radius ¢§ for a semi-
metric on T as in the next theorem. We prove sufficiency.

For any partition, as in the condition of the theorem, the norm || X,||r is
bounded by max;| X, (t;)| + €, with inner probability at least 1 —n, if ¢; € T; for
each i. Since a maximum of finitely many tight nets of real variables is tight, it
follows that the net || X, ||z is asymptotically tight in R.

Fix ¢ > 0 and a sequence €,, | 0. Take a constant M such that lim sup P*(|| X, ||
M) < ¢, and for each € = ¢, and n = 27™(, take a partition 7' = UX_, T} as in
(6.1). For the moment m is fixed and we do not let it appear in the notation.
Let z1,...,z, be the set of all functions in {°°(T") that are constant on each T;
and take on only the values 0, £e,,, ..., =[M/€ep]en. Let K, be the union of
the p closed balls of radius €, around the z;. Then, by construction, the two
conditions

[ Xallr <M and  sup sup |Xa(s) — Xa(t)| < e

i steT; o

imply that X, € K,,. This is true for each fixed m.

Let K = N%_;K,,. Then K is closed and totally bounded(by construction
of the K, and because € | 0) and hence compact. Furthermore for every ¢ > 0,
there is an m with K9 > Nmr_, K;. If not, then there would be a sequence z,,
not in K?, but with z,, € Nmr_, K, for every m. This would have a subsequence
contained in one of the balls making up K7, a further subsequence eventually
contained in one of the balls making up K5, and so on. The ”diagonal” se-
quence, formed by taking the first of the first subsequence, the second of the
second subsequence and so on, would eventually be contained in a ball of radius
€m for every m; hence Cauchy. Its limit would be in K, contradicting the fact
that d(z,, K) > ¢ for every m.

Conclude that if X, is not in K?, then it is not in N™_, K; for some fixed
m. Then

lim sup P*(Xo ¢ K°) < limsup P* (Xa ¢ mmzlm) <¢+Y @M<
=1

This concludes the proof of the theorem.

The second type of characterization of asymptotic tightness is deeper and re-
lates the concept to asymptotic continuity of the sample paths. Suppose p
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is a semimetric on 7' A net X, : Q, — [°°(T) is asymptotically uniformly
p—equicontinuous in probability if for every e, > 0 there exists a 6 > 0 such
that
hmsupP*( sup | Xa(s) — Xa(t)| > e) <.
o p(s,t)<d

Theorem 6.5 A net X, : Qo — 1°°(T) is asymptotically tight if and only if
X (t) is asymptotically tight in R for every t and there exists a semimetric p
on T such that (T, p) is totally bounded and X, is asymptotically uniformly
p—equicontinuous in probability. If, moreover, X, = X, then almost all paths
t — X(t,w) are uniformly p— continuous; and the semimetric p can without loss
of generality be taken equal to any semimetric p for which this is true and (T, p)
18 totally bounded.

Proof. («<). The sufficiency follows from the previous theorem. First take
6 > 0 sufficiently small so that the last displayed inequality is valid. Since T
is totally bounded, it can be covered with finitely many balls of radius §. Con-
struct a partition of T' by disjointifying these balls.

(=). If X, is asymptotically tight, then ¢g(X,) is asymptotically tight for
every continuous map g¢; in particular, for each coordinate projection. Let
K, C K3 C ... be compacts with liminf P,(X, € K,)1 —1/m for every € > 0.
For every fixed m, define a semimetric p,, on T by

pm(s,t) = sup |z(s) — z(t)]|, s,teT
2€Ky,

Then (T, pr,) is totally bounded. Indeed, cover K, by finitely many balls of
radius 7, centered at z,...,2,. Partition R* into cubes of edge n, and for
every cube pick at most one t € T such that (z1(¢), ..., 2x(t)) is in the cube.
Since z1, ..., 2 are uniformly bounded, this gives finitely many points t1, ..., t,.
Now the balls {¢ : p(¢,t;) < 3n} cover T: ¢ is in the ball around ¢; for which
(z1(t)y .y 2zi(t)) and (21 (¢;), ..., 2 (t;)) fall in the same cube. This follows because
pm(t,t;) can be bounded by 2sup, ¢, inf; ||z — 2|7 +sup; |z, (t;) — 2;(t)|. Next
set

pls,t) =D 27 (pm(s,t) A 1).
m=1

Fix n > 0. Take a natural number m with 27 < . Cover T with finitely many
pm—balls of radius n. Let t1,...,t, be their centers. Since p1 < pa < ..., there
is for every t a t; with p(t,t;) < >3, 2 %py(t,t;) + 2™ < 2n. Thus (T, p) is
totally bounded for p, too. It is clear from the definitions that |z(s) — z(¢¥)| <
pm(8,t) for every z € K, and that p,, (s,t)A1 < 2™ p(s,t). Also, if ||z0—2z]||7 < €
for z € Ky, then |z0(s) — z0(t)| < 2e+ |z(s) — z(t)]| for any pair s,t. Deduce that

K;, C {z :osup Jz(s) —2(t)] < 36}.
p(s,t)<2—me
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Thus for given € and m, and for § < 27 ™,

1
limian*( sup | Xa(s) — Xa(t)] < 36) >1—-—.
« p(s,t)<d m

Finally, if X, = X, then with notation as in the second part of the proof,
P(X € K,;,) > 1 —1/m; hence X concentrates on USS_; K,,,. The elements of
K,, are uniformly p,,-equicontinuous and hence also uniformly p-continuous.
This yields the first statement. The set of uniformly continuous functions on
a totally bounded, semimetric space is complete and separable, so a map X
that takes its values in this set is tight. Next if X, = X and X is tight, the
X, is asymptotically tight and the compacts for asymptotical tightness can be
shosen equal to the compacts for tightness of X If X has uniformly continuous
paths, then the latter compacts can be chosen within the space of uniformly
continuous functions. Since a compact is totally bounded, every one of the
compacts is necesaarily uniformly equicontinuous. Combination of these facts
proves the second statement.

6.2 Maximal Inequalities and Covering Numbers

We derive a class of maximal inequalities that can be used to establish the
asymptotic equicontinuity of the empirical process. Since the ineualities have
much wider applicability, we temporarily leave the empirical framework.

Let ¢ be a nondecreasing, convex function with ¢(0) = 0 and X a random
variable. Then the Orlicz norm ||X]||, is defined as

11X ] = inf{C >0: E¢(%) < 1}.

Here the infimum over the empty set is co. Using Jensen’s inequality, it is not
difficult to check that this indeed defines a norm. The best-known examples of
Orlicz norms are those corresponding to the functions x — xP for p > 1: the
corresponding Orlicz norm is simply the L,—norm

11, = (mxp) "

For our purpose, Orlicz norms of more interest are the ones given by ¥, (z) =
e’ —1 for p > 1, which give much more weight to the tails of X. The bound
xP < app(x) for all nonnegative  implies that || X||, < [|X]|y, for each p. It is
not true that the exponential Orlicz norms are all bigger than all L,—norms.
However, we have the inequalities

X s,
1 X115

1 X 1|y, log2)/1=tP p<gq

<
< P IX ],
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Since for the present purposes fixed constants in inequalities are irrelevant, this
means that a bound on an exponential Orlicz norm always gives a better result
than a bound on an L,—norm.

Any Orlicz norm can be used to obtain an estimate of the tail of a distribution.
By Markov’s inequality,

1
P(IX] > @) < P(v(XI/IX10) = b(e/lIX]10) < W2 /1X1[s)

For 1,(z) = € — 1, this leads to tail estimates exp(—CzP) for any random
variable with a finite ¥,—norm. Conversely, an exponential tail bound of this
type shows that || X||y, is finite.

Lemma 6.6 Let X be a random variable with P(|X| > 2) < Ke=¢*" for every
x, for constants K and C, and for p > 1. Then its Orlicz norm satisfies

1/p
Xy, < (1+ K)/C)
Proof. By Fubini’s theorem,
R |XP oo
E(eD‘Xl - 1) = E/ DePsds :/ P(|X| > s*/P)DeP*ds

0 0

Now insert the inequality on the tails of | X | and obtain the explicit upper bound
KD/(C — D). This is less than or equal to 1 for D~/P greater than or equal

1/p
to ((1 + K)/C) . This completes the proof.

Next consider the ¥y—norm of a maximum of finitely many random variables.
Using the fact that max | X;|? < > |X;|P, one easily obtains for the L,—norms

‘ max X;

1<i<m 1<i<m

1/p
= (E max Xf) < m'P max [1 X1,
p 1<i<m
A similar inequality is valid for many Orlicz norms, in particular the exponential
ones. Here, in the general case, the factor m'/? becomes ¢~ (m).

Lemma 6.7 Let ¢ be a conver, nondecreasing, nonzero function with ¥ (0) = 0
and limsup, . ¥(2)Y(y)/P(cry) < oo for some constant c. Then for any
random variables X1, ..., Xy,

H max X;
1<i<m

=< -1 ;
, =S BT (m) max [1Xlly

for a constant K depending only on 1.
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Proof. For simplicity of notation assume first that ¥ (x)y(y) < ¥ (czy) for all
x,y > 1. In that case, ¥(z/y) < ¥(cx)/¥(y) for all z > y > 1. Thus, for y > 1
and any C,

mM(@(;) < max lw<cl§;|)/c>+ w@gj)l%d}]

V(e X;]/C)
< Y TR W(1).

Set C' = cmax || X;]||y, and take expectations to get

max | X;]| m
Ew( Cy )Sw(y)wu)

When (1) < 1/2, this is less than or equal to 1 for y = ¢~1(2m), which is
greater than 1 under the same condition. Thus,

H max X;

< Y2 Xl
1<i<m w—w (2m)cmax ||.X;||y

By the convexity of 1 and the fact that ¢(0) = 0, it follows that ¢=1(2m) <
2¢p~1(m). The proof is complete for every special ¢ that meets the conditions
made previously. For a general v, there are constants ¢ < 1 and 7 > 0 such
that ¢(z) = oy(rx) satisfies the conditions of the previous paragraph. Apply
the inequality to ¢, and observe that || X||y < ||X||s/(o7) < || X||y/0-

For the present purposes, the value of the constant in the previous lemma is
irrelevant. The important conclusion is that the inverse of the ¥ —function de-
termines the size of the ¥»—norm of a maximum in comparison to the ¢)—norms
of the individual terms. The ¢)—norms grows slowest for rapidly increasing 1.
For ¢(z) = e®” — 1, the growth is at most logarithmic, because

¥y H(m) = (log(1 +m))*/”

The previous lemma is useless in the case of a maximum over infinitely many
variables. However, such a case can be handled via repeated application of
the lemma via a method known as chaining. Every random variable in the
supremum is written as a sum of "little links,” and the bound depends on the
number and size of the little links needed. For a stochastic process {X; : t € T'},
the number of links depends on the entropy of the index set for the semimetric

d(s, 1) = || Xs = Xil[y-

The general definition of "metric entropy” is as follows.
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Definition 6.3 (Covering numbers) Let (T,d) be an arbitrary semi-metric
space. Then the covering number N(e,d) is the minimal number of balls of
radius € needed to cover T. Call a collection of points e—separated if the distance
between each pair of points is strictly larger than €. The packing number D(e, d)
18 the maximum number of e—separated points in T'. The corresponding entropy
numbers are the logarithms of the covering and packing numbers, respectively.

For the present purposes, both covering and packing numbers can be used. In
all arguments one can be replaced by the other through the inequalities

N(e,d) < D(e,d) < N(%,d)
Clearly, covering and packing numbers become bigger as ¢ | 0. By definition,
the semimetric space T is totally bounded if and only if the covering and packing
numbers are finite for every € > 0. The upper bound in the following maximal
inequality depends on the rate at which D(e,d) grows as € | 0, as measured
through an integral criterion.

Theorem 6.6 Let ¢ be a convex, nondecreasing, nonzero function with ¥ (0) =
0 and limsup,, , .. ¥ (x)(y)/P(cry) < oo, for some constant c. Let {X; : t €
T} be a separable stochastic process with

[|Xs — Xillp < Cd(s,t), for every s,t

for some semimetric d on T and a constant C. Then, for any n,d > 0,

| g 1xe =il < K[ [ ot dye s v (02|,

for a constant K depending on v and C only.
Corollary 6.1 The constant K can be chosen such that

where diam T is the diameter of T

diamT
swp X, - Xl|| <K [ wl(Dle. e
s, 0

Proof. Assume without loss of generality that the packing numbers and the as-
sociated ” covering integral” are finite. Construct nested sets To C Ty C --- C T
such that every 7} is a maximal set of points such that d(s,t) > n277 for every
s,t € T where "maximal” means that no point can be added without destroying
the validity of the inequality. By the definition of packing numbers, the number
of points in 7} is less than or equal to D(n277,d).
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”Link” every point t;41 € Tj11 to a unique ¢; € T} such that d(t;,t;41) <7277,
Thus, obtain for every tyy1 a chain tgy1,tk, ..., to that connects it to a point in
Ty. For arbitrary points Sg41,tk+1 in Tk41, the difference in increments along
their chains can be bounded by

k

(ij+1 - ij) - Z(th+1 - th)
j=0

-

Il
<

(Ko = Xoo) = (K = Xi)| = |

Sk+1
J

< 2) max|X, — X,|

-

I
o

J

where for fixed j the maximum is taken over 1l links (u,v) from T}j14 to Tj. Thus
the jth maximum is taken over at most #7%; links, with each link having a
Y—norm ||X, — X,||4 bounded by Cd(u,v) < Cn277. It follows with the help
of lemma (6.7) that , for a constant depending only on ¢ and C,

k
_ (X, — < -1 —i-1 —J
ma (X = Xa) = (X, &NLK;w<mm )2
n
< 4K/ Y (D(e,d))de.
0

In this bound, sy and ¢y are the endpoints of the chains starting at s and ¢,
respectively.

The maximum of the increments | X, , — Xy, .| can be bounded by the maxi-
mum on the left side of (67) plus the maximum of the discrepancies | X, — Xy, |
at the end of the chains. The maximum of the latter discrepancies will be an-
alyzed by a seemingly circular argument. For every pair of endpoints sg,ty of
chains starting at two points in Tj4; within distance J of each other, choose
exactly one pair Sg41,tg+1 in Trpa1, with d(sg+1,tk+1) < 0, whose chains end
at so,t9. By definition of T, this gives at most D?(n,d) pairs. By the triangle
inequality,

‘XSO - Xto' < |(XSO - X8k+1) - (Xto - th+1)‘ + |X - th+1|

Sk+1

Take the maximum over all pairs of endpoints sg,ty as above. Then the corre-
sponding maximum over the first term on the right in the last display is bounded
by the maximum in the left side of (67). It ®»—norm can be bounded by the
right side of this equation. Combine this with (67) to find that

n
Xo— X )—(X,—X H < K/ ~1(D(e, d))d X, . —X
s,tETkljﬂfﬁis,t)<5‘( 0) ( t 250)| ’¢’78 0 w ( (6 )) 6—|—Hmax| k41 tk+1||’1/1

Here the maximum on the right is taken over the pairs spy1,tk+1 in Tgyq
uniquely attached to the pairs sg,ty as above. Thus the maximum is over at
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most D?(n, d) terms, each of whose ¢»—norm is bounded by §. Its ¢»—norm is
bounded by K¢~ (D?(n,d))s.

Thus the upper bound given by the theorem is a bound for the maximum of in-
crements over Ty, 1. Let k tend to infinity to conclude the proof. The corollary
follows immediately from the previous proof, after noting that, for 1 equal to
the diameter of T', the set T consists of exactly one point. In that case sg = tg
for every pair s,t, and the increments at the end of the chains are zero. The
corollary also follows from the theorem upon taking n = § = diamT and noting
that D(n,d) = 1, so that the second term in the maximal inequality can also be
written 6¢~1(D(n,d)). Since the function € — ¥ ~1(D(e, d)) is decreasing, this
term can be absorbed into the integral, perhaps at the cost of increasing the
constant K.

Though the theorem gives a bound on the continuity modulus of the process, a
bound on the maximum of the process will be needed. Of course, for any tg,

diamT

[supla|, < IXello+ 56 [ o Dt dae
0

Nevertheless, to state the maximal inequality in terms of the increments ap-
pears natural. The increment bound shows that the process X is continuous in
1)—norm, whenever the covering integral fon ¥~ 1(D(e,d))de converges for some
n > 0. It is a small step to deduce the continuity of almost all sample paths
from this inequality, but this is not needed at this point.

6.3 Sub-Gaussian Inequalities

A standard normal variable has tails of the order =t exp ( — "L;) and satisfies

P(|X] > z) < 2exp ( - %) for every x. By direct calculation one finds a

o—norm of 1/8/3. In this section we study random variables satisfying similar
tail bounds.

Hoeffding’s inequality asserts a ”sub-Gaussian” tail bound for random variables

of the form X = Y X, with X,..., X, i.i.d. with zero means and bounded
range. The following special case of Hoeffding’s inequality will be needed.

Theorem 6.7 (Hoeffding’s inequality) Let aq, ..., a, be constants and €1, ..., €,
be independent Rademacher random variables; i.e., with P(e; = 1) = P(e; =

—1)=1/2. Then
22
P(\Zeiail > z) < 2¢” FMal?

for the Euclidean norm ||a||. Consequently, || > €;a:||y, < V6||al|.
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Proof. For any A and Rademacher variable ¢, one has Eete = (e)‘ + e‘A) <

N/ 2, where the last inequality follows after writing out the power series. Thus

by Markov’s inequality, for any A > 0,
P(Zeiai > x) < e~ Bt Do, dics < N /2)all® _ o

The best upper bound is obtained for A = x/||a||?> and is the exponential in
the probability bound of the lemma. Combination with a similar bound for
the lower tail yields the probability bound. The bound on the ®—norm is a
consequence of the probability bound in view of (6.6).

A stochastic process is called sub-Gaussian with respect to the semi-metric d
on its index set if

22
P(|Xs — Xi| > ) <2 2@Go,  for every s,t € T,z >0

any Gaussian process is sub-Gaussian for the standard deviation semimetric
d(s,t) = 0(Xs — X;). another example is Rademacher process

X, = Zaiei, a€R"
i=1
for Rademacher variables €1, ..., €,,. By Hoeffding’s inequality, this is sub-Gaussian
for the Euclidean distance d(a,b) = ||a — b||.

Sub-Gaussian processes satisfy the increment bound || X5 — X;||y, < v6d(s,t).
Since the inverse of the s —function is essentially the square root of the log-
arithm, the genereal maximal inequality leads for sub-Gaussian processes to a
bound in terms of an entropy integral. Furthermore, because of the special
properties of the logarithm, the statement can be slightly simplified.

Corollary 6.2 Let {X;:t € T} be a separable sub-Gaussian process. Then for
every § > 0,

s
E sup |X;— X §K/ V1og D(e, d)de,
0

d(s,t)<d

for a universal constant K. In particular, for any to,
Esup | X¢| < E| X3, | + K/ V1og D(e, d)de.
t 0

Proof. Apply the general maximal inequality with o (z) = e*” —1 and n=7J.

Since 15 ' (m) = y/log(1 + m), we have ¥5 1 (D?(8,d)) < V25 (D(5,d)). Thus
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the second term in the maximal inequality can first be replaced by v/26¢~1(D(n, d))
and next be incorporated in the first at the cost of increasing the constant. We
obtain

| sup jx - x4
d(s,t)<d

B
< K/ log(1 + D(e, d))de.
P2 0

Here D(e,d) > 2 for every e that is strictly less than the diameter of 7. Since
log(1 +m) < 2logm for m > 2, the 1 inside the logarithm can be removed at
the cost of increasing K.

6.4 Symmetrization

Let €4, ...,€¢, be i.i.d. Rademacher random variables. Instead of the empirical
process
1 n
fro (Pa=P)f == (f(Xi) = Pf),
i=1
consider the symmetrized process

n

Fo POF = 23 af(Xo),

i=1

where €, ..., €, are independent of (X7, ..., X;,). Both processes have mean func-
tion zero. It turns out that the law of large numbers or the central limit theorem
for one of these processes holds if and only if the corresponding result is true
for the other process. One main approach to proving empirical limit theorems
is to pass from P, — P to P? and next apply arguments conditionally on the
original X’s. The idea is that, for fixed X, ..., X,,, the symmetrized empirical
measure is a Rademacher process, hence a sub-Gaussian process, to which (6.2)
can be applied.

Thus we need to bound maxima and moduli of the process P,, — P by those of the
symmetrized process. To formulate such bounds, we must be careful about the
possible nonmeasurability of suprema of the type ||P, — P||z. The result will be
formulated in terms of outer expectation, but it does nto hold for every choice
of an underlying probability space on which X3, ..., X, are defined. Throughout
this part, if outer expectations are involved, it is assumed that X1,..., X,, are
the coordinate projections on the product space (X", A", P™), and the outer
expectations of functions (Xi,...,X,) — h(Xy,...,X,) are computed for P".
thus ”independent” is understood in terms of a product probability space. If
auxiliary variables, independent of the X’s, are involved, as in the next lemma,
we use a similar convention. In that case, the underlying probability space is
assumed to be of the form (X", A", P") x (Z,C, Q) with X1, ..., X,, equal to the
coordinate projections on the first n coordinates and the additional variables
depending only on the (n + 1)st coordinate.
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The following lemma will be used mostly with the choice ®(x) = .

Lemma 6.8 (Symmetrization) For every nondecreasing, conver ® : R — R
and class of measurable functions F,

E(||P, - Pllr) < E*@ (2P0l )

where the outer expectations are computed as indicated in the preceding para-
graph.

Proof. Let Yy,...,Y, be independent copies of Xi, ..., X,,, defined formally
as the coordinate projections on the last n coordinates in the product space
(X™, A", P") x (Z,C,Q) x (X", A", P™). The outer expectations in the state-
ment of the lemma are unaffected by this enlargement of the underlying proba-
bility space, because coordinate projections are perfect maps. For fixed values
Xq, 0 Xn,

n

[P = PllF = ?ggi‘Z(f(Xi)_Ef(YiD‘
< Byswp | 37 (50X - 1)
1

ferm

i=
where E5 is the outer expectation with respect to Y7, ..., Y;, computed for P" for
given, fixed values of X, ..., X,,. Combination with Jensen’s inequality yields

@(|IP. — Pllx) < Eye (Hi Z (F(X0) = £(¥0) *Y),

F

where *Y denotes the minimal measurable majorant of the supremum with
respect to Y7, ..., Yy, still with X, ..., X, fixed. Because ® is nondecreasing and
continuous, the *Y inside ® can be moved to E5.. Next take the expectation
with respect to Xi, ..., X, to get

B (||P, — Pllr) < E?E?‘Po\ifi (X0 - fm))Hf)

i=1
Here the repeated outer expectation can be bounded above by the joint outer
expectation E* by Fubini’s theorem.

Adding a minus sign in front of a term (f(X;) — f(Y;)) has the effect of ex-
changing X; and Y;. By construction of the underlying probability space as a
product space, the outer expectation of any function f(Xj, ..., X,,, Y1, ..., Y;,) re-
mains unchanged under permutations of its 2n arguments. hence the expression

(et - 00

i=1

123



is the same for any n—tuple (eq,...,e,) € {—1,1}". Deduce that

E*<I><||Pn - P||}—> < EEE;{*Yq)(HiL i@(f(Xz) - f(ﬁ))H}_)

1=

Use the triangle inequality to separate the contributions of the X’s and the Y'’s
and next use the convexity of ® to bound the previous expression by
I;)

1, 1 &
’F> + §E6EX,Y(I) <2Hn ;@f(yi)

By perfectness of coordinate projections, the expectation EY y is the same as
E% and E5 in the two terms, respectively. Finally, replace the repeated outer
expectations by a joint outer expectation. This completes the proof.

1., 1 &
SEeEx y® <2’ ‘ - ; e f(X;)

The symmetrization lemma is valid for any class F. In the proofs of Glivenko-
Cantelli and Donsker theorems, it will be applied not only to the original set of
functions of interest, but also to several classes constructed from such a set F.
The next step in these proofs is to apply a maximal inequality to the right side
of the lemma, conditionally on X1, ..., X,,. At that point we need to write the
joint outer expectation as the repeated expectation E% E., where the indices
remaining variables. Unfortunately, Fubini’s theorem is not valid for outer ex-
pectations. To overcome this problem, it is assumed that the integrand in the
right side of the lemma is jointly measurable in (X1, ..., X,, €1, ..., €5 ). Since the
Rademacher variables are discrete, this is the case if and only if the maps

n
(X1> 7Xn) — H Z elf(X’L) ‘]__
=1
are measurable for every n—tuple (eq,...,e,) € {—1,1}". For the intended ap-
plication of Fubini’s theorem, it suffices that this is the case for the completion
of (X", A", P™).

Definition 6.4 (Measurable Class) A class F of measurable functions f :
X — R on a probability space (X, A, P) is called a P—measurable class if the
function (6.4) is measurable on the completion of (X™, A", P") for every n and
every vector (eq, ...,e,) € R™.

Glivenko-Cantelli Theorems
In this section we prove two types of Glivenko-Cantelli theorems. The first

theorem is the simplest and is based on entropy with bracketing. Its proof relies
on finite approximation and the law of large numbers for real variables. The
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second theorem uses random L;—entropy numbers and is proved through sym-
metrization followed by a maximal inequality.

Definition 6.5 (Covering numbers) The covering number N(e, F,|| - ||) is
the minimal number of balls {g : ||lg — f|| < €} of radius € needed to cover
the set F. The centers of the balls need not belong to F, but they should have
finite norms. The entropy(without bracketing) is the logarithm of the covering
number.

Definition 6.6 (Bracketing numbers) Given two functionsl and u, the bracket
[, u] is the set of all functions f with | < f < wu. An e—bracket is a bracket [I, u)
with |[u—1|| < e. The bracketing number Ny(e, F,||-||) is the minimum number
of e—brackets needed to cover F. The entropy with bracketing is the logarithm
of the bracketing number. In the definition of the bracketing is the logarithm
of the bracketing number. In the definition of the bracketing number, the upper
and lower bounds uw and | of the brackets need not belong to F themselves but
are assumed to have finite norms.

Theorem 6.8 Let F be a class of measurable functions such that Ny (e, F, L1(P)) <
oo for every € > 0. Then F is Glivenko-Cantelli.

Proof. Fix € > 0. Choose finitely many e—brackets [l;,u;] whose union
contains F and such that P(u; —I;) < € for every i. Then for every f € F, there
is a bracket such that

(Pn_P)fS(Pn_P)ui+P(ui_f)S(P7L_P)ui+€

Consequently,

sup(P, — P)f < max(P, — P)u; + e.

fer i
The right side converges almost surely to € by the strong law of large numbers
for real variables. Combination with a similar argument for inf ;e z(P, — P)f
yields that limsup || P, — P||% < e almost surely, for every ¢ > 0. Take a se-
quence €,, | 0 to see that the limsup must actually be zero almost surely. This
completes the proof.

An envelope function of a class F is any function z — F'(x) such that |f(z)| <
F(z), for every « and f. The minimal envelope function is « — sups|f(x)|. It
will usually be assumed that this function is finite for every zx.

Theorem 6.9 Let F be a P-measurable class of measurable functions with en-
velope F such that P*F < oo. Let Fpy be the class of functions f1{F < M}
when f ranges over F. Iflog N (e, Far, L1(Py)) = 0% (n) for every ¢ and M > 0,
then ||P, — P||% — 0 both almost surely and in mean. In particular, F is
Glivenko-Cantelli.
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Proof. By the symmetrization lemma, measurability of the class F, and
Fubini’s theorem,
-

%Zeif(Xi)

E*||P, - Pllr <

=1

1n
< L X‘ LOP F{F > M
< n;eﬂ ., { }

by the triangle inequality, for every M > 0. For sufficiently large M, the last
term is arbitrarily small. To prove convergence in mean, it suffices to show that
the first term converges to zero for fixed M. Fix Xq,...,X,. If G is an e—net in
L,(P,) over Fys, then

1 n
ﬁ ;Qf(Xi)

The cardinality of G can be chosen equal to N(e, Far, L1(P,)). Bound the
L;—norm on the right by the Orlicz-norm for 1s(z) = exp(z?) — 1, and use
the maximal inequality (6.7) to find that the last expression does not exceed a
multiple of

E

Fm

’ + €.

1 n
ﬁ ZZ:; Gif(Xz‘) G

V/1+log N(e, Far, Li(P, supr + ¢,
feg Y2|X
where the Orlicz norms || - ||, x are taken over ey, ..., €, with X1,..., X, fixed.

By Hoeffding’s inequality, they can be bounded by +/6/n(P, f?)'/?, which is
less than 1/6/nM. Thus the last displayed expression is bounded by

/14 log N(e, Far, L1 (P, \/7M—|—e—>p* €

It has been shown that the left side of (6.4) converges to zero in probability.
Since it is bounded by M, its expectation with respect to Xi, ..., X, converges
to zero by the dominated convergence theorem. This concludes the proof that
|| P, — P||% in mean. That it also converges almost surely follows from the fact
that the sequence || P, — P||% is a reverse martingale with respect to a suitable
filtration.

Donsker Theorems
Uniform Entropy In this section weak convergence of the empirical process

will be established under the condition that the envelope function F' be squre
integrable, combined with the uniform entropy bound

/ sup \/log]\f(e||F||Q,2,]:7 Ly(Q))de < oc.
0 Q
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Here the supremum is taken over all finitely discrete probability measures @ on
(X, A) with ||F||3, , = [ F?dQ > 0. These conditions are by no means neces-
sary, but they suffice for many examples. Finiteness of the previous integral will
be referred to as the uniform entropy condition.

Theorem 6.10 Let F be a class of measurable functions that satisfies the uni-
form entropy bound (6.4). Let the class Fs ={f —g: f.g € F,||f —gllp2 < 0}
and F2, be P—measurable for every § > 0. If P*F? < oo, then F is P—Donsker.

Proof. Let §, | 0 be arbitrary. By Markov’s inequality and the symmetriza-
tion lemma,

* 2 *
P(|Gullz,, >2) < =

1 n
— e f(X; ‘
\/ﬁ ZZZ; ’Lf( 1) ]__571
Since the supremum in the right-hand side is measurable by assumption, Fu-
bini’s theorem applies and the outer expectation can be calculated as Fx E.. Fix
X1, ..., X,,. By Hoeffding’s inequality, the stochastic process f +— {n=1/23"" ¢ f(X;)}
is sub-Gaussian for the Lo (P, )—seminorm

1l = | = D2 720X,
i=1

Use the second part of the maximal inequality (6.2) to find that

E

1< >
ﬁ;eif(Xi) 5. < /0 \/1OgN(E,]:5n,L2(Pn))d€.
For large values of € the set F5, fits in a single ball of radius € around the origin,
in which case the integrand is zero. This is certainly the case for values of €

larger than 6,,, where

1 n
02 = sup ||f 3=H* F2(X;
fefan I n; (Xi)

Fon

Furthermore, covering numbers of the class Fs are bounded by covering num-
bers of Foo = {f — g : f,g € F}. The latter satisfy N(e, Foo, L2(Q)) <
N2(e/2, F, L2(Q)) for every measure Q.

Limit the integral in (6.4) to the interval (0, 6,,), make a chagne of variables,
and bound the integrand to obtain the bound

On /1 F||n
L s \fosN(elFlg s, 7 La(@)ael 7l
0
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Here the supremum is taken over all discrete probability measures. The in-
tegrand is integrable by assumption. Furthermore, ||F||, is bounded below by
[| Fi||n, which converges almost surely to its expectation, which may be assumed
positive. Use the Cauch-Schwarz inequality and the dominated convergence
theorem to see that the expectation of this integral converges to zero provided
0, —p+ 0. This would conclude the proof of asymptotic equicontinuity.

Since sup{Pf? : f € Fs5,} — 0 and Fs5, C F, it is certainly enough to
prove that
Hpnf2 - ]DfQ”]:QC —p+ 0.

This is a uniform law of large numbers for the class F2 . This class has integrable
envelope (2F)? and is measurable by assumption. For any pair f, g of functions
in Foo,

Polf? = g% < Polf — gl4F < |If = gllul[4F]]n

It follows that the covering number N (€|[2F||2, F2, L1(P,)) is bounded by the
covering number N (¢||F||,, Foo, L2(Py,)). By assumption, the latter number is
bounded by a fixed number, so its logarithm is certainly o%(n), as required for
the uniform law of large numbers, (6.9). This concludes the proof of asymptotic
equicontinuity.

Finally we show that F is totally bounded in Ly(P). By the result of the last
paragraph, there exists a sequence of discrete measures P, with ||(P,—P) f?|| ..
converging to zero. Take n sufficiently large so that the supremum is bounded
by €2. by assumption, N (e, F, Ly(P,)) is finite. Any e—net for F in Ly(P,) is
a v2e—net in Ly(P). This completes the proof.
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