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Abstract

Partially observed variables are common in scientific research. Ignoring the subjects with
partial information may lead to a biased and or inefficient estimators, and consequently any test
based only on the completely observed subjects may inflate the error probabilities. Missing
data issue has been extensively considered in the regression model, especially in the inde-
pendently identically (IID) data setup. Relatively less attention has been paid for handling
missing covariate data in the linear mixed effect model— a dependent data scenario. In case of
complete data, Kenward-Roger’s F test is a well established method for testing of fixed effects
in a linear mixed model. In this paper, we present a modified Kenward-Roger type test for
testing fixed effects in a linear mixed model when the covariates are missing at random. In
the proposed method, we attempt to reduce bias from three sources, the small sample bias,
the bias due to missing values, and the bias due to estimation of variance components. The
operating characteristics of the method is judged and compared with two existing approaches,
listwise deletion and mean imputation, via simulation studies.

Keywords: Fixed effects; Kenward-Roger test; Likelihood ratio test; Linear mixed models;
Missing covariates; REML; Small sample.

1 Introduction

Linear mixed model (Laird & Ware, 1982) is a popular technique to deal with correlated data such
as longitudinal data. The model parameters are typically estimated using ML or REML estimates
(Patterson & Thompson, 1971 and Harville, 1977). For complete data, to draw inferences on fixed
effects of the model, many testing procedures have been proposed among which likelihood ratio
test and Wald tests are the most commonly used methods. However, it is established (Leeper &
Chang, 1992; Zucker et al. 2000) that these methods do not yield accurate results under small

sample conditions. Any method that ignores the uncertainty of the estimated variance component



in the inference of the fixed effect parameter 3 will result in deflated confidence interval, specially
when sample size is small. The first problem of approximating the small sample precision of B has
been studied by Kackar & Harville (1984), Harville (1985) and Harville & Jeske (1992). In order to
address the second problem of underestimation of variance of ,CA"I, the estimator of 3, an approximate
t or an F-statistic is used. In general, to test the hypothesis Hy : LT3 = 0, a Wald-type test statistic
is used which is approximated as an F distribution with the numerator degrees of freedom as rank(L)
and the denominator degrees of freedom being estimated from the data. The degrees of freedoms
were used to be estimated by the residual method, containment method or the Satterthwaite-type
approximation. Later Kenward & Roger (1997) addressed both the above mentioned issues. They
proposed a scaled Wald statistic which involved an approximate covariance matrix, hence accounting
for the variability introduced due to estimation of the variance components. Further, they showed
that its small sample distribution can be approximated by an F-distribution with the denominator
degrees of freedom obtained from the data using similar approximations as in Satterthwaite (1941).
This approach has been established to perform exceptionally well under small sample conditions
as compared to the other testing procedures. Alnosaier (2007) and Gregory (2011) illustrated
the superiority of the Kenward Roger method as compared to the Satterthwaite and containment
methods.

Partially missing variable is common in clinical studies. The causes of missingness could vary; for
example, subjects may refuse to provide some information, some observations may not be recorded
due to drop out or it could simply happen due to manual error. Ignoring the subjects with partially
missing observation may distort statistical decision, especially when the sample size is small and or
the proportion of observations with partially missing values is high. Depending on the missingness
mechanishm missing data can be classified into three main categories, missing completely at random
(MCAR) where the missingness mechanism is completely random and does not depend on any
variables, missing at random (MAR) where missingness mechanism depends only on the observed

values of the variables, and missing not at random (MNAR) where the missingness mechanism may



depend on the unobserved values of the variables along with the completely observed variables.
The first two mechanisms are ignorable in a likelihood framework while the third is not. Missing
values may occur in a response variable, in a covariate or in both. There are several methods of
dealing with missing responses depending on the missing mechanism. Among the most common
methods are listwise deletion where the subject with any missing value is deleted from the study,
mean or multiple imputation and the maximum likelihood method that do not involve modelling
the missing mechanism when the missing mechanism is either MCAR or MAR. Padilla and Algina
(2004) showed that when the responses are missing (MCAR or MAR) in a small sample setup,
Kenward-Roger test preserves the Type I error rates for a single factor within-subject ANOVA as
compared to the Hotelling-Lawley-McKeon procedure (McKeon, 1974). Therefore, Kenward Roger
F test is proven to be superior even in case of missing responses. In several aricles, Ibrahim and
coworkers considered partially missing response or covariate in regression models (Ibrahim, 1990;
Ibrahim & Chen, 2001; Stubbendick & Ibrahim, 2003; Ibrahim et al., 2005; Chen et al., 2008).
However, little has been done in case of missing covariates in a linear mixed model.

In this paper, we only deal with a missing covariate data, and assume that the covariate data are
missing at random (MAR). We assume a parametric distribution on the partially missing covariate.
Under this set up, we derive a Kenward-Roger type adjusted test for the fixed effects in a linear
mixed model in case of small samples. To derive a robust test, we need to overcome three biases:
the variance bias (such that the variability of the variance components is taken into account), the
small sample bias and the bias due to missingness. We consider the bias in the estimation of
the covariance matrix of ﬁ and then propose a new Wald statistic that uses this new adjusted
covariance matrix. Further, this Wald statistic is approximated as an F distribution with the
degrees of freedom calculated using the new covariance matrix. To demonstrate the accuracy of
this method, we compare this method to the listwise deletion and imputation methods through
simulation studies.

The rest of the paper is organized as follows. Models and assumptions are given in Section 2.



Section 3 contains the Kenward Roger type F test by approximating the new covariance matrix
and the denominator degrees of freedom. Section 4 contains the simulation study that assesses the
performance of the proposed method and compare it to other existing methods based on Type-I
error rates. We have applied the proposed method to a real data and the details are collected in

Section 5, followed by concluding remarks given in Section 6.

2 Model and assumptions

Consider a linear mixed model with m groups and n; measurements in the i* group. Denote
n = ».' n; the total number of observations. For each group, we observe an n; x 1 vector of
responses Y;, let X; be an n; X p fixed-effects matrix, Z; be an n; x ¢ random-effects design matrix,
B be a p x 1 vector of fixed-effect coefficients and b; be a group-specific vector of random regression

coefficients. The model can be written as
YZ:XWB—FZZbZ—l-G“ 1= 1, ,m,

assuming that €; ~ N,,,(0,02I,,), bi ~ N,(0,V) and €; and b; are independent. We can deduce
that Yy,---,Y,, are independent and Y; ~ N,.(X;3,%;) with &; = Z,VZI' + ¢%I,,. Denote
the stacked vectors Y = (Y7,--- , YL)I b= (bl,..- ' bL)T €= (ef,---  €L)T and the stacked
matrices X,xp = (X{,- -, X)), Zwmg = diag(Zy,- -+, Zy) and Sy, = diag(y, -+ ,%,). Then

the model can be written as

Y = X8+ €,

where € = Zb + € such that €& ~ N,(0,X(o)). The covariance matrix ¥ is a function of
1+ g(q + 1)/2 parameters, where the first parameter is the variance of the model errors i.e., o2
and the rest ¢(q + 1)/2 parameters characterize the random effect covariance matrix V. These
parameters are represented by the vector o = (01,09, - ,0,)7 where r = 1 + ¢(q + 1)/2. Let
X)) = (Xi1y, Xoy, - - ,Xn(l))T be the first column of the covariate matrix X. Then X, 4, can be

written as X = (X(q) : X(_1)) where Xq) is of dimension n x 1 and X(_) is a n X (p — 1) matrix of
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the covariates other than the first. Without loss of generality, assume that X(;) contains partially
missing covariates, and define the missing indicator as

B _ 0 if X} is missing
771 1 otherwise,

for j = 1,---,n. Assume that the partially missing covariate X(;) follows a parametric model
f(X(1)|X(—1),7) that is known upto a finite dimensional parameter v = (vy1,---,7)’. In the
presence of missing data, we write

Y = X"8+ €,
where X7 = (X*1) : X(-1)), X3y = (Xiq1), -+, Xpqr))" such that,

x E(Xja)|X-1),7) = ply) if B;=0

foryj=1,---,n.

Now we can estimate 7 by maximizing the likelihood
L= HfBj(Xi(1)|Xj(—1)7)' (1)
j=1

The standard error of the parameter estimates can be determined from the Hessian matrix. We
will be working with the following model setup in the rest of the paper. Now the n-dimensional Y

follows a multivariate normal distribution,
Y ~ Normal(X™*3,3),

where X* is an n X p matrix of known /estimated covariates, assumed to be of full rank. B isa px 1
vector of unknown parameters and X is an unknown variance covariance matrix whose elements are
functions of o=(0y,--- ,0,)T which in turn is a function of y=(v, -+ ,v)?.

The REML based estimated least squares estimator of 3 is
2 *T i\ =125 s/ "L kT o =1 A
B=X"E"(@®)X' () X" @)X (6(¥)Y,
where & (7) is the REML estimator of . In our study, 3 is the parameter of interest and (o (7))

is the nuisance parameter. We will test the hypothesis Hy : L¥3 = 0, where L is a p x [ matrix.
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3 Inference for the fixed effects

3.1 Estimation of the variance of the estimator B

In order to make inferences about fixed effects such as confidence interval estimation and testing
of hypothesis, we need to define a test statistic and compute its distribution under small sample
situation. Under the linear mixed model framework, the variance of 8 is given by & = d(o(7)) =
XTF)S"Y&(5))X(5) ", where J is the estimator obtained after maximizing the likelihood given
in (1) and (%) is the REML estimate of o obtained after using the imputed data set. There are
three sources of bias when ® is used as an estimator for the variance of B for small samples: disa
biased estimator of ®(a (7)), ® does not take the variability of & and 4 into account. We consider
a better approximation to the small sample covariance matrix of B under missing covariates, which
accounts for the variability in both & and 4, thus reducing the small sample bias and any bias due
to the missingness. For complete data, Kackar and Harville (1984) addressed the second source of
bias by partitioning the variance of the estimated 3 into two components: ® + A. Further Kenward
and Roger (1997) addressed the first source of bias and combined both adjustments thus proposing

a new estimator of @,
Opp=®+A,

where the estimators of ® and A are such that

E(@®) = ®—A+ R +0(n5?), (2)
E(A) = A+0(n5?), (3)
with
o = (XT)S o)X () (4)
A= " cov(61,5m)2(Qun — POP,), (5)

=1 m=1



and O(n") denotes O(n")/n" is a bounded number as n — oo, for some r. In the above expressions

o= =X ) St o) X (),

A = XTI E o) 5 ()X (),
R = X705 )5S ()X (),

R = % Z Z cov(ay, 0m) PRy ®.

=1 m=1

We now consider the bias in ® as an estimator of ®(&(v)) thus adjusting for missingness.

Theorem 1 Under the assumptions given in Appendiz A.1, the adjusted variance of [A'? can be

approzimated as
O y=D+A+ U,

The estimators of ®, A and ¥ are given by </IS, A and U respectively such that (2)-(5) hold and

E(V) =¥+ O(n™?%), where

V=2 ®@(7)Kivar(3) K0T (G(v) + )Y (F(v)) Kicov(Fi, 7)) K[ 2" (5(7)).

i=1 i=1 j=1
i#]

Proof: The REML based estimator of 3 using the imputed data set is given by
2 * Lz -1/~ x o\ Ly w T o -1/~
B=X"FE @)X F) XTHFT(eR)Y. (6)

The covariance of 3 given in (6) can be approximated as var(8) = var{H (&)} +var(8) = ¥+ &+ A.

The estimators of W, ® and A are derived in Appendix A2.

3.2 Approximating the distribution of the test statistic

Suppose we are interested in making inferences about [ linear combinations of the elements 3. In

other words, we are interested in testing Hy : L¥3 = 0 where L” is a fixed matrix of dimension
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(I x p). A common statistic to test Hy is the Wald statistic given by
1~ o
— LB - BT LILTBAL) LB - B, )

where ® A is an adjusted covariance matrix for ,@ We will follow a similar procedure as used in
Kenward & Roger (1997) and Alnosaier (2007) by approximating the first two moments of the F
statistic given in (7) and match the moments to approximate the scaling factor and the denominator
degrees of freedom of the test statistic i.e., A and d such that AF' ~ F(l,d) in distribution. Here

F(l,d) denotes F-distribution with degrees of freedom (I, d).

Theorem 2 Under the assumptions given in (A.1), the first two moments of the test statistic (7)
under Hy : L™ B3 =0 are

E(F) = 1+%—%+O( 32y (8)

A 2 6A
var(F) = l—;+7+l—227 9)

where © = L(LT§L)*1LT, Ar=>_>0 cov(al,am)tmce(@fbpl )tmce(@@P <I>)
Ay =" > cov(ay, G ) trace(©P P,OOD P, d),
Ay =30 S0 covu(Gy, G trace{ O (Qpy, — PPPy, — Rim/4)},
=Y cov(Gy, G trace(O),
and using (8) and (9), we get d =4 + (2+1)/(Ip — 1), where p = V/2E?%, and X = d/{E(d — 2)},
where E and V are defined in Appendiz AS3.

Proof: The expectation and variance are approximated using the following conditional arguments
that E(F) = E{E(F|o)} and var(F) = E{var(F|e)}+var{ E(F|o)}. After using the Taylor series

expansion we obtain



where the explicit expressions of E and V are derived in Appendix A.3. In order to determine \

and d, we match the first two moments of AF' with those of F(I,d) i.e.,

E{F(l,d)} = di27 and var{F'(l,d)} = 2<d i 2> ll?;ld__éja

to obtain the expressions for d and \.

4 Simulation

Simulation design: We considered a linear mixed model Y = X3 + Zb + €, where Y isan x 1
response vector, X is a n X p fixed covariate matrix, Z is a n X ¢ random covariate matrix, 3 is a
p x 1 vector of fixed effects, b is the ¢ x 1 vector of random effects that follows a N,(0,V') and € is
the n x 1 error vector that follows a N(0,02). Also, b and € are independent. The model can be
rewritten as Y = X3 + €*, where €* ~ N(0,%) with ¥ = ¢2I,, + ZV ZT.

In our simulation study, we considered a block design with one random effect (¢ = 1), whose
variance is o7. Here we considered p = 5. To simulate the data, we generated the covariate
matrix X from a multivariate normal distribution with mean zero and covariance matrix whose
(i,7)™" element is given by 0.2]"7. We introduced 20% and 40% missingness in one of the columns
of X (i.e., missingness in one covariate) using a bernoulli distribution i.e. assuming the missing
mechanism to be MCAR. To relax the MCAR assumption, we considered another case to mimic the
MAR mechanism where we introduced missingness in one of the covariates such that the probability
of an observation being missing depends on the value of another covariate. Then we maximized
the observed likelihood of the partially missing covariate to get the estimate of the mean and the
variance, and replaced the missing values in the covariate matrix by the estimated mean, thus
obtaining the imputed data set. Further, we deployed our method on the imputed data set to test
the hypothesis Hy : 3 =0 vs H, : 3 # 0. To test this, we generated Y from N(0,3) for different

values of 07 /0? ranging from 0.25 to 4. For each setting we generated the data 5000 times and

computed the simulated size (Type-I error probabilities). Tables 1 and 2 provide the simulated size
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when the missing mechanism is MCAR for sample sizes 15 and 30 respectively, Table 3 provides
the results for the MAR mechanism.

In practice, the distribution of the partially missing covariate is not known. Therefore, to check
the robustness of our procedure, we generated the partially missing covariate from heavy tailed
distributions like the Laplace distribution with mean parameter as zero and scale parameter as
eight, and the Student’s t-distribution with one degree of freedom. The corresponding results are
given in Table 4.

Implementation: To be able to run the simulation, we need to calculate the following terms:
0X*(v)/0v and 90%(a (y))/07. The first term is 0X*(v)/0v = I(X* = u(~)), and using the chain
rule of of derivative the second term is 9% (a())/0v = (0%/052%)x (052 /0~)+(0%/052) x (052 /D).
The detailed expression of these terms are given in the Appendix A4.

In our simulation study, we will compare our testing procedure i.e., Kenward Roger adjustment
for missing covariates (KRM) to the following methods which are used to deal with missing covari-
ates in a linear mixed model setup on the basis of simulated size: 1) listwise deletion followed by
likelihood ratio test (LD-LRT), 2) mean imputation followed by likelihood ratio test (MI-LRT), 3)
mean imputation followed by Kenward Roger F-test with no adjustment for missingness (MI-KRT).

Results: From the results in Tables 1- 4, we observe that listwise deletion of observations does
not work well since by introducing missingness we are making the sample size even smaller. Mean
imputation seems a viable option since it provides a complete data to work with. But the standard
likelihood ratio (MI-LRT) still does not work well, again due to small sample sizes. Kenward Roger
method after using the imputed data set without adjusting for missingness (MI-KRT) performs
reasonably well. We also compared Wald type tests using three different covariance matrices of
B namely (i) ® which does not take the variability of & and & into account and (i) ®xp which
takes the variability in only & into account. In these two cases, no approximation is made to the
denominator degrees of freedom of F distribution (we use the residual degrees of freedom). For the

sake of brevity and to avoid redundancy, the results from methods (i) and (ii) are not shown in
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this paper. Finally, our proposed method (KRM) outperforms the other procedures for almost all
values of p, n and the type and percentage of missingness. Table 4 shows that our testing procedure
is robust. We also tested for single fixed effect parameter i.e. Hy: 8; = 0 (results not shown here)

in which case the KRM and MI-KRT perform equally well.

5 Real data example

We consider the data from a randomized, double-blind, study of AIDS patients with advanced
immune suppression (CD4 counts of less than or equal to 50 cells/mm?). The data description is
as in the datasets section in Fitzmaurice (2004): Patients in AIDS Clinical Trial Group (ACTG)
Study 193A were randomized to dual or triple combinations of HIV-1 reverse transcriptase in-
hibitors. Specifically, patients were randomized to one of four daily regimens containing 600mg of
zidovudine: zidovudine alternating monthly with 400mg didanosine; zidovudine plus 2.25mg of zal-
citabine; zidovudine plus 400mg of didanosine or zidovudine plus 400mg of didanosine plus 400mg
of nevirapine (triple therapy). The patients characteristics like age and sex were also recorded. The
response variable i.e. measurements of CD4 counts were scheduled to be collected at baseline and
at 8-week intervals during follow-up. However, due to skipped visits and dropouts, the measure-
ments could not be taken at regular intervals therefore we have the weeks as another variable. For
our use, we use the log transformed CD4 counts log(CD4counts+1) as the response variable. The
data is available for 1313 patients, however, since we are testing for small sample studies, we will
truncate the data by randomly choosing 40 patients from the study. We introduce 30% missingness
in the covariate age and deploy the discussed methods on the obtained data. The model under

consideration is
Yij = Bo + B X + PoXoi + Bstij + B20Gai + B30Gsi + BaoGai + boi + €55 (10)

with ¢ = 1,2,--- ,40 and j = 1,--- ,n; n; varying from 1 to 9, where Y;; is the log transformed

CD4 counts, Gy; is a dummy variable indicating that the patient was in treatment group 2 and Gs;
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is the indicator that patient was in treatment group 3 and G; is defined likewise, X3; represents
the gender of the patient (1=male, O=female), Xy; represents the age of the patient in years and
t;; is the j™ time point (in weeks) at which " patient’s measurement was recorded. Assuming
(boi) %i N(0,07) and € w N(0,0?) is independent of by;. In the above model (10), we introduce
missingness in the variable X5;. The goal of our study is to investigate if there is any significant
difference between the impact of the four treatment groups on the CD4 counts. Therefore, we
will test Hy : (Bao, B30, Ba0)T = 0 against Hy : (Bag, Bs0, Bao)T # 0. When we test the hypothesis
using all the data available i.e. 1313 patients, we obtain a p-value of approximately 0.008 which
suggests that treatment group type is significant in the study. However, in the hope of obtaining the
same conclusion from a much smaller size of 40, we run the analysis. The test statistic, denominator
degrees of freedom (ddf) and p-value for testing the above hypothesis for the different test procedures
are (1) KRM: 3.201 (ddf = 62.50, p-value= 0.029), (ii) LD-LRT: 8.068 (p-value= 0.044) (iii) MI-
LRT: 8.775 (p-value= 0.033) (iv) MI-KRT: 3.195 (ddf = 62.51, p-value= 0.031). The p-values for
(ii) and (iii) are based on a x3 distribution while the rest are based on the F-distribution with
different degrees of freedom. All tests yield the same result that the null hypothesis is rejected at

5% significance level i.e. the treatment group type has a significant impact on the CD4 counts.

6 Conclusion

In this paper, we derived a small sample Kenward-Roger type adjusted test for fixed effects in a
linear mixed model with missing covariates. For this purpose, we account for three biases in the
estimation of the covariance matrix of B , namely, the variance bias, the small sample bias and the
additional bias introduced due to missingness. We further approximated the null distribution of the
test statistic. By simulation, we were able to show the superiority of our method to other popular
methods. The derivations have been shown for a block design where the number of random effects

is one i.e. ¢ = 1, but the method can be derived for ¢ > 1. Here, we assumed the covariates to be

12



missing at random, but it would be interesting to derive the results in case of missing responses.
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Appendix
A1l Assumptions

We impose the following assumptions about the model as done in Alnosaier (2007)

C.1 X is a block diagonal and non singular matrix. Also ¥, 03 /00y, 02 /0v;, 8*% /0000, and
0*%/0~;0; are bounded.

C.2 E()=0+0(n37?).

C.3 The possible dependence between &(3) and 3 is ignored.

C4 &= (XT(7)E7 (7)) X(y))™ = 0(n™), (LT®L) = O(n).

C.5 0B/do, = O(n™'/?),8*B/00100,, = O(n~'12) where B = {X" ()57 (a/(7)) X ()} ' XT (1) = (e(7)) Y.
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C.6 The expectation of B exists.

A2 Estimates of ¥, ® and A in Theorem 1
Let o=(01, - ,0,)7 and y=(v,, -+ ,7)". We begin by expanding the REML based estimate of 3
for the imputed data set which is given by 8 = (X*T(Q)EA(3’(‘)\/))X*(€/))_1X*T(ﬁ7)2*1(5’(’7))Y =

Cl +02 +Cg +C4+C5—|—CG, where

G =XTFHBEE)XF)XTE)EER) -2 E@))Y,
C, =(XTFHB N EENXF) (X7 F) - XT()8 N (E@)Y,

G =(XTFHBNER)XF) - (XTFHEEE)XT (@) X T ()5 (E(M)Y,
G =(X"TFHBNEF)X ) - (XTFHE @)X (@) X T ()5 (E(M)Y,
Cs =(XTFE @)X () = (XTSI EE@)XT () )X ()sTY

Cs =(X T () S (@ ()X () X T ()@ ()

E
2
=<

Y.

~—

For notational convenience, we will denote X* as X. By the Taylor series expansion around =,

k

on ()t 1 Xk: 3 82%(5)

-1

WE

Y e (/) -2 Yo = i — %)+ = Ai_iA'— N
(@(®)) (@(7)) 2. "o, (¥ — ) 2222 " 0m; Vi =) — )

Since E(J) =~ + O,(n~?) and E(Y) = X3, we get

o%(6)"

2E@) -1 () = Z

-- z(&)—laz@z:(a)*@ — ) +0,(n7Y). (A1)

Substituting (A1) in the expression for C; we get ¢ = C; 4+ O(n~/2), where
Cr = {XT()S(E)X ()} XT(9) T {-2(6)H{05(8)/07} 57 (8) (i — 1)} X B.
Let ®(G(v)) = {X"(v) 2 (a(7))X(v)} ", then

2(6) (i — 1) XB + Op(n V7). (A2)




Consider Cy = (XT(FH)THEANXTH)) (XTH) — XT(v)) 2" (6(7))Y.

By the Taylor series expansion,

(3 = 7:) + Op(n7).
Therefore,

Cy = 6;+Op(n_1/2), where
—~ L oXT
Cy = ©6,7)) 5y (i~ WETE)XB. (A3)

=1

Consider C3 = {(X"(F)Z7H(GA)XT () — (XT@EE@)XT (7)) IXT ()= ()Y

Again, using the Taylor series expansion,

(XTFEHE)X@) T - (X @R @)X () = Zaa (XT@EHE@NX () A — )

i—1 97
+0,(n1)
Hence,
C; = Cs+4 0,(n""?), where
G = 3 (XS EE)X () X G G G- 208
k
— —eE() > X e 6 - (A
Similarly,
D I e L
k ~
- Yo G e s G )X G- s (49
G = Y -8G5 S @)X )8, (6)

Cs = (X" @)X (v) X ()= @)Y =5



Let H(o) = 51 + 52 + 6’3 + 64 + 55. Further, we need to compute the variance of B
V(B) =V(H(@))+ V().

To take into account the variability in & (v) when ~ is fixed, we follow the same proof as in Kenward

& Roger (1997) and Alnosaier (2007),

V(B) = V(B)+ V(3 — B),where B = (X" (7)S((7) ' X (7)) ' X (7)Z(a (7)) Y.

V(B) = d+A
The estimates of ® and A are given by ® and A such that

E(®) = ®—A+ R +0(n?),

E(A) = A+0(n5?), where

-1

o = (XT(V)Z ' (e()X()

A=) cov(5),5m)2(Qim — POP,,)®.

=1 m=1

In the above expressions

o= XS o) oS )X ()
Q= XTI TE o) 5o e ()X (),
Rin = XTS5 ()5S )X (),

R* = % i i COV(/O'\Z, 6'\m)q)le<I)

=1 m=1
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Now, from (A2)-(A6)

HE) = 3G {-XT ()2 G0 e GmIX ) + (5 D eexm)
(X2 E ) 5+ (x )E‘l(AW))a?g)ﬁ‘l(A(v))X(v)}
(G ) X BG — )

where
K= (X702 Ea) e G ) x )+ {2 e ) X))
(s G ) + (X ()5 @) e G X )
(s G e)x e
and
U= V(H(E) = Y (F0) KGR (G 0) + Y0 D B ) Kicov(r, 1) K8 (5.).
=1 7,:2174:1
Now using the Taylor series expansion about o we get,
Zg\p O'l_O'l +lz_:z_:182280'm O'Z—o'l)(o'm— m)+ . (A?)
Consider
o(o) 0 L

Sl = o (Z OKvar(7,) K" +3 ) " ®Kicov(F, %)KT‘PT>
1 l

=1 j=1
1#£]

ODK, - KT o7
= Z 90, “var(5;) K; —i—zzl(I)Kvar(%) 90,
0P K; o GKJ-T(I)T
ZZ 90, cov(7;,7;)PK; + ZZ(I)K cov(7i,75) 9o, (A8)

=1 j=1 =1 j=1
i#] i#]
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Now,

0K, < - OK;
_$ .
80-1 Z (901 ao_l — H aO'l (Ag)
and
OK; v, 0 0¥ OXT(y)ox! s, ONTLOX ()
do; Xl )801( ;i JX() dvi oy X =X do O
) X" (y)9x!
T _
(v )801( 07 ) @) Ovi 0oy X8
X 1oX(v)
_ _ YT el N A
N X (7) doy Oy B

Let us denote My; = ®X 7T (~4)0% ™1 /do; x 0X (v)/0; x B.
Therefore,

ODK;, - 7, X 10X(y) .
o = S (-ORO)E, +Y @ - X e e > (~®P®)K; — M. (A10)

=1 i=1 1=1

Using (A9) and (A10), (A8) becomes,

v i
o) _ > {(=®POK; — My)var(3) K" + ®Kyvar(%;)(—PPOK; — M)}

doy i=1
ko k

+3 S {(-®RPK; — My)cov(F;, 3;) K] 7 + ®Kicov(7;, ;) (— PP K, — M;;)"} .

Substituting the above in (A7), we get

r k
U(E) = V(o)+ )y, {Z {(-®POK,; — My)var(3,) K] @7 + O Kyvar(3,)(— RO K; — M)}

=1 =1

= U(o)+0,(n?). (A11)

Therefore, the adjusted covariance matrix of @ is given by dy=d+2N—R*+ U and E (EIS 4) =

var(,@) + O(n=?). This completes the proof.
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A3 Derivation of £ and V used in Theorem 2

We begin by computing the expected value and variance of the F statistic
1~ BN
F=1(B-B8)LIL"4L)"L" (B - B).
The expected value is approximated using the conditional expectation arguments.

B(F) = B{E(F|3)),
B(F8) = E{;(B~B)L(L"8.0)" LB~ B)l5)
1

= 7 |E{B - B LYL ®AL) E{L(B — B)} + trace{(L"®AL) var(L" (B ~ B))} |

Since ,@ is an unbiased estimator of 3, therefore

IE(F|&) = trace{(L"®4L) " (LTV L)}, where V = var(8) = ® + A + 0. (A12)

Since &4 = & + A* + \/I\f, where A* = 2(/15{ PRSP cov(&l,/a\m)(@lm — popP, — %ﬁlm)}$
(Alnosaier 2007), we get

(LT®AL)"N(LVL) = {(LT®L)+ (LTA*L) + (L"WL)}"Y(LTVL)
= [(L"L){I + (LT®L) " (LTA*L) + (L"oL)(L"U L)} (L"V L)
= {1+ (L"oL) Y (L"A*L) + (L"®L) (L")} (L"®L)"Y(L"V L)
= {I—(L"OL) Y (LTA*L) — (LT®L) Y (L"UL) + O,(n~2) }(LT®L) Y (LTV L)
= (LToL) Y (LTVL) — (LT®L) "N (LTA*L)(L"®L) " (LTV L) —

(LT®L) Y(L"UL)(LTOL) LTV L).
From Alnosaier (2007), we notice that

Eltrace{(LT®L) " (LTVL)}] = | + Ay + 245 + O, (n~/?), (A13)

Eltrace{(LT®L) " (LT A*L)(L"®L) " (LTV L)}] = E{trace(OA*)} = 245 + O(n~*/?)(A14)
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where
0 = L(L"eL) 'L,
Ay = ZZcov(&l,Gm)trace((%(I)BCD@(I)meb),

=1 m=1
r

y o 1
As = Z Z cov(ay, om)trace(@q)(le — PoP,, — Zle))'

=1 m=1

Next, we need to consider
(LTdL) YL VL) (LT®L) Y(L'VL) = (L'®L) Y (LTUL)(L"®L) " (LT®L) +
(L"®L)" (LTWL)(LT®L) " (LTAL) +
(LT®L) " (LTUL)(LT®L) "N (LTWL) +
= (LT®L) N (LTUL)(LT®L) N(LT®L) + O(n?).

-1

Using the Taylor series expansion for (LTCfL) about o, we get

(L"®L)~ (LT@L)(LTZI;L)”(LT(I)L)JrO( —2)

a LT @L O*(LTPL) -
(LT®L)~ +Z 6, — o)) ——— + ZZ 61— 0) (G — m)g}(ﬂu)—l

I=1 m=1 901007

I
r—’_\

L CIDL O*(LTPL) !
(LT®L)" +Z 6, — o)) ———— —ZZ 61— 0)(Cm—0 m)#}(ﬂqﬂ)+0},(n—z)

=1 m=1

X
r—’H

= (L'oL)” (LT\IIL) + O,(n~ 3/2).
As shown in Theorem 1, E(U) = ¥ + O,(n~2), therefore
E[trace{(L"®L) (L™ VL) (L"®L) " (L"VL)}] = E{trace(O0)} = A, + O(n~%?),  (Al5)

where

Ay = Z Z cov(Gy, G ) trace(OV).
=1 m=1
A15)

Therefore, substituting (A13)-( n (Al12), we obtain the approximation of the expected

value of the F statistics (7).

E(F)=1+ % —~ % +0(n=?). (A16)
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Now, we need to compute the variance of the F statistic.
var(F) = E{var(F|o)} + var{ E(F|o)}. (A17)
Consider
- 1 ~ S A
var(Flo) = l—zvar{(ﬁ —B)'L(L"®4L)"'L"(B)|o}
2 ~
= Z—Qtrace{(LT(IDAL)_I(LTVL)}Q, since it is a quadratic form. (A18)
Using similar arguments as used in Alnosaier (2007), we approximate the following
(LT®,L)"N(L"VL) = {(LT®L)+ (LTA*L) + (L"WL)}"Y(LTVL)
— {(L"®L)(I + (L"®L) Y(LTA*L) + (L"®L) (LU L))} (L"VL)
= {I+(L"oL) Y (L"A*L) + (L"®L) (LT L)} (L"®L)"Y(L"V L)
= {1 —(LTOL) Y(LTA*L) — (LT®L) Y (LTUL) + O,(n~2) }(LT®L) YLV L)
= (LToL) Y (L"VL) — (L"®L) "N (LT A*L)(L"®L) " (L"VL) —

(LT®L) YL VL)(LT®L) LTV L).
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Therefore

trace{ (LT@AL)A(LTVL)}2

= trace{ (LT®L) " (L"V L)} — 2trace{(L7®L) " (LTVL)(L™®L) (LT A*L)(L"®L) (L"V L)} —
2trace{ (LTOL) (LTVL)(LT®L) {(L™UL)(LT®L) {(L"VL)} + O,(n"2)

= trace{(LT®L) Y (LT®L + LTAL + LTWL)(LT®L) " (L"®L + LY AL + LYUL)} —
2trace{ (LT®L) N(LT®L + LTAL + LTWL)(LT®L) Y (LT A*L)(LY®L) N (LT®L + LTAL + L™WL)} —
2trace{ (LT®L) Y(LT®L + LTAL + LTWL)(LT®L) Y (LT UL)(LY®L) N (LT®L + LTAL + L™WL)} +
Op(n™?)

= trace{ (LT®L) Y (LT®L)(LT®L) Y (LT®L)} + trace{ (LTOL) Y (LT®L)(LT®L) Y (LTAL)} +
2trace{ (LT®L) Y (LT®L)(LT®L) (LTWL)} —
2trace{ (LT®L) N (LT®L)(LT®L) (LT A*L)(LT®L)  (LT®L)} —
2trace{ (LT®L) N (LTOL)(LT®L) (LTWL)(LTOL) (LT®L)} + Oy(n~?)
Using the Taylor series expansion about o, we get

= trace{/ + 2 Z(/U\l — gl)aa (LT®L) M (LT®L) + Z Z cov(ay, Om)

o
=1 . I=1 m=1
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- (LY®L)LT®L)} +

trace{ i i cov(ay, /a\m)ai(LTZI\)L)—l(LchL)ai(LT(/ISL)—l(LT(I)L)} + 2trace{(LT<T>L)—1(LTAL)} +

o o
I=1 m=1 ! m

2trace{ (LT®L) 1 (LTWL)} —

2trace{(LT$L)_1(LT;1*L)} — 2trace{(LT$L)_1(LT@L)} + 0,(n%?).

Using E(¥) = U+0(n"2) and (A18), we approximate the expected value of the conditional variance
as follows,
2

E{var(F|o)} = Z

(1 +34y) + O(n%?), (A19)

Also, using the expression of the mean i.e. (A16), we obtain

var{E(F|o)} = % + 0(n~*?), where (A20)

24



A = Z Z cov(ay, o) trace(©P P, ®)trace(OP P, ).

=1 m=1

Using (A19) and (A20) in (A17) we obtain

A 2 64
var(F) = T; +5+ 5_22 +0(n=3?).

Therefore the approximate expected value and variance of the F statistic that will be used for

matching moments of A\’ with those of F'(I,d) distribution are given as

This completes the proof.

A4 TImplementation of Simulation Study

We derive the the required quantities for a block design experiment, where the fixed effect covariates

are generated from a Gaussian distribution. Therefore,

w:(o :X*:X)

07 I X =~
and
0X*(v) _,
02
Also, now we need to compute % and g%,g. In the following, > = 02Dy + 02Dy, and for our
case we take Dy = I; therefore
ox.
e Dy=1
952 7
0%
— =D;.
52 !
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The REML equations are given by:

Jl(o)

2 907 —trace(G) + YT GGY sinceD, = I(A21)
Ue
l(o) T
2 507 = —trace(GDy) + Y'GDGY, (A22)
b

where G = Y71 — TIXA (X2 X)L

Again, for notational convenience, we will replace X* by X. To obtain MLE of 02 and o7, we

need to set the equations (A21) and (A22) to zero.

ol
002 | prr e "
—  trace(G(E () = YIG(E(1))C(E ()Y
— %tracew(&wm:%{YTG(«?@))G(«?@))Y}. (A23)
and
ol
R PR

—  trace(G(E(7))D1) = YTG(E (7)) DiG(6(7)Y
— %tracewwmwl):%{YTG(aw))DlG(aw»Y}. (A24)

Let us consider the LHS (left hand side) of equation (A21)

0 ~
%trace{G(U('r))}
= [trace(X71(6(7))) — trace{ZH (G () X (V)(XT ()E (e (v) X)X ()= (G (V)]

o) 962 0 o2 0
— Y (e ¢y Y (e by - M h
{ %gtrace( (@(7)) By + aagtrace( (@(7)) By aA/(trace( (7)), where

M =37 (F) XX (1D (e(v)X) )X (9)EH(a(7),
OtraceX "1 (o (v)) 0% 052 Otrace(X 71 (o (vy))) 02 9,

- - M
trace( 75 aag) o + trace( 55 885) o (trace(M()))
PN 052 PO oo} oM
= trace(—X(G (7)) 2 D) 007 + trace(—X(6(7)) QTDl)ai’;—trace( afj)). (A25)

26



We need to explicitly solve one of the terms in (A25),

M(a (7)) 0 H(e())

WX ET @)X (X (I (e () + (A26)

oy
56X ()5 G X)X 6l + (420
35 () O rymoiG) + - (azs)
SN X G e+ (a2
S G ()5 G X (A30)

Further, we need to solve all the terms A26-A30 separately using standard matrix calculus.

Therefore consider (A26),

(et ot 20D B X)Xt )5 G X ()} XT ()5 6 )

52 Oy 052 Oy
~ { e Em ) - 5 EmIns G
X{XT ()2 G )X (1)} X ()53 (). (A31)
Solving (A28) we get,
S EEX TS G ) P e @)
T “1/a —1/a 05? T “1/a “1/a 953
X' (V)E(@(7) DX (6 (7)) X () o — X" (V)X (a(v))DrE (0(7))X$
+XT2-1<6<7>>8§—,(])}{X%)z-l<a<v>>X<v>}-1XT<v>z-1<a<v>>. (A32)
Solving (A30) we get,
2_1(3(7)))((7){XT(’Y)E_I(&(’Y))X(’Y)}_I{ — 2‘1(3('7))D22‘1(3(7))%i€
AR ELS (A33)
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Substituting the expressions from (A27), (A29), (A31), (A32) and (A33) we get,

576 S AT B X ()} KT ()E B ()

-5 )X @HE) TS 6 X (8GR XS 6 ()

—57 )X ()BE )X () G () (G) S (E X ()5 G
G XX s ) X Ep s ) (A34)
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Now substituting (A34) in (A25), we obtain the following,

otrace(G(a(v)))
oy
J5? ~ =27
_ W{mce@z(a(v)) D,)
Hrace(S7H(8(7)) D27 (@ (V) X (WX (V)T (@ () X ()} XT ()2 (@ (7))
—trace(S7 (G () X (M) P(E ()X (1)Z7 (@ (1) DTG X (M)R(E ()X ()57 (E()))
Hirace(27 (@ (1) X () (X (E G (1) X ()£ @) Ds G |
062

+W{trace(—2(a'(’7))2TDl)

+trace(X7H (@ () DiZ T (G ()X (WX (7)ET (@ ())X (1)} X (M)ETH e (7))

X" (e()
—trace(S7H(G(7) X (7)2(G (7)) X (METH (@) DiZTH(E (1)) X (N R(G(7)XT (v)E7 (G(7)))
" (e()

— 2 H(E()- (A35)

Moving on, we compute the RHS (right hand side) of equation (A23),

S Y1GEGEEY) = YTy + ¥ aEm) Ty (a3
Consider,
CEOD 2 260 - 2 EEIX X ()2 G )X} XS G )

9  OM(a(v))
oy oy

= X (@(M)D:x 7 (E(v)) (A37)
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Now using (A34) in (A37), we get,

%(YTG@@»G@@))Y)
05?

W o1G (). (A38)
For notational convenience let us define three new quantities U, U; and V as follows,

U = {2‘1(3(7))D22‘1(3(7>>X(7){XT(7)2‘1(3(7))X(7)}‘1XT(7)2‘1(3(7))
—SHE ()X ()2 ()X ()T (7)) D2 (e () X (7)2(a (7)) X (v)Z (T (7))

+E_1(3(’7))X(’Y){XT(7)E_1(3(7))X(’7)}_12_1(3(’7))D22‘1(3(’7))}, (A39)
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and

—— X (e (). (A41)

Now, substituting the equations (A38), (A39), (A40), (A41) in (A36) we get RHS of (A23) as

YO (7 DS Gl + U) + S-S G G ) + U) + VIGE ()Y
FYTGE RS G)DS (6() +U) + T8 (G)DS (6l) + U) + V)Y
— %{YTUGY +Y'GUY = Y'S7H(a(7) DX (6 (7)) = Y G (6(7)) DX (6(7) Y}
FYTUGY +YTGUY - YT (6 Din (6 () - YIGE G ()P G )Y)
+Y'VGY +YIGVY. (A42)
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Equating the RHS (A42) and LHS (A35) of (A21) we get,
052

o {trace( N(a (7)) 2" Dy)

+trace(U) — Y'UGY — Y 'GUY + Y 'S (& (v)) DX (6(7))GY + YTGEl(G('y))DQY}

~2

day, ~ —oT
—l—w{trace( Y(e(y))" Dy)

+trace(U;) — YIU,GY — YIGUYY + YIS (a(v)) DX (a(7))GY + YTG21(6(7))D1Y}

= Y'VGY + Y'GVY — trace(V).

Similarly, we need to solve both sides of the equation (A22). Consider the LHS

(A43)

%{trace(z_l(a(v))l?l =S @)X X (=T @)X ()} X (1D (G (7)) D)}

O (trace(M(~)Dy)

00?2 0
¢+ —trace(N (o D —
= eI -

oy 957

B 9, A 0% 9] 1 % . dof
= trace{a—ztrace(Z (a('y))Dl)aT‘\g}+trace{a—2trace(2 (a(v))Dy) Az}

= 2 trace(S (B(7))D)

e

G
oy

—itrace(M('y)Dl).

oy
Now,
0 OM D,
—t M(y)D1) =t
o race(M () D1) race( 5 )
= trace(% - Dy)
052 0o}
= trace{(— (9’78U " o LU, —V)- Dy}
o2 0o}
= trace(— UDl)% — trace(UlDl)% — trace(V Dy).
Using (A45) in (A44), we get
0 952 L ,
atrace(GDl) = W{—trace(—z (a(7)) D12 (@(v)))" Dy + trace(UDy)}
o}

+—{ trace(—X " (@ (v)) DX (&(7)))T Dy + trace(Uy D)}

+trace(VD1).
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Solving RHS of (A24) we get,

%(YTGDlGY)
oG oG
_ T T -
- Y (67)D1GY+Y GDl&YY
T 8&2 —1/a —1/=
— Y W(U— SN E () D57 (E ()
95; -1/~ “1(5
jLW(U1 — X (e()DiX (6(7)) +V ¢ DiGY
y7ap,{ 5 - 5 6(v) D6
+ | 87( (@(7)) D27 (T (7))
8/0-\5 —1/~ -1/
+W(U1—E (@)D (a(v) +V Y
~2
- %(i; {YTUDlGY +Y'GDUY = Y'27(6(7)) D27 (6()) D1 GY

o}

—YTGD12_1(3(7))D22_1(8(7))Y} + 8—71’{YTU1D1GY +Y'GD,U Y

~Y'S (e (1) D17 (e (7)) DiGY — YTGD@*(3(7))D12‘1(3(7))Y}
+Y'VD,GY - Y'GD,VY. (A47)

Therefore, equating LHS (A46) = RHS (A47) we get,

o2

£ { — trace((X ' (a (7)) DX (@ (v)))! Dy) + trace(UD,) — Y 'UD,GY

oy
~Y'GDUY +Y'S7(6(7) D27 (6 (7)) DiGY + YTGDlz_l<3<7)>D22_1(8(7))Y}
+ O] = trace(5 G ) D G() D) + el D) — XU DIGY

~Y'GD,U\YY + YIS (a(y)) D1 (a(y))D:GY + YTGDlZ_l(a(*y))DlZ_l(5’(’7))Y}
=Y'VD,GY + Y'GD,VY — trace(V D). (A48)
Finally, we can solve the equations (A43) and (A48) simultaneously to obtain 952%/0~ and
05}/ .
Remark: Here we have derived the quantities to implement the simulation for a study with
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one random effect. In the studies, which have more than one random effect, similar method can be

used to derive the required quantities.
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Simulation Study Results

Table 1: Here we present Type-I error probabilities for the test Hy : 3 = 0 at the 5% level of
significance when p = 02/0%, m = 15 and n; = 2 for all 4 = 1,...,15. Here KRM, LD-LRT,
MI-LRT and MI-KRT refer to Kenward-Roger adjustment for missing covariates, listwise deletion
followed by likelihood ratio test, mean imputation followed by likelihood ratio test, mean imputation
followed by Kenward-Roger test with no adjustment for missingness.

Percentage of p KRM LD-LRT MI-LRT MI-KRT ‘
missing data

20 0.25 0.049 0.148 0.113 0.057

0.5 0.055 0.246 0.122 0.065

1 0.059 0.152 0.120 0.068

2 0.057  0.188 0.127 0.067

4 0.063 0.173 0.129 0.075

40 0.25 0.042 0.298 0.112 0.054

0.5 0.067  0.205 0.126 0.070

1 0.052 0.375 0.123 0.066

2 0.058 0.375 0.130 0.070

4 0.063 0.415 0.124 0.073
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Table 2: Here we present Type-I error probabilities for the test Hy : 3 = 0 at the 5% level of
significance when p = o?/0% m = 30 and n; = 2 for all i = 1,...,30. Here KRM, LD-LRT,
MI-LRT, MI-KRT and MI-WT refer to Kenward-Roger adjustment for missing covariates, listwise
deletion followed by likelihood ratio test, mean imputation followed by likelihood ratio test, mean
imputation followed by Kenward-Roger test with no adjustment for missingness.

Percentage of p KRM LD-LRT MI-LRT MI-KRT ‘
missing data

20 0.25 0.044  0.085 0.078 0.049

0.5 0.055  0.083 0.087 0.060

1 0.050  0.094 0.082 0.056

2 0.055  0.106 0.083 0.059

4 0.047  0.088 0.079 0.052

40 0.25 0.047  0.100 0.073 0.045

0.5 0.048  0.143 0.081 0.053

1 0.048  0.104 0.072 0.051

2 0.051 0.217 0.079 0.055

4 0.048  0.169 0.076 0.053
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Table 3: Here we present Type-I error probabilities for the test Hy : 3 = 0 at the 5% level of
significance when p = ¢ /02, m =15 and n; = 2 for all i = 1,...,30 when the missing mechanism
is MAR. Here KRM, LD-LRT, MI-LRT and MI-KRT refer to Kenward-Roger adjustment for missing
covariates, listwise deletion followed by likelihood ratio test, mean imputation followed by likelihood
ratio test, mean imputation followed by Kenward-Roger test with no adjustment for missingness.

p KRM LD-LRT MI-LRT MI-KRT
0.25 0.058 0.103 0.102 0.057
0.5 0.053 0.114 0.091 0.051
1 0.050 0.164 0.103 0.063
2 0.049 0.117 0.089 0.047
4 0.063 0.141 0.099 0.065
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Table 4: Here we present Type-I error probabilities for the test Hy : 3 = 0 at the 5% level of
significance when p = ¢7/02, m = 15 and n; = 2 for all 4 = 1,...,30 when the partially missing
(20% missing) covariate is generated from heavy tailed distributions. Here KRM, LD-LRT, MI-LRT
and MI-KRT refer to Kenward-Roger adjustment for missing covariates, listwise deletion followed by
likelihood ratio test, mean imputation followed by likelihood ratio test, mean imputation followed
by Kenward-Roger test with no adjustment for missingness.

Distribution p KRM LD-LRT MI-LRT MI-KRT
Laplace(0,2)  0.25 0.052 0.106 0.095 0.053
0.5 0.056  0.115 0.102 0.056
1 0.049 0.185 0.094 0.047
2 0049 0.170 0.099 0.047
4 0.051 0.199 0.100 0.055
Student’s t(1) 0.25 0.050 0.153 0.099 0.046
0.5 0.051 0.105 0.096 0.057
1 0.047  0.137 0.104 0.047
2 0.055 0.142 0.105 0.061
4 0.059 0.139 0.107 0.061

38



