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Abstract

This paper presents a test for fitting the marginal error density of a stationary
long memory error random field in spatial nonparametric regression models, where the
one dimensional covariate process is also assumed to be a long memory random field,
independent of the error random field. The proposed test is based on the integrated
square distance between an error density estimator obtained from suitable nonpara-
metric residuals and the expected value of the null error density estimator based on the
true errors. Unlike the tests based on the residual empirical distribution functions, the
asymptotic null distribution of this statistic is not affected by the regression function
estimate and the window widths and the kernels chosen to estimate the regression and
density functions. It is chi-square up to a scale factor with one degree of freedom.
Moreover, the asymptotic distributions of the proposed test statistic under the null
hypothesis and under a class of fixed alternatives are seen to be the same as in the
case when the regression function is known. A simulation study shows a reasonable
performance of the finite sample level of the proposed test, compared to the asymptotic
level.

1 Introduction

One of the classical goodness-of-fit testing problems in statistics is to fit a distribution up to
an unknown location parameter in the one sample location model. The classical tests based
on certain distances between the residual empirical distribution function and the null model
being fitted such as Kolmogorov-Smirnov and Cramer-von Mises tests are not asymptotically
distribution free for testing this hypothesis. Their asymptotic null distribution depends
on the null model and the parameter estimator in a complicated way which renders them
infeasible. In contrast, the asymptotic null distribution of the test based on an integrated
square distance between a nonparametric density estimate and its expected value under the
null hypothesis with known location parameter for fitting an error density, first proposed by
Bickel and Rosenblatt (1973) (B-R) in the case of known location parameter, is not affected
by whether the location parameter is known or unknown. This property continues to hold in
more complicated models including parametric autoregressive and generalized autoregressive
conditionally heteroscedastic models with independent and identically distributed (i.i.d.)
errors, see, e.g. Lee and Na (2002), Chebana (2004), Bachmann and Dette (2005), Cheng
and Sun (2008), Na (2009), Koul and Mimoto (2012), among others. Moreover, Ghosh and



Huang demonstrated that the B-R test performs better than the Kolmogorov-Smirnov test in
detecting sharp peak alternatives. It is thus desirable to expand the domain of applications
of this type of the B-R test to long memory random fields.

Long memory time series and long memory random fields (RFs) have been receiving con-
siderable attention in the recent years, due to the fact that more and more empirical studies
ranging from astrophysics to agriculture and atmospheric sciences indicate that spatial data
may exhibit non-summable correlations and strong dependence, as is evidenced for exam-
ple in Kashyap and lapsa (1984), Gneiting (2000), Perival Rothrock, Thornfike and Gneiting
(2008) and Carlos-Davila, Mejia-Lira and Moran-Lopez (1985). For theoretical advances and
more applications of RFs see Dobrushin and Major (1979), Surgailis (1982), Ivanov and Leo-
nenko (1989), Leonenko (1999), Doukhan, Lang and Surgailis (2002) and Lavancier (2006).
The recent monographs of Giraitis, Koul and Surgailis (2012) and Beran, Feng, Ghosh and
Kulik (2013) contain numerous additional references on long memory time series.

Koul and Surgailis (2010) and Koul, Mimoto and Surgailis (2013) discussed the problem
of fitting a known density to the marginal error density of a stationary long memory moving
average time series with unknown mean. The asymptotic distributional properties of the
B-R and Kolmogorov-Smirnov tests were studied. Koul and Surgailis (2013)considered the
same problem for linear random fields with long memory. In this paper we investigate the
asymptotic behavior of an analog of the B-R test for fitting marginal error density in the
spatial nonparametric regression models where the errors form long memory moving average
random fields, and when the covariate random fields also have long memory.

Among the interesting and somewhat surprising findings are that the asymptotic dis-
tributions under Hy and under a large class of alternatives of an analogue of the B-R test
based on nonparametric residuals are the same as in the case of known regression function.
Moreover, the asymptotic null distribution of the integrated square distance between a non-
parametric density estimate and its expected value under the null hypothesis with known
regression function has no bias, does not depend on the kernels used in the density and re-
gression function estimates, and the normalization factor, which is the same as in parametric
regression models, does not depend on the window widths used in the nonparametric esti-
mation. These findings are unlike the results available under the i.i.d. one sample location
set up where the above mentioned integrated squared difference needs to be corrected for the
asymptotic bias and where the normalization depends on the window width and the kernel
being used in the density estimation.

Proceeding a bit more precisely, we consider a random field defined as a collection of
random vectors (X;,Y;) € R x R indexed in the p-dimensional lattice ZP, p > 1, where
Z :={0,£1,+2,---}. Here X; denotes the ith covariate and Y; the corresponding response.
We assume that the random field {X;, Y;;¢ € ZP} is stationary and E|Yy| < oo. Let I, =
[1,n? C ZP. With u(x) = E(Yy|Xo = z), the observed data consists of (X;,Y;), i € I,



obeying the model

(1.1) Y= u(X;) 42 i€l
(12) € = Z ajgz-_j, 1€ 7P,
jezp

where (;, j € ZP, are i.i.d. standardized r.v.’s, independent of {X;, i € Z?}. Moreover, a;
are non-random weights of the form

a; = B/ liDI5I~"Y,  jez,

for some d € (0,p/2). Here, B(y) is a bounded piecewise continuous function on S,_; =
{y e R?: ||y|| = 1}, and || - || denotes the Euclidean norm. Direct calculations yield

(1.3) 7(i) = Cov(eg, e5) ~ R/l il ~*7*7, [lil| — oo,

with R(-) being some positive, bounded and continuous function on S,_;. Since 0 < d < p/2,
the sum Y, [|i[|~?~2? diverges, and hence the random error field {e;, i € ZP} has long
memory in the covariance sense. The long memory property of a stationary random field
can be characterized in various ways as is evidenced in Guégan (2005) and Lavancier (2006).

We shall additionally assume that the covariate random field {X;, ¢ € ZP} has long
memory in the sense that for some 0 < dx < p/2 and some positive, bounded continuous
function Rx on S,_1,

(1.4) Cov(Xo, X;) ~ R (i/[lil) ]| =722, |Ji]] = oo,

Additional needed assumptions will be described in the next section.
Now, let f denote the common marginal density function of ¢y, and f; be a prescribed
density. The problem of interest is to test the hypothesis

Ho:f=fo vs. Hy:[f# fo,

based on the data {X;,Y;}, ¢ € I, from the model (1.1) and (1.2). A motivation for this
problem is as follows. Numerous statistical inference procedures for long memory processes
are developed under the assumption of Gaussianity. A rejection of the null hypothesis that
the marginal distribution is Gaussian would cast some doubt about the validity of such
inference procedures.

In this paper we investigate an analogue of the B-R type test for Hy. To define this
analogue we need to construct appropriate residuals, which can be used to construct the
error density estimate. Koul and Surgailis (2002, 2010) observed that in the one sample
location model, and more generally in the parametric multiple linear regression models with
non-zero intercept and long memory errors, the first order asymptotic behavior of the residual
empirical process based on the least square residuals is degenerate. Hence it can not be used
to implement any tests of goodness-of-fit of the error distribution in these models. Moreover,



as shown in these two papers, the second or higher order distributional approximations of
the least square residual empirical process yield some unknown limiting distributions, and
hence generally these approximations do not yield any implementable testing procedure.

When testing for Hj in the case of p = 1 in the one sample location model with long
memory errors, Koul et al. (2013) proposed a modified estimator of the location parame-
ter so that the corresponding residual empirical process is not the first order degenerate
asymptotically. In this paper we introduce an analog of this location parameter estimator
to define a nonparametric regression function estimator, which in turn is used to construct
nonparametric residuals and the marginal error density estimate.

Accordingly, let K be a kernel density functions on R, h,, be a bandwidth sequence, tend-
ing to zero, and let Ky, () = h;'K(-/hy). Let ¢ be a piece-wise continuously differentiable
function on [0, 1]” and define

(1.5) Oni = np/ o(u)du, = (i1, - ,ip) € Ip,
T (6= 1)/nsis /]
1 -
fax(@) = — > Kn(x—X;), z€R,

i€l

) 1 -

fin(w) = — > Vil + 6ni) K, (2 = X3)/ fox (1),
ieln

Note that f, x and fi, are the kernel estimators of the density fx of X, and the regression
function p, respectively. Use ji,, to define the residuals

éni = Y; - ,an(Xz)a (NS [n-

Next, let K be another kernel density function and b,, be another bandwidth sequence
tending to zero, and define

(16) Fue) = 3 Koo = 2). T [ lfale) = Ko, x folw)d
(1.7 ) = s S Ko=), T= [Uale) = Ko, o)

where K, * f(z) := [ K(u)f(x — byu)du.

In the case of p = 1 and i.i.d. observable ¢;’s, Bickel and Rosenblatt (1973) proposed a
test of Hy based on T,,. Clearly, T, is an analog of this test statistic in the present set up,
with its large values being significant.

The asymptotic distributions of 7,, under the null hypothesis f = fy and under the
alternative f # f, with different rates of convergence in each case are described in section 2
below, along with the needed assumptions. Some of the unusual findings are that under long
memory, the asymptotic null distribution of n?~2¢T,, is a chi-square distribution up to a scale
parameter while under certain alternatives, n??=4(T,, — B,,) converges in distribution to a
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Gaussian r.v. with mean zero and some positive variance, where B,, is a centering sequence
depending on K and b,,, see Theorem 2.1 below. These findings are similar to those reported
in Corollary 2.1(i) and Theorem 2.4 of Koul et al. (2013) in the case p = 1. They are
completely different from what is known in the i.i.d. or weakly dependent set up, where the
asymptotic null distribution of a suitably centered and scaled T, is Gaussian, and where the
rate of standardization under Hy depends on the bandwidth h,. More importantly, we find
that the asymptotic distributions of the test statistic T,, are quite similar to those of T;,, see
Theorem 2.2 below.

The paper is concluded with a simulation study assessing the finite sample level perfor-
mance of this test in section 4.

Throughout the paper, all limits are taken as n — oo, unless specified otherwise, —p
denotes convergence in distribution, —p denotes convergence in probability, and Z stands
for a standard normal random variable.

2 Asymptotic Distributions of 7, and Tn

In this section we present the asymptotic distributions under Hy and H, of T}, and T,. To
begin with, we state the needed assumptions for the kernels K, K, regression function u,
the bandwidths h,, and b,,, and the underlying model.

AssumpTION (K): K is a symmetric density, two times differentiable with derivatives satis-
fying [ |u|V?|K'(u)| du < oo, [ |K'(u)|*du < oo, [|K"(u)|du < oo and K” is bounded.
AssumpTiON (K): K is a symmetric bounded density and [ |ul?K (u)du < .

AssuMPTION (A): The distribution of ¢, in (1.2) satisfies the following two conditions: there
exists constants C,§ > 0 such that |[Ee®0| < C(1+ [t])7°, t € R and E|{|* < oo.

ASSUMPTION (B):
(B1) The regression function y is twice differentiable with bounded derivatives, and Epu?(Xy)
< 00.

(B2) The marginal density fx is bounded, positive and differentiable with bounded deriva-
tive f4 satisfying [ (| fx (2)[*/fx(z))dz < cc.
(B3) The joint density function fx ;i of (X;, X}) is positive, bounded and such that for
some positive constant C' and for all x,y € R,

[fxan(,y) = fx(@) fx )] < Cllj = kI725| fi (@) e ()] + o(l7 — k[P 77)

as ||7 — k|| — oo, where dx € (0,p/2) is as in (1.4).
Moreover, the joint density function fx; ;i of (X, X;, Xy) is positive, bounded and such



that for some positive constant C’ and for all z,y € R,

| fxagn(T,y, 2) — fx(2) fx kY, 2)]
< C”(Hi — JIT RO £ (2) fi () fx (2)] + (i — /f||_(p_2dX)|f§(($)f§((2)fx(?/)|>
+o(|li — P P) + o(]i — k| P),

as ||j — k|| — oo, |li — j|| = oo and [|i — k|| — oo.
(B4) h,b,? — 0, n™2h 103 — 0, nP720R1b 3 — 0, n?dx—24p 3 — (0, p?dx—Ph 23 — (.
Moreover, n?* b1 — 0 when p/4 < d < p/2.

Remark 2.1 Here we remark about the validity of the above assumptions.
Assumption (B4) actually implies the following assumption:

(B4') n=%p 1t — 0, nP/?74p2 — 0, ndxP/2p~t — 0, and 0 < dx < d < p/2.

The Assumptions (K) and (K) are the usual standard conditions for the kernel type
estimation. Note that Assumption (K) implies that [ |ul! K?(u)du < oo, j = 0,1,2. Exam-
ples of the kernels satisfying Assumptions (K), (K) and the Assumption (C2) below are the
Gaussian kernel and the uniform kernel vanishing off (—1,1).

The Assumption (A) is imposed for the first time in Giraitis, Koul and Surgailis (1996)
and is then used by Doukhan et al. (2002) to derive the following result (2.5) for the empirical
processes of long memory random fields. Under Assumption (A), Koul and Surgailis (2002)
(see also Lemma 1 of Giraitis et al. (1996)) showed that, for the case p = 1, the error density
f is continuously differentiable, and f and its derivative f’ are square integrable. Lemma
3.1 of Doukhan et al. (2002) extended this result to the stationary linear random fields with
long memory.

Furthermore, from Lemma 2 of Giraitis et al. (1996), Assumption (A) implies that
21 oal) = S < CI=21 )£ )] + o),

for any z,y € R as ||i|| — oo for the p = 1 case, where fy; is the joint density of (g, ¢;).
Hence, using the same arguments as in Lemma 2 of Giraitis et al. (1996), (see also Lemma
5.1 of Doukhan et al. (2002)), we see that (2.1) holds for the case of p > 1. This property
actually defines the long memory behavior in distribution for the error field.

The first part of Assumption (B3) imposes a similar long memory property on the random
field of covariates. Section 3.5 of Guégan (2005) more details for this concept of long memory.
Moreover, for the special case of Gaussian random fields, the second part of Assumption
(B3) is similar to the moment bounds studied in Soulier (2001) and Guo and Koul (2008).
The second part of Assumption (B3) is used in the proof of the following Lemma 3.2. Direct
calculations yield that the long memory Gaussian random fields with the covariance function
as in (1.4) satisfy Assumption (B3). Many commonly used densities including Gaussian and
logistic can be shown to satisfy (B2).

Moreover, if one uses h, ~ n~% a > 0, then assumption (B4’) will be satisfied as long
as p/4 —d/2 < a < min(2d,p/2 — dx) for p/10 < d < p/2 and dx < d. In addition, if
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b, ~ n~", r > 0, then Assumption (B4) holds for 0 < r < min(a/3,2d/3 — a/3,2d/3 +
da/3 — p/3,2d/3 — 2dx/3,p/3 — 2dx /3 — 2a/3,p — 2d). For example, if p = 2, d = 0.5,
dx = 0.1, then 0.25 < a < 0.9. Let a = 0.6, then 0 < r < 2/15.

We now state some needed preliminaries. Let &, =n7")_,_; ;. From Surgailis (1982),
we recall that for the random field (1.2),

(2.2) 2z, wpcZ,  nPTHE = (& +0(1)),

where ¢ is the positive square root of

? :/ / R((u—v)/||u—v||)||u—v||2d_pdudv.
[0,1]7 J[0,1]7

Theorem 2.1 below describes the asymptotic distributions of a suitably standardized
T, under the null hypothesis and under some fixed alternatives, respectively. Let k; :=

J(fo'(z))*dz and ke == [ f'(x)(f(z) — fo(x))dz. From Assumption (A) and Remark 2.1,
K1 < 00 and |ke| < 0.

Theorem 2.1 Suppose that the Assumptions (K) and (A) hold, and b;' = o(n”), where
p=min(p/2 —d, (p—d)J), with § the same as in Assumption (A). Then the following hold.
(i) Under the null hypothesis Hy,

nP=AlT s kP22
(ii) Under a fized alternative f # fo of the form [(f(x) — fo(z))*dz > 0,
np/Q_d(Tn - /[Kbn x (f — fo)]Q(x)dx> —p 2K9¢Z.
Proof. The proof here is based on some techniques used in Koul et al. (2013) and

Bachmann and Dette (2005). Let H(z,¢;) = Ky, (z — &;) — Ky, x f(2), h(e;) = Ky, * (K3, *
(f — fo0))(gi), and consider the following decomposition for 7.

(23) T, = /[fn(a:) — Ky, * fo(x)])?dx
_ / [Fa(@) = Ky, # £(2))2da + / Ky, % (f — fo)(@)da
2 / Fal2) = Ko, 5 f@)][s, % (f — fo) (@))de

= [ (5 Sl o=~ Koy = 5@ ot [ # (— f)@)Pda
S (K (= o))~ F1, = (i (7~ Jo)(E])



= [ (G Hwe) dot [, (- fola)Pdo

icly,
2
icly,
Let F(z) =n"P) ., I(e; < z), v € R. Following the arguments used in the proof of
Theorem 2.2 of Koul et al. (2013) and integration by parts yield

1
ﬁ H(,’L' g )
ZEIn

_ i / (Fo( — uby) — F(a — uby) + [z — ubn)en] K (u)du
—éni/f(x — uby) K’ (u)du

- % / [Fo(z — uby) — F(x — uby) + f (2 — uby )2, K’ (u)du

= Qu(z) + Qna(z),

where I is the distribution function of ¢;. Hence

24)/(%2H($,5i)>2dx:/622 dx+/Q d:z:—|—2/Qn1 )Qna(z)dx

Now, let S, (v) =) {I(slgm) F(x)+ f(x)e;}, Sp(z, z—uby,) = Sp(x—ub,)— Sy(z),
and V(z,x — ub,) = F(z—ub ) — F(z)+ [0 “n(1 4 |t|)~2dt. Because [ K'(u)du = 0, we
can write Qn1(x) = (n?b,)~" [ Sp(x, 2 — ub,) K'(u )du It follows from the proof of Lemma
1.4 of Doukhan et al. (2002) that for some constant 0 < C' < oo,

(2.5) E(Sy(z,z — ub,))? < OV (x, 2 — ub, )nPT4=.
This, together with Assumption (K) which guarantees [ |u|"/?|K’(u)|du < oo, yields

E / Q?,(2)dx

/E{Sn(x, x — ub,)Sy(x, x — vb,) }K' (u) K'(v)dudvdx

n2%2
< n2pb2 /{E ))QE(Sn(Lx—Ubn))2}1/2|K/(U)K'(U)|dudvdx
S o / C{V(z,2 — ub,)V (z,z — vb,) }'*nP 27| K' (u) K’ (v)|dudvda

< Cn?d_”_”bﬁl/Iuv|1/2|K’(U)IIK’(v)I{f(ﬂf)+(1+Iﬂfl)_?}dudvdx

)



For Qu2(z), under Hy, [ f'(z — ub,)K (u)du — fi(z). This, together with (2.2), yields

(2.7) nf~ Qd/Q r)dx —p k1222

Upon combining this with (2.6) and the Cauchy-Shwarz inequality yields that

28) / Qut (£)Qual) | —p 0

Moreover, under Hy, the second term in the right hand side of (2.3) is zero and h(g;) = 0.
Therefore, upon combining (2.3), (2.4), (2.6), (2.7) with (2.8), we arrive at the result (i) of
Theorem 2.1.

On the other hand, under the alternative, (2.3), (2.6), (2.7) and the assumption b, =
o(n”) yield

(29) w3 (1, = [l 4 (= o))
= Op(n™™?)+2n~"" > "(h(e;) — Eh(e;)).
icly,

Note that

> (h(e:) = Eh(e)) = n” / hx)d[E,(x) — F(z)],

i€l
and

/ x)dr = /f KW)(f = fo)(z — byu — byv)dudvdr — K.
By Corollary 1.2 and Corollary 1.3 of Doukhan et al. (2002), we obtain
(2.10) n~" 2N (h(e;) — Eh(e;)) —p racZ.
icly,

The proof of part (ii) of Theorem 2.1 is completed upon combining (2.9) and (2.10).

Remark 2.2 Tt is of interest to compare part (ii) of the above theorem with Theorem 2.1
in Bachmann and Dette (2005), where they prove, when ¢; are i.i.d. f satisfying some other

mild conditions, that n'/? (Tn—f[Kbn *(f—fo)]z(a:)dx> —p 2pZ, where p* = Var(f— fo)(e1).
Clearly, part (ii) of the above theorem is an appropriate extension of this result to the long
memory moving average random fields.

Remark 2.3 Note that, if in the case p = 1 we assume that a; = coj~ =D where ¢, is

a ﬁnite positive constant, then one can verify that ¢ = ¢2B(d,1 — 2d)/d(1 + 2d), where

fo 2% Y1 — 2)*tdz, a > 0, b > 0. Then, comparing Theorem 2.1(i) and Theorem
2. 1(11) Wlth Corollary 2 1( ) and Theorem 2.4 of Koul et al. (2013) , respectively, in the case
p = 1, we can conclude that, even if one is in the nonparametric regression set up, one still
obtains results analogous to those available in the parametric mean model. Theorem 2.1(i)
is also analogous to Proposition 3.1(i) in Koul and Surgailis (2013) for linear random fields
with zero mean.



Some additional conditions on the kernel K and the explanatory random field { X, € Z?}
are needed for deriving the asymptotic distributions of the test statistic 7,.

AssumpPTION (C):

(Cl) X; € A, i € I,, where A is a compact set and fy(x) > M for x € A, where M is a
finite positive constant.

(C2) The Fourier transform ®(r) = 27 [ K (z)dx of K is integrable: [ |®(r)|dr < cc.

The next theorem describes the asymptotic distributions of T,. Its proof is given in
the next section. Let ¢*(¢) = [i, 1 Jio.1p S(WS()R((u — v)/[lu — v])[Ju — v]|?*Pdudv and

Q_ﬁ =n"r Zie[n (bm

Theorem 2.2 Suppose that the Assumptions (K), (K), (A), (B) and (C) hold. Let ¢(u),
u € [0,1]7 be a piecewise continuously differentiable function satisfying ¢ = 0. Then the
following hold.

(i) Under the null hypothesis Hy,

P2, —p ki ($) 22,

(ii) Under a fized alternative f # fo of the form [(f(x) — fo(x))*dx > 0,

W (T, = [, (7 = P)de) = 2mac(6)Z

Remark 2.4 Note that, the asymptotic distribution in Theorem 2.2(i) is the same as that
in Proposition 3.1(ii) of Koul and Surgailis (2013) for the location model of long memory
linear random fields, while Theorem 2.2(ii) is new even in the case p = 1.

Estimation of d and ¢(¢). To implement the test of Hy based on 7}, we need to have
consistent and log(n)-consistent estimates of ¢(¢) and d, respectively. Several approaches
for estimating the underlying parameters in long memory random fields have been suggested
in the literature. Frias, Alonso, Ruiz-Medina and Angulo (2008) suggested an averaged
periodogram estimator for long memory time series in the two-dimensional spatial case.
Wang (2009) investigated the GPH-estimator for long memory random fields. Under some
general conditions these estimators of the long memory parameter d are all log(n)-consistent.

In the simulation studies below, we used the GPH-estimator d studied in Hurvich, Deo
and Brodsky (1998) andWang (2009). To describe this estimator, let AU = (X, -+, \;,) =
2nj/n, j = (j1, -+, Jp) € In, and m be a ”bandwidths” sequence that tends to infinity slower
than n. Let U; = log |1 —exp(—iA"))| = 1 1log ( - \1—exp(—i)\jk)|2>, U=m"y . U,
and define

1 A . NEE 5 Z'e] (Uj - U) log Q;
(2.11) Q; = En exp(zt')\m)‘ . jE€l, d=-— — ,
T (2mn)p tezln ' 2% er, (U —U)?
~ 1 . a2, ~ Z'e[ (UJ - U) log Qj
Q= ’ € exp(zt')\(j)) L jE€L, d=-—r=" —
J (2mn)P tezln ¢ 2 Zjelm(Uj —U)?
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As stated in Lavancier (2006), if the covariance of a random field satisfies (1.3), then
its spectral density satisfies f(\) ~ [|[A[|722Ro(\/||A]]), as ||A|l = 0, with Ro(+) being some
continuous function on the unit sphere. Therefore, by Theorem 1 of Wang (2009), d—d=
Op(m~t(logm)”) for p > 2, where m satisfies mlogm/n — 0. If we let m = n¢, where
0 < e < 1, then we obtain |d — d| = op(n~=), for any 0 < €, < e. In addition,

> ien, (U = U)(log Q; — log Q)
2 Zje[m(Uj - U)2

From the following proofs of Theorem 2.2 and Lemma 3.3, we note that, for every j € I,,,
Q; = Op(n), Q; =O0p(n?), |Q; —Q;| = Op(n*?).
This, together with Lemma 1 of Wang (2009), implies that

A~

d—d=—

ld—d| = Op(n®??logm),  d—d=op((logn)™").
To estimate ¢(¢), Koul and Surgailis (2013) used the fact that

2 : —p—2d .
(@) = lim ™" Y " Gjouy (i — k)
Jik€ln
to propose a consistent estimator of ¢(¢) based on the sample auto-covariance function of
the residuals. Their estimate is

E@)=a ") ytaii — k),
J,k€lq
where ¢ — 00, ¢ = o(n) is a bandwidth sequence, 4(k)’s are the sample auto-covariances
based on the residuals Y; — Y, and d is a log(n)-consistent estimator of d based on these
residuals. Lemma 3.3 below shows that ¢*(¢) with 4(k) = n™P3 ., &nién itk and d as in
(2.11) continues to be consistent for ¢?(¢) in the above nonparametric regression model.

It thus follows from Theorem 2.2(i) that the test that rejects Hy whenever x;'¢72(¢)
np—2d T, > X2 (1) is asymptotically distribution free and of the asymptotic level «, where
0 <a<1and x2(1) is the (1 — «)100th percentile of the x?(1) distribution.

Using the same discussions as in Koul et al. (2013) , we see that Theorem 2.2(ii) implies
that the 7),-test is consistent against all those density function f’s for which J(f(z) —
fo(x))?dz > 0.

3 Proof of Theorem 2.2

The proof of Theorem 2.2 is facilitated by the following lemmas.
Lemma 3.1 Under the Assumptions (K), (B2), (B3) and (C2),

B (sup | fux (@) — fx(@)]) = Olmax{n®h;? 12

zeR

11



Proof. The proof is similar to that of Bierens (1983). Write

an ZKhnx— ] :nph Z/ —ir(z—X;) /h"(I)( )d

jely, jely,
Then
31 suplfux(o) - E(fux(@)
xe
1 .
_ ir(x—X;)/hn . —ir(x—X;)/hn
ilelﬂg e E {/e O(r)dr [/e @(r)dr]})
J€ln
1 , . ,
< rXj/hn _ E X /hn } —irx/hn o .
< [ }E;{e (51 ] sup 7=/ (1) dr

z€eR

/

By Assumption (B3), for some large enough N,

(3.2) Var( ZcosrX)

an{e"X ()} || @(rha)ldr.

Jefn
1
= = Z\/ar cos(rX;)) + ﬁZCOV(COS(TXi),COS(T‘X]‘))
J€In i#j
_ 1
< On p+@( > o+ Y
0<[lj—illsN  |lj—il>N
[ costra) costra)  fxas(enn) = (o) fxlw)dody
< ot on Y (15— AP ol — i)

ll7—ill>N

= O(n7?) 4+ O(n*x7),

The same inequality holds with cos(-) replaced by sin(-). Hence,

1 i X x| _
sup B ﬁZ{e”XI - E(e"X’)}‘ = O(n*x7P),

reR iel,

This, together with the fact that [ |®(rh,)|dr = O(h;,"), implies
2 2d 2
(3.3) E(sup | fux(@) = E(fax(@)l) = Ow*>7h.2)
[AS

Furthermore, by Assumption (B2),

(sup B (0) = fx(@)])” = (sup] [ K)o~ haw) ~ fla)au])” = 0012).

zeR
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Combining this with (3.3) concludes the proof of Lemma 3.1.

To state the next result, recall the definition of &, from (2.2), and let

A . 1 L
Zi:ai_gm'a 1 Gjn, Wn: Ezgjgbnj’ Zn:5n+Wn7

j€ln

Vp = Max (hfw n—zo/2h;1/27 nd—p/2h711/27 ndX—p/Q).
We are now ready to state and prove

Lemma 3.2 Assume (K), (B1)-(B3), (B{), (C1), and that ¢ is a piecewise continuously
differentiable function satisfying ¢ = 0. Then the following holds.

(3.4) Z (f;;(—g%)zz _ Zn>2 = Op(nPr2).

Proof. Let K;(X;) = K((X; — X;)/hy). From (1.1) and (1.5), we obtain

(3.5) %Zz - Z, = JT;L?(—()?)')(/)”(XQ — (X)) = Z,
. K (X))
= nPh,, 4 6J(1+¢nj)fX(Xl) —Z,
+fx(lXi) nplhn Z(N(Xj) (X)) K5(X5)

In all sums below, the summation index varies over I,, unless mentioned otherwise. Let

1 1

Eni = D lX) = p(X)) K (Xs) = - D (X)) = (X)) K (X).
" "
Then
E (&)
1 2 72
< i Z /[,u(x — hpu) — p(z)]K*(u) fx,i;(z, r — hyu)dudz
"
o 3 [ ha) = @) e — ) =~ p) KR
JFk.gk#
X fxiik(®,x — hpu, x — hyv)dedudv
= I+ Iy

By (B1), the fact dx < p/2, and arguing as in the proof of (3.2),

13



(3.6) > Ii; < Cn *h, ZZ/M K2(u) fx.;(z, x — hyu)dudz

i g
= O, 35 [ PR ) o ) dodu

[

+Cn~*h,, ZZ/’“\ K*(u
L
X [ fxig(,® = hau) — fx () fx (@ — hyu) | dedu
= O(hn) +O0(n""hy,) —|—On_2phn Z (||j—i||2dX‘P+o(||j _Z'||2dX—P)>
ll7—dll>N

= O(h,) +On*=*7Ph,) = O(hy,).

Moreover, by (K) and (B1), since [k (u)du = 0, we obtain

4
I < Oh /|uv| K(u)K () fx(z)fx(x — hpu) fx(z — hyv)dzdudy
J#kak’sﬁz
4
R S /|m,| R )R (0)] fan (0,7 — hytt,  — hyo)
J#kjk’sﬁl

—fx (@) fxjr(z — hpu,z — hnv)|dxdudv

2 S [ PR @R ()

J#kj k#i
x| fxjw(® = hou, @ — hyv) — fx(x = hou) fx (@ — hyv)|dzdudv
=: Ry + Ry + Ra;.

First note that
Z Ry = O(n"hy).

By Assumption (B3) and arguing as in the proof of (3.2),

Sk < i Cnni{ 3o (=P ol il )

li—il>N

+ 3 (IR =Pt ol — i) 7)) }

|k—i|| >N

= O(h}) + O(n*=xhl).
Similarly,
ZR&— O(ht) + O(n*x h2).

14



Combine these bounds with the fact n?¢xh /nPht = n?dx—P — (), to obtain
Z I2’L = nph4
This bound together with (3.6) yields
( Z §m) = O(max{h,,n"h}}).
Then it follows from Assumption (C1) that
1 1 ~ 2
- - ) — . (X, = ppd

(3.7) Z o rar j;ww HX))EKG(X) " = Op(maxthn, nhi}).

Next, consider the third term in the right hand side of (3.5). Note that

E (nplhn Z M<XJ>¢WJKJ<Xz)> 2

- %W“ 2,,,12;%@( X)R(%))
Qf;‘;W 0w (X))
T Z szsmoénkE(( DG (X (X0 Ki(X) )

" j#k, gk
= Qoi + Qui + Q2 + Qsi, say.

Standard kernel arguments yield that,

ZQOi = O(n""h,?), ZQ%ZO(hgl)a
ZQU = n2ph2zz¢ / ( };y>fx,z',j($,y)dxdy:O(hfll).

i i jF#L
For the sake of brevity, let dK(u,v) := K(u)K (v)dudv. Then, by Assumption (B3) and
¢ = 0, we obtain

1
J#k.gkFi
X [x g (2, 2 — hou, & — hyv)dzdK (u,v)

= 3 butm [ ule = haunte — o)

JF#k, g kFi
X{ fx.ijr(®,x — hyu,x — hyv) — fx(x) fx k(= hpu, x — hyv) dedK (u,v)
S b / ule = (e — ho) fx (@)
J#k. g kFi

X{ fxjr(® — hyu, x — hyv) — fx(x — hpu) fx(x — hyv) }dedK (u, v)

15



Z ¢n]¢nk / u(x - hnu)u(x — hn?})
J7Fk.g,kF
X fx () fx(x — hyu) fx(z — hpv)ded K (u, v)
< onfws S (il ol - i)

J€In;|li—il>N

> (el ok — i)

keln;||k—i||>N

+ > (||j—kH?dX*uo(Hj—kn?drp))}

li—kl>N
+¢° / x)dz(1+ O(hy,)) + O(n7?)

= O(n***7P), not depending on i.

This implies that
1 1 g 2 -1 2dx
89 Y (G 20 (X)) = Oplmax{hy ).
i v " jel,

Now consider the first term in the right hand side of (3.5). Let

Dy = 1E(%EX§>—1 jel,
We have
(3.10) n%mzj:sj(uqsnj)ggg — Zn
_ %(% 1>511+¢m ;EJH% i
i et + 55 - ()

= Ag+ Ay + Ay, say.

First, by Assumption (C1),

(3.11) Z A% = = Z (#((0)) _ 1>25?(1 + ¢ni)? = Op(nPh;2).

Now consider the term Ay;. Note that, for j # 1,

16



()

_ (W) o o\ —
= | X @ e = hauydudr =1

(u) I
/fx( fX” hntt) = [x () fx (z = hyu)]dud

i / fx(x) [f X (@ = hou) = fx(2) fx (2 — hou)] dudz.

D;; = / ;((u) fxij(x, x — hyu)dude — 1
K

Then
1 1
E(A}) = 21t nj)° D}, e} + o > (14 ¢nj)(L+ buk) DiyDi E(e )
J#i J#k, g, kFi
= A + A
But,
C ,  C >
Ani < ﬁZDU:ﬁ< Z + Z >Dij

J#i JEIn;0<|lj—ill<N  j€lnslli—i|>N

IN

1 C 2de— N2
O(n~2) + n2p Z <O(hfl) + O<||] —i||2x P 4 o(||5 — i %x p>> )
JEIn;|li—i||>N

= O(n %)+ O(n"Ph2) + O(n**x—%), Vie I,
Z Alli = O(n_p) + O(h/i) + O(n4dX_2p).
For the sake of brevity, we omit the o(||j — ¢[***~7), o(||k — i[|***7P) and o(||j — k[[***~?)
terms in the following derivations.

C

A < — Z |Dij Di||v(5 — k)
J#k,jk#i
C o 9de—
< e > (i)
“]_kH>N7‘77k7é7'
X (Bt i = RIS = Rl
e A R O O I T
= n2p n

l7—Fll>N,j,k#i
+hMi—MW”W—JW”ﬂWWJ—MWﬁW—jV“”W—kwﬁﬂ}

= O(n2d—phn) +O(n2d+2dx—2p> _|_O(n2d+4dx—3p)’ Viel,
ZAm = O(n2dhn) + O(n2d+2dx—p> + O(n2d+4dx—2p)'

17



Hence, by the fact that n2¢+2dx=p /p2dp s (),

(3.12) d AL = Op(n*hy).

Next, we shall show that

(3.13) > A3 = Op(max{h;' ,n*h,}).

Note that

= g Ao (s -2
+n2p% Z (14 ¢nj) (1 + dni)ejer
”#k,ij#i ) ) )
N ).

=1 Aoy + Aga.

Fix an i € I,,, by Assumption (K), we obtain

By 20+ 60, PK2X))
J#

n?rh?
=n"?h ' E(e?) Z(l + ¢nj)? / K2(u) fxij(x, x — hyu)dude = O(n"Ph;1).
J#i
Then by Assumption (C1),

Z A21i - Op(hgl)

Moreover, by the independence of {¢;} and {X}},

X;) f(k(xl-))

B(Ap) < n¥h? Y E@ﬁwcw(iwafxun

Jk ket

Arguing as for (3.8), by Assumptions (B2) and (B3),

)

L K;(X:) Kin(X,
h,, Z E(sjek)Cov<fX§Xi;,fX( :

kG kA (X3)
KK
= % -0l [ fate — b~ hov)dodude
kg ket x (o

e i\, T — hpu)drau 0 k(2,2 — hpv)drdu
[ et = o | 55 aae = by

18



< Ofwe 3 kPO Ok
ll7=F>N.j,k#i

+/ K(fg([;)(v)fx(fﬂ)fx,j,k(x = hat, & — hov)dzdudy

_ (CHZ | 4 / ]{){(((Z)) fx (@) fx(x — hnu)da:du)

<(Clli - mpr+ %W”X@ = hae)dadv)

< o +C S g =k C = P O - R

+C||j — k||*** 7P + / %{;@)J‘}((m — hpu) fx (z — hyv)dzdudv
—(C'Hz' — j||P4x P 4 /f((u)fx(x — h,m)dxdu)

X <C||z' — |2 4 /f((v)fx(m - hnv)dxdv>}

< o)+ X WK = YD [ — ke

li—kll>N.j ki li—kl>N
D = R ST L = KPP0
i —klI>N,j ki li—kl>N
D DR R e TR e TR

O(n2(d+dx)> + O(n2d+4dx—p> + O(n2d+phn)
O(n¥+dx)y L O(n?**Ph,,).

This implies the claim in (3.13).
Assumptions (B4’) combined with (3.10) to (3.13) yield

(3.14) Z <nplhn Z g;i(1+ qbn])% - Zn>2 = Op(max{h, ' n*h,}),

% JjE€Iy

Claim (3.4) is now established upon combining (3.5), (3.7), (3.9) and (3.14), thereby com-
pleting the proof of Lemma 3.2.

_ 2 o —p/23—1/2 _d—p/211/2 _dx—p/2 d+dx—pp—1
Let &, = max(h,,n P?h, " )n hi!“,n N h, ).

Proof of Theorem 2.2. (i). The proof here uses the argument of the proof of Theorem
2.2 of Koul et al. (2013) . Recall that Z; = &; — é,, and Z,, = &, + W,. Lemmas 3.1, 3.2,
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and Assumption (C1), imply

> (G2 ) = onord,
fx(X3)

max (X 1‘ Op(max{n?x~P2p-1 h.}).
Moreover, by Koul and Surgailis (2013),
(3.15) nP/ W, —p W = () Z.
It follows that Z, = Op(n®?/?) and,
(3.16) Y (Zi— 2, = Op(n"y2) + Op(n*)Op(max{n***"h,* hl})
icly,
E = Op(n’&}).
Let fu(z) = L350, Ko (2 + Zo — &), ¥ni(2) = fulz) — fulz), and let
o) = % / (Fo(z + Zn — ubn) — F(a+ Zn — ubn) + f(x + Zo — uby)en]
x K'(u)du,
Yns(z) = %/ [F(z+ Z, — ub,) — F(x —uby,) — f(x + Z, — ub,)Zy]
x K'(u)du,

VYna(2) = (Z, — 8})% / [f(z+ Z, — ub,) — f(z — ub,)| K'(u)du,
1 /
Pns(T) = Wna/f(x — ub,) K'(u)du.

Integration by parts yields

fn(:v) — K, *{(m) ~
= fn(x)_fnx)“’fn() Ky, *f()

(
= folz) = folz) + /KbnerZ— VA F,( /K,, z —y)dF(y

= ful@) = fulz) + % / (Fo(z + Zy — ub,) — F(x — uby)) K’ (u)du

5

i=1

Observe that, with A; := ZZ- — Zp, b:=b,,




I
%0
%l\'}
—N
—
TS

=
N

)
_|._
@N
i

QL

S

_|_
—

=

&

N S

5]
——

2pb2
Here
x—l—Zi €; T+ 2, —¢&; Z Zy T+ Z, —
Ri(w) = K(————) - K(———) -~ K’( . )
Ailb A, T+ Z €
|G o s
Note that
A, |A|/b Z
| Ri ()] | |/ Kt in s s)|ds, Vie I, zeR.
|A\/b b

Hence, with || K" ||« 1= sup,ep | K" ()],

A, |Ail/b - rlA]/b Z
e B e
ze[n GEln [Ail/bJ —|A]/b
Ly — E;
x}K”(—x+ "5 )| dedsds
< 2||K//Hoo Z ’ ‘ / /‘K” T ‘dxds
iel, je[n |Ail/b
< 4 K" K" (u)|du.
’LGIn]EIn

Next, similarly,

2( x+ 2y
S Tm
1€l
Z . 7 — ¢,
x—l— >K/(x+£ gj)dx
%#J
AA;
<y /K u)du +||K’||OOZ| 2l
i€ly i#j
< _1<Z‘Ai’>'
’iEIn
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Hence,

[ = b (T (T

1€l 1€l
2
2 -3 2
<l (T a) v (Tan)')
ZEIn ’ieln

It follows from (3.16) and Assumption (B4) that

/w z)dz = Op(E2b,°) + Op(£ab,°) = op(n**7).

Next, following the proof of Theorem 2.2 of Koul et al. (2013) and using Lemma 6.1 of
Koul and Surgailis (2013), we obtain

/wi2(x)dm = Op(n*=%p 1), p/4 < d<p/2,
= Op(nPb 1), 0<d<p/4,
/@/J?ﬁ(fb)dz = Op(n*=), /¢ z)dr = Op(n*=%),
and, under the null hypothesis, by (3.15),

nf~ Qd/w x)dr —p kW2,

This concludes the proof of (i).
(ii). From the proof of (i), we obtain that

ﬁ—/my*U—mem
—1ﬁﬁ—ka*ﬂ@WM+{ﬂﬁ—A@*ﬂ@%@*ﬁ—ﬁxwm
= Op(n®7) + 22/%@-(:6)&” « (f = fo)(z)dz

Note that, for i = 1,2, 3, 4,

/% Vo, = (= e < ([ [0 (= @) = op(atr),

w2 [ (), (= o)la)da
= np/2_de/f’(x — bpu) K(u)K(v)(f — fo)(x — bpv)dudvdz —p koW.
This completes the proof of Theorem 2.2. O
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Lemma 3.3 Suppose that (K), (B1)-(B3), (B{'), (C) hold, E|G|* < 0o, ¢ = o(n'/?), and ¢

is a piecewise continuously differentiable function satisfying ¢ = 0. Then

52(@ —p 02(¢)-

Proof. As discussed above, d is log(n)-consistent estimator of d. Hence, to prove Lemma
3.3, it suffices to show that

P(¢) =p A(0),

where &(¢) = ¢ 77! 30, 1 cr Gajbar V(T — ).
We will follow the argument as in the proof of Lemma 2.2 of Koul and Surgailis (2013).

Write &(¢) = &1(9) + (), () = ¢ 7' 32 ey, Pai®ar¥i(j — k), i = 1,2, where

1 . . .
o Z&'&Hm Yo (k) == (k) — (k).

1€ln

By Lemma 2.2 of Koul and Surgailis (2013), ¢%(¢) —p ¢*(¢). Hence, Lemma 3.3 will follow
if we show that

(3.17) nPGPN TN dgibgenciZive = op(1),
jkely i€l

(3.18) n_pq_p_Zd Z Z ¢qj¢q,j+k5i+kZAi = op(1),
jik€ly i€l

(319) n_pq_p_2d Z Z ¢qj¢q,j+k2i2i+k = Op(l).
j,kEIq i€ly

(3.16) with Assumption (B4') implies the bound

Z Z% = Op(nP€2) + Op(n*) = Op(n*?).

Then we obtain

~p,—p—2d 7
nq E E GqjPqj+rEilitk

J,.k€lgi€ly,
2 1/2
S Cn™" p {E : E : H—k}
’LEIn ’LGIn

= On P ¥ nPPn? = Op(¢P~2n?/?) = op(1).

This implies (3.17), while (3.18) follows in a similar way. Finally, the left hand side of (3.19)
is bounded from the above by

q" ZdZZQ Cn~Pg? 2 = Op((n/q)**"") = op(1).

’LEI’n

This completes the proof of Lemma 3.3.

23



4 A Simulation Study

This section contains results from a simulation study investigating empirical size of the test
based on Theorem 2.2(i). In this simulation we chose p = 2, n = 32,64, 128, the values of the
long memory parameter d = 0.2,0.4,0.6, 0.8, and the asymptotic sizes a = 0.05, and 0.1.
We wish to test Hy : f = fo, versus the alternative H, : f # fo, where f; is the normal
density with zero mean and variance of 1.5. As mentioned at end of Section 2, the test that
rejects Hy when n?~24T,, /k1¢%(¢) > x2 (1), has the asymptotic size of .. The purpose of this
simulations is to see how good is this approximation.

We shall first describe how we generated the two random fields ¢; and X;, ¢ € I,,. The error
random field ¢; of (1.2) are generated as follows. First, we chose ag := 1, and a; = c||j|*2,
for j € I,,,j # 0, where the mechanism for choosing ¢ > 0 will be described shortly. In
other words B(j/||7]|) = ¢ in the definition of a; of (1.2). Now, let A := {a;}, j € Z?,
B :={(;}, i,j € Z* denote the two infinite-size matrices. Then ¢; of (1.2) can be viewed
as the sum of all elements after element-wise multiplication of matrices A and B. Let Ay, .k,
and By, ., denote the kith row and koth column element of matrices A and B, respectively.
Then one can rewrite

oo oo
€ = E : E : Ajl;j2Bi1—j1;i2—j2'

J1=—00 ja=—00

Because we use computer, the matrices A and B need to be approximated by some finite
dimensional matrices. Let C' := [~1000,1000]*> C Z? and A := {a;}, j € C. Note that all
elements of A not in A are of small magnitude, e.g., if d = 0.2 and j = (0,1000)’, then
a; = ¢(3.98)107°%. Hence we approximate ¢; by

1000 1000

§ : E : Ajl;jQBh—jl;iz—jz'

§1=—1000 j2=—1000

This expression tells us how large a B we have to generate. For example, if i = (0,0)’, then
we only need B on [—1000; 1000]? lattice. On the other hand, if i = (64,64)’, then generating
B on the lattice [—936, 1064]* is required. Thus, in general, to generate g; for i € I,, using
A, we need to generate B only on the lattice [—1000, 1000 + n]?.

To summarize, to generate {g;, i € I,} for this simulation study, we first generate
i.i.d. standardized normal r.v.’s (;, j € C, and then calculate

E; — E an_j, 1€ [n
jec

The value of ¢ was adjusted for each value of d to make variance of ¢; equal to 1.5. The
covariate random field X;,7 € I, is generated similarly. Since the asymptotic distribution
of the test statistic does not depend on dx, it is chosen to be 0.1, with the corresponding
¢ = 0.28. Note that dx = 0.1 and the above choices of d satisfy the constraint that dy < d.
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Once ¢; and X; are generated, we then generate response field Y; using the model
Y, =3sin(X;) +e&;, i€ I,

Consistent with the assumption (B4), the bandwidth h was chosen to be h = 10n7%%.
Nonparametric regression was performed and residuals were calculated, using Normal kernel
and ¢,; = —I{i; € [1,n/2]} + I{iy € (n/2,n]}, i = (i1,i2) € L,.

Using these residuals, the GPH-estimator d was calculated with the bandwidth m = n?/5.
Then using the residuals and cz, ¢*(¢) were calculated with the bandwith ¢ = y/n. To
calculate 7),, Normal kernel and the data-dependent bandwith b, = (4/3)6.n~'/> was used
to obtain density estimate, where 6. is the sample standard deviation of the residuals.

Table 1 shows the empirical size of the test for various value of n and d, obtained from
300 iterations. The empirical size of the test shows reasonable convergence to the asymptotic
value, except for the case d = 0.8.

n d=0.2 04 0.6 0.8 d=0.2 04 0.6 0.8

32 0.027 0.027 0.030 0.023 0.040 0.047 0.050 0.030
64 0.053 0.053 0.050 0.030 0.077 0.080 0.060 0.046
128 0.060 0.057 0.047 0.027 0.107 0.087 0.087 0.050

Table 1: Empirical size of T),-test with asymptotic size a = 0.05(left) and 0.1 for various values of
d and n.
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