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Abstract

This paper analyzes the large sample of a varying kernel density estimator of
the marginal density of a nonnegative stationary and ergodic time series that is also
strongly mixing. In particular we obtain an approximation for bias, mean square error

and establish asymptotic normality of this density estimator.

1 Introduction

Nonnegative time series often arise in real world applications. A class of nonnegative time
series that have seen increased research activity in the last two decades are the so called mul-
tiplicative error models. Engle and Russell (1998), Engle (2002), Manganelli (2005), Chou
(2005), Engle and Gallo (2006), and Brownlees, Cipollini and Gallo (2012) used these models
for analyzing financial durations, trading volume of orders, high-low range of asset prices,
absolute value of daily returns, and realized volatility, respectively. Several other applica-
tions and properties of these models are discussed in Bauwens and Giot (2001), Bauwens and
Veredas (2004), Fernandes and Gramg (2006), Gao, Kim and Saart (2015), among others.
Pacarur (2006) and Hautsch (2011) discuss numerous examples of nonegative time series
useful in economics and finance, and some of their theoretical properties.

It is of interest to estimate the stationary density of a give nonnegative stationary time
series nonparametrically. One way to proceed would be to use a conventional non-parametric
kernel estimation method based on a symmetric kernel. There is a vast literature on the
asymptotic properties of the nonparametric density estimators based on symmetric kernel
for i.i.d. r.v.’s as well as for strongly mixing stationary time series, see, e.g., and Hardle,
Litkepohn and Chen (1997), Bosq (1998) and Nze and Doukhan (2004), and references
therein.

If the underlying r.v.’s are nonnegative or belong to a finite set, then the use of symmetric
kernel for its estimation is not fully justified as it assigns positive mass outside the support
set, which leads to the so called the edge effect problem. Such estimators are heavily biased
in the tails of the bounded support set. To overcome this problem of boundary bias, several
asymmetric kernels have been introduced in the literature in the last two decades. Bagai and

Prakasa Rao (1995) proposed kernel type estimators for the density function of nonnegative



r.v.’s, where the kernel function is a probability density function on (0,00). Chen (1999,
2000) used beta kernel, Chen (2000a) proposed gamma kernel, and Scaillet (2004) introduced
inverse gaussian kernel for estimating density functions of non-negative random variables.
Chaubey et al. (2012) proposed a density estimator for nonnegative r.v.’s via smoothing of
the empirical distribution function using a generalization of Hilles lemma.

Manatsaknov and Sarkasian (2012) (MS) used an inverse gamma type kernel to estimate
density of positive i.i.d. r.v.’s. They analyzed its bias and means square error while Koul
and Song (2013) (KS) established its asymptotic normality, under the i.i.d. set up. This
kernel is given by

(1L1)  Ka(yu) = m(o‘y)“+1 (-1}, az0us0y>0

Several properties of this kernel have been nicely described in the papers of MN and KS.
As mentioned in KS, for each x, K,(z,-) is the density of an Inverse Gamma r.v. with shape
parameter o + 1 and scale parameter ax, having mean z; for each ¢, oK, (z,t)/(a+ 1) is a
Gamma density with shape parameter « + 2 and scale parameter t/«. If we let T, and X,
be a r.v.’s having density K,(x,-) and aK,(-,t)/(a + 1), respectively, then

\/5<Ta/x—1> —a N(0,1), \/a(Xa/t—1> SaN(0,1), as a — oo

Here, and in the following, —4 denotes the convergence in distribution. If we let h = 1/y/a,
then from the above facts it follows that as a — oo,

Kalet) 1o EY) o ke~ To(H0),

where ¢ denotes the standard normal density. Therefore, the M-S kernel K, approximately

behaves like the standard normal kernel, while the distance between x and t is not the usual
Euclidean distance |z — t|, but rather the relative distance |z — t|/t or |x — t|/z; for the
commonly used kernel function, x and ¢ are symmetric in the sense of difference, while in the
kernel K, (z,t), z and ¢ are asymptotically symmetric in the sense of division; the parameter
1/y/a plays the role of bandwidth as in commonly used kernel set up.

Now, let {Y;,i € Z} be a strictly stationary and ergodic time series taking values in the
state-space R={y : 0 < y < oo} with marginal stationary density function f. The proposed
density estimator for f based on the kernel specified by (1.1) is

n

o B l " ‘ 1 1 OnY N an+1 —any/Y
(12) fn(y) = n;KOén(yaY;) - ZYP(CM”—FI)( Y; )

In the next section, we study asymptotic behavior of the bias and the mean square error

of fn(y), for each y > 0. We also establish the asymptotic normality of the estimator fn(y)

All limits are taken as n — oo, unless specified otherwise.
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2 Main results

In this section we present an approximation to the bias and mean square error of fn(y) for
each y fixed, and an asymptotic normality result, under some assumptions, which we shall

now state.

Assumption 1 (C1) The time series {Y;,1 € Z} is a nonnegative, stationary, and ergodic.

(C2) The joint density f;(.,.) of (Yo,Y;) and the marginal density f of Yo are bounded, for
alli € 7.

(C3) The densities f; and f are twice continuously differentiable with the bounded first and

second order derivatives.

(C4) o, — 00, \Ja,/n — 0.
(C5) {Y;,i € Z} is strongly mizing with mizing coefficients p(k) such that p(k) = O(k™?),
for some 3 > 3.

Assumptions (C1)-(C4) are used to analyze bias and means square error, while all assump-
tions are used to establish the asymptotic normality of fn(y)
The following two lemmas are fundamental for establishing the asymptotic behavior of

the bias and mean square error of f,(y). The first lemma below is proved in KS.

Lemma 2.1 Let g(u, pg, A\x) be a sequence of probability density functions of inverse gamma

distributions with shape parameters py and rate parameters Ay, i.e.,
X
U'(pr)
Define pr = k(a, +2) — 1, Ay = kay, k= 1,2, ...,y > 0 and let £(u) be a function such that

its second order derivative is continuous and bounded on (0,00). Then for large o, and for
ally >0 and k > 1,

g, pry A) = (%)p”l exp (— %), u>0k=1,2 ..

(2 =2k)yl'(y) | [(2—2k)*(px — 2) + K27 ]y*l" (y) o 1
pr— 1 2(pr — 1)%(pr — 2)

/0 " g pi M) ) = £(y) + ).

Qn

In order to analyze the variance and the mean square error of the above density estimator
fu(y), we need to be able obtain a useful expression for the Cov(K,(y, Yy), Ka(y, Y;)), which
in turn motivates one to obtain an extension of the above lemma to a bivariate setting where
¢ is a function of two variables. The following lemma gives the needed result in this case.

For any function ¢(u,v), its partial derivatives, whenever they exist, are denoted as follows:
2 2 2
Co=20(,), by = 200, by = 250(), Loy = 2500, ), buy = 5250, ).



Lemma 2.2 Suppose assumptions (C1) and (C4) hold. Lety, pg, A, and g be as in Lemma
2.1. Let {(u,v) be a nonnegative function that is twice continuously differentiable on (0, 00)?

with all its derivatives up to the second order assumed to be bounded. Then,

(2.1) / / 0, 0)g (s P M) g (0, pre Ag ) dud
0 0

= ly,y)+ (2[);—_2k1)y [ﬂu(y, y) + Loy, y)}

[(2 _Q(jji)—(ﬁéz_(pi)j;) a”] y2 [EUU(:% y) + EW(y’ y)]

(2 = 2k)*y*Lus(y,y) 1
" (pr —1)2 " O(Oé_n)

The proof of this lemmas uses bivariate Taylor expansion and arguments similar to those

used in the proof of Lemma 2.1. Details are given in the last section below.

To proceed further we need to define

22) =L, umzj%iju—gmm%w—ﬂwo

We are now ready to analyze the bias and MSE of fn(y), as given in the next lemma.

Lemma 2.3 Assumpe (C1)-(C4) hold. Then

(2.3) Bu(y) = E(fuly) - () = anl_ 1y2f;(y) + O(ain)’
(2.4) Varfoly) = V?(vn T wn) +o(\/§‘_”) +o<ain),
(2.5) MSE(fuly)) = \/:_"(vn + ) +o<\/§_") +o<ain).
Proof. To begin with we have
(2.6) E(fu(y)) = E(Ka,(y.11))

- /ooo zf(ai +1) (Z28) ™ el f(2)d

- i+ (W) o),

The last equation is obtained by using Lemma 2.1 with k=1. This equation readily yields
that the bias B, (y) of f,(y) satisfies (2.3).

Following the arguments of KS, for all 0 < u < 1, we have
T, o u 1
B = [ alen NFE): = £(25) +0(),
0

Qnp Qnp
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and hence fn(y) does not suffer from the boundary effect.
Next, we evaluate the variance and the mean square error (MSE) of f,(y). Clearly

(1 - %)COV(KOM <y7 Y0>7 Kan (yu Yz))

M1

(2.7) Var(fn(y)) = %Var(Kan(%Yl))—i—%

1

7

= Vuly) + Culy), say.

To obtain an approximation for V,(y) = n~'Var(K,, (y, Y1)), consider

2 > 1 OnY\ 2Aan+1) —2a,y/z
E(Ko,(y. Y1) = /0 ZQFZ(an+1)( > ) e /% f(2)dz

I'(2a,, + 3) 1 /°° (2au,y)20m+3
2(av, + 1)2200+2 20,y J, z2ont4
I'2ay, + 3) 1

g | 920+ 320,/ (2)d:

e’QQ”y/Zf(z)dz

Now applying Lemma 2.1 with £ = 2, the last integral equals to
(=2y/'(y) | [Alon+1) +405)y" " (y) 0(i)
2a,, + 2 220, + 2)%(200, + 1) ay,

B yf'(y) | v f"(y) 1
A i ey R el

fy) +

By Stirling approximation,

F(2an + 3) 220m+2+1/2(an + 1)2an+2+1/2€—2

I (an, +1) - V2ma,2en+l
e? 1 20, 15y
B 2yﬁ(1+an) <1+ozn> V.

Thus

B0 1)) = o (14 o) [£) - 2 4 PPy (L],

and hence

LR 1) = Y (),

Upon combining this with (2.6), we obtain

29 Vi) = YT 4 (V02 — o(/E)

Next consider the C,,(y) term that involves the covariances. With f;(u,v) denoting the
joint density of (Yp,Y), let f; .., denote their partial derivatives etc. We have

Cov (K (4 Y5), Ko, (1Y) = B (Koo, (0. Y0) Ko (4. Y) — (B (Ko, (3. )))
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For the sake of brevity, write gy(u) = g(u, px, A\x). Note that for k£ = 1, from (2.1)

Lemma 2.2, we obtain

(2.9) /000 /000 l(u,v)g1(u)g1(v)dudv

= ly,y) + 2(any— 1) [E““(y’ y) + by, y)} + O<ain>

Now take ¢(u,v) = fi(u,v) in (2.9) to obtain
E (Ko, (y, Yo) an(y,Yz))
= / / Ko, (y,u) Ko, (y,v) fi(u, v)dudv

iy ———
o Jo uF(ozn—i-l) u

]- ApY\an+l _ y/
@0/ f, (u, v)dud
vF(an+1)(v) ‘ Jilu, v)dudy

= /000 /Ooog(u,pl,Al)g(v,pl,)\l)fi(u,v)dudv
= fily,y) + 2(0432— 0 [fi,uu(y,y) + fi,w(y,y)} + 0(0%).

Note that we used assumptions (C2)-(C4) here. This fact together with (2.6) yields
Cov(Ka,(y, o), K. ( Yi))

= 1000+ gt ntn] ()

—(f(y) + anl_ - (4 f2<y)) to())

Qp

= fiyy) - Py) + —2 [fi,uu(ya Y) + fiw(y,y) — 2f (y)f”(y)]

2(a, — 1)
1 1
+O(a_n> —|—0<§>.

n

n—1

Cul) = 300 = oy (010), Ko 0170)

= %Z (fz (v.v) fQ(y)>

+% Z ((1 - i) Y [fi,uu(y’y) + fiwo (Y, y) — 2f(y)f”(y)D

n’ 2(a, — 1)

of



2%, i 1
- 350 - ool L)
n;( DFilyy) = P ) +o(
Again, the last equation is a result of boundedness of the functions and their derivatives
guaranteed by the assumptions (C2) and (C3). This result, combined with (2.6), (2.8) and
the definition (4.12), readily yields (2.4).
The claim (2.5) about the mean square error now readily follows from (2.3), (2.4) and

~ ~ 2 ~
the fact that MSE(fu(y)) == E(fu(y) — f(y))" = Bi(y) + Var(fu(y)).
Asymptotic normality of fn Here we shall establish the asymptotic normality of the

density estimator fn(y) by applying the central limit theorem for strongly mixing triangular
arrays proved by Ekstrom (2014), which is stated here for the sake of completeness as the

following lemma.

Lemma 2.4 Let {X,;, 1 <i<d,} be a triangular array of strongly mizing sequences, with
pn(.) as the mizing coefficients corresponding to the n-th row. Define X, 4, = i Z?ﬁl Xni,
and assume the following two conditions. (B1) E|X,; — E(X,.,)|**° < ¢ for some ¢ > 0 and
0 >0, for all n,i

(B2) > i o(k+ 125/ “T(k) < ¢ for some ¢ > 0 and all n.
Then
Xn,dn - E(Xn dn)

o 5 N(0,1).
Var(X, a,)

We apply this lemma to obtain the following theorem:
Theorem 2.1 Suppose the conditions (C1) - (C6) hold. Then,

2100 (n/van) (o) () - 500 - ) 5 N,

where v, and w, are defined in (4.12).

Proof: The strongly mixing property of {Y;} implies that of the triangle array X, ; :=
{K., (y,Y;)}. Assumptions (C5) and (C6) imply conditions (B1) and (B2) for these {X,,;}.
Now applying Lemma 2.4 to these X,,; with d,, = n and substituting for the expectation and

variance, we obtain (2.10).

3 Proof of Lemma 2.2

Proof of Lemma 2.2. The proof of this lemmas uses bivariate Taylor expansion and

arguments similar to those used in the proof of Lemma 2.1. Accordingly, for y > 0 let uy be

7



the mean of the inverse gamma distribution with parameters py and A\, and express

A 2 — 2k
k +( )Z/

E= =Y
a pr—1 pr— 1

Let ¢(u,v) be a bivariate function satisfying the assumed conditions. Expanding €(pu, i)

around (y,y) and using Taylor’s theorem for bivariate function we rewrite,

(3.1)  (puns i)

(2 —2k)ylu(y, y) N (2 — 2k)yly(y,y)

= Uy.y)+ — 1
Dk Dk
1 (2 — 21{)2y2£uu(§7 5) (2 — 2]{:)23/2&)11(57 5) (2 B 2k’)2y2€uv(€’ 5)
BT A S s N oy}
= l(y) + Aw(y) + %Bk(y)7 say,

where £ is a value between p, =y + (2 — 2k)y/(pr — 1) and y.

Next, consider the Taylor series expansion of ¢(u,v) around (g, fx)-

(3.2) L(u,v)
= L pie) + (u — pon) o (e, pir) + (0 — ) o (e, pir)
+% (u = k)l (0, 0) + (0 = px) o (0, 0) + 2(w — pa) (0 — i) b (T, D) |,

1
= L, ) + Cr(u,v) + §Dk(u7v)v say,

where u and v are the values between uw and p; and v and puy, respectively.

Now rewrite

Euu(a’ f}) = Euu(:ukn Mk) + [guu(aa 6) - guu(/vbka Nkz)]a
guv <a7 ﬁ) = guv(:u’ka /Mc) + [guv(av 6) - guv(,uky ,U/k)]v
gvv (&7 75) = gv’u(#lﬁ #kz) + [fw(ﬁ, '&) - gvv(ﬂk; Nk)]

Then we have the decomposition Dy, = Dyy + Dyo + Dyz + Dyy + Dys + Dy, where

Dia(u,v) = (u = ) (s i), D = (v = i)l (pi, 1),
Diz(u,v) = 2(u — pu) (0 — i) Cun (1, 1),

Dya(u,0) = (= p1g) [, 0) — Lo (s 1)),

Dis(u,v) = (u = pa)* [ (0, D) — Loy (pir, 1)),

Dig(u,v) = 2(u — pu) (v — i) [l (@, D) — Lo (i, 1))

For the sake brevity, let gx(u) = g(u, pr, \x). In what follows, the range of integration
is over (0, 00), unless specified otherwise. Note that [ [ Ck(u,v)g,(uw)gr(v)dudv = 0. Thus
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from (3.2) and the above derivation we obtain

// (11, 0) g1 () gi () dud

= U )+ + / / Dy (11, v) gy () g (v)ducly

= (g, i) + §<Il +1+ 13) + 5(14 + 15 + Ia), (say),

where I; := [ [ Dy;(u,v)dudv, j = 1,---,6. Because g is a density with mean sy, and
variance 72(k, a,,) = k*a? 2/ pr— 1) (k—2) I3 =0, and

I = Lo ) / (1= )90 ()ge (0t = Lo (s i) (k).

SimﬂarlY> [2 = gvv (:uka Mk)7_2(ka an)‘
Next, arguing as in the proof of Lemma 2.1, see (10), (12), (14) and (15) in KS, one can
show that
1
I; =0(—), j=4,5,6.

n

Thus

[ [t viawigneidudo = o) + 5 [Eunlio ) + o) v+ 0 )

Because & and puy approach y for large «,, and all the partial derivatives are assumed to
be continuous, one can replace ¢(ug, ix) by the expression given in the right hand side of

(3.1). Hence, upon plugging in the value of 7%(k, a,), for a,, large, to obtain

/ / (u, v)gr(u) gr(v)dudv

(2 —2k)ylu(y,y) N (2 — 2k)yly(y,y)

= Uy, y)+ 1 1
Dk Pk
112 =28y lu(y,y) | (2= 280" 0n(y,y) | (2 = 2K)*Y* (. )
] e e B |
5 [l 9) + )] )+ 0( )
= (y,y) + @ [ﬁu(y, y) + Loy, y)}

[0 a0+ )

(2 — 2k)2y2€uv(y7 y) 1
i (px —1)° * O<Oé_n>'

This completes the proof of the Lemma 2.2.




4 Estimation of the autoregressive function in MEM

model.

We shall now consider the problem of estimating the conditional mean function, given the
past, of a Markovian multiplicative error time series model. To describe the multiplicative
error model of interest here, let Y;, i € Z :={0,+1,42, --- }, be a discrete time nonnegative

stationary process. A Markovian multiplicative error model takes the form
(41) Y; = 7'(3/;,1)81‘, 1€ Z,

for some positive measurable function 7 defined on R* := [0,00). Here ¢;,i € Z are inde-
pendent and identically distributed (i.i.d.) non-negative error random variables (r.v.’s) with
FE(g9) = 1, E(g3) < co. Moreover, ¢; is assumed to be independent of the past information
Y;.j <i, forall i € Z. Thus 7(y) = E(Y;|Yi1 = ).

The problem of interest here is to estimate 7. We propose the following estimator for

this function based on the kernel K.

c Y K (1, Yi)Ys  oaly)
(42) wn(y) - Z?:l Kan (y,Y;) - fn(y)’

where ¢, (y) = n ' Y1) Ko, (y, Yio1)Yi Let ¢(y) = E(Ka, (y, Yo)Y1), and ¢ (y) := ¢(y)/ f ().
The following decomposition (Bosq (1998), pp 70) is useful for analyzing the asymptotic

properties of the estimator ?ﬁn Consider, suppressing y for simplicity,

~

TS e T PP
Un—1 = (Y —0)( 7 )+f(f fa) + 7
Hence
where
g £ \2 1 n 2 Zw Y

Co = ZE(hn =) = F)a = ).

We have already analyzed E(f — fn)z, in (2.5). Now consider the second term of A,

(4.4) E(¢n — ¢)? = Bias*(¢,) + Var(sn(y)).
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Calculations similar to the one used in analyzing the bias of fn yields that

(4.5) Bias(¢n(y)) = E(du(y)) — o(y)
= E(K,,(y, Yo)v(Yo)) — v (y) f(y) = O(—).

Now consider the

(4.6) Var(¢n(y))

_ %Var(Kan (5. Yo)Vh) +

—

n—

1
(1 - E)COV(Kan (ya 1/1)}67 Kozn (y? le+i)n+2) .
1

S

%

2

Recall from (4.1) that ¢; are i.i.d. with mean 1 and constant variance, o, and that ¢; is

independent of Y; 1, for all 1 € Z. Now, consider

Var (Ko, (y,Y0)Y1) = Var(Ka,(y,Yo)7(Yo)e1)
= o E(K2 (y,Yo)T (%)) — [B(Ka, (y, Yo)7 (o))"

But

B Yo 00) = [ K2, 020

I'(2a,, + 3)

p— o 2
 T2(ay, + 1)2200 11 (20,,y) /0 9(2, 20, + 3, 20,,y)7°(2) f(2)dz

. Vom 2 1
~ mf(y)?/f (Z/)+O(\/a—n)-

We used Stirling approximation for gamma functions and Lemma 2.1 for the integral with

U(z) = 7%(2) f (2)-
(NB: Assumption should take care of the twice differentiability of F and ¢.)) Hence

Var(IK, (0. 35)%) = 325 F0)00) + O(=) + ) 0) +0(5) + O().
so that
(4.7) %Var(Kan(y,Yo)Yl) = O(\/s_n).

11



Next, we shall obtain a bound for the covariance term in (4.6) via Devydov’s inequality

as before.

n—1

2

7
ﬁ Z (1 - ﬁ)COV(KOén <y7 le)Yéa Kan (ya le+i)m+2)
=1

< 4 (- DV[BE, VY]

8 ai/4
(2m)3/4y3/2 ( n

[0+ 0G0 VEY (1= D)o,

Upon combining this with (4.7) and (4.6) we obtain that

VarGu() & 5T )0 + 0 (=) + LW ) + O ()
ad/t 4 2 e v .
+(27r)j4y3/2( ” )W) fly) + O(ain)} / \/5121 (1— E> p(i).
Hence
A b/ «
Var(dn()) = 0(%) = o(22)
This bound together with (4.5) gives that
A A o3/
(4.8) E(¢n — ¢)* = Var(¢n(y)) + O(ain) =O( - )+ O(ain).

The Cauchy-Schwarz inequality yields that the absolute value of the third term of A, is

bounded above as follows.

L - - b/t ,
B = F)@n=0))| < VB = F2B(G, — 00 = 0(*) = o(22).
Hence
&2/4 «
(4.9) A, =0O( - ):0(?").

Next consider B,, and for v > 0, we write

fQBn = E((Qﬁi - ¢2)<fn - f>2'I(|1[,n|>n'y)) + E((lZZ - ¢2)(fn - f)2'I(|@£n|§nv))
= Bln + BQna say
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where

Bial = |E((&} = ") (o = 1) Lygomm)|
>~ (¢2 (fn - f) (\wn|>m))
< E((mazY;)? (fa— f)* \¢n\>m))

The last inequality follows from the definition (4.2) of t,. Now by the condition (to be
aded in the Assumptions)it follows that By, is negligible. (NB: Write in terms of o())

Next consider

N

Bl = |E((07 = ") (fa = )’ Ly j<um)|
< (W+[Y)E (Wn_ UL <o (fo— 1) %)
< (7 + [W)E(|¢hn — UL g, 1<nm (fu— DT 40 —vi<n-rom) + g —pisn-atom] )
< 2717[”7(1“ WE(fn_f)2+E( fn )2|¢n ¢|Z|¢n|<m)z(\¢n —p|>n— (1+e)'y))}
< 2w [ NE(fo = £)°] + 207 [B(fa = £ [B (190 = ST com L —pion-csem) ]
< 20 E(f, - f)2
+ 20 [E(fa = D' [B (W0 = ¥ T g, 120)] 7 [P (10 = 6] > 0= 097, 4| < )],
(4.10)

where we have used Schwarz inequality initially and then the Holder inequality with %—{—% =1

We have already analyzed E ( fn — f )2 and we can write
(B = 1T = [B(Ga= D= D
< [E((supful)? + £)-Ua = 7]
C2Oén o\ 1/2 P 911/2
(S + ) B 171

IN

where ¢ is a constant (cf K-S). (NB: Write in terms of O or o).

To simplify the next term consider

(B9 — 1T 100m) ] = [B((Wn = )T <))

From the decomposition (4.3), we can write

— W7 - B+ Bias(F) + 260~ Bdn)| + Bias(dn)
(4.11) = g B + (180 — BG) +o(1)

~~
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So

N n?" A n’ PN
i f
27y “ Y N N 1
< 7}2 (Var(¢ )) + Var(f,) + 2717\/Var(¢n)\far(fn)} + O(a_)
(NB: It should be expressed in terms of O(.), powers of n)
Thus we have
R ) ) Q3 a3/ a3/ 1
B~ 9T ) =700 1 0(0) 1 w0(“) 1 o H)
Next consider the last term in (4.10)
P(([n = ¢ > 0709, || < 07) < P((Jdhn — 9| > n=(F97).
But from (4.11), we can write
P(([$n — 9] > n=C+1) < PEL(|f = B(1)]) + 2 (160 — B(0)]) > n=0797]
So,
P((|thn — VL, <nmy > n~(1197)
|77ZA)n| . . n—(1+e)y 1 n—(+e
< P =BG gguiem) > =51+ [?(Wn = BGn)Z5,1m) > =
N A f‘n*(lJFE) fn (1+e)y
< P (= BT 0m) > L] 4 P60 = BT ) > L2
To simplify further we need a bound for the second term. Let ¢,, = M and define

Vi = Ko, (. Yie) YL, <)

(4.12) Wi = Ko, (y, Vi) YiZj, jonm)

so that ¢, = L3 Vit W)
Now

P(|¢n — E(¢n)| > 0,) = P Z (Vi + W;) — E(Vi + Wy))| > nd,]
noy,

_ pUZ(Vi — E(V})| > "75"] +P[\Z(V% — E(W3)| > 7]

(4.13)
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If we define
= {l Z (Wi — E(W, "}
O
{| Z an y7 YI(Y>n’Y) - E<Kan(yaY;—l)3/iI(Yi>n“/))| > nT})
then for a > 0,

P(E) < Y P(Y|>n)

(4.14)

IN

ne=®" E(eil)

Next consider V; in (4.12) and let X; = V; — E(V;) [NB: to use Theorem 4.1, Bosq,
p.31, with F(X;) = 0]. Consider

E(V,—EWV))* < E(}?)
< E(Kan(y;Y; I)YI(Y<nV))
< B(Ka,(y, YU (Yimr)z)’
= (P +DE(KZ, (v, Yie)v* (Yien))
1
~ (o2 4 1)V 2 -0 -
(024 D32 1))+ O( =) = O(viw)
Consider
Vi— EV)l < (1Ko, (v, Yie)YiZvico) | + B, (4, Yie1)YiZvi<om) )
< 20K
where K} = maz{K,,(y,Y;-1)} = 2=, and ¢ is a constant.

Yy
For k > 3 we can write

E(|V; = E(V))"

B(|Vi— BV - B()P)

s(mm&ffm E(V;))*

< K2 B - B(V)?

)

(NB: after verifying many conditions and checking the required algebra we can
apply Lemma 1.4 of Bosq. We also have to fix «,, in terms of n for simplification.)
Now applying Lemma 1.4 of Bosq (1998), p. 31, we can show that B, = o(n'/®)??. The last
term C, in (4.3) can be simplified (to be done) similarly. Thus the MSE of ¢(y) tends to

Zero.
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