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The classical regression analysis often assumes that both the response variable and the
predicting variables are fully observable and that the errors are independent. But, as is evi-
denced in the monographs of Fuller (1987), Cheng and Van Ness (1999), Carroll, Ruppert,
Stefanski and Craineceanu (2006), and the references therein, there are numerous exam-
ples of practical importance where the predicting variables are not observable. Instead one
observes surrogates that provide estimates of the true predictors. Such models are known
as the regression models with measurement error. On the other hand there are examples

from the various scientific disciplines where observed data do not obey the assumption of
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Abstract
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independence. Instead one observes data that is generated by some long memory processes.
In economics the first authors to point out the usefulness of long memory processes were
Granger and Joyeux (1980) and Hosking (1981). The monographs of Giraitis, Koul and Sur-
gailis (2012) and Beran, Feng, Ghosh and Kulik (2013), and the references therein, contain
numerous other examples of long memory processes and relevant theoretical results.

The focus of this paper is to study the consistency and asymptotic distribution theory
of the bias corrected least squares estimators (LSEs) of the parameters in linear regression
models when predicting variables are measured with error and when the covariate and the
regression and measurement error processes have long memory. We discuss both structural
and functional models. In the former, the predicting variables are random while in the latter
they are non-random.

For the sake of relative transparency, we first discuss the simple structural measurement
error (ME) linear regression model in the next section, where the long memory models along
with the needed assumptions are also described. It also contains the proof of the consistency
of the bias corrected LSEs in this model. The derivation of the asymptotic distribution of
suitably standardized versions of these estimators is facilitated by the derivation of the lim-
iting distributions of some general quadratic forms of long memory moving average processes
given in Section 3. These results in turn are used in Sections 4 and 5 to derive the limiting
distributions of the bias corrected LSEs in the simple and multiple structural ME linear
regression models, respectively. Section 6 derives similar results for the functional ME sim-
ple linear regression model where the true unobservable predicting variable is nonrandom.

Section 7 contains the proofs of some of the results of Sections 3 and 4.

2 Simple structural ME linear regression model and

long memory

In this section we shall focus on the simple structural ME linear regression model and
establish the consistency of the bias corrected LSEs. In this model the unobserved predicting
r.v. X;, the observable random surrogate Z; and the response Y; are related to each other by

the following relations.
(21) KZO[—FBXZ—F&“ Zl:XZ—f—U“ E€Z:0, EUZZO, 1 €7 := {O,il,}

Moreover, we assume that the process {(g;, X;,u;);i € Z} is strictly stationary and
ergodic and each of these processes form a long memory moving average (LMMA) as in the

following assumptions.



Assumption (E) Errors {¢;} form a moving average process
(2.2) g = Zbk@_k, 1 € 1L,
k=0

where {(s; s € Z} are i.i.d., with zero mean and unit variance, with coefficients
(2.3) bj ~ ke j 7% as j — oo, for some 0 < K, < oo and 0 < d. < 1/2.

Assumption (X) Covariates {X;} form a LMMA process

24) X; = ux + arlir, i €7, with MA coefficients a; ~ rkxj %) j — 0o

( p : , j "~ ExJ J :
k=0

for some pux € R, kKx > 0,0 < dx < 1/2, and standardized i.i.d. innovations {&;}.

Assumption (U) Measurement errors {u;} form a LMMA process
(2.5) u; = chni,k, i € Z, with MA coefficients ¢; ~ kj T 5 0
k=0

for some k, > 0,0 < d, < 1/2, and standardized i.i.d. innovations {7,}. Moreover, Var(uo)
is known.
Assumption (I) The innovation sequences {(s;s € Z}, {&;s € Z} and {ns;s € Z} are
mutually independent.

From now on let £, X, u denote copies of ey, Xy, ug, respectively. For any r.v. n with finite
variance, let o7 := Var(n).

The above assumptions imply that the r.v.’s €;, X;, u; are mutually independent for each
1 € Z and

o e}
O<J£2:E52:sz<oo, 0<0§:EX2:Zai<oo.
k=0 k=0

o0
O<03=Eu2:Zci<oo.
k=0

Let B(a,b) := fol 2 Y1 — ) 'dz, a > 0,b > 0 denote Beta function. From (7.2.10) of
Giraitis, Koul and Surgailis (2012) (GKS), we obtain that

(2.6) Cov(eg,ex) ~ Kk2B(de, 1 — 2d)k~1724)  Cov(Xy, X;) ~ k% B(dx, 1 — 2d.)k~(1724x),
Cov(ug, ug) ~ K2B(dy, 1 — 2d,)k~ 072 | — o0,

The sum of the absolute values of these covariance diverge. Hence each of these processes

has long memory.



We shall now describe the bias corrected LSEs. For any two sets of variables U;, V;, 1 <
1 <mn, let

_ 1 <& 1< _
Urg;?@ &V_E;;m—mm_vy

Then the naive LSEs of «, 8, where one simply replaces X;’s in the classical LSE by Z;’s, are

B:=Szv/Szz, a:=Y — B2Z.

As argued say in Fuller (1987), under the classical i.i.d. and finite variance set up,

2
Oy

3 — — — 0 —F—F a.s.
BB = s,
Hence these estimators are inconsistent. The bias correct estimators suitable here are
. S,y L
2.7 =— a:=Y —pZ
(2.7) — 6

We shall first establish the consistency of these estimators under the assumed stationarity,

ergodicity and long memory set up. Rewrite

Let
T,:= 15702 - 2)(ei - pu)
n = i € — PU;).
L

Use the relation Z; = X; + u;, to obtain the decomposition

n

29) T, — %2]&—Xx@—mm+%Ejm—m@_ﬁizxm_@z

= Sxe — BSxu + Sue — BSuu-
By the mutual independence of ¢;, X;, u; and the assumption that Fe; =0, Fu; = 0,
E(T,) = —BE(Sw)=—8 02— Var(u)).
By (2.6), Var(ii) = O(n?**~1) — 0 and by the Ergodic Theorem and the assumed stationarity,
T, — —Bai, Szz — ai — 03( >0, a.s.

These facts now clearly imply that

N S T, 2
B—p = L_g_ﬂ_m? 0.

2.10 =
( ) Szz — 03 Szz — 05



thereby proving the strong consistency of 3 for 8. This fact and the Ergodic Theorem in
turn imply that & — «, a.s.

The derivation of the asymptotic distribution of suitably standardized versions of these
estimators and their analogs in multiple linear regression models is facilitated by the more
general asymptotic distributional results about certain quadratic forms established in the

next section.

3 Limit theorem for quadratic forms

Let v = Y peo bki&t—ki,t € Z,i = 1,--- ,m be m mutually independent LMMA processes
with MA coefficients by; ~ k;k%1 d; € (0,1/2),x; > 0 with i.i.d. mutually independent
innovations {&,;} ~ IID(0,1),i = 1,--- ,m. Let II,,, C {(4,75);1 < i < j < m} be a non-
empty subset of the set of all ordered pairs (7,7),1 < ¢ < j < m and v; := {w:; t € Z}.
Define the sample cross-covariance between ~; and 7; to be

n

Sromy =17 (i — W) (g — ), (i24) € Ty,

t=1

We also need to define the normalizing sequence as follows.

(3.1) Omax 1= max{d; + d;; (i, j) € I, },
ntomex Omax > 1/2,
A(?’L) = n1/27 5max < ]-/2a

(n/logn)'?, Smax = 1/2.
We are interested in deriving the asymptotic joint distribution of normalized quadratic forms
(3.2) Sn = {A(n) (S5, — ESyyy); (i,7) € I}

As shown below, the limit distribution of S, is Gaussian or non-Gaussian depending on
whether dpax < 1/2 0r dpax > 1/2. Before describing this distribution, we need to recall some

preliminaries. From GKS, pp.410-411, we recall the definition of the stochastic integrals

(33) L = [ FEWs), o) = [ ol sWids)Wids)

w.r.t. independent Brownian motions W;,i = 1,--- ;m (for i = j the second integral in (3.3)
coincides with the usual double Wiener-It6 integral w.r.t. W;). The integrals I;(f), ;;(g),
(i,j) € I, are jointly defined for any non-random integrands f € L?(R),g € L*(R?).
Moreover, EI(f) = EI;(g) = 0 and



0, i,

(34)  EL(NHIA(f) = LT e AR,
(f:f), =4,
EL(f)1ry(9) = 0, Vi,i', i, f € L*(R),g € L*(R?),
0, (i,7) # (7', 3"),
ElLij(g)lvy(9") = (9.9, (i, ) @5, i#3j, 9.9 € L*(R?),
2(g,symg’), 1=1i=j=7j,
where (f, ') =[5 f(s)f(s)ds (IfIl := /{f, ), = Jgz 9(s1,52)g (51, s2)ds1dsz (|| g]|

{(g,g)) denote scalar products (norms) in LQ(]R) and L?(R?), respectively, and sym
denotes the symmetrization, see GKS, sections 11.5 and 14.3.
Let IL} == {(4, ) € IL,,,;d; + d; > 1/2}. Introduce

(3.5) fdi<8) = / (t )d 1dt 1 <i< m.
Jaia; (51,82) 1= “l“ﬂ/ (t —s1)¥ d ! (t — s2) '_ldta
0
Gara; (51:52) = Gaia;(51,82) = fai(s1) fa;(52), (4,7) € 1L

Then fdi S L2(R), gdi»dj c LQ(RQ)’ 9d;d; c L2(R2), see GKS, Pr0p1156 Observe that
<§di,dj7 fdi ® fdj>/l‘fl2li§
1 1 1
= / dsldsz/ (t—s)% (- 82)‘3_16#/ (t — sl)i“dn/ (ty — 52)¥ Vit
R2 0 0 0
- / dtdtidts /<t —51)§ (0 —s1) s /(t — 50) P (ty — s9) P sy
(0,1]3 R R

dtdt,dty
— B(d;,1 - 2d;)B(d;, 1 — 2d;
( ) ( J j)/01]3 |t_t1|1—2di|t_t2|1—2dj

_ B(dz, 11— Qdi)B(dj, 1- de) /1<t2di + (1 _ t)Qdi)(thj 4 (1 _ t)Zdj)dt
0

4d,d,
B(di, 1 — 2d))B(d;, 1 — 2d) 1
_ B(2di +1,2d; + 1)).
2d,d, Ta@ gy T PR+ 1,24+ 1)

From this fact we obtain

3.6
(3.6) di;(1+2d;)
e (di +dj)(2(d; +dj) +1)
||gdi7dj||2 = |’§di7dj||2 _2<§diadj7fdi ®fdj> + ||fd¢||2||fdj||2’



1
2d.;
M@ T ey =1
d;d:(1+2d;)(1 + 2d; d;d;: (1 +2(d; + d; d;d; )
) J J J J

= kiR7B(d;, 1 —2d;)B(d;, 1 —

Consequently, the 1.v.’s I;;(gq,.4,), di +d; > 1/2 in (3.10) below are jointly well-defined and
their second order characteristics can be obtained from (3.4).

We are now ready to state the main result of this section. Its proof appears in Section 7.

Theorem 3.1 Let v; = {yi;t € Z}, i = 1,--- ,m, be m stationary LMMA processes as

above and S, be as in (3.2). Assume in addition that

(3.7) El&il T < oo, (Fe>0) foralll<i<m,

and

(3.8) E&y; < oo, for any 1 <i < m such that (i,i) € I1,,.
Then

(3.9) Sn =0 R = {Ryj; (i,§) € I, },

where, for any (i,7) € 11,

[ij(gdiydj)l(di + dj = 5max)7 5max > 1/27
(310) Rij = UZJszl(dz + dj = 1/2), 5max = 1/2,
UijZij; 6max < 1/2,

with ga, 4, € L*(R?), f; € L*(R) as in (3.5), 0;; > 0 as in (7.5) below, and Z;; as independent
N<Oa 1) r.v. ’57 EZisz"j’ - 07 fOT’ <Z7j) 7£ (i/aj,)7 (27])7 ('L.lvjl) € Hm

Let Iy, € {1,---,m} be a non-empty set, dp.x := max{dy;k € lly,} and Sy, =
{n(l/ 2)_‘1““”"_)%; k € Ion} be a collection of normalized sample means. Then from Remark
4.3.1 in GKS, we obtain

(3.11) Son =D Rom = {Bok, k € o} = {Ik(f4,)1(dr = dimax); k € o }
=p {0k Zk1(dr = dmax); k € o },

where Zj, are independent standard normal r.v.’s and o7 = || f4,||* as in (3.6). The following
corollary extends Theorem 3.1 to joint convergence of normalized sample means Sy, and

sample cross-covariances S,,.



Corollary 3.1 Under the assumptions of Theorem 3.1,
(3.12) (Son, Sn) =D (Roms Rim)-

The joint distribution of (Rom, Rm) is Gaussian if Omax < 1/2. Moreover, for any k €
HOma (17]) € Hm7

(3.13)
(k) di(1 + di) ) E(§0.x60,i60.5) Do bs,ibsj1(dk = dinax);  Omax < 1/2,
E(RQkR”) — / J 0 J
0, Omax > 1/2.
Remark 3.1 Note that under the assumption of independence of ~;,i = 1,--- ,m the co-

variance in (3.13) when 0,y < 1/2 vanishes unless k =i = j and E{S’k # 0 and the Zj, Z;
in (3.10), (3.11) are independent N(0,1) r.v.’s.

Remark 3.2 Theorem 3.1 and Remark 3.1 can be extended to mutually dependent LMMA
processes Vi; = Z;o:o bii&t—ki,t = 1,---,m with MA coefficients by,; ~ rik%l d;, €
(0,1/2), k; > 0 with innovations forming a R™-valued i.i.d. sequence {(&s 1, - ,&m);s € Z}
with zero mean, whose components are mutually dependent, viz., E&y;&o; =: 0¢4j,%,] =
1,---,p where ¥y = E&){ is a general positive definite matrix. In such a case if (3.8) is
strengthened to E&F,65; < oo, (i,7) € I, the convergences in (3.9) and (3.12) hold under
the same normalizations except that the limit r.v.’s there are generally correlated and have
a representation w.r.t. mutually correlated Brownian motions W;, W;, EW;(t)W;(t) = t o¢ ;.

The double stochastic integral

(3.14) 1(6) = [ glon,sWildsy )W, s

w.r.t. such Brownian motion is well-defined for any g € L*(R?) and has zero mean and a
finite variance EI3(g) = 0¢ii0¢ j51l9lI>+0Z ;(g, 9*) where g*(s1, 52) := g(s2,51). In particular,
the variance of the double Wiener-Ito integral I;;(gq,,q;) = fRQ 9d;.4; (51, 52)Wi(ds1)Wj(dsz) in
(3.6) equals

(3'15) EI??j(gdiydj) = O-g,iio-fvjogdiydj H2 + U?,ij <gdi,djugdj,di>’
where (Wlth Bij = B(dz, 1-— dz - dj), Bji = B(dj, 1— dz — d]))

<gdi,dj7gdj,di> _ BijBﬂ
B 2 ( QBZ]B]Z
(di +d;)2 \2(d; + d;) + 1

Bij + By )2

+

+ (B + B3)B(d; + dj + 1,d; + d; + 1)),

Note that for i = j the last expression agrees with [|gq, q,||*/s7%3 in (3.6).



Remark 3.3 The 4th moment condition in (3.8) is required only for those LMMA processes
7; which enter sample variances S., ., in the collection S,, (3.2). For instance for II5 in (4.2)
the 4th moment condition applies to the innovations of the measurement errors {u,;} alone
whereas {X;} and {&;} may have infinite 4th moment. Condition (3.8) is crucial for the
validity of (3.9). Indeed if Ej; = oo for some i = 1,--- ,m then ES? _ = oo and the limit
distribution of S, ., may be a-stable with o < 2, see Surgailis (2004), and Horvath and
Kokoszka (2008).

A

4 Limit distribution of &,

In this we shall use the results of the previous section to derive the limiting distribution of
a suitably standardized &, B .
To begin with note that from (2.9) we obtain

(41) Tn—FﬁUi = SXE_BSXu+Su5_B(Suu_O-Z)
== SXE_ﬁSXu_‘_SuE_5(Suu_ESuu)+5E’&2

According to (2.10), (4.1), the limit distribution of §— /3 coincides with that of the quadratic
form T, := (T}, + fo?2)/o%. Under Assumptions (E), (X), and (U), T, is a particular case of
the quadratic forms studied in Theorem 3.1. More specifically, T, n corresponds to the case

m =3, V1 = €1, Ve2 = X¢, Y3 = Uy and the set

(4.2) I3 ={(X,¢), (X,u), (u,e), (u,u)}.

Accordingly, the limit distribution of fn and B — [ is essentially determined by the maximum
(4.3) Omax = max{dx + d.,dx + d,, d,, + d.,2d,},

with the convergence rate 3 — 8 = O, (n~(mminl/21=0mad) (1 4 1 (6ax = 1/2)logn)). From
(2.7) we obtain

(4.4) G—a = - Bu—(B—-pP)Z.
Note that in the decomposition (4.4), the linear term & — 3u = O, (n™*{dedu}=1/2) "where
(1/2) — max{d.,d,} < min{1/2,1 — dyax}-

Since Z = X + 1 = Oy(1) (ux := EX #0), = 0,(1) (ux = 0), the above facts imply that
the term (B — B)Z in (4.4) is asymptotically negligible independent of the value of iy, and
the limit distribution of & — « is determined by that of £ — Su.



Under suitable assumptions on the innovations, see (4.6) below, Theorem 3.1 and Remark
3.1 completely describes the limit distribution of (£ — S, fn), or that of (& — a, B— B). The
description of this limiting distribution is relatively simpler and more transparent if we

assume that the LM parameters dx,d. and d, are all different, i.e.,

(4.5) d, # d. # dx.

This assumption guarantees that the maximum in (4.3) is achieved by a single pair in Il of
(4.2), i.e., either by (X, e), or by (X,u), or by (u,¢), or by (u,u).
In order to apply Theorem 3.1, in addition to Assumptions (E), (X), (U), we need the

following conditions on the innovations:

(4.6) ElG/*™ + E|&T <00 (Fe>0), Elno|* < o0.

Corollary 4.1 Let Assumptions (E), (X), (U) and (I) be satisfied. In addition, assume
(4.5) and (4.6) hold. Let dyay := max{d.,dx,d,}, dnn := min{d.,dx,d,}.

(i) Case dmax = 2d,, > 1/2 (this implies dyax = d,). Then
6] (K2B(du, 1—d,)

(/2% (& = ), (B = B)) = (= BL(fu), o (1 + 2d,)

- qu(gdu,du))>a

where I, (I,) are the double (single) Wiener-1to integrals in (3.3) w.r.t. the same standard
Brownian motion W = W; = W, and the integrand ga, 4, = 94,.d; (fa, = fa;) in (3.5), where
di :dj :du,fil’ = KRj = Ry-

(7i) Case dmax = dx + dy > 1/2 (this implies dpax = dx > d,, > d.). Then
(47) (n1/2_du(d - Oé), nl_dX_dU(B - B)) —D ( - B[u<fu)a _U%[Xu<gdx,du))7
X

where Ix, (1,) is the double (single) Wiener-Ité integral in (3.3) w.r.t. independent standard
Brownian motions W; = Wx, W; = W, and the integrand gay 4, = 9a,.a; (fa, = fa;) in (3.5),

where d; = dx, K; = kx, dj = dy, Kj = Ky.

(7ii) Case dmax = dy + de > 1/2 (this implies dyax = de > dy, > dx ). Then

N d—d 1 A 1
(4.8) (n'/27% (6 — a),n'~""%=(3 - B)) —=p (Ia(fdg)a J_QIua(gdu,de)>7
X
where L. (I.) is the double (single) Wiener-Ité integral in (3.3) w.r.t. independent standard
Brownian motions Wy = Wy, W; = W, and the integrand ga, q. = 9a,a; (fa. = fa;) in (3.5)
where d; = dy, ki = Ky, dj = d., K; = k..

10



(iv) Case dpax = dx + d. > 1/2 (this implies dyin = d,, < d.). Then
1
_QIXs(ng,d5>>a

(4.9) (12 (6 = ), 0 (B 8)) 5 (Lfa),

Ox
where Ix. (I.) is the double (single) Wiener-Ité integral in (3.3) w.r.t. independent standard
Brownian motions W; = Wx, W; = W, and the integrand gay 4. = 9,4, (fa. = fa;) in (3.5),

where d; = dx, Kk; = kx, dj = d., Kj = Ke.

(v) Case dmax < 1/2. In addition, assume that the innovations of uy have 3rd moment zero:
En?® =0 when d, > d.. Then

(410) (n1/2_(dU\/d8)(d - Oé), nl/Q(B - /B)) —D (UaZaa O-/BZﬁ>a

where Z,, Zg are independent N(0,1) r.v.’s,

2 2 d,>d
O'i — 5 HfduH ) u € 0'; — O'%E/O'SLO

Ifall? de>du,
where 0, ==Y, Cov(Ry, R;) and
Ry = (g1 — Pue)( Xy + wp) = (e — Pug) Zy, teZ
is a stationary process with ER, = —f02 and Y-, , |Cov(Ry, Ry)| < o0.

Remark 4.1 It is of some interest to compare the above asymptotic distributional results
with those available in the case of i.i.d. set up. For that reason we shall first recall the
results available in the i.i.d. case. Accordingly, suppose {¢,;},{X, Xi}, {u, w;} are mutually
independent sequences of i.i.d.r.v.’s with positive and finite variances 02, 0%, 02, respectively.

Suppose further that Fe = Eu =0 and uy = Eu* < 0. Let ux = EX, pus = Eu?. Let

1
¢ = —r|ok(02+ 502 + olo? + B (ua— o).
X
I (02 + B07) + 2%52/13/@( + ok —éﬁ% — P Ux
—ozBus — o px p

Using the classical CLT, we obtain
(4.11) n'?(& —a,3 — B) —p N(0,T).

For the sake of completeness a sketch of the proof of (4.11) is included in the last section.
In the case of no measurement errors, o2 =0, py = uz = 0, ¢ = 02/0% and
Lo ( 02 + 1% (02/0%) —px(0?/0%) ) _ ( %tk i ) |

2

—px(02/0%) (02/0%) ox | —hkx 1

11



Now suppose 3 = 0. Then in the i.i.d. set up the above LSEs are asymptotically
correlated and normally distributed, regardless of whether there is measurement error in the
covariate or not. But, surprisingly, under the above assumed long memory set up with 9. <
1/2, by (4.10), these estimators are asymptotically independent and normally distributed
even when there is no measurement error. In the case ug # 0, then the limiting r.v.’s in
(4.10) are correlated. The correlation can be obtained from (3.13).

For dpax > 1/2, Corollary 3.1 and (3.13) yield that these r.v.’s are still asymptotically

uncorrelated but have non-Gaussian distribution.

5 Structural ME multiple linear regression model

Here we shall now discuss the asymptotic distributions of the bias adjusted LSEs in the
structural multiple linear regression model. Accordingly, now 3, X;, Z;, u; are p-dimensional

random vectors and the model of interest is
(51) }/t:Oé‘i‘X;B—'—&t, Zt:Xt—f—Ut, t e Z,

where X and u are vector-valued LMMA processes satisfying the following assumptions and

2’ denotes the transpose of a vector z € RP.

Assumption (X), Covariates X; = (X1, -+, X;,) form a LMMA process

(5.2) Xii = px,i+ Zak,ift—k,iv t€Z, with ag;~ Féx,ik'_(l_dx’i)a k — oo,
k=0

where px; € R, kx; > 0,0 < dx; < 1/2, and i.i.d. innovations {& = ({1, ,&yp) s s € Z}
Wlth Egoﬂ' = 0, Eé-(],ifo,j = Uﬁ,ij) ’l,j = 1, e, P
Assumption (U), Measurement errors u; = (ug1,- - ,us,) form a LMMA process
(5.3) Uy = ch,mt—k,z‘v teZ, with c¢p,;~ ,{wk—(l—du,i)’ k — oo,

k=0
where £,; > 0,0 < d,; < 1/2, and i.i.d. innovations {1, = (951, ,Msp)’;s € Z} with

Eno; = 0,En9,m0,; = 0n,j, 1,7 = 1,---,p. Moreover, ¥, := E(upug) is known and positive
definite.

Assumption (I), The innovation sequences {(s;s € Z}, {&;s € Z}, and {n,;s € Z} in
Assumptions (E), (X), and (U), are mutually independent.

We also assume that

(54) E|C0,i|2+€ + E|£07i|2+6 < 0 (3 € > O), Ené,z < 00, V1 <1< p.
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Similarly as in the simple linear regression case, the bias corrected estimators of «, 5 in

the multiple linear regression model (5.1) are defined as

R . . RS -~
S,y = E;(Zi —IWZ; = 2), Szy = E;(Zi —2)(Y; = Y),

BI: (SZZ—Eu)ilszy, a:Y—Z,B
Whence as in the case of simple linear regression model we obtain
(55) B_ B - (SZZ - Eu)_l(SXa + Sua - SXuB - (Suu - Eu)ﬁ)a
G-a = e-WB-2Z(B-P)
Since Szz — ¥, —p Lx = EXoX], we see from (5.5) that the limit distribution of B\— I5;
coincides with that of T}, := Y (T, + E(uw')3), where
Tn = SXs + Sus - SXuB - (Suu - ESuu)B

is a zero-mean quadratic form in LMMA satisfying Assumptions (E), (X), and (U),. As it
follows from Theorem 3.1 and Remark 3.2, under these assumptions the limit distribution

of T,, and T}, is essentially determined by the maximum
(5.6) Omax = Max{dx; + de, dy; + deydx; + dyj, du + dyy; 1< 0,5 < p}.

Accordingly, the limit distribution of E — 3 is non-gaussian or Gaussian depending on whether

Omax > 1/2 or Opax < 1/2. In general, @ and B\i, 1 < ¢ < p may have different convergence

rates and a complicated joint limit distribution. We first discuss the case dyax < 1/2 where

the limit result admits a relatively simple formulation as seen in the following corollary.

Corollary 5.1 Let Assumptions (E), (X),, (U), and (I), be satisfied and dmax < 1/2. In
addition, assume that d,,;, 1 <i < p are all different, dy max ‘= max{d,;,1 <i < p}, the 3rd
moment of the innovations of u; with dy; = dy max 15 zero when dy max > de, and (5.4) hold.
Then

(57) (n1/2_(ds\/du,max)<a — O{), n1/2(§_ /@)) _>D (gaZay E;(IZB),
where Zg ~ N(0,1),

o2 B?Hfdu,i“z? du,max:du,i >dayi: 1L ,p,
HdeHQ, d. > du,max,

and Zg is a normal vector independent of Z,,, with EZg = 0 and covariance matric EZBZé =
> ez, Cov(Ro, Ry) and

?

Ry = (g0 — Bue) (Xo + w) = (60 — flur) Z, teZ

is a stationary RP-valued process with ERy = =, and ), || Cov(Ry, Ry)|| < 0.
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Next, we discuss the limit distribution of the LSE (@, 3) in (5.5) when 6yax > 1/2. The
description of this limit distribution is complicated for the case p > 2 and when long memory
parameters of components of { X;} and {u;} are all different. For this reason we shall describe
these distributions only in the case when these long memory parameters are equal, viz.,
dx; =dx,dy; =dy,,i=1,---,p, and in the case when p = 2 but dx 1 # dx2,dy1 # dy2-
We note that in the latter case, the convergence rates of 31, 32 are generally different.

Consider first the former case, p > 1 arbitrary. Let ¥, = Engng, X = E&&, denote
the respective covariance matrices of innovations in Assumption (U), and (X),. Introduce
a scalar-valued standard Brownian motion W, = W,(¢),t € R, and vector-valued Brown-
ian motions Wx (t) = (Wxa(t), -+, Wx,(t)), Wu(t) = (Wyua(t), -+, Wup(t)),t € R with
respective covariance matrices EWx (£)Wx (t)" = [t| e, EW, ()W, (1) = [t|E,, W, Wx, W,
mutually independent. Recall from (3.3), (3.14) the definition of the stochastic integrals
with respect to these Brownian motions: ,(f) = (fR fi(s)Wu,i(ds))lgigp, f=0U, 1),
La(g) = (fRQ gij<31,SQ)Wuji(d81)Wu7j<d82))1Si’j§p, g = (9ij)1<ij<p defined for vector- and
matrix-valued valued integrands from L?*(R) and L?(IR?), respectively, the stochastic inte-
grals Ix(f), Ix:(g), Lu(g) defined in a similar fashion. Note I, [x, are matrix-valued and

Ix, 1., Ix., Ix. are vector-valued r.v.’s.

Corollary 5.2 Let Assumptions (E), (X),, (U), and (1), be satisfied. In addition, assume
that d,; = d, dx; =dx, 1 <i<p and (5.4) hold.

(i) Case max = 2d,, > 1/2. Then

(5.8)  (nY* %@ - a), n'~%(F - B)) =p ( — B'L(fu)s 2% ((fus 1) — qu(gdu,du))/i),

where fu = (fa,, - fa,)" and g4, a4, = (9a,.4,)1<ij<p are defined as in (3.5) where d; = d; =
du, Ri = Ry, Kj = Kuyj-

(ii) Case dmax = dx +dy, > 1/2. Then

(5.9) (nl/%du(a —a), nlfdxfd“(g— 5)) —D ( — ' L(fu), _E;(l[Xu(ng,du)B)a

where f, is the same as in (5.8) and gay a4, = (9da,,4;)1<ij<p a5 i (3.5) where d; := dx, d; =

du,lﬁli = RXhg, Rj = Ry

(11i) Case dyax = dy + de > 1/2. Then

(5.10) (nY* (@ — a), n'" %% (3 - B)) —p (Ia(fds), E}lfus(gdu,de)>,

where ga, 4. = (9a,.d;)1<i<p and fa. = fa; as in (3.5) where d; := dy; = dy, K;i = Ky, dj =

de, Kj = Ke.
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(iv) Case Opax = dx +d. > 1/2. Then

(5.11) (n'/?4 (@ — a), '~ % (5 — B)) —p (Ie(fds)7 E)_(IIXE(gdx,ds)>7

where fq, is the same as in (5.10) and gay.d. = (9d;,4;)1<i<p as n (3.5) where d; 1= dx; =

dX, Ri i= RX,i) dj = dE, Rj ‘= Re.

Next, consider the case p = 2,3 = (31,32)’, dx1 # dx2, dy1 # dya and pax > 1/2,
where 6,0y is defined in (5.6). Let 3" = (p X,ij)1<ij<2. Asnoted above, the limit distribution
of B — B coincides with that of T}, := Y (T, + E(uu')B) = (Tp1, Tha)' where

(5.12) T = px11(Sx, e+ Sure — Sxiu 81 — Sxiu B2 — (Surer — ESuyun) B
= (Suruz = BSurus) B2 + (W) f1 + tataps)
+px 12 (SXQ,E + Suse — Sxpu1 1 — Sxus B2 — (Suguy — ESupur ) 1
— (Susus — ESuzuy) B2 + Ul + (U2)*5a).

We omit a similar expression for Tng, where the only difference is that px 11, px12 in (5.12)
are replaced by px 1, px 22, respectively. We have the two cases: (a) px12 = pxo1 # 0
(or Xx is not a diagonal matrix), and (b) px12 = px21 = 0 (Xx is diagonal). From these
formulas it is easy to see that in case (a) that the convergence rate of Thiri = 1,2 hence

1_(5max

also of @,z’ = 1,2 is the same and is equal to n . In case (b), @,z’ = 1,2 may have

different convergence rates and their limit distribution is more complex. As an illustration,
the following corollary details this limit distribution when 0. = 2d,, 1. In other cases (when
dmax 1S achieved at other pairs of LM indices in (5.6)) this limit distribution can be derived

in a similar fashion.

Corollary 5.3 Let p = 2 and Assumptions (E), (X)a, (U)s, (I)2 and (5.4) be satisfied. In
addition, assume that d,,; > max{d, 2, dx1, dxz2, d:} and dmax = 2d,, 1 > 1/2.
(a) Let ox 12 = Cov(Xo1, Xo2) #0. Then
(n'/2 (@ — ), n' 21 (B, — By),i = 1,2)
=5 B = ) x5 s = Turan (90,,.0,,)) 57 = 1,2).
(b) Let 0x,12 = CO’U(XOJ,XQ,Q) =0 and dX72 7£ du72. Then

(nl/Q—du,1<a _ a), nl_Qdu,l(ﬁl _ /61)’n1_du,1_dX,2Vdu,2 (52 _ 52))

—D ﬁl( - Iul (fdu’1)7 pX,ll(“fdu,l || - Iulul (gdul ,dul))va,22w)7

where

_IU17X2 (gdu,l,dx,Q)J dX,2 > du,Qa
<fdu,17 fdu,2> - Iu1u2 (gdul,du2>7 dX,Z < du,Q'

W =
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6 Functional ME model: nonrandom design

In this section we describe the analogs of the previous results in the functional linear regres-
sion model with LMMA regression and measurement errors, and nonrandom design satisfying
the following assumption. For clarity of exposition, the subsequent discussion is confined to
the case p = 1, or the simple linear regression model in (2.1).

Assumption (X)4; There exists a (nonrandom) piece-wise continuous function V' : [0, 1] —
R such that X; =V (t/n), t=1,--- ,n.

The above form of regressors also assumes that V is not a constant so that o :=
fo V)2dt > 0, where V := fo t)dt. As shown below, the limit behavior of LSE
(@, 5) in the nonrandom design case is Gauss1an and generally simpler than in the random
design case. The dominating role in the limit distribution now is being played by terms
Sxe, Sxu,&,uin (4.1) and (4.4).

Note first that Assumption (X)g4; implies X — V and Sxx — 0% as n — oo. Moreover,
Sxu = Op(n®=Y2) = 0,(1), Sx. = O,(n®="Y2) = 0,(1), see (6.2) below, while S,, — o2.
Therefore the normalization matrix Szz — o2 in (2.10) tends to o3, viz.,

(6.1) Syy— 02—, ov.

Let V,(t) := V(t) — V, t € [0,1]. Assumptions (X)g, (E), and (U) imply

(6.2) n'/?7 %Sy, —p L(fv..), n'? % S, —p L friu),

where I, I,, are the same (Gaussian) stochastic integrals as in Corollary 4.1 with respective

integrands

(63) froe(s) = #e / Vet = )%t frals) = s / Ve(t)(t = s)Pdr.

Note I.(fv. ), Lu(fv.) in (6.2) are independent and have a Gaussian distribution with zero

mean and respective variances

(6'4) Elz?(fvc,a) = ||fVc,6||2 - H?B(dg, da)(fvc,67 fV075>ds7
EIS(fVa,U) = ”fVc,u |2 = KZB(duv du><ng,uv fVc,u>du7

where

(6.5) (f:9)a = [y F()g(s)[t — s*"dtds

is a strictly positive definite quadratic form. The convergences in (6.2) can be proved by
using the criterion in GKS, Cor.4.7.1, for linear forms in i.i.d.r.v.’s. Moreover, Z —, V and
Suu — 02 = O, (n~ 12~V (1 4-1(d,, = 1/2) log"/*n) = 0,(n®~1/?) and S,. = 0,(n%1/?)
follow from Theorem 3.1. These facts together with (4.1), (4.4), (6.1), (6.2) result in the

following corollary.
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Corollary 6.1 Let Assumptions (E), (X)aer, (U) and (1) be satisfied. In addition, assume
that (5.4) hold.

(i) Suppose d. > d,,. Then
(6.6) 2@ 0, B B) —p (Wae, Wa),
where (W1, Wa.) have a bivariate Gaussian distribution with zero mean and (co)variances

(6.7) EWE. = |[fal? + V2o I fvcl? = 2V (fa, fr.e),
EWS. = ot frel?, EWy Wae = 0 ((fao fve) = VIfveell?),

(ii) Suppose d. < d,,. Then
(6.8) nl/z_d"(a -, g— B) =p —(Wiu, Wau)B,

where (Wi, Wa,,) have a similar bivariate Gaussian distribution as in (6.6)-(6.7) with the

only difference that fu_, fv, . in (6.7) are replaced by fa,, fv.u, respectively.

7 Proofs of Theorem 3.1 and Corollary 3.1

Proof of Theorem 3.1. Let §%nj = 2 Ve so that S, = §'Yi:’7j —7:7;. Note for

any t,t' € Z
(7.1) Cov(VeiVeg» Ve Yer )
Cov(ye y.4)Cov(veg, 1), (6,5) = ()1 # J,
= 4 Cov(h?s, 7). i=j=i=7
0, (ir5) # (7,7

From (7.1) we obtain

(72) COV(S’Yi,"/ju S’Wﬂ/j’) = COV(S’Yi,Vju S’yi/,'yj/) = 07 (17]) 7é (i,7j/)'

From GKS, Prop.3.2.1(ii), it follows that
(7.3) Cov(Veisv0:) = Z bsibsi ~ xit*" !, i — o0,
s<0

where x; :== k7 [ (14 s)%1s% tds = k7 B(d;, 1 — 2d;). We shall prove that

(7.4) Var(S,, ;) ~ Var(S,,,,) ~ o5 /n,  di+d; < 1/2,
Var(S,, ;) ~ Var(gmm) ~op(logn)/n, di+d; =1/2,

Var(S,,,,) ~ oyn® @t E=0 Var(S,, ) ~ ofn® @t ETD 0 di 4 d; > 1/2,
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where 5% = (1 +6ij) | 9as.q 1%,

ZteZ Cov(V,iVej» V0,i%,5), di +dj < 1/2,
(7.5) o = 20+ 0 di +d; = 1/2,
o di+d; > 1/2;

ij
and ||gq,.q,1|* is defined in (3.6), 6;; := 1(i = j).

Consider (7.4) for d; + d; > 1/2. Here, the asymptotics of Var(gwm.) is immediate from
(7.1), (7.3) and GKS, Prop.3.3.1(i). To check the asymptotics of Var(S,, ,,), consider first
the case of 7 # j. Write Var(9,, ,,) = Var(g%w) - 2Cov(§%q,j,f_yfyj) + Var(%;7,), where the
variance Var(S,, ,,) satisfies (7.4) and Var(7,7;) = Var(3;)Var(3;) ~ || fa, I2[| fa, ||Pn2+4 =D,

see (3.6). The asymptotics of the covariance

Cov(Sy, 7, ¥iVi) = n’ Z Erv it iV, Ve,
t,it1,ta=1

~ Xinn—?) Z ’t _ tl‘zdi—l‘t _ t2|2dj_1

tyit1,t2=1

~ PG o fa © fa)

follows by integral approximation and a calculation as in (3.6). This proves (7.4) for d; +
d; > 1/2 and i # j. The case i = j follows similarly using the fact that Cov(72;,73;) =
2(Cov(Ve170,))* + Xai Dy Vis 025 45 where xa; = E(&5,; — 1)? — 2 = E&j; — 3 is the 4th
cumulant of & ;, see GKS, 26.2.25).

Consider (7.4) for d; +d; = 1/2. Let ¢ # j. Then by (7.3)

Var(S,, ;) ~ Xix;n Z it —s|7! ~ a%n’l logn,
ts=1
with o7, = 2x;x;. The case i = j follows similarly. Finally, (7.4) for the case d; + d; < 1/2
follows from (7.3), (7.1) and the fact that the r.h.s. of (7.1) is summable.

Next, we prove the convergence in (3.9). Because of the differences in the normalization
and the limit distribution, the cases dyax > 1/2, dpax = 1/2, and dpax < 1/2, where dpax 18
as in (3.1), will be discussed separately. Let ILyax == {(7,7) € IL,; d; + dj = Omax}-

Proof of (3.9): Case dnax > 1/2. Since (7.4) imply A(n)(S,,,, — ES,,5,) —p 0 for
(1,7) & T ax, relation (3.9) follows from

(7.6) {n' =0 (Sy 0, = BSy0,); (6,3) € M} =0 {1i(9aa,); (0,7) € Tinas

where [;; are the double Wiener-It6 integrals in (3.3). Assume first that that I, con-

sists of a single element (7,7),7 # j. Then, because dpax = d; + d; and ES,, ., = 0 for

iy7Yj
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. . 1—6max . o1—d.—d; . . .
i # g, nT0mex(S,  —ES, ) =n'""%"%S, . can be written as a quadratic form in i.i.d.

innovations {&s;, &5, s € Z}, viz.,

Qlgn) = g Gn(S1,52)Es,.is0.5,  With coefficients
81,82€7
n n
. —d1—d; § —1—d;—d; E
gn(317 82) = n Y bt—sl,ibt—sg,j -—n o btl—sl,ibtg—sg,j'
t=1 ty1,to=1

We use GKS, Prop.11.5.5, according to which n'~%~%S. =~ —p I;;(g4,4,) follows from the

convergence in L?(R?):

(7.7) 190 — 9ay,a;1] — 0
where
gn(@1,22) = ngnp([nai], [nz)
nd% ; Dt (] iDtnas) 5 — nd% t ;1 b1~ ) btz s -
— ot

Since by, ; ~ kik% 1k — oo the point-wise convergence
! d d;i—1
_ 1 ._
Gnl1.22) = gag (o) = y{ [ (= s)E - )t
0

1 1
—/ (tl — l‘l)iildtl/ (tg — $2)ij_1dt2},
0 0

see (3.5), for any fixed (w1, 25) € R% z; # 0,1,i = 1,2 follows by integral approximation.
Then, (7.7) follows by the DCT similarly as GKS, Prop.11.5.6. The general case in (7.6)
follows similarly and we omit the details.

Proof of (3.9): case Oy = 1/2. Let ﬁ1/2 ={(i,7) € Il,, : d; + d; = 1/2}. Then by (7.4)

relation (3.9) reduces to

(78) {(n/ 1Ogn)1/2(5"¥i7'y]‘ - ES’Yi;’Yj); (Zaj) € 1:/[1/2} —D {O—ijZij; (Zvj) € ﬁ1/2}7

where Z;;, (i,]) € ﬁ1/2 are independent N(0,1) r.v.’s and o7 = 2(1 + 055)xix;, see (7.5).
Moreover, since (; = O,(n%=1/2) i =1,--- \m so 37y; = Op(n®+4=1) = 0,(n"1/?), (i,j) €
IT; ), and hence (n/logn)/?3;%; = Op((logn)~'/%) = 0,(1), () € 111 5. Thus, (7.8) follows
from

(7'9) {(n/ logn)1/2(5%%. - Eg%‘ﬂj); (Z’j) € H1/2} —D {UijZij; (Zv]) < H1/2}7
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where §,Y by =nt Zt | Vi as above. We shall prove (7 9) for a single pair (i,7) € H1/2
Let ¢ # 7. Then ES = 0. Moreover, S%% = S’“ S” , Where

n
ar L -1 § : 2 :
S%,ﬁj = n bt—81,ibt—82,j581,i552,j7

t=1 s;<t,i=1,2,51#s2
n

an L -1 2 : E

S’Yif‘/j = n bt—s,ibt—s,jgs,igs,j
t=1 s<t

are off-diagonal and diagonal terms, respectively. Moreover, > ro |bib ;| < C Y 732 <

oo implies S’ngj = 0,(n"'/?) = 0,(1). Hence it suffices to prove

(7.10) (n/logn)'/2S! . —p N(0,07).

» Vg

To prove (7.10), as in in Bhansali et al. (2007), we use martingale CLT in Hall and Heyde
(1980). Towards this aim rewrite the Lh.s. of (7.10) as the martingale transform

(7.11) (nlogn)~Y/? Zvn(s), where  v,(s) 1= up(5)&s,; + Unj(5)Es,

s<n
n
un,i(s) = Z Cn(sla 3)55’72‘7 un,j (3) = Z Cn(S, Sl)gs’,ja Cn(sla 5) = Z bt—s’,i bt—s,j-
s'<s s'<s t=1

Let Fy == 0{&., &5, 5 < t} be the o-field generated by innovations. Then Ev,(s)|Fs—1] =
0, Elv;(s)|Feo1] = ul;(s) +u ;(s). By the classical martingale CLT, (7.10) follows from

(7.12) Bi;j(n) := Var(z vn(s)) = nz\/ar(g,’ymj) ~ o nlogn,
s<n
(7.13) ()Y E[v3(s)|Feca] =p 1,
s<n
(7.14) (n) > " E[2(s)I(|va(s)| > 0B,{*(n))] =p 0, V5> 0.
s<n

The proof of (7.12) follows easily from (7.4). Consider (7.13). Using By;(n) = >, Evi(s),
the relation (7.13) follows from (7.12) and

Y scnE07(8)| Foma] = Evii(s)) = op(nlogn),
(7.15) Y acn(tn 1 (8) = Bus () = op(nlogn), k=i, j

Consider (7.15) for k = ¢; the proof for k = j is analogous. By writing the Lh.s. of (7.15)
as a centered quadratic form Q,, = Zs’,s”<n §r,i€s i D gvsrcsen Cn(8's8)cn (8", 5) iniid. 1.v.’s
€v’s, (7.15) and (7.13) follow from Var(Q,) < 8E&j,; Ry, and

(7.16) R, = Z ( Z cn(s',s)cn(s/’,s))2 = O(n?) = o(n?log®n),

s"<s'<n s'<s<n
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see also GKS, (4.5.4). Using the definition of ¢,(s',s) in (7.11) it follows that
R, < C/ dS'ds"(/ En(s',S)E’n(s”,s)cls)2 =: CR,,
oco<s"<s'<n s'<s<n

where ¢,(s',s) == [;'(t — ) Yt —s)Y %=1 dt. By change of variables, R, = n2R; and hence
(7.16) follows from

(7.17) Ry < oc.

To check (7.17) use the following bound: for any —oco < ¢’ < s <1

1
’d“/ (t— )% at
O

L+ s))bT
(14 [sp®!

i(shs) < 1(5’6(—1,1))/(t—s')ff‘l(t—s)‘fj_ldtJrl(s'<—1)
C1(s' € (—1,1))|s — i+ C1(s < —1)
C1(s' e (—1,1))|s—s\ 2L 01(s' < =1)|¢

IN

(7.18)

since d; + d; = 1/2. Then

1
z )< 1 <)
R < C ds'ds”{/ n
Lo /(0071)2 s/Vs" ( |s — s/[1/2 [/ (1 + |S’)1*dj)

><(1|<|S <1, Us"<-1) ds} <CZJ’“

s — 8”’1/2 |S”|1_di(1 + |SD1—

where

1
ds 9
J = d /d //{/ :
1 /(_171)2 sas . |S . 5"1/2|S _ S//|1/2}
1
ds 2
e i asas{ | R
(—o00,—1)x(=1,1) (T4 s ds — s”|1/2

1
ds 2
J3 = / |S”|_2(1_d")ds'ds”{/ : } ;
(—1,1)x (—00,—1) Ly (LA [s[)tdi]s — s[1/2
1
ds 2
J — ///21dd/d//{/ }
4 [M,I)Q |S | 545 s/\/s! (]. + |S|)2(1_dj)

The fact that J; < oo,k = 1,2,3,4 is elementary by 0 < d;,d; < 1/2. This proves (7.17)
and (7.16), (7.13).

To prove (7.14) we use condition (3.7). By the Markov inequality, E[v?(s)I(|v,(s)| >
5Bi1j/2(n))] < E\Un(s)|2+6((5Bi1j/2(n))_E and (7.14) follows from

(7.19) > " Elva(s)* = (B9 (n)) = O((nlogn)®+/?).

s<n
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We have E|v,(s)[*"¢ < C(Eluni(s)|** + Elu,;(s)[*T) < C(Li(s) + L;(s)), where L;(s) :=
E[>. ., cn(s/,s)gsﬂ-lzﬁ, Li(s) == E|>,_, cn(s,s’)és,j{ﬂe. By Rosenthal’s inequality, see
GKS, Lemma 2.5.2,

(7.20) Lis) < C( Ty (s, s)>(2+6)/ ’

We use the following bound similar to (7.18).

n|s/|di_1 ’
(7.21) (s’ ) < €4 |
|s" — 5| / . |8 < n.

From (7.20), (7.21) we obtain

Su < ol XY (X ) YT W A

s<n s<—n  |s|<n s'<s

where

—n —n (2+6)/2
Ji < C/ ds(/ (n|s'|di_1|s|dj_1)2ds'>

o0

_1 _1 .
= C’n/ |S|2(dj—1)(2+6)/2d8</ |Sl|2(d"_1)ds’> (24€)/2 _ O

since the last integral converges. On the other hand, since d; + d; = 1/2,

5, < CZ < Z nzdj|5/’2(di—1>( +e)/ +CZ < Z |s—s+\+)

|s|<n s'<—n [s|<n |¢'|<n

< Cn+ Cn(logn)®t/2,

(2+¢)/2

implying >_._, Li(s) = O(n(logn)®*9/2). Since Y___ L;(s) = O(n(logn)®+t/2) follows
cen Elon(s)|?T¢ = O(n(logn)@+9/2) = o((nlogn)@+9/2) for
e > 0, proving (7.19), (7.14) and completing the proof of (7.10).

exactly similarly, we obtain >

Proof of (3.9): Case dyax < 1/2. Then by (7.4) relation (3.9) is equivalent to
(7.22) {n'2(Sy,n, — ESyny); (4,5) € W} —p {03,255 (4, 5) € T, },

where Zy;, (i,7) € Il are independent N (0,1) r.v.’s and o7, are defined in (7.5). Moreover
since X;X; = O,(n®t4=1) = 0,(n=1/2) for d; + d; < 1/2, s0 S, ,, in (7.22) can be replaced
by gij =n 'Y " i and (7.22) follows from

(7.23) (n'*(S,, ., — BSy4,); (6,) € Ty} —p {03253 (4,5) € T}
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We shall prove (7.23) for a single pair (i,7) € II,,. Let ¢ # j. Then Eg%,yj = 0. Hence it
suffices to prove

(7.24) n'/2S,. .. —p N(0,02%)

77,j

We use the argument as in GKS, Thm.4.8.1. For £ > 1 introduce ‘truncated’ processes:

10 =S b At —s <O, i=1,,m,

s<t

and the corresponding §7gz) NONES nty %(i)%(? Thus, for each 1 < ¢ < oo fixed,
Y] ’ 7

Y;g-e) (t) := fyt(ﬁ)’yg?, t € Z is a (-dependent stationary process with autocovariance pg) (t) =

Cov(Y, (1), 17(0)) such that

) g

pgf) (t) = (Z bs,ibt—i-s,i]-(t + s S g)) ( Z bs,jbt—i-s,jl(t + s S é))

s=0 5=0
< O bsibrasil) (D baybigsl) < CEETETD g >,
s=0 s=0

and pg) (t) = pij(t) == Cov(Y;;(¢),Y;;(0), as £ — oo, where Y;;(t) := 4 V;- These facts and
the CLT for ¢-dependent stationary processes, see e.g. GKS, Prop.4.3.2, imply that

250 0 = NO.(07)),  n— oo,
[
¢ 4
@7 = 2=l toeo
teZ

Hence, (7.24) follows provided we show that uniformly in n > 1

~ ~ t
(7.25) TLV&I‘(S%.%. — S’Yi(é)ﬁj(-a) = Z (1 — %)COV(Yij(t) _ Yige) (t), Yij(()) — Y.(,E)(O)) —,
[t|l<n

as { — oo. The proof of (7.25) mimics that of (GKS, (4.8.7)). We omit the details. This
proves (7.24) and the extension to (7.23) seems straightforward. Theorem 3.1 is proved. O

Proof of Corollary 3.1. Assume for concreteness that the sets Iy, = {k},11,, = {(4,4)}
each consist of a single element, dyax = di, Omax = di+d;. Let dyax > 1/2. Following the proof
of Theorem 3.1 in this case, write n'/2-%5, = ZSEZ fn(8)&s x as a linear form in innovations
with coefficients f,(s) = n=Y2% 3" b (4,5 € Z. Let fo(x) := n'/?f,([s7]),2 € R and
| - |1 denote the norm in L?(R). According to (GKS, Propositions 11.5.5, 14.3.3), the joint
convergence in (3.12), or (n*/?~ %5, pt=4=di(S,  —ES, ) —=p (Ie(fa,), 1ij(9a,.4;)) follows
from (7.7) and ||f, — f4.|/1 — 0, where the last relation can be verified similarly to (7.7).
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This proves (3.12) for dyax > 1/2. For dpmax = d; + d; < 1/2 the joint convergence in (3.12)
can be proved similarly as in the proof of Theorem 3.1 and we omit the details.

Consider (3.13). For dmax > 1/2 (3.13) follows the orthogonality of single and double
Wiener-Ito integrals, see (3.4). Suppose dmax < 1/2. As in the proof of Theorem 3.1, let
§%7]. =n"t Y Vi, It suffices to prove that

(7.26) lim n'~ d’“E(yk(gm ESA,Z ) =

n—oo

m (SO k§0 sz] st ’Lbsj

To show (7.26), split g%ﬂj - Eg,ymj = S;, 4S5y, where nS), := 37 D bimsibiosj(£siés.

_Egs,ifs,j), S;z, =n! Zslﬁzﬁn,s1sﬁ82 Z?:l\/sﬂ/sz btfshibt*Sz,ngl,igSz,j' Since Ei/ksg =0, it suf-
fices to prove (7.26) with S, ,. — ES,, ,, replaced by S},. We have

(7.27) n' " REWS,) = E(Soxfoifos)n " Z Z bi—s ik Ls,ij(n)
s<n t=1Vs
where Lg;;(n) == Y 1 o bisibi—s; — Lij == > poobrib; < oo for any 1 < s < n and

| Lsij(n)| < C 322 4 4+ 72 < C(1+ [s[)%*%~1, s < 0. Thus, by (10.2.53) of GKS,

WSS b L) ~ L 303 9 - (a1 + )L

s=1 t=s s=1 t=s
n n oo
‘ 2.2 btfs,kLs,ij(n)‘ < OY Dt s (14 )t
s<0 t=s t=1 s=0
n
< Cztdk+di+dj—1 < Ondk+di+dj _ o(nH_dk).
t=1

This completes the proof of (7.26). The last relation also implies the statement (3.13) of the
corollary when . < 1/2 and also when d,,.x = 1/2 due to the presence of the logarithmic
factor in the normalization A(n) (3.1). O

Proof of (4.11). Let Syy :=n~* Sor (Ui = EUV;), Uf .= U; — EU;. Then (4.1) can be
rewritten as T, + o2 = T/ — T, where

T' = Syee — BSxeu + Sue — BSuu, TV := X — XU+ ue — B(a)>.
Note all summands in 7}/ are uncorrelated, implying
Var(T!) = Var(X¢)Var(g) + $°Var(X¢)Var(u) + Var(a)Var(g) + 8*Var((@)?) = O(n™?).
Hence and from (2.10) and (4.1),

(7.28) n'2(B—B) = n'’T) /0% +op(1).
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Similarly from (4.4) and (7.28) we obtain

(7.29) n'?(a—a) = n'2(e— Ba)—n?(B - B)(ux + 0,(1))
n'?(& = Bu) + (nx/ox)n' T, + 0,(1).
Note n'/2T" and n'/?(z — pu) + (ux/o%)T!, are sums of i.i.d.r.v.s with zero mean and finite

variance. Moreover, since all terms in 7 are mutually uncorrelated,

Var(T") = Var(Sxe.) 4+ 8*Var(Sxe,) + Var(S,.) + 82Var(S,.)
= n'(okol+ BPoxol 4+ ouol + B (s — o).
Hence, Var(n'/?T" /0%) = ¢, see (4.11). We also find that the covariance matrix of (n'/?(z —
Bu) + (ux/oX)T!, n'?T! /o%) (the main terms in (7.28), (7.29)) coincides with I" in (4.11).
Then (4.11) follows from (7.28), (7.29) and the classical CLT for sums of i.i.d.r.v.’s. O
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