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Abstract

To have scale invariant M estimators of regression parameters in regression models
there is a need for having a robust scale invariant estimator of a scale parameter. The
two such estimators are the median of the absolute residuals s; and the median of the
absolute differences of pairwise residuals, so. The asymptotic distributions of these
estimators in regression models when errors have finite variances are known in the case
errors are either i.i.d. or form a long memory stationary process. Since M estimators
are robust against heavy tail error distributions, it is natural to know if these scale
estimators are consistent under heavy tail error distribution assumptions. This paper
derives their limiting distributions when errors form a linear long memory stationary
process with a-stable (1 < a < 2) innovations and moving average coefficients decaying
as 79710 < d < 1 — 1/a. We prove that so has an a,-stable limit distribution with
ax = a1 — d) < a while the convergence rate of s; is generally worse than that of sa.
The proof is based on the 2nd order asymptotic expansion of the empirical process of

the stated infinite variance stationary sequence derived in this paper.

1 Introduction and Summary

Let p A q > 1, be fixed integers, n > p be an integer, and €2 be an open subset of the
p-dimensional Euclidean space R?, R = R!. Let {z,;, i = 1,2,--- ,n}, be arrays of known
constants and g be a known real valued function on 2 x R?. In non-linear regression model
of interest here, one observes an array of random variables {X,;, i = 1,2,--- n} such that
for some [y € 2,

(11) an :g(/807zni)+€i7 1 SZ §n7
where the errors ¢; are given by the moving average

(12) g = Zbi—jCj7 bj ~ Coj_(l_d), (] — OO), d < 1/2, Co > 0.

j<i
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When (;,j € Z := {0,+£1,---} are i.i.d. having zero mean and finite variance, ¢;,7 € Z is
well-defined strictly stationary process for all d < 1/2 and has long memory in the sense
that the sum of lagged auto-covariances diverge for all 0 < d < 1/2.

For convenience, from now on, we shall write g,;(3) for g(53, z,;) and g,; for g,;(8y). Write
med{z;; 1 <i < m} for the median of a given set of real numbers {x;,1 <i < m}. Let B\ be

~

an estimator of By, r,; = X, — ¢ni( f) and define the scale estimators
(1.3)  s1 = med{|r|; 1 <i<n}, sy r=med{|r,; —rn ;1 <i<j<n}.

Observe that s; estimates the median oy of the distribution of |¢;| while sy the median
oy of the distribution of |e; — €/, where £} is an independent copy of ;. The fact that each
of these estimators estimates a different scale parameter is not a point of concern if our goal
is only to use them in arriving at scale invariant robust estimators of .

A class of M estimators of [y is a priori robust against heavy tail error distributions,
cf., Huber (1981). In order to make these estimators scale invariant, it is desirable to use
s1 or s in their derivation. Koul (2002) derived the asymptotic distributions of these two
estimators when errors are i.i.d. or form a stationary long memory moving average process
with i.i.d. zero mean finite variance innovations. In the latter case it was observed that
nt/2=4(s; — o1) = 0,(1), when the marginal error distribution function (d.f.) is symmetric
around zero. The same fact remains true for s; without the symmetry assumption. The
claim made in that paper that the rate of consistency of s; for the median oy is faster than
that of sy for oy is erroneous, since the factor [[f(o2+ ) — f(—02 + 2)] f(x)dx that appears
on page 9 of that paper in the analysis of K, (o) vanishes, for any square integrable f.

In this paper we prove that under general (nonsymmetric) long memory moving average
errors in (1.2) with a-stable innovations, 1 < o < 2 and 0 < d < 1 — 1/a, the convergence
rate of sy is better than that of si, in the sense that n'=Y/*=d(s; — ;) = O,(1) while

nl=1/e (s, — 09) has an a,-stable limit distribution, see Theorem 2.2, where
(1.4) a, = a(l —d)

and 1 — 1/ —d <1 —1/a.. In the case of symmetric errors, s; also has an a,-stable limit
distribution and the convergence rate of s; and s, is the same. See Theorem 2.1 (ii). In view
of these facts, one may prefer to use sy over s; in the computation of a scale invariant M
estimator of fy.

Proceeding a bit more precisely, we assume that the i.i.d. innovations (;,j € Z of (1.2)
belong to the domain of attraction of an a-stable law, 1 < a < 2, and that the d.f. G of (j
has zero mean and satisfies the tail regularity condition

(1.5) lim |z]°G(x) =c_, lim 2%(1 — G(x)) = ¢y,

T—r—00 T—r00



for some 1 < a < 2 and some constants 0 < ¢y < 00, ¢; +c_ > 0. From Ibragimov and

Linnik (1971, Thm. 2.6.1) it follows that the above assumptions in particular imply that
(1.6) n ey G = 7,
j=1

where Z is a-stable r.v. with characteristic function

(1) Bed=ebien yer, (1= vET),

w(o,u) == L= Z)EC—{ ey cos(ma/2) (1 — 12: _T_ Z_ sgn(u) tan(wa/Z)).

In addition, the weights b;, j > 0 satisfy the asymptotics (1.2) for
(1.8) 0<d<1l-1/a.

It follows, say from Hult and Samorodnitsky (2008, Remark 3.3), that under these assump-

tions,

(1.9) E;io |b;| = o0, Z;io |b;|* < oo,

the linear process ¢; of (1.2) is well defined in the sense of the convergence in probability,

and its marginal d.f. F' satisfies

(1.10) lim |z|*F(x) = B_, lim 2%(1 — F(x)) = By,
T——00 T—00
where
B_oi=Y ((bj)ie-+(b)%cy), Byi=) ((b)5es + (b)%c),  (bj)+ := max(0,+b;).
=0 =0

Note that (1.10) implies E|eo|* = oo and E|eg|” < oo, for every r < «, in particular Fe2 = oo
and Feg = 0. Because of these facts and (1.9), this process will be called long memory moving
average process with infinite variance. In the sequel, we refer to the assumptions in (1.2),
(1.5), and (1.8), as the standard assumptions about the errors in consideration. We also
note that under (1.5), the upper bound d < 1 — 1/« in (1.8) is necessary for the convergence
of the series in (1.2) almost surely and in probability, see e.g. Samorodnitsky and Taqqu
(1994, Ex. 1.26). Since the interval of d in (1.8) diminishes with « decreasing, thicker tails
imply that a smaller degree of memory can be considered.

The class of moving averages satisfying these assumptions includes ARFIMA (p,d, q)
with a-stable innovations, where d satisfies (1.8). See Kokoszka and Taqqu (1995) for a
detailed discussion of the properties of stable ARFIMA series.
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Section 2 describes the asymptotic distributions of standardized s;, sy along with the
needed assumptions (Theorems 2.1 and 2.2) with the proofs appearing in Section 4. Section
3 discusses first and second order asymptotic expansions of the residual empirical process.
Section 5 (Appendix A) contains the proofs of the asymptotic expansions of Section 3 while

Section 6 (Appendix B) contains the proofs of the two auxiliary results needed in Section 5.

2 Asymptotic distributions

This section describes the asymptotic distributions of suitably standardized s; and s, under

the above set up. Let
(2.1) a:=1-—d—1/a.

Assume there exists a p-vector of functions ¢ on R? x R? such that the following holds, where

Gni(8) = (s, zn;). For every s € R? and for every 0 < k < oo,

(2.2) sup N gni(s +n7%) — gni(s) — n7% gni(s)| = o(1).

1<i<n, ||ul| <k

In addition assume that

(2.3) maxi<i<n||gni(Bo)l| = Op(1).
About the d.f. G we assume that its third derivative G®) exists and satisfies

(2.4) GO(z) < C(1+]z)™, zeR
(2.5) GP(z) =GP ()| < Cle—yl(l+]2)™  zyeRlz—yl <1l

These conditions are satisfied if G is a-stable d.f., which follows from asymptotic expansion
of stable density, see e.g. Christoph and Wolf (1992, Th. 1.5) or Ibragimov and Linnik (1971,
(2.4.25) and the remark at the end of ch.2 §4). In this case, (2.4)—(2.5) hold with a+2 instead
of a. Conditions (2.4)-(2.5) imply the existence and smoothness of the marginal probability
density f(z) = dF(x)/dz, see Lemma 5.2 (5.8) below. They are not vital for our results and
can be relaxed by assuming a weak decay condition at infinity of the characteristic function
of G as in (GKS, (10.2.1)); however they simplify some technical derivations below.

Before stating our results we need to recall the following fact. Let &, :== n~'> "  &;.
Astrauskas (1984), Avram and Taqqu (1986, 1992), Kasahara and Maejima (1988) describe

the limiting distribution of £, under the standard conditions as follows. Let

(2.6) e:%(ﬁm(ﬁu—gjk@mnguf



Then, with Z as in (1.7),
(2.7) pl-d-lag, = p-d-l/as™" o »pc Z
Let y1(x) := f(z) £ f(—z),z > 0. We are now ready to state the following two theorems.

Theorem 2.1 Suppose the regression model (1.1), (1.2) holds with g satisfying (2.2) and
(2.3), and the innovation d.f. G satisfying (2.4) and (2.5). In addition, suppose B is an
estimator of By such that

23) [nt=723 = 80)| = 0,00,
(i) If, in addition f(o1) # f(—o1), then for every x € R,
(29) P(?’Ll_d_l/a(sl — 01) S 22'0'1)

= p(nl—d—l/a (gn + (% ilgm-)l(ﬁ— 50))7—(01) > —x017+(01)> + o(1).

(i) If, in addition f(o1) = f(—o01), then, for every x € R,
P(nl_l/a*(sl —o01) < xal) — P(Zf < x017+(01)),
where Z{ = Z*(01) — Z2*(—01) and Z*(z),z € R is a,.-stable process defined in (3.12) below.

Theorem 2.2 Suppose the regression model (1.1), (1.2) and estimator B satisfy the same

assumptions as in Theorem 2.1. Then
P(nl’l/a*(SQ —09) < 1:02) — P(Z;‘ < x), Vz eR,
where Z35 is an a.-stable r.v. defined in (4.28) below.

Remark 2.1 Koul and Surgailis (2001) verify (2.8) for a class of M-estimators when ¢(53, z) =
[’z with errors in (1.1) satisfying the above standard conditions. Using arguments similar
to those appearing in Koul (1996, 1996a), (2.8) can be shown to hold for a class of M-
estimators of 3y in the general regression model (1.1) with the errors satisfying the above

standard conditions under some additional smoothness conditions on g.

3 Asymptotic expansions of the residual EP

The proofs of Theorems 2.1 and 2.2 use asymptotic expansions of certain residual empirical
processes, which we shall describe in this section. Accordingly, introduce the process

n

(3.1) VO (z) =nt Z <I(5i <ax+&)—Fle+ &)+ flo+ §m)€i>, xr € R,

=1



where (&) = (&,;1 < i < n) are non-random real-valued arrays. Write VO for VI when
all £,; = 0. Let 5 be as in (1.1), and define

(32) Fy(x,8) = n' Y I(Xu <a+gui(B) =n" ZI(@ <z +dyu(B), zeR,

=1

dni(B) = gni(B) — gni(Bo), 1<i<n,BeRP.

Note that under (1.1), F,(x, 5y) is equivalent to the first term in AR (x).

Consider the assumptions

(3.3) max [&| = O(1).

(3.4) max [&ul = o(1).

(3.5) n=N gl = 0(1).
=1

Let = pg) denote the weak convergence of stochastic process in the space D(R) with the

sup-topology, where R := [—o0, od].

Theorem 3.1 Suppose standard assumptions and conditions (2.4) and (2.5) hold. Then the
following holds.
(a) If, in addition (3.3) holds, then there exists k > 0 such that, for any e > 0,

(3.6) P[supnl_d_l/awqgg)(xﬂ > e} < Cn™".

zeR

In particular, under (1.1), for any € > 0,

(3.7) P[sup pi=d=val B Bo) — F(x) + f(2)E,] > e} < On "
zeR

Moreover, with Z as in (1.7) and ¢ is as in (2.6),

(3.8) nl’dfl/a(Fn(x,Bo) — F(2)) = D®) —cf(z)Z.

(b) If, in addition (3.4) and (3.5) hold, then

i {I(ei <a+ &) — (e <) - 5m.f(x)}‘ — 0,(1).

i=1

(3.9) supn 471/«
zeR

In the case of finite variance, the fact (3.6) for ng,o), known as the uniform reduction
principle (URP), was derived in Dehling and Taqqu (1989), Ho and Hsing (1996) and Giraitis,
Koul and Surgailis (1996). For more on this see Giraitis, Koul and Surgailis (2012) (GKS),

and the references therein. While the first term of the expansion (3.7) is a degenerated process
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— f(x)&, having Gaussian asymptotic distribution, higher order terms of order [1/(1—2d)] >
k > 2 have a complicated limits expressed in terms of multiple It6-Wiener integrals. Similar
asymptotic expansions for ©) were derived in Koul and Surgailis (2002).

In the case of infinite variance, the URP (3.6) was established in Koul and Surgailis
(2001) (KS) with the innovations in (1.2) having symmetric a-stable distributions. In the
present paper, this result is extended to asymmetric innovations.

The above approximations extend to various statistical functionals, see GKS and KS.
However, in the case when the first order approximation vanishes as in the case of s,, a
second order approximation of the residual EP by a degenerated a,-stable process with a
as in (1.4), can be used to obtain the limiting distribution of a suitably standardized ss,
as is seen later in this paper. In order to describe this approximation we need some more
notation. Let Z},Z* denote independent copies of totally skewed a,-stable r.v. Z* with

characteristic function

The above choice of parameters implies P(Z* > z) ~ o~ %, P(Z* < —z) = o(z™*), as
x — o0; see Ibragimov and Linnik (1971, Ch.2). Also denote

(3.11)  ¢i(x) = (céld/(l—d))/ooo (F(x F5) — F(x) £ f(x)s)s™" ads,
(312)  Z*(x) = /()7 4+ Mt (n)Zt, zeR

Theorem 3.2 (a) Suppose standard assumptions, conditions (2.4), (2.5) and

(3.13) max |€ni] = O(n™°), Je>0,
hold. Then
(3.14) n' VYO (@) = e Z%(2).

In particular, under (1.1),
(3.15) pt-t/e (Fu(z, Bo) — F(z) + f(%)e,) =>pm Z'(2).

(b) If, in addition,

(3.16) max [, = O(nH/e)
holds, then
(3.17) supn/or| 3o {I(er < a4 &) — (51 < ) — uf () | = (1)

z€R



The proofs of Theorems 3.1 and 3.2 are given in Section 5. We remark that from the
regularity properties of F' (see Lemma 5.2, (5.8)) it follows that the functions ¢} in (3.11)
are well-defined and continuously differentiable on R; moreover, |[¢%(z)| < C(1 + |x|)™”
for some v > 1 and hence lim; o ¥ (z) = 0. We also note that 1} (x) agree, up to a
multiplicative factor, with the Marchaud (left and right) fractional derivative of F'(z) of
order 1/(1 —d) € (1,2).

Remark 3.1 The a,-stable limit in (3.15) is related to the limit results for nonlinear func-
tions of moving averages in Surgailis (2002, 2004), and also to the limit of power variations of

some Lévy driven processes with continuous time discussed in Basse-O’Connor, Lachieze-Rey
and Podolskij (2016).

4 Proofs of Theorems 2.1 and 2.2

This section contains the proofs of Theorem 2.1 and 2.2. Before proceeding further we need

to introduce some additional notation. With a, as in (1.4), let

1
4.1 g = 1——.
(4.1) a o
Note that
1 1—d)—1 1 1—d)—1
a, =1-— :a( 9) : azl—d——:—a( 9) = a,(1 —d).
a(l —d) a(l —d) e a
Also, 0 < d < 1—(1/a) and o < 2 imply 0 < (2 — a)/a < 1 —2d < 1. Therefore
ay — 2a = a, — 2a,(1 — d) = —a.(1 — 2d) < 0. We also have a < a,. For easy reference we
summarize these facts as the following inequalities.
(4.2) a < a, < 2a, Vo<d<1l-—1/a.

Proof of Theorem 2.1. Let

nly) = Fly)—F(-y), y=>0.

Define o, as the unique solution of p(oy) = 1/2. Because oy is median of the distribution of

le1], the derivation of the asymptotic distribution of s is facilitated by analysing the process

(4.3) Sly) = Zl(ln|§y), y >0,

where from now on, we write r; for r,,; for all 1 <17 < n. The investigation of the asymptotic
behavior of this process in turn is facilitated by that of F,,(x, 3) of (3.2). Let

i (z,8) :=n"" ZF(JC +dni(B)), xeR,peRP.
i=1
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Rewrite r; = ¢; — dm(g ), and note that because of the continuity of F,

~

nS(y) = Fu(y. ) — Fu(—y,5), Yn>1y>0,

with probability (w.p.) 1.

We use the following decomposition: Let

D,(z,5) = i {I(&?i <zx+4+dyu(p)—I(e <x

=1

|

—
—
a¥

S8
g
=
-

8
m
=
=
m
&

Then, w.p.1, for all y > 0, we have

(4.4)  S@) —npi(y) = nVOy) = VO (=y)] = (f(y) — f(—y))ne,

+D,(y. B) — Dul—y. B) + (f) — F(=1)) D dui(B).

i=1

In both cases (i) and (ii) of Theorem 2.1, the behavior of all terms on the r.h.s. of (4.4)
except for D, (y, B) can be rather easily obtained from Theorem 3.1, Theorem 3.2 and the
conditions in (2.2), (2.3) on the regression model.

We shall prove that D,,(+y, 8) is asymptotically negligible, uniformly in y > 0, in prob-
ability. Fix a 0 < k < oo and let t € R? be such that ||t|| < k. Let

(4.5) $ni = Gni(Bo + 1) — gni(Bo).

Recall (2.1) and write &,; = (gni(Bo+n"%) — gni(Bo) =1~ Gpi) +1n " Gi, where gni = Gni(Bo)-
By (2.2) and (2.3), for any € > 0, 3N s.t. for all n > N,

(4.6) sup G| < en* 4+ knT® max || gl = O(n™%).
1<i<n, ||t||<k 1<i<n

This then verifies the condition (3.16) for the &,; of (4.5), for each ¢. From (3.17) we obtain

nfl/a*

D, (x, By +n )| = 0,(1), forallz e R, [t <k.

This in turn together with the monotonicity of F,,, F' and the compactness of the set {t €
RP:||t]] < k} and an argument as in Koul (2002a, ch. 8) now yields that for every 0 < k < oo,

(4.7) n~tesup  |D(x, Bo+n""t)| = 0p(1)
It <k.ack

implying by assumption (2.8) on 3 that

(4.8) sup [ D, (w, B)| = 0, (n*/*),

z€eR



By (4.2), a < a, which is equivalent to 1/a, < d+ 1/a = —(a — 1). Thus (4.8) implies

Dy, B)| = 0,(1).

(4.9) sup n® D, (z, B)| = n'/* e sup p~ 1o

z€R z€R

Proof of (2.9) and (2.10). From the definition (4.3), we obtain that for any y > 0,

(4.10) {si<y} = {Sy) > (m+1)271}, n odd,
{S(y)>n27'} C {s1 <y} C {S(y) >n27' —1}, n even.

Thus, to study the asymptotic distribution of sy, it suffices to study those of S(y), y > 0.

Case (i): f(o1) # f(—o1). Let P,(z) denote the Lh.s. of (2.9). Let ¢, := (n % + 1)oy
Assume n is large enough so that ¢, > 0. Then

Puw) = P(S(t) = (n+1)/2), n odd
P(S(t,) > n/2) < Pu(x) < P(S(t,) >n27' —1), n even.

It thus suffices to analyze P(S(t,) > n27' +b), b € R. Let
Sily) = n* [n’ls(y) - pl(y)}, y>0,  syi=nt27 0Tl — ().

Then P(S(t,) > n27t 4+ b) = P(Si(ta) > s,). Recall pi(o1) = 1/2 and hence

sn = —n[pi(ta) = pr(o1)] + 0"
= —n‘[p((n~ "z + Do) — pi(on)] +n 1%

= —zxoq[f(o1) + f(—0o1)] + o(1).

Next, by (2.2), (3.7), (4.4), (4.9), and uniform continuity of f,

Siltn) = [F(tn) = F(=ta)) (020 + 0" Y duilD))

+n? [VO(ta) = VP ()] + n“_l[Dn(tnﬁ) — Dy(~tn, B)]

= [flon) = f(=on)] (n"en + (B = o) ng)w

proving (2.9).

Case (ii): f(o1) = f(—01). Let tf := (n=*x 4+ 1)oy, where a, is as in (4.1). Similarly to case
(i), it suffices to analyze P(S(t%) >n27' +0b), b € R. Let

Siy) = n™|n"'S(y) —pl(y)} y>0, sp=n"27"+n'b—pi(E)]
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Then P(S(t;) > n27' +b) = P(S;(t;) > s3), where s& = —zoy[f(01) + f(—01)] + o(1). On
the other hand, using f(t}) — f(—t%) = O(n~%) and (2.3), (3.15), (4.4), (4.8), we obtain
Si(t) = (6 = S (0 8+ 0™ Y dui(B))
0t V(1) = VIO ()] + 0T [Da(th, B) — D15, )
= Z%(01) = Z7(=01) + 0,(1),

proving (2.10) and completing the proof of Theorem 2.1. O
Proof of Theorem 2.2. Let

(a.11) pay) = [IF(y+2) = Floy + 0)dF(a), y>0
Define o5 as the unique solution of

(4.12) pa(rs) = 1/2.

As noted in the introduction, oy is median of the distribution of |g; — £]], where & is an
independent copy of €;. Recall r; = r,; = ¢; — dy;(8). The derivation of the asymptotic

distribution of s, is facilitated by analysing the process

(4.13) T(y):= Y, I(ri-rl<y), y=>0.

1<i<j<n

Because of the continuity of F,

20 T(y) = n/[Fn(y +@,B) = Fo(—y + @, D) Fu(dz, B) =1, ¥n>1,y20,
with probability 1. Let
Qn(x) := P(n" (59 — 09) < z03), zy = (xn~ " + 1)og > 0.
From the definition of s5 in (1.3), we obtain

On(z) = P(T(xj;) > (N +1) /2), N odd
P(T(z:) > N/2) < Qu(z) < P(T(z}) > N2t — 1), N even.
It thus suffices to analyze P(T'(z}) < N/2+b), N :=n(n—1)/2, b € R. Let

2T(y) 1 (N +2b)n*  n%

Lo ojmntply), k= (e,

Liy) = n"]

n

P(T(x) > N/2+b) = P(Ty(a}) > k).

11



Asymptotics of k. Note Nn® /n? ~ n% /2 = n®py(0s). Therefore
kp = —n® [pa(xy,) — pa(02)] + o(1).

But

n®[pa(a;) = palo2)] = 0 [po((07" 2 + 1oz ) = pa(on)]

= n™ / [{F((n_“m +1)os+2) — F(o2 + z)}
—{F( — (" z+1)o2) +2) — F(—02+ 2) }] dF(z).

Because F' has uniformly continuous and bounded density f,

nes / (P +1)0) + 2) — F(d03 + 2)}dF(2) = 205 / (s + 2)dF (=) + o(1),
and, hence,

(4.14) kX = —xo9 /[f(02 +2) + f(—o2+ 2))dF(2) + o(1).

Asymptotics of Tr(z%). Let
Wi(a,8) = n*[Fu(e,8) — (@, B)], 2 €R, BERP.
From the definition of T3,
T(y) = n [[Fuly+25) = Fu-y+ 2 B)IFsdzB) — n*paly
= [+ 2 B) - Wiy + 2 IRz F)
+ [ty +2.8) = -y + 2 Iz, B)

+ n® /[un(y +2,8) = pin(—y + 2, B)pn(dz, B) — n%pa(y)
= Ei(y)+ Ex(y) + Es(y),  say.

Integration by parts and a change of variable formula shows that Es(y) = E;(y). We shall
now approximate F; and Fs3. But, first note that (2.2), (2.3) and (2.8) imply that

(4.15) max dni(B)] = Op(n™").
Also note
(4.16) Juw+a) - sy + N0, vyzo



Let A, = dm(g) — dnj(g). Observe that by (2.2), (2.3),
(4.17) NN ALl = 0,1, DY AL =0, wp. L
i=1 j=1 i=1 j=1

The smoothness of F' and (4.11) together with (4.16) imply that
Es(y) = n* /[un(y +2,8) = pn(=y + 2,8)]un(dz, ) — n*pa(y)

= a*QZZ/ y—l—z+Am]) ( y+Z+An,ij)

~Fly+2) + F(—y + 2) dF(2)

= “*_QZZ/f dz/ " (fly+z+u)— fly+ 2))du.

=1 j5=1

Using the inequalities f(z) + |f'(z)] < C(1+ |z|)™7,z € R for any 1 < v < ¢, see (5.8), and
(4.18) / (14w + 2)dw < CA+ |2) (W V),  VYzeR, v>0,
Jw|<w

for 1 <y <2, from eqn. (10.2.33) in GKS which are often used in this paper, we obtain

‘An,ijr//\ ‘An,ij|
(L+ly+=2[)7

\/0 e u) - fyt2)de| < © < OAZ,(1+|y+2)

This in turn implies

|| < Cn =SS A sup (1) )

y>0 11]1

< Ot Y STAL © 0,  o,(1)

i=1 j=1

according to (4.15) and (4.2).
Next, let V,,(z,8) := F,.(z, ) — F(z) and

Ky, 5) = / Wy + 2.8) — Wi~y + 2, H)lAF(2),
Uiy, 8) = / Wy + 2, 8) — We(—y + 2 B)dVi(z, B).

Then
Ei(y) = K,(y, 8) + Ui(y, B).

13



From (3.15) and (4.16) we have for K(y) = K (y, 5o) that
(4.19) K'(zY) —b / 202+ 2) — Zu(—0s + 2)]dF(2).

We shall prove that

-~

(4.20) zgg!KZ(y,ﬁ)—KZ(y)! = oy(1),
(4.21) SygglUl(yﬁ)l = o0y(1).

To prove (4.20) note that

(4.22) K;(y,Bo+n"") — K (y; Bo)

— n—l/a*/[Z{I(si§y—|—z+§m)—l(5i§y+z)—§m-f(y+z)}
_ Z{I(eig —y+z+&) —I(g; < —y—l—z)—gmf(—y—l—z)}}dF(z),

where &,; are as (4.5). In view of (4.6) these &,; satisfy (3.16). Hence (4.16) implies that

for any ¢ € RP, the left hand side of (4.22) tends to zero in probability, uniformly in y € R.

Whence, (4.20) follows using condition (2.8) and the compactness argument, similar to (4.7).
Next, consider (4.21). We shall first prove

(4.23) sup [U(y, o)l = op(1).
y>
We have
Uiy, o) = i~V / (Fuly+2) = F(y + 2) + f(y + 2)e)dVa(z, Bo)

_pl-l/en /(Fn(—y +2) = F(=y +2) + f(=y + 2)&,)dVa(z, Bo)

st tiees, [1f(oy+2) = o+ 2)aviz, )
= L(y) = L(y) + I3(y),  say,
where sup,-q |;(y)] = 0p(1),7 = 1,2 according to (3.15), and sup,., |I3(y)| = Op(n*3*) =
0,(1) follows from (2.7), (3.6), and (4.2). Thus, sup,., |Ui(y, Bo)| = 0p(1).
Next, we shall prove that for every 0 < b < o0,

(4.24) sup |Ui(y, Bo+n"%) — Ui(y; Bo)| = op(1).

y>0,[|t]|<b
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To this end, first fix a ||t|| < b and let V,,(y,t) = V,.(y, Bo +n~"t). Similarly as in (4.22) write

|Ui(y, Bo +n~t) — Ui(y; Bo)|

< pot/o /Z {Hei<y+z+&u)—I(ei <y+2) —&uf(y+ 2)}d‘7n(z’t))
+ Ve /Z {I(ei < —y+z+8&u)—I(e; < —y+2)—&uf(—y+ Z>}d‘7n<z7t)‘
st Sl | [+ 2) - floy+ )

= Jl(y7t)+<]2(yat)+<]3(yvt)7 say,

where sup,.q|Ji(y,t)| = o0p(1),7 = 1,2 follow by (3.17) and the fact that the variation
of z +— V,(z,t) on R does not exceed 2, V,(z,t) being the difference of two d.f.s. Relation
sup,~q |J3(y,t)| = Op(n®~2*) = 0,(1) follows from (2.7), (3.6) and (4.2) as above. Uniformity
with respect to t € RP [|t|| < b is obtained by using an argument as in Koul (2002, Ch. 8)
and the monotonicity of the indicator function.

From (4.20), (4.21), (4.23), (4.24) we conclude that for i = 1,

(4.25) Ei(w,) = K5(x5, Bo) + 0p(1).
Then from (4.19) we finally obtain

(4.26) Ti(zt) —p 2 / (2%(02 + 2) — Z*(—0s + 2)|dF(2).
Next, let h(z) := f(os 4+ 2) + f(—02 + 2), 2 € R, and
(4.27) Zy = %0, T h(lz)dF(z) /[Z*(O'Q + 2) — Z* (=02 + 2)|dF ().

The facts together with (4.14) and (4.26) in turn imply that
P(n*(s2 — 02) < z0o2) = P(T1(z;,) > k3,)
— P(2 /[Z*(O'Q +2) — Z* (=02 + 2)|dF(2) > —x0, /(f(@ +2) + f(—02 + 2))dF(z))
= P(Z; <x).
Let Z3 be as in (3.10), ¢4 (z) be as in (3.11), and define

Cl/a* * *
Te = g o ) (o + 2)JdF ().

Then, in view of the definition of Z*(x) in (3.12), the r.v. ZJ in (4.27) can be represented as

(4.28) Zy=w l, +w_Z.

Clearly, Z3 in (4.28) has a,-stable distribution. This completes the proof of Theorem 2.2. O
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5 Appendix A: Proofs of Theorems 3.1 and 3.2

We use several lemmas whose proofs are given in Section 6 (Appendix B).

Lemma 5.1 Let n;,t > 1 be independent r.v.’s satisfying En; = 0 for all i and such that for

some 1 < o < 2,
(5.1) K :=supsupz“P(|n;| > z) < o0.
i>1 x>0

Then Y ., a;n; converges in Ly, p < a for any real sequence a;,i > 1,57 |a;|* < oo and,

for2(a—1)<p<a,

> > > p/Y
(5.2) E|Zami|p<C’<Z|ai|a+<Z|ai|0‘> ), P i=2a—p>a,
i=1

=1 =1

where the constant C' = C(p, o, K) < oo depends only on p, o, K.

We need some more notation. For any integer 7 > 0, define the truncated moving averages

(5.3) gij = Y Wik Sy o= D Gk, £y = Y biliok

0<k<j k>j k>0,k#]

Thus,
~ *
€ijtEij =6,  €;=¢& —biGiy

Let Fj(z) :== P(e;; < z), ]:;j(:v) = P(&; < z), Fj(x) :== P(ej; < x) be the corresponding

marginal d.f.s. Also introduce
(54) F#&j(l’) = P< Z bkgk S JI) == P(é?i,j - bi_gCg S l’), 0 S 14 < j
0<k<j:k#l

W.l.g., assume that F; and Fl.; are not degenerate for any j > 0,0 < ¢ < j. Then
Ple; <o+ &ulGi—j) = Ff (2 + & — bj(;—;) and

M @36) 1= Sy (Froal + i = 0sG) = P04 ) + /(@ + )b ).

The proofs of Lemmas 5.3-5.5 use certain regularity properties of the d.f.s F'(x), F(z), F; (z),
F j(x) given in the following lemma, whose proof is given in Section 6 (Appendix B) below.
Related results can be found in (KS, Lemma 4.2), Surgailis (2002, Lemma 4.1), (GKS,
Lemma 10.2.4).

For 1 < < 2 introduce g,(z) := (14 |z|)™7,z € R and a finite measure p, on R by
(5.5) py(z,y) = [ gy (w)du,  x <y
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Note the elementary inequalities: for any z,y € R

(5.6)  gy(x+y) <Coy(x)AV Iy, | [ g4(x +w)dw| < Cyy(z)(ly| V |y]),

see (GKS, Lemma 10.2.3). We shall also use the inequality
(5.7) S gyt v)du < Clpy (2, 9) ol ol > 1,

where C' does not depend on z, y, v; see Surgailis (2002, p.264).
Given a function g(z),z € R and points z < y,z € R we use the notation g(z,y) :=

9(y) — 9(x), 9((x,y) + 2) == g(y + 2) — g(z + 2).

Lemma 5.2 Suppose standard assumptions and conditions (2.4), (2.5) hold. Then for any
p=123the df F,F;F Fpj,j>0,0<{<jarep times continuously differentiable.
Moreover, for any 1 < v < a,p = 1,2,3 there exists a constant C > 0 such that for any
ryeR | —y[ <1,/ >0,0<0<

(5.8) [F@ ()] + |EP ()| + |(F7) P ()] + |[FE) ()] < Cgy (),
(5.9) [F@ (@, )| + [FP (2, )] + |(F) P (@, )] + |FE) (2,y)] < Cle = ylg, (),
(5100 D _|FENP(2) — FP(x)] < Clbs|°g, ().

Moreover, for any x < vy,j > 0,jo > j1 > 0,2,21,29,§ € R[] < 1

(5.11)  |F((z,y) — bjz) — F(z,y) + f(z,y)b;2]
< Cnlin{uv(xjy)|bj”y>(N’Y(x>y))l/7’bj’}7
(5.12)  |Fi((z,y) — bjz) — F(z,y) + f(z,9)bjz| < Cpy(2,y)|bi[" (1 + [2])7,
(5.13) ‘/ (z,y) +v—"0b;2) — Ef((x,y)+U—bjC)+f'((x,y)+v)bjz)dv‘
< ClElpy (, y) b (1 + [2])7,
(5.14) ’ /w|<|b al /w2|<bjzzgl Fsﬁh 32((957 y) + wi 4+ we + 2)dwadw,

< Cpy (@, )b, [ | (T + |22 )7 (1 + [22])7 (1 + [2])7

Proof of Theorem 3.1. (a) The proof of (3.6) given in (KS, Thm. 2.1) for the case ¢, = c_
of (1.5) applies verbatim in the general case of ¢4 in (1.5). (We note that KS does not assume

the distribution of {y symmetric around 0.)

(b) The sum on the Lh.s. of (3.9) can be written as 32| Lyi(z), where Ly (z) := e (x),
Loa(z) := =V (z) and

Lng(z) 1= 32 (F (2 4 &ni) = F2) = f(2)6ni),  Lna(z) 1= 3000 (F(2) = f@ + &ui))ei
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Then sup,cpn =" Y¢|Lyi(z)| = o0,(1),i = 1,2 follow from (3.6). Using |F"(z)| < O, see
(KS, Lemma 4.1) and (3.4), (3.5) we obtain sup,cgn ¢ V*|Lys(z) < Cn=d-Ve " &2 =
o(n=d=Ye 3" &) = o(1). To evaluate Lys(z), let ans(z) = n=4Ve Y (f(x) — flz +
€ni))bi—s and O, ¢ 1= maxj<i<p [§pi]. Then n_d_l/aLn4(x) = > ans(x)¢s. Moreover,

using |f(z) — f(x 4+ &)| < Cdne = 0(1), see (3.4), and the bound in Lemma 5.1, (5.2), with

p < « sufficiently close to a;, we obtain

S=—00 S=—00

(515) Bl L@ < O(X g lans(@)|* + (T2 an(@)?)™").
But, for any fixed x € R,

(5.16) 0 Jans(@)| < Cozen 0 (S -9)E) = 0(0%) = o(1).

Similarly, for any x < y using |f'(z)| < C/(1 + |z|)", 2 € R with 1 <r < a, see (KS, (4.4)),
we obtain E|n~4"YL,,(z,y)P < C(Z" s (2, )™ + (ZOO ]am(q:,y)|a)p/p ), and

S§=—00 S§=—0Q

(5.17) ZZ}OO |ans(z,y)|* < C(maxléiﬁn |f(x+ iy + gm‘)a < C(pr(r,y))™.

Because p,(x,y) = [Y(1 + |z])7"dz is a finite continuous measure on R, it follows that
Eln= Yo Ly(z,9)|P < Cue(z,y))P? 2 < y, where pa/p’ > 1 provided p < « is cho-
sen sufficiently close to a. Therefore using the well-known tightness criterion (see e.g.
GKS, Lemma 4.4.1) we conclude that the sequence of random processes {n= 4"V, ,(x),r €
R}, n > 1 is tight in D(R), implying sup,cg 7~/ L,4(x)| = 0,(1). This ends the proof of
part (b) and Theorem 3.1. O

Proof of Theorem 3.2. Proof of (a). We follow the proof in Surgailis (2002, Thm. 2.1)
and (2004, Thm. 2.1). The crucial decomposition leading to (3.14) is

(5.18)  Rn(z) = VO(z) - Z'(x), where
Zi@) = a7 YN B[Ie S w &) = Fla+ &) + fl@+ &ieilG].
=1 s<i

We will show that Z*(z) is the main term and R, (z) is the remainder term. Note that
Z:L("’E) = nfl 25<n 77:7,8(1‘7 CS)? Where

n

T (T3 Cs) 1= Z E[I<5i <z +&u) — Fo+ &) + flo+ §ni)€z"§s]

i=1Vs

We shall approximate the above quantity by n(x; (), where

(5.19) n(z;z) = Yoo (F(x —bi_sz) — EF(x — bi_s(s) + f(2)bi_s2)
= Z;’io (F(z —bjz) — EF(z — bj¢o) + f(x)b;2)
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and let

(5.20) Zo(z) =071 Y0 (s C), z eR.

Because Z,(x) is a sum of i.i.d. r.v.’s, its a,-stable limit will follow from the classical central
limit theorem for independent r.v.’s with heavy-tailed distribution. The proof of (3.14) or

of part (a) follows from the following three lemmas.

Lemma 5.3 nt=vex Z (z) = p@) Z2°(z).
Lemma 5.4 nt=Ye sup, g |25 (x) — Z,(x)] —, 0.
Lemma 5.5 n' Ve sup,ep [Rn(x)| —, 0.

Proof of (b). As in the proof of Theorem 3.1(b), decompose the sum on the Lh.s. of (3.17)
as 3.+, Lyi(z). By (3.14), sup, n~ "/
and condition (3.13),

L1 (z) + Lypo(z)| —p 0. Next, by Taylor’s expansion

sup, | Lns(z)] = O(1L, &%) = o(n'/*),
since 1/a, + 1 > 2d + 2/a, see above. The term L,4(x) can be estimated as in (5.15),
(5.16), yielding E|n~Y Ly(z)]P < c(ndaﬂ—a/a*agf + (nda+1—a/a*5g£)p/”') with 6,¢ <
C max;<i<p [E] = O(ndT/o71) see (3.13), hence E|n~Y L,4(z)[P = o(1) for any = € R.
The proof of sup, n=Y/*|L,4(z)| = 0,(1) is similar as in Theorem 3.1(b) by showing the
bound En~Y Ly(z,y)P < C(u(z,y))P*?, 2 < y which follows as in (5.17) but uses a

more accurate bound:

S lans(z,y)|* < C(maxicicn | (2 + &nivy + &ui — flz,9)])"
< C(p(z,y))™ maxi<i<n [§nil

together with condition (3.13). This proves part (b) and ends the proof of Theorem 3.2. O

6 Appendix B: proofs of auxiliary lemmas

Here we present the proofs of Lemmas 5.1-5.5 used in the proofs of Theorems 3.1 and 3.2.

Proof of Lemma 5.1. W.lg. let a; # 0,i > 1. Split n; = n +n;,n" = pl(|n;| <
Vlai) = Eng (il < 1/lasl),n == meI(|mil > 1/lail) = EniI(Jni] > 1/]ail). Then (5,7 >
1) are sequences of independent zero mean r.v.’s and E|> > a;nlP < CE|> 0 am [P +

CE|> 2.2, am; |P. By the well-known moment inequality, see e.g. (GKS, Lemma 2.5.2)
oanlp < X P oo\ PP
Bl Zi:l amil’ < CE| Zi:l amn; [P+ C(E| Zi:l ;' | )
< > |P =P > | + 0/ \P/P
< CY . aPEW;P+C(EI Y lal Bly )"
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Then (5.2) follows from
(6.1) Eln; | < Clai|*™,  Elyf [ < Cla,|*?, Vix1.

Note El; | < 2Bl " I(|n] > 1/]ai]), Elnf ¥ < 2Bl I(1ni| < 1/lai]). Hence (5.1) implies

Eln; |7 < —2/ 2P dP(|ni| > ) = 2[ai| " P(|n;| > 1/]asl) +2p/ 2?7 P(|n;| > x)dw
1/]as 1/|aq
< 2K|a|*7P + 2pK/ P dy < Clag|*?, Vi> 1.
1/]a]
Similarly,
/ Vil
Bl < -2 [ a'dp(nl> )
0
, Vil
= =2|a;|"P P(|ns| > 1/]ai]) + 2p'/ 2" P(jg| > x)dx
0
/ 1/|ai‘ ’ ’
< 2K|a;|*7P + 2p’K/ o dy < Olag |7, Vi> 1.
0
proving (6.1) and the lemma, too. O

Proof of Lemma 5.2. The first part of the proposition including (5.8), (5.9) follows by the
argument in (KS, Lemma 4.2) with minor changes. The proof of (5.10) also proceeds as in
the proof (KS, (4.6)), as follows. Since F(z) = [ Fj(z — b;y)dG(y) and E¢ = [ydG(y) =
0 so FP(x) — (F})P(z) = [((F})P(x — ybj) — (F})P(x) + yb;(F})"*(x))dG(y) and
[F®(2) — (F)®(2)] < 35, [ilx)| where

Ji(z) = ﬁybj|§1dG(y)fo‘ybﬂ'((F;)(erl)(eru)_(F;)(pﬂ)(m))du’
Jo(@) = [ o (FDO @ = y0)dG(y),  Ja(w) = [, 0 (F) (2)dG(y),
Ja(x) = () (@)b; [y, 50 ¥AG ()

To evaluate Jy(x) for p = 1,2 use (5.9) yielding | fo_ybj (F7) @+ (2, 24u)du| < Cg,(x) folybj‘ udu
< Cg,(z)(yb;)* and then

(@) < CRy () [, 1< ¥PAG () < Clby|*g5 (2)

follows from P(|(| > z) < Cz~*. Next, using (5.8) and (5.6) we obtain

[Ti(@)] < C [ 21(99(2) + g5 (2 = bjy))dy
< Cgy(o) flybj\>1(1 + [bjy|")dG(y) < Clbj|*gy(x), i=2,3,
[Js(@)l < Cogy(@)[bsl [y, 50 W1AG () < Clbj|*g, (),
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thereby proving (5.10).
Consider (5.11). Write the Lh.s. of (5.11) as

| [75% dw [Y(f'(v +w) — f'(v))dv| < ity @ [ L' (0 +w) = f'(v)|dv =: Tj(z,y; 2).

Let [b;z] <1 then by (5.8) [Y|f'(v+w) — f'(v)|dv < Cp,(x,y)|w| and hence I;(z,y; z) <
Cu(z,y) f|w|§|bjz| lwldw < Cb32%p,(x,y) < Clbjz["py(2,y). Next, let [bjz| > 1 then the
Lh.s. of (5.11) does not exceed |F((x,y) — b;z) — F(z,y)| + E|F((x,y) — b;¢) — F(z,y)| +
f(x,y)|b;z], where f(z,y)|bjz| < Cuy(z,y)|biz| < Cp,(z,y))7|b;z| follows from (5.9),
7 > 1 and the boundedness of j,. Next, using (5.8) and (5.7) for |b;z| > 1 we obtain
IF(,5) = by2) — Fle,p)] < [/(F(u—b;2) + F)du < Cl(i (2 9)) 7 by2] + o (2,9)) <
C(p (2, y))Y7|b;z|. This proves (5.11).

Consider (5.12). Since F(z) = EF}(x — b;¢) the Lh.s. of (5.12) can be written as
| La(2,y; 2)+ La(w, y; 2)|, where | La(x, y; 2)| == |(f] (2, y)—f (2, 9))bj2] < Cpis(w,y)[b;|*+ 2] <
Cliy(z,y)|b;|7(1 + |2])" according to (5.10), and

| La(z,y; )| = |Ef Cdw [Y((f) (v +w) = (ff) (v))dv| < Li(, y32) + ELi(, 93 ),

where Ly (x,vy; 2 fo‘b 7 duw 2N (v +w) = (fF) (v)|dv. Let |bjz| <1 then Ly(x,y;2) <
Cuy(z,y) f|w|§|bjz| |w|dw < 062-22/17(1‘ y) < Clb;z|"p(x,y) as in the proof of (5.11) above.
Next, let [b;z| > 1 then Ly (x,y;2) < C [7 dv lb Zl(gy(v+w)+gw( ))dw < Clbjz|" [V gy (v)dv =
Cy(z,y)|b;z|7 follows from (5.8) and (5.6). Hence Lyi(z,y;2) < Cuy(z,y)|bjz|", ELi (2, y; C)
< Cpy(z,y)|b;|"E|C]Y < Cpy(x,y)|bj|” since v < «, proving (5.12).

Next, the Lh.s. of (5.13) can be written as |1}(x, y; z,§)—ETj(x,y; (, §)|, where T} (z, y; 2, &)
= [dG(u fo dv 7;;7; dw [*(f"(t +v+w) — f"(v+w))dt, and hence

T(z,y; 2, )| < Tj(x,y;2,€) + ETj(x,y; ¢, €),

where

Ti(x,y;2,€) == f\v\élf\ dv f|w|§‘bjz‘ dw [Y]f"(t 4+ v+ w) — f7(t+v)l|dt.

Let [bjz] <1 then by (5.9) and (5.6), [7[f"(t +v,t + v+ w)|dt < Clw|p,(z — v,y —v) <
Clwlp,(z,y) for [v] < |¢] < 1implying Tj(z,y; 2,€) < C|E[(b;2)* (2, y) < CLE|[by2] 1y (2, ).
Next, let [bjz| > 1 then by (5.8) and (5.6) we obtain that T;(x,y; z, &) < C’foE dv f|w|§|bjz| dw
{ [Zg,(t +v+w)dt+ [ g, (t +v)dt} < CE||bjz]py(x,y), proving (5.13).

Finally, consider (5.14). In view of (5.8), the Lh.s. of (5.14) can be bounded by
C [Yd¢ f|w|§|b]-1z1| dw; f\wzlﬁlbnml%(g + wy + we + z)dwy =: Uj, 4,(x,y; 21, 22, 2). Then us-
ing repeatedly inequality (5.6) we get

Yy
Uj jo (@, 95 21, 22, 2) < C(|bj222|v|bj222|7)/ dé 9y(§ + w1 + z)dwy

[w|<[bj; 21
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IN

Yy
Cbpaal V lbj 21" ([bszal V [bazal”) / 0,(€ + 2)de

T

< Cllbjz] V [bj 21 [M)([bgy 22| V by 2] ) (A V 2]y (2, y),
proving (5.14) and the lemma, too. O

Proof of Lemma 5.3. From (5.11) we get |F(z — bjz) — EF(z — b;(o) + f(z)b;z| <
Clb;|"(1 + |z|)" with any 1 < r < « sufficiently close to a so that the series in (5.19)

absolutely converges for any z € R:
In(x;2)] < C(1+[2)" 3275 b < O+ |z))"
We shall next prove the existence of the limits

(6.2) lim |2| Tan(z;2) = oi(x),

z—*+oo

with ¢% (z) given in (3.11). Note the integrals in (3.11) converge for 0 < d < 1/2 since F' is
twice differentiable. To prove (6.2), let

(6.3) n(x;2) =372, (F(z —bjz) — F(z) + f(2)b;z),

where |F(x — bjz) — F(z) + f(x)bjz]| < f\u|<|bjz| |f(x 4+ u) — f(z)|du < Cg,(x)|b;jz|", for any
1 < r < «a follows from (5.9), (5.6), and hence the series in (6.3) converges for any x,z € R
and E|n(x; )| < C. Since n(x;z) = n(x; z) — En(z; ) it suffices to prove (6.2) for n(x; z)
replaced by 7(x; z). We have for z > 0 that zifldﬁ(x; z) =¥ (x) + ¢(x; 2), where

P(x;2) = [ {F(a— 2y 0-0)) — F(r — +%) + f($)(2b[uz1/(l—d)} — 7)) fdu — 0

as z — oo, by the dominated convergence theorem. The limit as z — —oo in (6.2) follows
analogously. Relations (6.2) and (1.5) imply tail relations P(n(x, (o) > y) ~ vy (x)y=,
P(n(z,{) < —y) ~ v—(2)|y|~*, as y — oo with y4(z) > 0 written in terms of ci, % (z).
See Surgailis (2004, Lemma 3.2), (2002, Lemma 3.1) for details. Hence, by the classical CLT
for i.i.d. r.v.’s and the Cramér-Wold device, finite-dimensional distributions of n'!=1/* Z, (z)
converge weakly to those of Z*.

We shall now prove the tightness of the process n'='/®* Z,. By the well-known tightness
criterion in (Billingsley, 1968, Thm. 15.6), it suffices to show that there exist r > 1 and a

finite continuous measure p such that for all € > 0,2 <y
(6.4) P(|Zu(,y)| > en'/* ") < e (u(,y)),

where Z,(x,y) = Z,(y) — Z.(z). Let n(x,y; z) = n(y; z) —n(x; 2),z < y. By the definition of
Z, in (5.20), P(|Z,(z,y)| > en'/*1) < nP(|n(z,y;¢)| > en'/**). Hence (6.4) follows from
P(In(x, y; ¢ > ent/*) < (ne*) ! (u(z,y))", or

(6.5) P(In(z,y; Q)| > w) <w *(u(z,y))",  Yw>0.
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In turn, (6.5) follows from P(|(| > z) < C/x* V2 > 0 and the fact that there exist
1 <v < a,C < oosuch that for all x <y, |z| > 1, with u, as in (5.5),

(66) 1, 3:.2)] < CLaf 0D g 1, ) 2O,

Indeed, (6.6) entails P(|n(z,y;¢)| > w) < P(C|¢IVED (p, (2, y)YV 0D > w) = P(|¢| >
Cw'=/ (py (z,y))V7) < Cw™ (uy(z,y))*” implying (6.5) with r = a/y > 1. See Surgailis
(2002, proof of Lemma 3.2).

Let us show (6.6). Since |n(z,y; 2)| = [i(z,y; 2) — En(z, y; O] < (2, y; 2)|[ + En(=, y; )]
and E|¢|V(~D) < oo for 1/(1 — d) < a, it suffices to prove (6.6) for 7j(x,y; z) instead of
n(w,y; 2) as this implies Blij(z,y; 2)| < Cpy(x, )N VECVID < Oy (, ) 000
|2|V/A=D |z] > 1. Using (5.11) with x := |2|(u, (2, y))"” we obtain

iz, y: ) < O min {[biz] (s (2, 9))"7, 152 1y (2, ) }

j=0

< oy Z j—(l—d)“/+CX Z ]+(1 d)

G>yl/(1=d) 0<j<x1/(1=d)
< Oy, y)) D207,

proving (6.6), (6.4) and the required tightness of the process n'~/**Z, (). Lemma 5.3 is
proved. O

Proof of Lemma 5.4. We shall prove that there exist 1 < r < a,x > 0 and a finite

measure ;4 on R such that
(6.7) E|Z5(x,y) = Za(z,y)|" < plz,y)n™HeD7r Ve <y,

Lemma 5.4 follows from (6.7) using the chaining argument as in KS and Surgailis (2002).
To prove (6.7), similarly to Surgailis (2004, proof of (3.6)) decompose

(6.8) n(Z;(x) = Za(x)) = Yiy Vaala),
where Vi1 () := 30 o On1.s(73Cs), Vailz) = > Pnis(2; (), i = 2,3,4 with

¢n1,s<x; Z) = Z {FZ*_S([L’ + gm - bi—sz> - F(ZL’ + gm) + f([L' + gni)bi—sz}y
=1

On2s(x;2) == — Z {F(z — bi_sz) — EF(z — bi_s(o) + f(2)bi_sz},

i=n+1
buas(@i2) = D B (34 &= biss?) = F(z + & — bis?)
! — Fla+ &) + BF(x + & — biu(0)},
¢n4,s($§ Z) = Z;s {F(ﬂf +&ni — bi—sZ’) - F($ - bi—sz) - EF(ZE +&ni — bi—sCo)
+ EF(x = bi—sCo) + (f(z + &) — f(2))bims(z — E¢o) }-
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Note the for each 1 < i <4, ¢, 5(2;(s), s € Z, are zero mean independent r.v.’s. It suffices
to prove that for some r; > 1,v; > 1,k; > 0,

(6.9) EVoi(z,y)" < Cluy(z,y) n"/* ™, z<y, 1<i<d4

Indeed, (6.9) imply (6.7) with r = min{r;,1 < i <4} > 1,k = min{x;r/r;,1 <i < 4} and
p = O,y = min{y;,1 < i < 4} which follows from E|V,;(z,y)|” < (B|V(z,y)|")"/™ <
C (o (m,y))" (nri/ o) /mi < Cp (2, y)n™/*~*. Because of the last fact we will not indicate
the subscript in r;, v;, ; in the subsequent proof of (6.9).

Consider (6.9) for i = 1. Then E|V,i(z,y)|" < C> o Elon(z,y;¢)" 1 < r < 2.

Moreover, w.l.g. we can restrict the proof to &,; = 0. Hence, using Minkowski’s inequality,

n—+s

ElVa(e,y)l” < OZE\Z{F* 2,y) = biGo) = Fla.y) + flz.y)bsGo} |

e’} n—+s

< O3 (B ()~ 0,60) — o) + T phal )

Whence and from (5.12) with y =’ and 1 <r < o, < &/ < a < ar and o sufficiently close

to a so that (1 —d)a//r > 1 follows from r < ., we obtain

0 n+s
EVai(z, )" < Cluy(z,y)" > (D Io177)"
s=1 j=s
< C(/vay {i ij(ld’/r +Z ns- 1d//r }
s= s>n

< Clpy(z,y))n ™" - d),

implying (6.9) for ¢ = 1 since 1 +r — o/(1 — d) < r/a, follows by noting that for o/ = «
the last inequality becomes r(1 — 1/a,) < a, — 1, or r < «, and hence it holds also for all
o/ < « sufficiently close to «.

Next, consider (6.9) for ¢ = 2. Use (5.11) with v = o/ and 7, o’ as above to obtain

E‘Vn2($a y)|1”

n

< Clu(z,y)) Z(ZE”’"<F (2,) = bsGo) = BE((z.9) = bGo) + f(z. 9)biGol")

s=1 Jj=s

< C(/L'y T y Z Z] (1— d)a/r < C(,LL,Y(ZL' y))r 1+r—a’(1— d)’

proving (6.9) for i = 2.
To prove (6.9) for i = 3, note that (5.13) implies

24



Yy
|FF (2, y) — b2 + &ui) — F((2,y) — bjz + §ui)| < C!bﬂa/ (1 +|u—bjz+ &ul) "du
< Cfbj|*uy (, y) (1 + |bz])”
and hence E|F}((z,y) —bjz+ &) — F((2,y) —bjz + &) " < Clos[*" (p (,y))" (1 + E[C]") <

Cpy(z,9))"|bs]*" for 7,y > 1 satistying ry < a. Moreover, we may choose o, < r < a.
Then, since » 72 [bj|* < oo, we obtain

E‘VnS(%y)’T < C(H'y(%?ﬂ)r 22:1 (Z;; ‘bj|a)T < C’(,uw(a:,y))rn,

proving (6.9) for i = 3, because r/a, > 1.
Consider (6.9) for i = 4. Note ¢nas(x,y; 2) can be rewritten as

n

Eni
Z{/dG(u)/o dv(f((:c,y)—l—v—bi,sz)—f((x,y)—irv—bi,su)—l—f’((:c,y)—l—v)bi,s(z—u))}.

i=s

Hence by (5.13) with y =1/(1 —d) € (1,@) and 1 <7 < o, we obtain
Blbnss(e,ys QO < (S el o) lbisP BV (14 117
= C(,uv(g;,y))r maxi<i<n |£?’LZ’T<Z:LZS ‘bifsyl/(l_d)> )

by noting that E|(|"" < oo since yr = r/(1 — d) < « is equivalent to r < a,. Note also that
for the above choice |b;|” = O(j7'). Then

E|Voa(z, y)|" < Cpy (2, y))" maxi<icn [Enil™ Yoy (37157
< Cpy(z,y))" maxi<i<p |&nil n(logn)".

r

Thus, (6.9) for i = 4 holds due to condition (3.13) since one can choose r < a, and £ > 0 so
that r/a, — k is arbitrary close to 1. This ends the proof of (6.9) and that of Lemma 5.4. O

Proof of Lemma 5.5. Rewrite

(6.10) Ru(z) = VO(z)— Zi(z)=n"" i (), where
i=1
hoi(z) = 1(ei <+ &) — F(x + &) + [z + i)

= Y E[I(e @+ ) = Fla+ &) + flo + iG]

s<i

Similarly as in the proof of the previous lemma, it suffices to prove that there exist 1 < r <

a,k > 0 and a finite measure p on R such that for alln > 1 and = < y

r

< pla, y)n/e) .

(6.11) E‘ th-(:v,y)
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Recall the notation €;;,&;;,€;;, in (5.3) and Fj(r) = P(e;; < z),Fj(z) = P(E; <
x), Fi(z) := P(ej; < x). Then
(6.12) hpi(z) = ZUm,S(ZU), where
s<1
Uni,s<x) = -Fi—s—l(x + gm - z sCs gzz s) - Fi—s<x + é.nz - gi,t—s)

- ﬁjifs(aj + gm - ifsCs) + F(.Z' + gm)

with the convention () := I(z > 0). Then > ", hpi(2,y) = >, Mns(2,y), where

(6.13) M,s(z,y) Z Unis(z,y), s<mn

1=1Vs

is a martingale difference sequence with E[M,s(z,y)|Cs,u < s] = 0. Hence by the well-known

martingale moment inequality, see e.g. (GKS, Lemma 2.5.2),
(6.14)  E|> hnilz,y)|" < CY E|Myi(z,y)|" < OZ( > E“TlUm,sm,y)V) :
=1 s<n s<n i=1Vs

To proceed further, we need a ‘good’” bound of E|U,;(x,y)|". Towards this end, noting
that E[Upis(z,v)|¢]) = 0, we expand U,,; s(z,y) similarly as in (6.12) but according to the
conditional probability P[-|(s], see Surgailis (2004, (4.8)):

Um’,s(xay) = Z(E[Uns(xvy)KSa gy,'U S U] - E[Uns(xay)Ks;Cmv S u— 1])

u<s
= Z Wn,i,s,u(-]:a y>a
u<s
where
Wn,i,s,u (ZE)

= F;éi—s,i—u—1<x + gnz - bi—sgs - z uCu 82 Ji— u) Fgéi—s,i—u<x + gnz - bi—sgs - gi,t—u)
— Fisi(x+ & — biuCu — Eiiu) + Fims(@ + &ni — Eiiu)-

Similarly to Surgailis (2004, (4.12)) W, s.(x,y) can be rewritten as

Wn,i,s,u(way) = EO[H(bz sC_'_bz u77+g)_H(z SCO_'_bz 377+g)
_H i— 5C+bz 877 +~)+H( i— 5C0+bz sn —|—§)}

i—sG i— un
— / / Zl + 29 + A)dzleQ]
7/ SCO Z u

where, for fixed n,u < s < i,x <y,
H(z) = Fpisicu1((7,9) + i —2), C:=C n=Cu €= Eiiu
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(¢°,n%) is an independent copy of (¢,n) and E° denotes the expectation w.r.t. (¢ n°) only;
H®(z) = d®H(z)/dz?. From (5.14) for any 1 < v < o we get

(6.15) (Whisu(@,y)l < Cpq(,y)[bivs| [biul([C]" + D)(|I0]” + 1),

with probability 1 and nonrandom C' < co, and hence forany 1 <r <o, 1 <y < a,ry < «

EHWn,i,s,u(x?y)VKS] < Clpy(, ) |bims|"|biu| " ([Cs] + 1)

Then using the above mentioned martingale moment inequality w.r.t. P[-|(;] we obtain

E[[Unis(@, 9G] < CY ElWaisalzy)I'I¢]

u<s

< Oy (@, ) bimsl (1G] + )™ (6 — u) =70

u<s

< Clpy(a,y) (i — ) DG + 1),
Hence
(6.16) B |Upis(,9)|" < Cpis(,y) (i = )/ 72070

Substituting (6.16) into (6.14) we obtain

n

E!ihm(w,y)r < C’,uw(a:,y){ > (Z(i_S)l/r—zu_d))?“+n(iilﬁ_2(l_d)>r}

s<—n =1

(6.17) < Cppy (o, y)n2+r2r 00,

for r < « sufficiently close to . (Note that for any r < « we can find 4 > 1 such that
ry < 1.) Also note for such r

(6.18) 24r—2r(1—d) <r/a,=r/a(l —d)

Indeed, (6.18) holds for r = « since 2 + o — 2a(1 — d) < 1/(1 — d) is equivalent to (1 —
2d)(a(l1—d)—1) > 0, and therefore (6.18) holds for r < « sufficiently close to a by continuity.
Relations (6.17) and (6.18) prove (6.11) and thereby complete the proof of Lemma 5.5. O
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