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Abstract

This paper is concerned with the problem of fitting a generalized linear model to
the conditional mean function of multiplicative error time series models. These models
are particularly suited to model nonnegative time series such as the duration between
trades at a stock exchange and volume transactions. The proposed test, based on
a marked residual empirical process whose marks are suitably defined residuals and

which jumps at the estimated indices, is shown to be asymptotically distribution free.

1 Introduction

In the last two decades the family of multiplicative error models has attracted considerable
attention for modeling nonnegative time series. Engle and Russell (1998) and Engle (2002)
used these models for analyzing financial durations and trading volume of orders, respectively.
For many other applications see Pacarur (2008), Hautsch (2012), and the references therein.

To proceed further, let Y;, i € Z := {0,£1,£2, ---}, be a discrete time nonnegative
stationary process with EY} < oo, and let H;_; denote the information available up to time

i — 1 for forecasting Y;. A multiplicative error model (MEM) takes the form
(11) Y, = E[Y; ‘ Hifl]é‘i, 1 € 7,

where €;,1 € Z are independent and identically distributed (i.i.d.) non-negative error random
variables (r.v.’s) with F(gy) = 1, E(e2) < co. Moreover, ¢; is assumed to be independent of
the past information H;_q, for all + € Z.

Pacarur (2008) and Hautsch (2012) discuss many parametric specifications for the con-
ditional mean function E(Y; | H;_1). The problem of fitting a given parametric MEM model
is of practical importance since knowing the right parametric model can lead to optimal
inference. Koul, Perera and Sillvaphule (2013) (KIS) proposed a lack of fit test for fitting

a parametric model to this conditional mean function when the underlying time series is
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Markovian, i.e., when E[Y; | H;—1] = 7(Yi_1), i € Z, a.s., for some positive measurable func-
tion 7 defined on R* := [0,00). To describe the KIS test a bit more precisely, let ¢ > 1 be
a given positive integer, Q@ C RY, and {¢(y,w), y > 0,w € Q} be a given family of positive

functions. Consider the problem of testing

Hy: 7(y) = ¢(y,w), forall y >0, and some w € ), versus
H; : Hj is not true.

Let

PR Y;
Un(y,w) =n 1/22<m—1)1(1€1§y), y=>0,we,

i=1

The test of Hy proposed in KIS is based on the process U,(-,&), where & is a n'/2-

consistent estimator of w under Hy. Asymptotic null distribution of this process depends on
the null model parameter wy under Hy and its estimator in a complicated fashion. In KIS, an
analog of the martingale transform of Stute, Thies and Zhu (1998) (STZ) of this process was
shown to converge weakly, under Hy, to a time transform of Brownian motion. In particular
the test based on the supremum of the absolute value of this transform is asymptotically
distribution free, consistent against a large class of nonparametric alternatives, and has non-
trivial asymptotic power against a large class of n='/2-local alternatives. In a finite sample
simulation study this test was shown to have very desirable empirical level property and
much larger empirical power, compared to several other model specification tests including
the Ljung-Box @ test and Lagrange multiplier type test of Meitz and Terasvirta (2006).
Admittedly restricting the dependence of the conditional mean function to one lag vari-

able has limited applications. Consider the situation where
(1.2) ElY; | Hia) = v(Yier, -+ Yiep), 1€Z,

for a known positive integer p and a positive function 7 defined on [0, 00)?. In practice there
are several time series where the conditional mean function v depends on the previous p lags
via a linear combination. Then the question of interest is which one of these models fit the
given time series.

More precisely, let ©; C RP, © :=[0,00) x O1, and ¢ be a known positive link function
defined on R. Let 2’ denote the transpose of an Euclidean vector x. The problem of interest

is to test the hypotheses

Ho : v(y) = 0o + ¢(0'y), for all y € [0,00)?, and for some (6y,0') € ©, versus
H, : Hy is not true.



A version of the U,,-process suitable for this testing problem is

- Y;
— 71/2 K3 o / )
Voly,6) =n " (190 oY) 1)1{19 Yii<yh y=0,

=1

where ¥ := (01,---,90,), § := (Vp,?')" € ©. Let § denote the parameter vector for which

~

Hj holds, i.e., dp := (6p,0")’. The proposed tests of Hy will be based on the process V,(-,d),

1/2

where d is a n'/“-consistent estimator of dp, under Hy. The linear combinations 6'Y,_; are

known as estimated indices and V, (-, b ) is a marked residual empirical process with the marks
0 = Yi/[éo + go(é’Yi,l)] — 1 jumping at the indices Y, ..

The asymptotic null distribution of this process under H, is discussed in the sub-section
2.1. An analog of the martingale transform of STZ test is given in the sub-section 2.2.
Several proofs are relegated to section 3. In the sequel, || - || denotes the Euclidean norm,
all limits are taken as n — oo, and wu,(1) denotes a sequence of stochastic processes that

converges to zero uniformly over its time domain, in probability.

2 Main Results

In this section we derive the asymptotic expansion of the process Vn(-,g) under H, and
describe a martingale type transformation that converges weakly to the standard Brownian

motion on [0, 00).

2.1 Asymptotic linearity of V under H,

Here we derive an asymptotic linearity result for the process V,(z, 5) To begin with we shall

state the needed assumptions.

(F) The error variable gy is positive, Fey = 1, Ee < co.

(G) The distribution function (d.f.) G of #"Y is continuous, where 6 is as in Ho.

(¢) E¢*(0'Y,) < oo, and ¢ is continuously differentiable with the derivative ¢ satisfying
E|Yop(0'Y0)||? < 0o, and for every 0 < ¢ < oo,

sup Vale(@' Y1) —o(@'Yi1) = (90— 0)Yi19(0'Yi1)| = 0p(1).

1<i<n, v/l[9—0||<c
(C) There exist estimators 6y > 0 and 0 € R? such that under H,,
n'2(16 — 60| + 10— 0] ) = O,(1).

Let 6 := (Ay,0). The derivation of the asymptotic linearity of the process V,(-,4) is

facilitated by the following lemma of a general interest. Consider the following assumptions.
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(E) The nonnegative process Yj,j € Z is stationary and ergodic. The r.v.’s 1;, i € Z are
i.i.d., and 7; is independent of Y}, j <14 —1, for all 7 € Z.

(g) g(w,z) is a measurable function of (z,2) € [0,00)? x R such that F¢*(Yo,m) < co.
Let F; := o-field{Y, j < i}, j € Z, and define, for s € R? and y > 0,

Valy,s) = % Z [9(Yiz1,m) — E{g(X i1, m:)| Fica I ((6 + 17 25) Y,y < ).

Lemma 2.1 Assume that the processes n;, Y;,j € Z satisfies assumption (E) with the d.f.
G of 'Y satisfying condition (G), and that (g) holds. Then for every c € [0, 00),

sup  [Va(y,s) = Va(y, 0)] = op(1).

y=0,[|sl|<c

The proof of this lemma is given in the last section. We shall now use this to derive the

~

limiting distribution of the process V,(y, ). To begin with consider the process

e Y;
T.(y,9) = n 1/22[90+90(9'Yi—1)_1]1(19,Yi_1§y)7 y >0, 9 eRP.

=1

Note that T, (y,0) = V,.(y, dp). We have the following corollary.

Corollary 2.1 Assume that the model (1.1), (1.2), and Hoy hold, and that the given time
series Y;,j € 7 is stationary and ergodic. In addition, suppose that the assumptions (F),
(G) and (C) hold. Then

(2.1) sup ‘Tn(y: é) — Va(y, 50)’ = op(1).

y=>0

Proof. In view of the assumption (C), it suffices to prove that for every 0 < ¢ < oo,

sup  |Toly, 0 +n"%s) — T,(y,0)| = 0,(1).

y=0,lsll<c

But this follows from Lemma 2.1 upon taking
(22) ni =[Yi/ (0o +o(0'Yi1))] -1 =& — 1,

and g(z,z) = z in there, because, in this case 7; is independent of F;_; for every i € Z, and
E{g(Yi1,m)|Fior} = E(n;) =0, and V. (y, s) = T(y, 0 +n'2s).

Next, we state a weak convergence result for
Vn(y7 60) - n_1/2 Z niI(elYi—l S y)7
i=1
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where 7;’s are as in (2.2). By the classical CLT, V,(c0,8) = n~ V23" mi = O,(1).
Recall G is the d.f. of Y. Let n be a copy of n; and o? = Var(n). Under H,,

(2.3)  Cov(Vu(y, %), Va(z,00)) = 0’G(y A z) = Cov(B(cG(y)), B(cG(z)), y,z>0,

where B is the standard Brownian motion on [0, 00). The following lemma proves the weak
convergence of the V,(-,dp) to the time transformed Brownian motion B(cG). Its proof

appears in the last section.

Lemma 2.2 Suppose (1.1), (1.2), Ho, (G) hold. Then

(2.4) Vo(+,00) =p 0B oG in DI[0, 00| and uniform metric.

~

Next, consider V,(+,d). To simplify the exposition, we let
h(d,y) :== 9 + p(Vy), 0= (99,9) €0, yeRP.

Note that i(d,y) := Oh(d,y)/88 = (1,4/¢(9y). To state the main result about V,(-,9) we

need to define

(2.5) V(y,8) = E{

h(é, Yo)
h(6,Yo)

Condition (y) implies that E||h(d, Yo)||> < co. This and the fact that inf, h(dy,y) > 6y > 0
imply that

1(9Y, < y)}, 5= (W, 0) €0,y >0.

sup vy, 80)|| < E{[1A (50, Yo)l/h (30, Yo)} < 0.
y=

We have the following theorem.
Theorem 2.1 Suppose (1.1), (1.2), Ho, (F), (G), (¢) and (C) hold. Then
Vn<y7 5) = Vn(ya 50) - n1/2<8 - 50>/V(y> 50) + up(l)

Proof. Recall that n; = [Y;/h(d, Y;_1)] — 1. Consider the following decomposition.

~

(2.6) V,.(y,0)

Y [ﬁ . 1]I<é’YH < y)

i=1
. B n 1 1 N
= Tu(y,0) +n "2 ;nih((SO,Yi—l) [h(g, Yi 1) - h(5o,Y¢1)} [<9 Yior s y)

+n_1/QZh(5o,Yi—1)[h<8 Y. — h((So,Yi_l)]I<é/Yi_l < y)



We shall now analyze the remaining two terms R, and S,. Let A := n/2(§ — &), and
Eni = h(0,Yi_1) — h(d0, Yi1) — (6 = 8o) (80, Y,—1), 1< i <.
By conditions (), (C) and Ergodic Theorem, ;' < oo, and

.) w6l = oD 7 max [Yiap0'Yin)] = oy(D),

1<i<n

1<i<n

1 1
max |

1<i<n ' (5, Y1) (%, Yi1)

n~ Y2 max ||h(d, Yio1)|| < n’l/z{l+1r£1ia<>;HYif1sb(9'Yi71)H} = 0,(1),

0o * max [B(8, Yi1) = h(8, Y1)l

< 05| max |6l + A0 "2 max |1, Yio)|

= 0,(1),
T IYiag0' i) = EYoep(8'Yo)| + o,(1).
i=1
Now consider the ]A%n term. Rewrite
. n 1 .
2.8) —R, = n /2 — £ 00Y, 1 <
(28) —Ru(y) Y GEE)

1 1
+A'n~t R —
Z |:h(5, Yi—l) h<507Y—1

+A'n 1ZhE :({ ;<0Y21<y>

= Rnl(y) + A’ RnQ(y) + A,RHB(y)y say.

i v (v <)

Then by (C) and because 6 > 0, for sufficiently large n, P(20, > 6y) — 1. This fact and
¢ > 0 imply that on the event A := {6y > 6,/2}, miny<;<,h(d,Y;_1) > 27'6,. Hence, in
view of (2.7), we obtain that on the event A,

(29) sup R ()] < 26502 mase |6l = 0,(1)

y=>0
Similarly, by (2.7),

. 1 1 -

2.10) sup|R, < ma — nt 14| Y;10(0Y,—

210) suplfual) < s | it S Vel
= op(l).

Upon combining (2.8), (2.9), (2.10) with (3.4) of Section 3 below, we obtain

A

(2.11) R (y) = —n'2(5 — 6)'v(y, 0o) + u,(1).
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Next, consider the term S,. Rewrite

n

_S,n(y) — U2 Z #fnﬂ(é/Yi—l < y)

5, Y, 1)
_Z 1 ]T}h((s Y. )[<é/Y <y)
5YZ D R0, Y e T i1 <
L~ h(60, Yiy)
FAS Z Y (9Yl1<y>

= Snl (y) + A Sn2 (y) + A/SnB (9)7 say.

Because Elno| < oo, n71 31" | |n;] = Op(1), and by (2.7), on A,

sglg ‘gnl(y | < 20, 1n1/2 max |§m|n Z 17:] = 0p(1).
y=z =1

An argument similar to the one used to prove (2.10) yields sup,- 1Sna(y)| = 0,(1). Upon
combining these facts with (3.5) below we obtain sup, 15, ()| = 0,(1). This fact together
with (2.11), (2.6) and (2.1) completes the proof of the theorem.

2.2 Asymptotically distribution free tests

A consequence of Theorem 2.1 is that the asymptotic null distribution of the process V,, (-, 3)
depends on the null model and estimator, and hence in general is unknown. We shall now
describe a transformation of this process which will yield a process with known asymptotic
null distribution. This transformation is an analog of the one in Stute, Thies and Zhu (1998),
Koul and Stute (1999) and Stute and Zhu (2002).

Let Gy denote the d.f. of ¥'Y,. Note that Gy = G. Recall that h(dg,y) := by + @ (0'y),
h(bo,y) = (1,y’gb(9/y))/ and v(y, 0) given at (2.5). Let &(z) = E(Yo|?9Yo =z), 2 > 0 and

L h((S YO / — ; !

Then E{Yop(?Y0)|?Yo=12)} = &s(x)p(x), and

Uy, 8) — E(%)I(&’Yi_lgy)_ / M 0)dGo ()

Define

Az, 5) = / o, )0y, OV dC(y).



Assume
(2.12) A(x,dp) is positive definite for all 0 < z < co.

Write A5 !(z) for (A(x,d))~ . Define, for y >0, § € O,

Jo(y,8) = /Oyu(z,d)’Agl(z) /OO v(s,0)dVn(s,0)dGy(z),
Wiy, 6) = Va(y,6) — July,0).

We note here that by arguing as in Khmaladze and Koul (2009), one can verify that the
transformation W, (-, &) is well defined even when (2.12) does not hold.
Next, suppose Hy holds. Then clearly, EW,,(y, dp) = 0, and more importantly,

(213) COV <Wn(y17 50)7 Wn(y27 50)) = O—QG(yl A y?)a Y1, Y2 2 O

The proof of this claim appears in the last section. In fact, arguing as in say Koul and Stute
(1999) and using Lemma 2.4, one can show that W, (-, d) converges weakly to 62B o G, in
DJ0, 00) and uniform metric. However, this result is of little use from the practical point of
view, since this process depends on the unknown parameters 6y, # and G. We need the analog
of the above process when all parameters are estimated. The needed estimated entities are
defined below.

Analogous to the regression set up of Stute and Zhu (2002), an estimate of & here can be
taken to be a kernel estimator. Because here observations are nonnegative, it is desirable to
take kernels that are supported on [0,00). One such example is that of the inverse gamma
kernel of Mnatsakanov and Sarkisian (2012) defined as

1
e ep{—()), a>0,y>0,u>0.
u

ol = ra

The corresponding estimator of & then is

. P Koy, 0Y, )Y,
gn(y) = lel (y _ 1) 7
Zi:1 Ka<ya 9/Y1¥1>

Now we are ready to define estimates of the other entities needed in the transformation. Let

> 0.

211)  Guly) = > 1OV <y, L) ::m@(y;@(y))’

vn(y) = /< Ly (2)dG(z), An(y) == /OO v (2)1,(2)dG(2),

Jo(y) = /Oy vn(2) A (2) /OO Vn(8)dV,(s,0)dG (),

) — Ju(y), y > 0.
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Again, using the arguments similar to those used in Koul and Stute (1999) or Khmaladze
and Koul (2004, 2009) and the tightness of the process V,(+,0) proved in Lemma 2.4 here,
we can prove that Wn(y,gn) —p 02B o G, in D|0,00) and uniform metric. Consequently,
tests based on continuous functionals of the process Wn (v, Sn), y > 0 will be asymptotically
distribution free. In particular, the test that rejects Hy whenever
6,1 sup ]Wn(y, 0)| > bs

n
0<y<oo

is of the asymptotic size a, where b, be such that P(supy<,;<; |B(t)| > b.) = a and

Y, 2
62 :=n"" ( ~ ~ - 1) .
= Mo+ 9(0'Y1)

A computational formula for the above process is as follows. Let X;,_; = o' Y, 1,7 =
{Y;/[é() + @(Xz—l)]} — 1. Then

Tu(y) = 072> (X)) AN X ) (X)) (X1 < X Ay),
=1 ‘
Waly) = n™'/? Zﬁj{f(Xj—1 <)
j=1
—n! Z Un(Xjo1) AN (X ) (X)) T (X2 < X A y)}
i=1

As an example consider the problem of fitting an autoregressive conditional duration
(ACD(p,0)) model given by

Y, = ¥(Y_1,00)e, Y(Yi_1,00) = 0+ (0'Yi_1),
0(0'Yi—1) = 601Yi1 +0Y, o+ +0,Y,,

where {e;} is a sequence of iid non-negative r.v.’s with unit mean and finite variance. The
resulting sequence {Y;} defined by the above ACD(p,0) is a p* order Markov sequence,
which is weakly stationary if 6; + 65 + --- + 0, < 1. The unconditional mean is given by
E(Y;) =6o/[1 — 6, — 02 — ... — 6,], which requires 6, to be positive.

In general the rv ¢; could follow any continuous distribution on the non-negative sup-
port with required moment conditions. If, for example, we assume that ¢; follows a unit

exponential distribution, then the conditional pdf of Y;, given Y;_; is

1
i Yi_ = —e—yi/Tﬁ(Yi—h%)‘
Sl ) = S50



One can use likelihood based on this density to estimate 0.

In this example p(z) = x and the condition (¢) is a priori satisfied with ¢ = 1. Thus the
above testing procedure is applicable for fitting ACD(p, 0) model to the given time series.
Similarly it is also applicable to fit an ARCH(p) model given by

Xi = 0; Cia 0-12 :90+91X22_1+92X12_2—|——|—QPX2

i—p?

where {(;} is a sequence of iid symmetric rvs with mean zero and finite variance. If we
define Y; = X? and (? = ¢; and 0? = ¢; then the ARCH(p) model becomes an ACD(p,0)
model. Hence the conditions for stationarity and other distributional properties will follow
similarly. In particular if we assume standard normal distribution for ¢; then Y; becomes an
ACD model with Chi-square-1 innovations.

3 Proofs

This section contains the proof of Lemma 2.1, which is facilitated by the following preliminary
result. Let v be a measurable function from [0,00)? x R to R, n; := [g;/¢(0'Y,;_1)] —1,i € Z,
and define, for y € RT, s € R, b € R,

Ho(y,s,b) :=n"" Z YY1, ) I((0 +n728) Y < y+bn 2 Y,]),

i=1

Hu(y) =0 (Y, m)I(0Yin <y), H(y) = Ev(Yo,m)I(¢'Yo < ).
=1

We are now ready to state the first preliminary result.

Lemma 3.1 Let {Y;,i € Z} be a stationary and ergodic time series satisfying E||Yo|* < oo,
(1.1), (1.2), and having continuous stationary distribution. Let v be a non-negative function

on [0,00)? x R satisfying Ev(Yo,m1) < 0o. Then, for every 0 < ¢ < 0o,b € R,

(3.) sup  [Hy.5.5) — H(y)| = 0,(0).

y=0,sll<c

Proof. By using a Glivenko-Cantelli type argument where [0, 0o] is totally bounded by the
nondecreasing bounded function H(y), and by the Ergodic Theorem,

(3.2) sup [Hy(y) — H(y)| = o(1), as.
y=0

Stationarity and the assumption E||Yp||? < oo imply

(3.3) max 72| Y; || = 0,(1).

1<i<n
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Thus for every ¢ > 0 there is an N, such that P(A,) > 1 — ¢, for all n > N,, where
A, = {max;<ic, nY2||Yi 1| < €}. But, on A, for all ||s|| <¢, bR,

H,(y — (c+b)e) < Hn(y,s,b) < Hy(y+ (c+b)e), Vy>0.

The claim (3.1) follows from these inequalities, (3.2), and the continuity of the stationary
distribution, thereby completing the proof of the lemma.
Next, consider, for y > 0,

. = A0, Y1) /- . 1~ A6, Yii1 -
Rn3(’y) =N 1 Z lzgé‘E—Yv-SI<0,Yi_l S ’y), Sn3(y) = E anﬁl{ele_l S y}
i=1 v i=1 » T

We have

Corollary 3.1 Under the assumptions of Theorem 2.1,

(3.4) sup || Rus(y) — v(y, 8)|| = 0,(1).
y=>0
(35) sup [18,(v) | = 0,(1).
y=>0
Proof. Proof of (3.4). Let
1 o(0'Y1)
0o, Y,_ = — (00, Y, )i =Y, _~———~ =1,---
TO( 0, Li 1) h((SOaYi—l)’ TJ( 0, L4 1) i ]h((SO,Yi—l)’ J ’ » Dy
irj(y7 8) = n_l Z Tj(507 Yl—l)l{(e + n_l/zs)/Yi—l S y}7 j = 07 17 Y 2
i=1
T(ya 8) = (TO(ya S)le(y7 S)v"' an(ya S))/a ) Z O, s € @1-

Then with s = n'/2(6 — 0), Rus(y) = T(y, s). Thus, in view of the assumption (C), to prove
(3.4), it suffices to show that for every 0 < ¢ < o0,

(3.6) sup ||T(y, s) —v(y, 5O)H = 0,(1).

y20,|lsl|<c

But note that the jth coordinates of T'(y, s) and v(y, dy) are like the H(y, s,0) and H(y) of
Lemma 3.1 with y =7, j =0,--- ,p, respectively. Thus (3.6) follows from Lemma 3.1 upon

writing r; = r;r —r; and applying that lemma with 7 = T;t for each 7 =0,--- ,p.

Proof of (3.5). Follows similarly from Lemma 3.1 upon applying it with the gamma
functions yo(z, 2) = z/h(do, ), v;(z, 2) := ((0'x)/h(do,x)) zx;, j = 1,--- ,p. In this case
the corresponding H functions are as follows.

/ 1 /
Ho(Q) = E’YO(YOa 771)1{9 Yo < y} = E<_h(5o—Yo) [{9 Yo < y}) E(m) =0,
$(0'Yo) ,
H.; =F 1Y [{0Y, < =0,
](y) h((;(),Y())Th 0 { 0= y}
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because of the independence of 7; and Y, and because En; = 0. This completes the proof
of the corollary.

Proof of Lemma 2.1. We will follow the structure of the proof of uniform Glivenko-
Cantelli theorems in van der Vaart and Wellner (1997) (VW). Accordingly, let &;,i € Z be
an independent copy of the errors n;,7 € Z and (,(;,7 € Z, be i.i.d. r.v.’s, independent of
Yi,mi,i € Z, with P(( = 1) = P((; = —1) = 1/2. For any r.v. Z, let P; (E;) denote the
conditional probability distribution (expectation) of Z, given all other r.v.’s. Then

E, sup |Vu(y,s) — Vi(y,0)]

y=0,||s||<c

= sup
y>0 lIsll<c

\/_Z{ Yio1,m) — Ec{g(Yio1, &) Fic1}]

XUI((O+n2s)Yi1 <y)—1(0'Y, 1 < y)]}‘

< EnES{ sup %Z[Q(Yi—hm)—Q(Yz‘—l,&)]

y=0,sll<c

\/ﬁ
% Z Glo(Yiz1,m) —g(Yii1,&)]

x[1((0+ i)’Yi,l <y)—I10Y;; < y)]“}"o}

= EC E’77 Eg { sup

y=0,[|sll<c

<0+ )Y )~ 1010 < |7}

% Z Cig(Yz'—h Th')
i=1

< [I((0 + %)’Yi_1 <y)—I(0Y,_, < y)]‘}.

< 2E:E, { sup

y=0,|Isll<c

Now note that the process

Wi(y,s) : \/— ZQ i—1, M) [L((0 + %),Yi—l <y)—I(0Y;1 <y)]

is a Rademacher process X indexed by the functions

1 S
= —F Yi—aij 9 _Yi— < —]QlYi_ < ,‘:1,..., .
f= S0+ S Y <9) — I0Y i <)) i n
We shall follow the proof of 2.4.3 in VW.
Accordingly, let P, be the empirical measure based on (Y;_1,7;),i = 1,...,n. For any

€ >0, let G be an e-net in L, (F,) over
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Fo= {5 fGm =genll(@+ 7= <9) 10 <)

s [0,00)5 € R,y >0, 5] < c}.

Then
1 n
sup  [W(y,s)| =sup|—= ) Gf(Yi-1,m)|-
y>0,|s]|<c feF \/ﬁ;
Moreover,
EzS sup CZ z 1 nz < E6 SUP ’ Cz z 1 771) + €.
feF \/_ Z Vn & Z

Using a maximal inequality with the appropriate Orlicz norm for e** —1 taken over Clyo 5 G

with the rest of variables fixed and using Hoeffding’s inequality for the Rademacher process
as on pages 123-124 in VW, we bound the above expectation further by

1/2
C(l—i—lOgN(QF,Ll( 1/2SUP< Zf i— 17771) + €,
feg

where {y > 0,||s|| < ¢} is a VC class, so the cardinality of G is N (e, F, Li(P,)) < Cye~ (V1)
with a finite VC dimension V' > 1. The last supremum above can be further bounded from
the above by

(157 w)

feg
B ( ) [0+ =) Yia S ) = 10X < yﬂ
y20loli<e ’ Vvn - -
1 . 2 S / /
S Ym0+ =YYy <)~ 1Yo < y>|)
y>0,s ||<c( 2; vn
] & s /
< sup (— (Y 1,m)1(0Y;_1 is between y, y — Y,_ ))
420, sl1<e nzl ' ' N

cl|Yi || cl| Yi4|| )
< su 2 Y ,n)I0Y;, 1€ly——F———y+ ——-—
B yzlg ( i=1 7 ) 1€l vn Y vn )

= 0,(1).

The last claim follows from Lemma 3.1 because the process in the last but one bound equals
H,(y,0,¢) — Hu(y, 0, —c) of Lemma 3.1 with v = g%

Proof of Lemma 2.2. Apply the CLT for martingales (Hall and Heyde: 1980, Corollary
3.1) to show that the fidis tend to the right limit.

13



The proof of tightness is given in the following two lemmas, where 0? = En?. Since ¢ is
fixed, we shall write V,(y) for V,(y, dp) in this proof. Let Z; := 6'Y,;_1, and 7,7 € Z be an
independent copy of 7;. Let

—n_l/QZm i1 <z2), z>0.

Recall the definition of G,, from (2.14). Upon taking v = 1,0 =0,s = 0 in (3.1), we see
that H,(y,0,0) = G,(y), H(y) = G(y). Hence from (3.1), we obtain

(3.7) limsup |G,(2) — G(2)] =0, a.s.
Let Rt :=[0,00], p(y,2) =|G(y) — G(2)],y,2z € RT, and, for f: RT — R,

Iflls= suwp  [f(y) = f(2)]-

y,2€RY:p(y,2) <0

We are now ready to state an inequality useful in proving the tightness of V,,.

Lemma 3.2 (Symmetrization Lemma): Fore,v,d > 0 fived with € < v and § < €2/30?,

P([Valls > ) < (1= 300" /€))7 P(|[V, = Vlls > v — €) + P(sup sup |Gi(2) — G(2)] > 9).

k>n zeRt
Proof: Let Py and E,, denote the conditional probability measure and expectation, respec-

tively, given n;, Z;,i € Z. Let p,(y,2) = |G,(y) — G.(2)|, and

Ba(riy2) i= [Valy) = Va(@) > 9], Ba(r.0) = [IVulls > 1.
Note
Bn(’% 5) = Uy,z€R+:p(y,z)<6Bn(’y; Y, Z)'
For fixed y, z € R™ with p(y, z) < 4,

Bu(iy,2) 0 [IVa = Vills > 7 = €] 2 Balrig2) 0 [Valy) = Vi)l < e].

Since By (Vi(y) — V)(2)) = 0 and Ey(Vi(y) — Vo(2))?) = 0®pa(y, ), Chebyshev's inequality
gives Py (|V,(y) — Vi(2)| <€) > 1—02p,(y,z)/€*. Then

(B9, 2) Py (IVa = Vills > v =€) = 1(Bu(riy2) Py (IValy) = Va2l < )

>
> 1(Ba(v::2) (1= 0®puly, 2)/€%).

Let
4(8) = Uz sup |Gi(2) = G(2)] > 4.

z€R+

14



Using the triangle inequality, on A¢(0), pr(y, 2) < 26+ p(y, 2z) for all k > n, y, 2 € RT. Then
for y, z € RT with p(y, z) < 4,

1(B,(7:9.2) N 450) Py (Ve = Vills > 7 =)

> I(Bu(v:9,2) N AL(0)) (1 = 0*pn(y, 2)/€)
> I(Bu(7;y,2) NAS(8)) (1 —30°/€%).

This, in turn, gives

1(Bu(3,0) 1 AL0) (1= 30°6/¢%) < 1(Ba(3.0) N A 0) Py IV = Vills > 7 — €l F)

< Py(IVa=Vills > 7 —¢)
and
I(Bu(v,0)) < I(Bu(v,0) N A5(0)) + I(Au(9))
< (1-30%/&)"'p, (||vn —Vills >~ - e) + ](An(5)>.

Now take the expectation to obtain
P(IValls > 7) < (1 =300 /)T P(|[V = Vills > v — €) + P(A4(9)).

From the above inequality it thus suffices to prove the tightness of the given process when

71; are symmetric around zero, which is done in the next lemma.

Lemma 3.3 Suppose n is symmetrically distributed around 0 and En? < co. Then for any

fized 8y the process V, (-, &) is sub-Gaussian with the semi-metric d(y, z) = (02p(y, 2))"/?

7y7z e
[0, 00], that is, for any y,z,x > 0,
2

T
(3.8) hmnsupP(\Vn(z, d0) — Valy, do)| > x) < 2exp ( 2y, z))

Proof. Without the loss of generality assume y < z. As before, let Z; 1 := 6'Y;_;. Recall
Zi_1,1 > 11is a stationary process and G denotes the d.f. of Z,.

Let ¢,(,i =1,---, Pr and E; be as in the proof of Lemma 2.1. Then by the assumed
symmetry of {n;}, n; = (;|mi|,7 > 1, in distribution. Then, by the Hoeffding (1964) inequality,
Vr>0,Vn2>1,

PC{|Vn(z,5O) V(Y 80)| > :13} - PC{) ig’\%(z(y <7, < z)‘ > x}

2 exp ( — 2% /2d%(y, Z)),

IN

where

1 n
d2(y, 2) = " ZU?I(Z/ < Zi1<2).
i=1

15



Note that because of the independence of n; and Y,;_y, Fd?(y,z) = 0?p(y, z), and by (3.7),
d*(y,z) — d*(y, 2), a.s., from which the lemma follows.

Proof of Lemma 2.2 contd. Use Corollary 2.2.8 of VW and its proof together with (3.8)
to obtain that for every » > 0 and all sufficiently large n,

E sup [Va(200) — Va(y, 00)| < Kv/20? / /D, d)dr,
0

d(y,z)<r

where D(7,d) = 20?%/7? is the maximal packing number of (RT,d), which is the maximal
number of 7-separated points; K is an absolute constant. Straightforward algebra shows
that V202 Jy V/InD(r, d)dr = o* jﬁ?zﬂ/ﬂ) Ve ?dv. Then, by the Markov inequality, for
any v > 0,

P{ sup aleido) = Vil b >} <Koyt [ e
d(y,z)<r In(202/72)

Since the integral is bounded by T'(3/2) then for any v > 0 and v; > 0 with vy, > Ko?T'(3/2)

and for every r > 0 and all sufficiently large n,

P{ sup |Vn<z750) - Vn(ya60>| > 7} S 1,

d(y,z)<r

thereby completing the proof of the tightness of the process V,(-,dy) when 7; are symmetric
around zero. This fact together with Lemma 3.2 in turn proves the tightness of this process

for general 7;’s. This in turn completes the proof of Lemma 2.2.

Proof of (2.13). Recall §y = (6p,0') and G is the d.f. of #"Y,. Fix 0 < y; < y2 < 0o. Note
that E.J,(y,dp) = 0 and by (2.3),

Cov (Waly1, 00), Wa(y2,00) ) = 0*Glyr Aya) = EVa(yr, 80) (2, 60)
—EVn (Y2, 00)Jn (Y2, 0) + EJn(y1,00) Jn (2, do)-

Observe that
J y,50 =N 1/227’]1/ vz, (S() A ( )I/(QIYi_l,(S())I(e,Yi_1 Z Z)dG(Z)

Fix 0 < y; < ys < o0. Then, by the Fubini Theorem,

EJn(yh 5O)Jn(y27 50)
Y1
— o / v(s,50) A3 ()8 Yo, 50)T(0'Y s > )dG(s)
0

X /0y2 v(0'Y0,00) 1(0'Yo > 2) Ay (2)v(z, 50)dG(z)}
_ /O " (s 80) AT (s) /0 A2V 5, 00) A7 (2)0(=, 0)dG(2)dC(s)
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202 /0 " / "z 80) AT ()5, 8,)AC(2)dC(5)
—1—02/0 v(s,dp) A s) /:2 v(z,00)dG(z) dG(s).

Similarly,

Evn(yla 50>Jn(y27 50)
Y2
= 02/ EI(0"Yo < y1)v(0'Yo,00) 1(6"Yo > s) Ay (s)v(s, 60)dG(s)
0

= o2 /Oyl /yl v(z,00) Ay (s)v(s, 80)dG(2)dG(s),
EV,(y2,00)Jn(y1, do)

_ 4 / B0 0, 80 (0 Yo > 5,0Y o < y2) A5 (s)0(s, 50)dG(s)

0
_ 2 /0 ! / "z, 80) A5 (5)0(s, 80)dG(2)dCH(s)
+0? /Oy1 /yz v(z,00) Ay (s)v(s, 80)dG(2)dG(s).
v
From the above derivations one readily sees that

EVn(yla G)Jn(y% 0) + EVn(yQa Q)Jn(yla 0) = EJn(yh 9>Jn<y2a 0),

thereby completing the proof of (2.13).
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