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Abstract

We develop analogs of the two classes of weighted empirical m.d. estimators of the
underlying parameters in linear and nonlinear regression models when covariates are
observed with Berkson measurement error. One class is based on the integral of the
square of symmetrized weighted empirical of residuals while the other is based on a
similar integral involving a weighted empirical of residual ranks. The former class
requires the regression and measurement errors to be symmetric around zero while
the latter class does not need any such assumption. In the case of linear model, no
knowledge of the measurement error distribution is required while for the non-linear
models we need to assume that such distribution is known. The first class of estimators
includes the analogs of the least absolute deviation and Hodges-Lehmann estimators
while the second class includes an estimator that is asymptotically more efficient than
these two estimators at some error distributions when there is no measurement error.

1 Introduction

Statistical literature is replete with the various minimum distance estimation methods in
the one and two sample location parameter models. Beran (1977, 1978) and Donoho and
Liu (1988a,b) argue that the minimum distance estimators based on Ly distances involving
either density estimators or residual empirical distribution functions have some desirable
finite sample properties, tend to be robust against some contaminated models and are also
asymptotically efficient at some models.

In the classical regression models without measurement error in the covariates, classes
of minimum distance estimators of the underlying parameters based on Cramér - von Mises
type distances between certain weighted residual empirical processes were developed in Koul
(1979, 1985a.,b, 1996). These classes include some estimators that are robust against outliers
in the regression errors and asymptotically efficient at some error distributions.

In practice there are numerous situations when covariates are not observable. Instead
one observes their surrogate with some error. The regression models with such covariates
are known as the measurement error regression models. Fuller (1987), Cheng and Van
Ness (1999) and Carroll et al. (2006) discuss numerous examples of the measurement error
regression models of practical importance.

Given the desirable properties of the above minimum distance (m.d.) estimators and
the importance of the measurement error regression models, it is desirable to develop their
analogs for these models. The next section describes the m.d. estimators of interest and
their asymptotic distributions in the classical linear regression model. Their analogs for
the linear regression Berkson measurement error (ME) model are developed in Section 3.
The two classes of m.d. estimators are developed. One assumes the symmetry of the errors
distributions and then basis the m.d. estimators on the symmetrized weighted empirical of



the residuals. This class includes an analog of the Hodges-Lehmann estimator of the one
sample location parameter and the least absolute deviation (LAD) estimator. The second
class is based on a weighted empirical of residual ranks. This class of estimators does not
need the symmetry of the errors distributions. This class includes an estimator that is
asymptotically more efficient than the analog of Hodges-Lehmann and LAD estimators at
some error distributions. Neither classes need the knowledge of the measurement error or
regression error distributions.

Section 4 discusses analogs of these estimators in the nonlinear Berkson measurement
error regression models, where now the knowledge of the measurement error distribution is
needed. Again, the estimators based on residual ranks do neither need the symmetry nor the
knowledge of the regression error distribution. Some proofs are deferred to the last Section.

2 Linear regression model

In this section we recall the definition of the m.d. estimators of interest here in the no

measurement error linear regression model and their known asymptotic normality results.
Accordingly, consider the linear regression model where for some 6 € RP, the response

variable Y and the p dimensional observable predicting covariate vector X obey the relation

(2.1) Y = X'0+¢, ¢ independent of X and symmetrically distributed around 0.

For an z € R, 2/ and ||z|| denote its transpose and Euclidean norm, respectively. Let
(X;,Y:),1 <i<n bearandom sample from this model. The two classes of m.d. estimators
of # based on weighted empirical processes of the residuals and residual ranks were developed
in Koul (1979, 1985a,b, 1996). To describe these estimators, let G be a nondecreasing right
continuous function from R to R having left limits and define

V(z,9) = n_I/QZXi{](Y; — X[ <z)—I(-Y;+ X9 <x)},
=1

M) = /”V(m,ﬁ)HQdG(x), 0 = argminep, M (¥).

This class of estimators, one for each G, includes some well celebrated estimators. For
example 0 corresponding to G(z) = z yields an analog of the one sample location parameter
Hodges-Lehmann estimator in the linear regression model. Similarly, G(z) = do(z), the
degenerate measure at zero, makes 0 equal to the least absolute deviation (LAD) estimator.

Another class of estimators when the error distribution is not symmetric and unknown
is obtained by using the weighted empirical of the residual ranks defined as follows. Write
Xi = (Xz‘l,XZ‘Q, cet 7Xip)/a 1= 1, s, M. Let Xj = n’l Z?:l Xija and X = (Xh ce ,Xp)/.
Let R;y denote the rank of the ith residual Y; — X among Y; — X0, j = 1,--- ,n. Let ¥
be a distribution function on [0, 1] and define

n

V(u, ) = n"1? Z (Xi — X)I(Rip < nu), K(9) := /0 |V (u, 9)|IPd¥ (u),

Or = argming g, K (19).



Yet another m.d. estimator, when error distribution is unknown and not symmetric, is
Ve(z,9) = n_l/zz(Xz‘—X) (Y, — X9 <x), M /HV:UI?H dx,

0, = argming.p, M (V).

If one reduces the model (2.1) to the two sample location model, then 0, is the median of
pairwise differences, the so called Hodges-Lehmann estimator of the two sample location
parameter. Thus in general 0, is an analog of this estimator in the linear regression model.

The following asymptotic normality results can be deduced from Koul (1996) and Koul
(2002, Sec. 5.4).

Lemma 2.1 Suppose the model (2.1) holds and E||X|]* < co.

(a). In addition, suppose Xx := E(X X') is positive definite and the error d.f. F is symmetric
around zero and has density f. Further, suppose the following hold.

(2.2) G is a nondecreasing right continuous function on R to R,
dG(x) = —dG(—z), Vx € R.

(2.3) 0</f]dG<oo llm/fjx+z )dG (x /fJ )dG(z), j=1,2.
/(1—F)dG<oo.
0

Then n'/?(0 — 0) —p N(0,02%%"), where

o o Vo J@)IG )
(f 12dG)’
(b). In addition, suppose the error d.f. F' has uniformly continuous bounded density f,

Q= E{(X — EX)(X — EX)'} is positive definite and V is a d.f. on [0,1]. Then
n'2(0r — 0) —p N(0,72Q271), where

s Var( F@f(F*( Da(s))
(Jy PFE1()d¥(s))”

(¢). In addition, suppose Q is positive definite, F' has square integrable density f and Ele| <
0o. Then n'/*(f, — 0) —p N(0,07Q7"), where
1
0% = 5.
12( [ f2(x)dx)
Before proceeding further we now describe some comparison of the above asymptotic

variances. Let 0% ., and o074y denote the factors of the asymptotic covariance matrices of
the LAD and the least squares estimators, respectively. That is

LAD 4f2( ) O-IQJSE' = Var<€>‘



Let 77 denote the v when W(s) = s. Then

o _ LIy — F@FP@)] P @)y
' (S () da)’

Table 1 below, obtained from Koul (1992, 2002), gives the values of these factors for
some distributions F. From this table one sees that the estimator 6z corresponding to
U(s) = s is asymptotically more efficient than the LAD at logistic error distribution while
it is asymptotically more efficient than the Hodges-Lehmann type estimator at the double
exponential and Cauchy error distributions. For these reasons it is desirable to develop
analogs of A also for the ME models.

Table 1
F R0 i 0tap  Oisp
Double Exp. 1.2 1.333 1 2
Logistic 3.0357 3 4 3.2899
Normal 1.0946 1.0472 1.5708 1
Cauchy 2.5739 3.2899  2.46 00

As argued in Koul (Ch. 5, 2002), the m.d. estimators fc, when G is a d.f., are robust
against heavy tails in the error distribution in the general linear regression model. The
estimator 91, where G(x) = z, not a d.f., is robust against heavy tails and also asymptotically
efficient at the logistic errors.

3 Berkson ME linear regression model

In this section we shall develop analogs of the above estimators in the Berkson ME linear
regression model, where the response variable Y obeys the relation (2.1) and where, instead
of observing X, one observes a surrogate Z obeying the relation

(3.1) X=Z+n.

In (3.1), Z,n,e are assumed to be mutually independent and E(n) = 0. Note that 7 is p x 1
vector of errors and its distribution need not be known.

Analog of 6. We shall first develop and derive the asymptotic distribution of analogs
of the estimators § in the model (2.1) and (3.1). Rewrite the Berkson ME linear regression
model (2.1) and (3.1) as

(3.2) Y =20+¢, E:=n0+e¢, 360 € R.

Because Z, 7, e are mutually independent, £ is independent of Z in (3.2).

Let H denote the distribution functions (d.f.) of 1. Assume that the regression error
d.f. F' is continuous and symmetric around zero and that the measurement error is also
symmetrically distributed around zero, i.e., —dH (v) = dH(—v), for all v € RP. Then the
d.f. of £ is

L(z) =P <z)=Pn0+ec<uz)= /F(x —v'0)dH (v)
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is also continuous and symmetric around zero. To see the symmetry, note that by the
symmetry of F' and a change of variable from v to —u and using dH(—u) = —dH (u), for all
u € RP, we obtain

L(—z) = /F(—x—v’@)dH(v) =1 —/F(x+v’9)dH(v) =1 —/F(x—u’G)dH(u)
= 1— L(z), VreR.

This symmetry in turn motivates the following definition of the class of m.d. estimators
of 0 in the model (3.2), which mimics the definition of 6 by simply replacing X; by Z;. Define

V(z,t) =n"2>"Z{I(Y; — Zt <x) = I(-Y; + Zjt < x)},
=1

—~

M(t) = / ||‘7(:U,t)||2dG(x), g = argmin,cp, M (1).

Because L is continuous and symmetric around zero and € is independent of 7, E‘N/(:r, 0) = 0.
To describe the asymptotic normality of 6, we make the following assumptions.

(3.3)  E|Z||* <occand I' := EZZ' is positive definite.

(3.4) H satisfies dH (v) = —dH(—v), Vv € RP.

(3.5) F has Lebesgue density f, symmetric around zero, and such that the density
U(x) = [ f(z —v'0)dH (v) of L satisfies the following:

(a) £1£r(1] Uy + 2)dG(y) = /E(y)dG(y) <oo, 0< /EQdG < 00,

(b) Tlim / [e(y + =) — £(y)]*dG(y) = 0.

z—0

(3.6) A= /00(1 — L)dG < 0.

Under (3.3), n ' >0 | Z:Z! —, I and n™? maxj<i<, || Zi|| —, 0. Using these facts and
arguing as in Koul (1996), one deduces that under (2.2) and the above conditions,
Var( [ dG)

(3.7) n'2(0 - 0) »p N(0,72T7Y),  7&: ([ i)

Because in the no measurement error case the estimator corresponding to G(y) = y is
an analog of the Hogdes-Lehmann estimator while the one corresponding to the G(y) =
do(y)- the degenerate measure at zero, is the LAD estimator, it is of interest to investigate
some sufficient conditions that imply conditions (3.5) and (3.6) for these two important and
interesting estimators.

Consider the case G(y) = y. Assume f to be continuous and [ f*(y)dy < oo. Then
because H is a d.f., ¢ is also continuous and symmetric around zero and [{(y + z)dy =



[ £(y)dy = 1. Moreover, by the C-S inequality and Fubini’s Theorem,

o< [ewa = [(] f(y—v’G)dH(v))2dy
< //f2 — v'0)dydH (v /f2 )dz < co.

Finally, because ¢ € Lo, by Theorem 9.5 in Rudin (1974), it is shift continuous in Lo, i.e.,
(3.5)(b) holds. Hence all conditions of (3.5) are satisfied.

Next, consider (3.6). Note that E(g) = 0 and E(n) = 0 imply that [ |z|f(z)dz < oo,
[ lv||dH (v) < oo and hence

/|y|dL /|y|/f —JO)dH (v dy—//|x+v’0|f \dadH (v) <

This in turn implies (3.6) in the case G(y) = y.

To summarise, in the case G(y) = y, (3.3), (3.4), and F' having continuous symmetric
square integrable density f implies all of the above condition needed for the asymptotic
normality of the above analog of the Hodges-Lehmann estimator in the Berkson measure-
ment error model. This fact is similar to the observation made in Berkson (1950) that the
naive least square estimator, where one replace X;’s by Z;’s, continues to be consistent and
asymptotically normal under the same conditions as when there is no measurement error.
But, unlike in the no measurement error case, here the asymptotic variance

2 Var(L(€)) . 1 :
(Jewdy)  12([ ([ fly—vo)dH(v)) dy)
depends on 0. If H is degenerate at zero, i.e., if there is no measurement error, then 77 =

o2, the asymptotic variance of the Hodges—Lehman estimator of the one sample location
parameter not depending on 6.

Next, consider the case G(y) = do(y)- degenerate measure at 0. Assume f to be bounded
from the above and

(3.8) 000) = / FWO)dH(v) > 0
Then the continuity and symmetry of f implies that as z — 0,
/E(y—i—z)dG(y) _ /fz—v \dH (v —>/f —W0)dH (v) = (0),
/ [0y + 2) — ((y)]*dC(y) = /{f - '0)YdH (v ]
/ {f(z=v'0) — f(—v’&)}2dH(v) 0.
Moreover, here [*(1 — L)dG = 1 — L(0) = 1/2 so that (3.6) is also satisfied.

To summarize, in the case G(y) = do(y), (3.3), (3.4), (3.8) and f being continuous,
symmetric around zero and bounded from the above implies all the needed conditions for

IN
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the asymptotic normality of the above analog of the LAD estimator in the Berkson ME
linear regression model. Moreover, here

3

(*(0)

E(x)dG(m)) -

/ 5 U(a)dG(z) = ((0)I(€ > 0), / 2 (2)dG(z) = 2(0), Var( /

—00 —0o0
Consequently, here the asymptotic covariance matrix also depends on 6 via

1 1

2 —
o =

PO 4 f swoarw)”

Again, in the case of no measurement error, [' 172 equals the asymptotic covariance matrix
of the LAD estimator. Unlike in the case of the previous estimator, here the conditions
needed for f are a bit more stringent than those required for the asymptotic normality of
the LAD estimator when there is no measurement error.

Analog of fr. Here we shall now describe the analogs of the class of estimators Or
based on the residual ranks obtained from the model (3.2). These estimators do not need

the errors &;’s to be symmetrically distributed. Let R,y denote the rank of ¥; — Z/¥ among
Y; = ZW,j=1,---,n, and define

n

P,0) = 023 (Zi— D) (R <nw), K () ::/0 V(. 9) 24 (u),

=1

Or = argmingcp, K ().

Let Z;. := Z; — Z. Using the fact the Z,, are centered and for any real numbers a, b,
¥(max(a,b)) = max{¥(a), ¥(b)} and that max(a,b) = 27Ya + b+ |a — b|], one obtains a

computational form of K (t) given as follows.

R - 23372,

i=1 j=1

By )|

v
<n n

The following result can be deduced from Koul (1996). Assume that the density ¢ of the
r.v. £ is uniformly continuous and bounded, E||Z|* < oo, I' := E(Z — EZ)(Z — EZ)
is positive definite and fol (L7Y(s))d¥(s) > 0. Then n~Y?maxi<;<, || Z] —, 0, and

n 3" (Z; — Z)(Z; — Z)' —, I'. Moreover,

~ ~ Var( (X 0(L1(s))dW (s
(3.9) n'2(Op —60) »p NO,BTT), 7= (Ff 1(22<L<1<s>>(d)¢3<s>)(2))'

Note that density f of F' being uniformly continuous and bounded implies the same for
the density ¢(z) = [ f(z — v'0)dH(v). It is also worth pointing out the assumptions on
F,H and L needed here are relatively less stringent than those needed for the asymptotic
normality of 6.




Of special interest is the case U(s) = s. Let 77 denote the corresponding 72. Then by
the change of variable formula,
Var(fOL(g)ﬁ(L_l(s))ds) _ Vaur(fog (*(z)dx)
3 2(L=1(s))ds ([} 63(x)dx)?
J [ [L(z Ay) — L(x) L(y) | (x) 2 (y)ddy
(Jo (x)de)’

An analog of 6, here is 6, := argming g, M. (), where

’732

Vi(z,9) = n 2 Z (Zi = 2)1(Y; — Z[Y < ), M, (V) := / H‘N/c(x, 9)||*dz.

=1

Arguing as above one obtains that n'/? (5,; —6) —p N(0, T?f‘l).

4 Nonlinear regression with Berkson ME

In this section we shall investigate the analogs of the above m.d. estimators in nonlinear
regression models with Berkson ME. Accordingly, let ¢ > 1, p > 1 be known positive integers,
© C R? be a subset of the ¢-dimensional Euclidean space R? and consider the model where
the response variable Y, p-dimensional covariate X and its surrogate Z obey the relations

(4.1) Y =mp(X) +e, X =2Z+n,

for some 0 € ©. Here ¢, Z,n are assumed to be mutually independent, Fe = 0 and En = 0.
Moreover, my(x) is a known parametric function, nonlinear in z, from © x R? to R with
Elmy(X)| < oo, for all 9 € ©. Unlike in the linear case, in the absence of any other
additional information, here we need to assume that the d.f. H of n is known.

Fix a 6 for which (4.1) holds. Let vy(z) := E(my(X)|Z = 2), ¥ € RY,z € RP. Under
(4.1), E(Y|Z = z) = vy(z). Moreover, because H is known,

vy(z) = /mﬁ(z + s)dH(s)
is a known parametric regression function. Thus, under (4.1), we have the regression model
Y =w(Z)+C, E((|Z=%2) =0, Vze R

Unlike in the linear case, the error ¢ is no longer independent of Z.
To proceed further we need to assume the following. There is a vector of p functions
my(x) such that, with y(z) := [1hy(z + s)dH (s), for every 0 < b < oo,

(4.2) max n'2|vg(Z;) — ve(Zi) — (9 — 0)'09(Z;)| = 0,(1),
1<i<n,nl/2||9—0||<b
(4.3) Ellig(Z)|* < oo.



Let
L.(z):=P(<z|Z=2), zecR
Assume that
(4.4) For every z € RP, L,(-) is continuous and L.(z) =1— L,(—z), Vz € RP.

We are now ready to define analogs of 0 here. Let G be as before and define
U, 9) = n 2> 0g(Z){IYi —vs(Z) < w) = I(=Yi+vy(Zi) < 2)}
i=1
D(¥) = / |U(z,9)||dG(x), 6 := argmin, D(¥).

In the case ¢ = p and my(z) = 2/, ) agrees with 0. Thus the class of estimators é\, one
for each G, is an extension of the class of estimators 0 from the linear case to the above
nonlinear case.

Next consider the extension of A5 to the above nonlinear model (4.1). Let Sy denote the
rank of Y; — vy(Z;) among Y; —vy(Z;), j =1,--- ,n and define

Un(u,9) = S (2 {I(S S ) —u, K() ;:/0 o (1, 9) 240 (1),

-~

Or = argmingM(?).

The estimator 53 gives an analog of the estimator 0 r in_the present set up.

Our goal here is to prove the asymptotic normality of 6, . This will be done by following
the general method of Section 5.4 of Koul (2002). This method requires the two steps. In
the first step we need to show that the defining dispersions D(9)) and M(¥) are AULQ
(asymptotically uniformly locally quadratic) in 9 — 6 for ¥ € N,,(b) := {9 € ©,n'/?||9—0| <
b}, for every 0 < b < co. The second step requires to show that n1/2||§— 0] = O,(1) =
w20 — 6]

4.1 Asymptotic distribution of 0

In this subsection we shall derive the asymptotic normality of 0. To state the needed assump-
tions for achieving this goal we need some more notation. Let v, (2) 1= vyyp,-1/2,(2), Uni(2) :=
Vgyn-1/2¢(2), and 1,;(2) denote the jth coordinate of 7, (z). For any real number a, let
a* = max(0, +a) so that a = a™ — a~. Also, let

Bi(z) =1(¢; <x) — Lz (x), oz, t)=I1(¢ <x+&;)—I1(G<z)— Lz (x+&:)+ Lz (x).

Because dG(z) = —dG(—x) and U(z,9) = U(—=x, ), we have

(4.5) D) = 2 /0 U@ )|PdC) = 2D(9),  say.
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We are now ready to state our assumptions.

(4.6) /OOO <||u9 )12 (1—LZ(:C)>dG(a:) < 00

(4.7) /OOO E<||z)nt(Z) — p(Z2)|PLy(2) (1 — Lz(x))dG(x) 50, Vt€RY

(48)  sup  ||Zne(Zi) — 20(Z)|| = 0.

It]]<b,1<i<n

(4.9) Density €. of L. exists for all € R? and satisfies 0 < [ £.(2)dG(z) < o0, V = € RV,
/E 196(2) |26, (2))dG(x) < o0, j = 1,2, and /E(@QZ(JJ))dG(m) <

(4.10) For all z € RP, limyyo [~ (C.(z +u) — C.(x ))QdG(x) =

(411) T, o f_ooE(nunt( el + ) dGa) = [, E(||vnt<Z>|sz<x>>dG<x>, VieRs

(4.12) With & (2) := v (2) — v(2) ([‘ﬁgz (2P (72, L2(x + w)dG(a )du) 0,
Vt e R’z € R,

(4.13) With Ty(x) := E(09(Z)09(Z)lz(x)), the matrix Qg := [ Ty(x)T(2) dG(z)
is positive definite.

For every € > 0 there is a 6 > 0 and N, < oo such that V ||s|| < b,,

(4.14) P( sup /( 1/2i [05.(Z:) — v, (Z0)] (i, £)dG (e ))2 > e) <e,  Vn> N,

l[t—s|<5
(4.15)P< sup n~ / ||Z{I/m ) — Uns(Z:) } Bi(x || dG(z > <e Vn>N,.
[t—sl||<é
(4.16) For every € > 0, > 0 there exists N, and b = b, . such that
P(inf D@ +n"?t)>a)>1—¢, ¥Yn>N.

ll£l>b

From now onwards we shall write v and v for vy and vy, respectively.
First, we show that E(D(#)) < oo, so that by the Markov inequality, D(6) is bounded in
probability. To see this, by (4.4), EU(z,0) = 0 and, for z > 0,

BU@oP = B(|#2I{I¢ <) -1 > -0)}) =2B8(|A2)P(1 - La(x)).
By Fubini Theorem and (4.6),

(4.17)  E(D(9)) = 2E(D(0)) = 4/OOOE<HD(Z)|]2(1 — LZ(:c)>dG(x) < 00

To state the AULQ result for D, we need some more notation. With I'y(x) and Qy as in
(4.13), define

n

(4.18) W(z,0) :=n"1/? Z N Z){1(¢G < x) — Ly ()},

=1

T, := /OO Lo(2){W(2,0) + W(—2,0)}dG(z), t=-Q,'T,/2.

o0
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Note that for any function K (d), supyen:, ¢ K () = supyy<, K (0 +n~"/%t). We are ready to
state the following lemma.

Lemma 4.1 Suppose the above set up and assumptions (4.6)— (4.15) hold. Then for every
b < o0,

4.19 sup |D(0 +n~Y%t) — D(Q) — 4Tt — 4t'Qgt| —, 0.

( ) p ‘ n p
It <b

If in addition (4.16) holds, then

(4.20) Y28 — ) — ]| —, 0.

(4.21) n'2( — 0) —p N(0,471Q;150;).

Proof. The proof of (4.19) appears in the last section. The proof of the claim (4.20), which
uses (4.16), (4.17) and (4.19), is similar to that of Theorem 5.4.1 of Koul (2002).
Define

Uu(y) = /y L (2)dG(z), y€R, ucR.

—0o0

By (4.9), 0 < ¥u(y) < ¥y(o0) = [7 L, (2)dG(z) < oo, for all u € RP. Thus for each u,
¥, (y) is an increasing continuous bounded function of y and ¥, (—y) = 1, (00) — ¥, (y), for

for all u,z € RP. Let

Ca(u,v) = Cov[(pu(C) 9u())|Z = 2] = 4Cov[(¥u(C), ¥u(¢))|Z = 2],
K(u,v) = E@(Z)0(Z)Cy(u,v)), u,v € RP.

Next let pu(z) := (2)2(2)', Q denote the d.f. of Z and rewrite Ty(z) = [ u(z dQ(z).
By the Fubini Theorem,

(422) T, = /ZFH(I){W(i?U,U)+W(—x,0)}dG(x)
/ / Z pu(2){W (2,0) + W(—z,0) }.(2)dG (2)dQ(>)
//: niz) é”%){f(c} <x) = I(=¢ < @) b, (2)dQ(=)
= / W) S HZ) (=) — (0 }Q(2)

i=1

= 1/22/ ‘;Oz Cz)dQ< )

Clearly, ET,, = 0 and by the Fubini Theorem, the covariance matrix of T}, is

a2) o= pr1 = B{( [ u(zw(zmz(odcz(z))( [ ow@eaa0)'}

= [ [ oK onerdae )
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Thus T, is a p x 1 vector of independent centered finite variance r.v.’s. By the classical CLT,
T, —p N(0,%4). Hence, the minimizer ¢ of the approximating quadratic form D(8)+47,t+
4t'Qgt with respect to ¢ satisfies ¢ = —Q;'T,,/2 —p N(0,471Q,"Sp,"). The claim (4.21)
now follows from this result and (4.20).

4.2 Asymptotic distribution of gR

In this subsection we shall establish the asymptotic normality of 53. For this we need the
following additional assumptions, where U (b) := {t € R ||t|| < b}, and 0 < b < 0.

(4.24) ¢, is uniformly continuous and bounded for every z € RP.
(4.25) n Y Elin(Zi) = v(Z)|]P =0, VteU(Db).
i=1
(4.26) nT 2N o Zi) — (2| = O,(1), V€ UD).
=1

For every € > 0, there exists § > 0 and n. < oo such that for each s € U(b),

(4.27) P( sup V2N 5l Z) — e Z)| < e) >1—¢,  Vn>n.
teu( i—1

b)llt—s|<é

For every € > 0, 0 < o < o0, there exist an N, and b = b, such that

(4.28) P( nf (6 4+ %) > a) >1—¢ ¥Yn>N.
Let
b= Y U2, (L) = 0Z) ~ 7 To(u) = E(DC(Z)DC(Z)’EZ(Lgl(u))>,

Uu) :=n"? Z V(ZN{ (L2, (G) <u) —ub, Q= / To(u)Ta(u) d¥(w),

0

A~

T, = /0 To(u)U(w)d¥(u),  K(t) := /O [T (w)||*dW (u) + 2T"t + ¢'Qgt.

We need to compute the covariance matrix of fn Let
K. (V) ::/ AL (u)dVU(u), z€RP,0<v <1,
0

By (4.24), k. is a continuous increasing and bounded function on [0, 1], for all z € RP. Let
pf(z) == 0°(2)0°(2)". Argue as for (4.22) and use the fact that Y ., 7.(Z;) = 0 to obtain

7, = / / () ) (L7 (1)) () Q=)
= Y / 0 ()52 (D,(6)) Q).
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Note that the conditional distribution of Lz( ) given 7, is umform on [0,1]. Let U be such
a r.v. Define C.(s,t) := E[ry(Lz(Q)r:(Lz(()|Z = z] = E[rs(U)re(U)] and K (s, 1)
E(DC(Z)I)C(Z>/62(S, t)). Then arguing as in (4.23), we obtain

Sy = ETLT — / / ()R (2, 0)p(0) dQ(2)dO ().

We are now ready to state the following asymptotic normality result for 9, R-

Lemma 4.2 Suppose the nonlinear Berkson measurement error model (4.1) and the as-
sumptions (4.2), (4.3), (4.24)—(4.27) hold. Then the following holds.

(4.29) sup |K(0 +n~V%t) — K ()| = 0,(1).

[[£l1<b
In addition, if (4.28) holds and Qy is positive definite then n1/2(§R—0) —a N (0, Qe_ligﬁg_l).

The proof of this lemma is similar to that of Theorem 1.2 of Koul (1996), hence no details
are given here.

Remark 4.1 Because of the importance of the estimators 6 when G(z) =z, G(z) = dp(2)
and 53 when W(u) = u, it is of interest to restate the given assumptions under the Berskon
ME set up for these three estimators. Consider first 6 when G(z) = z and the following
assumptions.

(430)  E([[#2)IPE(c]|2)) < o0

(4.31) E(Hz)m(Z) —(2) ||2E(|g|\z)) 0, Vt € R,

(4.32)  Density ¢, of L, exists for all z € RP and satisfies [ (%(x)dz < oo, Vz € RP,
/ (05 (x))dx < oo, / ([[2(2))765 () dz < oc.

(4.33)  E(15u(2D)*vme(2) = v(Z)]) — 0.

In the case G(z) = x, (4.6) and (4.7) are implied by (4.30) and (4.31), while (4.32) implies
(4.9) and (4.10). Assumption (4.11) is trivially satisfied and (4.12) reduces to (4.33).

Next consider the analog of the LAD estimator, i.e., when G(z) = dy(z) and the following
assumptions.

(4.34) SUp,er L2 () < 0o, 0 < lim, o/, (u) =£,(0) < oo, Vz € RP.
(4.35) E<||1)nt(Z) - p(z>||2> 50, Vt € R
(4.36) ['y(0) is positive definite.

In this case (4.3), (4.33) and (4.34)—(4.36) together imply the assumptions (4.6)—(4.13). Not
much simplification occurs in the remaining three assumptions (4.14)—(4.16).

As far as O is concerned, there are no changes in the assumptions (4.24) to (4.27), as
they do not involve W(u).
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Remark 4.2 Polynomial regression. Let h(z) := (hi(z), -+, hy(z))" be a vector of ¢
functions from R to R such that E||h(X)||* < co. Consider the model (4.1) with p =1 and
me(z) = 0'h(x). An example of this is the polynomial regression model with Berkson ME,
where h;(z) =27, j =1,--+ ,q. Then vy(z) = ¥'y(z), where (z) := E(h(X)|Z = z). Thus
ry9(z) = v(z) and the assumptions (4.2), (4.3), (4.7), (4.8), (4.14) and (4.15) are a priori
satisfied. Argue as in the proof of Lemma 5.5.4, Koul (2002), to verify that assumption
(4.16) holds in this case. To summarize, in this example the asymptotic normality of 8 holds
if the following assumptions hold.

/E(|]7(Z)||2(1 C Ly@)dG() < oo, 0 < /eg(x)dc;(x) <00,z ERP,
/E(||7(Z)||2€]Z(x))dG($) <oo,j=12, /E(ﬁ%(m))dG(z) < 0
lim o [, E(I1(2) 2202 + ) )dG(z) = [ E(I11(2)22(2))dG(x).

With &(2) =2y (2)'t, B( [SS0) 1M Z2))1? [ z(x + u)dG (x)du) — 0.

With ['(z) := E(y(Z)y(Z)'lz(x)), Q:= [T(2)'(x)'dG(x) is positive definite.

Then n'/2(0 — 6) —p N(0,Q712Q71), with ¥ := [ [ h(w)h(uw)' K(u, v)h(v)R (v)dQ(u)dQ(v),
K(u,v) :== E(R(Z)W(Z)'Cz(u,v)),u,v € RP, not depending on 6.
In contrast, for the asymptotic normality of gR here, one only needs (4.24) and ¥

to be a d.f. such that Q is positive definite. Note that here pf(z) = ¥%(z) = v(z2) —
7, K(s:t) = B(r(2)y(Z ) Cy(s,1), £ ffv 2)K (2, 0)7°(0)7(0) dQ(2)dQ(v),
[(u) = E(vc(Z)yc(Z)’fz(LZ (u))) and Q = fo ) d¥(u) do not depend on 6.

5 Appendix

Proof of (4.19). Recall the definition of D(¥) from (4.5). Let M(t) = D(6 +n~"/2t) and
define

(5.1)  vu(2) = V9+n—1/2t< 2), = va(Z) —ve(Zi),

Vi(z,t) :==n I/QZVRS i) —v(Z;) < 1) —n_1/221/n5 ;) <x+§lt)
V(z,t):=n 1/221/ (G < 2+ &),
Jo(z.t) =n 1/2ZE<VM Z)I(G < v+ &) |Z:) =n WZVM DLz (% + &),

J(x,t) —nl/zz )Lz (x+ &),

Wi(x,t) = Vs(x,t) — Js(z, 1), W(z,t):=V(x,t) — J(x,t), s,teRL
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Note that EVy(z,t) = EJ(z,t), EW,(z,t) = 0. Also, by (4.4),
n 2N i (Z){ Lz, (x) + Lz, (- _nl/zzym ), VseR%zeRP.

Define

n

fYnt =nNn -1/ Z Vnt SztEZ gn<x) = n_l Z V(ZZ)V(Zl)IEZz (Ilf)

=1

Because of (4.4), Ypi(z) = Yoe(—2), gn(z) = gn(—z). Use the above notation and facts to
rewrite

n

MG = / Vit ) Vil t) =123 ine (29 da)

- / (Wi, ) = Walw, 00} + {Wilw,0) = Wz, 0)} + {Wi=2,8) = Wi(~2,0)}

+{Wt(_$70) - W<_l" 0)} + {Jt(mat) - Jt(ZL‘,O) - Vnt('r)}
+{Jt(_x7t) - Jt(_xa()) - Vnt(_x>}
+2{Vt(x) = gn(2)t} + {W(2,0) + W(—2,0) + an(:v)t}H dG(z)

Expand the quadratic of the six summands in the integrand to obtain

M(t) = M;(t) + Ms(t) + - - - + Mg(t) 4+ 28 cross product terms,

M(t) = /OOOHWt(:v,t)—m(m,0)||2dG(x), My (t) ::/OooHMQ(Q:,O)—W(x,O)HQdG(x)
My(t) = /OOOHWt(—x,t)—Wt(—x,())HZdG(x)

My(t) = /OOOHWt(—a:,O)—W(—x,O)H2dG(1’)

Ms(t) = /O s t) = T2, 0) — ()P dC(2)

Mylt) = /OOOHJt(—x,t)—Jt(—x,O) (—2) [P dG

Molt) = 4 [ (o) - ga(ot| o

My(t) = /OooHW(x,O)+W(—x,0)+29n(x)t|]2dG(x)

Recall U(b) := {t € R% ||t|]] < b}, b > 0. We shall prove the following lemma shortly.
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Lemma 5.1 Under the above set up and the assumptions (4.2) to (4.7), V0 < b < o0,

(5.2) sup M;(t) =, 0, j=1,2,---.,7,
teu(b)

(5.3) sup Ms(t) = O,(1).
teu(b)

Unless mentioned otherwise, all the supremum below are taken over ¢ € U(b). Lemma
5.1 together with the C-S inequality implies that the supremum over ¢ € U(b) of all the cross
product terms tends to zero, in probability. For example, by the C-S inequality

Sltlp ’ /0 {Wt(x,t) - Wt(x,O)}{Jt(x,t) — Ji(x,0) — Vnt(x)}dG(@‘z
< sgp M (t) SLtlp M;5(t) = 0,(1),

by (5.2) used with j = 1,5. Similarly, by (5.2) with j =1 and (5.3),

sup | /OOO (Wi, 1) = Wi, 0) H{IW (2, 0) + W (—,0) + 2, (x)t ()|
< sup M (1) sup My(1) = 0,(1)  Oy(1) = 0,(1).
Consequently, we obtain
(5.4) sup [M(1) — Ms(t)| = o,(1).
Now, expand the quadratic in M to write
(5.5) Mgs(t) = /OOOHW(w,O)JrW(—a;,O)HQdG(x)
+4t' / gn(2){W(z,0) + W(—2,0) }dG () /0 h (t’gn(x))sz(x)
= M(0)+4t'T, +4/00o t gn(2)) dG (),
where
T, = /OOO g () {W (,0) + W (—2,0) }dG(x)

Let

n

T = / To() {W (2, 0) + W(—z,0) }dG(x)
0
By the LLNs and an extended Dominated converdence theorem

sup [[¢'(gn(w) = To(x))[| 25 0, ¥ € R; Sgp/ [ (g0 () = To(@)) || *dG () —,, 0.
0
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Moreover, recall M(0) = D(f), so that by (4.17), M(0) = O,(1). These facts together with
the C-S inequality imply that

1T -T2 = H/ {gn(@) — Tola) }{W(x,0) + W(—2,0)}dC()|

< M(0) / llgn(x) — Ty(@)||*dG (x) —, 0.

These facts combined with (4.13), (5.4), (5.5) yield that

sup ‘M(t) — M(0) — ATt — 4¢ /OOO To(2)Dy(2)dG (x) t‘ = 0,(1).

Now recall that D(9) = 2D(9), M(t) = D(0+n"Y2t), Qy = 2 JS ToTedG and T,, = 2T},
see (4.18). Hence the above expansion is equivalent to the expansion

sup | D(0 +n~"?t) — D(0) — 2Tt — 2'Qpt| = 0,(1),
t

sup | D(6 + n~Y2t) — D(6) — ATt — 4t'Qt| = 0,(1),
t

which is precisely the claim (4.19).
Proof of Lemma 5.1. Let 0 := & —n~"/?'i(Z;). By (4.2) and (4.3),

(5.6) max 20| = 0,(1),  max n V2o Z)]) = op(1).
Hence,
A —1/2
6.7 max f&l < max ]+ max 0”2 elli(Z)]
< Op(n’1/2)+bm.axn P Z)| = 0p(1),

DG = D vmlZ) - 25 T Y (EU(Z),

i=1 i=1 i=1

- 2 2 2 2
(5'8) Sgpzz—;git = nléig}fﬁgﬂébwﬂ +o'n ZH H (1)’

by (4.3).
Moreover, by (4.3) and the Law of Large Numbers,

(5.9) sup 12> " 0y(Zi)ul

=1

= 1§ig3ﬁ§||§bnl/2|5it’n71 Z:: 176(Z3)|| + b ;%(Z (2

= 0,(1) +0,(1) = O,(1).
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These facts will be use in the sequel.
Consider the term M;. Write

n

Vnt(aﬂ - gn(‘r)t = n_1/2 Z Vnt gztgz n_l Z V<ZZ)V(ZI)/‘€ZZ (l’)t
i=1

= n /2 Z [Dnt(Zi) - D(Zi)}gith ) +n ' Z AALIEAC

i=1

= 0 [l ) = )t (@)

A (ol Zi) = 0(Z)|(Zi) L, ()t + 2 0(Z)6il 7, (x)

=1 i=1

Hence
(5.10) M, = /OOO nym(a:) — gn(x)tHZdG(:c) < A{ M7 (t) + Mro(t) + M3(t)}

where

y [’./nt(Zz) - D(Zi)}(sitezi(I)HQdG(x)

(),

Myg(t) = n! /0 h I)(Zi)éitézi(x)‘rdG(x)

But, by (4.8) and (5.6),

2
Mz(t) = n2 /0 h Z[z'/m(Zi)—D(Zi)}z'/(Zi)’EZi(x)t i

sup Mri(t) < n sup &7 sup Hl)nt(Zi)_"/(Zi)HQ/ nt Y 6 (x)dG(x)
0 i

t1<i<n  t,1<i<n
= Op(l)'

Similarly, by the C-S inequality,

2 B -1 22
swpMnft) < B s [5(Z) an/Znnfdm>

= 0p(1)0,(1) = 0p(1),
by (4.8) and (4.9). Again, by (4.9) and (5.6),

w Mot) < sy aliafrt [ 1) P (G) = o0,
0

t,1<i<n
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These facts together with (5.10) prove (5.2) for j = 7.
Next consider Ms. Let Dy (x) := Ly, (x + &) — Lz, (x) — &l (x). Then

(5.11) Ms(t)
= n / 7 D [l 2L+ ) = o Z0) L () = D 22l () 2

I znao|ace <3 iz [T 3 pie

By (4.3) and (4.8),

()

Vnt

n 2 n
-1 . -1 . .
supn Upi(Z; < supn Ui Z3) — v(Z;
i o) < oo 3 otz 542 Z

= 0p(1) + 0p(1) = Op(1).

By the C-S inequality, Fubini Theorem, (4.10) and (5.8),

/OooéD?t(x)dG(fU) < /00 " /Mﬁ lz,(x +u) — Uz (x ))du>2dG(:c)

€t
1
< / Z‘&t‘/g | gZ $‘|‘U —gz( ))2dudG(x)
‘gzt 9 n
< 1£H6<1Xt Enl” l/lénl/o (bz,(z +u) — lz,(z)) dG(x)du;|§it|2
= 0,(1).

Upon combining these facts with (5.11) we obtain sup, M5(t) = 0,(1), thereby proving (5.2)
for j = 5. The proof for 7 = 6 is exactly similar.
Now consider M;. Let &(Z) := v (Z) — v(Z). Then

EM,(t)

IA

/_oo B[ Wiz, 1) — Wiz, 0)|*dG(x)
n—le<||l/nt |7 / ‘LZ (x4 &) — Lz, (z ‘dG )
n_IZE |0t (Z ||2/ /&t (z + u)dudG(z)

IN

<
‘gzt
\& )|
_ E(/ lone(2)12 / {7+ u)dG(x) du) =
—1&(2)|
by (4.12). Thus
(5.12) Mit) = 0,(1),  VteUb).
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To prove that this holds uniformly in ||¢|| < b, because of the compactness of the ball U(b), it
suffices to show that for every € > 0 there is a § > 0 and an N, such that for every s € U(b),

(5.13) P( sup |[Mi(t)— Mi(s)| >€) <e, Vn>N.
[t—s||<é
Let 0,4j(2) denote the jth coordinate of v4(2), j =1, -, ¢ and let

ai(z,t) = 1(G <o+ &) — (G < w) = Lz, (x + &) + Lz, ().
Then

Mi(t) = /OOOHWt(x,t)—Wt(.r,O)H2dG(a:)

- i/oo 1/221/’“‘4 Da(x,t )2dG(x) = iMu(t), say.
‘=0 =1

Thus it suffices to prove (5.13) with M; replaced by My, for each j =1,--- ¢

Any real number a can be written as a = at — a~, where ™ = max(0,a),a” =
max(0, —a). Note that a* > 0. Fix a j = 1,---,¢q, write ,,;(Z;) = Df{tj(Zi) — Upyi(Zs)
and define

W (z,t) :=n UQZVW Dag(x,t), Dj»[(q:,s,t) = Wji(:c,t) - Wf(a:,s),

RE (s ) = /0 (D2 (2, ,1)) dG a).
Then
(5.14) | My;(t) — Mq;(s)|

_ )/OOO (W (. t) — W (2 ) %dG( )—/OOO (W (.5) = W (,5))"dG(a)
< [T 0rws)ica + [T (0 wsn) G

+2{ / (DS (2, 5.1))*dG(x) /0 h (D;(:p,s,t))sz(x)}l/ i
/ (D dG(x)}l/er{/ooo (Dj(x,s,t))QdG(x)}l/Q}M;f(s)
= RI(s,0) + R; (5,8) + 2(R} (s, ) R: (5,0)) " + {(R} (s,6))% + (R (s,))/*} M,/ (s)
Write
Dy (z,s,1)

= p1/?2 E Ui (Zi)ai(, 1) n~1/? E Ui (Zi)ou(x, 5)

_ n—l/zz i (Zs) — 57, (Z)] el ) +n WZVW D)ei(@,t) — ai(z, )]

=1

x,s,t

= D;rl(x,s,t)+Dj2(a:,s,t), say.
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Hence
(5.15)  Ri(s,t) < 2/00 (Djl(x,s,t))QdG(x)—l—Q/OO (Diy(, 5.1)) dG ().

By (4.14), the first term here satisfies (5.13). We proceed to verify it for the second term.
Fix an s € Uy, e > 0 and § > 0. Let

Ani = n—l/2((5“y(Zz)H —+ 26), Bn = { sup lflt - 515} S ATL’L}

teNy, |lt—s||<é

By (4.8), there exists an N, such that P(B,) > 1 —¢, for all n > N.. On B, & — Ap <
i < &is + Ay and, by the nondecreasing property of the indicator function and d.f., we
obtain

G <xz+&s— D) —1(G <) — Lz (x —&s+ Api) + Lz, (2)
—Lz(x+&s+ Api) + Lz, (v + &s — Api)
< aif@,t) =I1(G <@+ &) — 1(G < @) = Lz (24 &) + Lz, (x)
<I(G < o4&+ Api) = 1(G < @) — Ly, (x4 &is + Api) + Lz, (z)
+ Lz, (7 4 &is + Ani) — Lz, (0 + §is — D).
Let

Dj@(x s, a)

= 1/221/71_]8{[ <x+§zs+aAm)—[(C )—LZZ(-T“‘&S—FGAM)—FLZZ(ZE)}
Using the above inequalities and I/n]s(Zi) being nonnegative we obtain that on B,,,
> 2
/ (D, 5.1))*dC(z)
0

< /000 (D;Tz(x, s, 1) — D;g(x, S,O))sz(ZE) + /000 (D;’Q(:L’,s, —1) — D;;(x, s,O))sz(x)

+/0°<>< N E (Z){ L (o + G+ D) — in(H&S_Am)}dG(x»g

=1

Note that maxj<;<,(|&is| + Ani) = 0,(1). Argue as for (5.12) to see that the first two terms
in the above bound are 0,(1), while the last term is bounded from the above by

(5.16) / (v -1/22 e / e Ezi(x%—u)dudG(x))z

gis - ni
n

EistAni
< 2 (i ZAm/ / [0 (x +u) — 6 (2)] dG(2) du
éls

=1
n

Y (207 YDA / £, (£)IG()

i=1
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The first summand in the above bound is bounded above by

n

£'LS+ATL'L
2 “1
211;1%§(2Am /g / E (z+u)— KZ( )}dudG( )n Z AN ZA

i=1
because the first factor tends to zero in probability by (4.10) and the second factor satisfies

n

n=t (T ZA <n” levnsll (2n” 1522H DI+ 4e?).

i=1
The second summand in the upper bound of (5.16) is bounded from the above by

- Zuum e S Iz 1) [ 8 icie)

=1

—p El|(Z)|[*[6* /OOO E(I|D(Z)||2€22(x))d0(w)+462/ E(t7(x))dG(z)]

0

Since the factor multiplying 62 is positive, the above term can be made smaller than e by
the choice of 0. Hence (5.13) is satisfied by the second term in the upper bound of (5.15).
This then completes the proof of Rj+ satisfying (5.13). The details of the proof for verifying
(5.13) for R} are exactly similar. These facts together with the upper bound of (5.14) show
that (5.13) is satisfied by M;; for each j = 1,---,¢. We have thus completed the proof of
showing sup, M;(t) = 0,(1), thereby proving (5.2) for j = 1. The proof for j = 3 is similar.

Next, consider My. Recall §;(z) := I((; < x) — Lz, (x). Then

Ma(t) - / || Z{Vm Z)}6u() | dG(z
Because E(B;(z)|Z:) = 0, a.s., we have
EM(0) = [ ([0l 2) = HDIPL2)(1 ~ Lola) ) dG) 0
by (4.7). Thus

(5.17) My(t) = 0y(1),  VteR"

To prove this holds uniformly we shall verify (5.13) for M,. Accordingly, let § > 0, s € U(b)
be fixed and consider ¢ € U(b) such that ||t — s|| < J. Then

My(t) — Ma(s)| < nd / HZ{Vm — D Z2)}u() |G

(ot [0 HZ{unt )~ Dual Z)} )| )WMQ(s)W
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This bound, (4.15) and (5.17) now readily verifies (5.13) for M, which also completes the
proof of (5.2) for j = 2. The proof of (5.2) for j = 4 is precisely similar. This in turn
completes the proof of Lemma 5.1.
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