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Abstract

We develop analogs of a class of weighted empirical minimum distance estimators of the underlying
parameters in errors-in-variables linear regression models, when the regression error distribution
and the conditional distribution of conditionally centered measurement error, given the surrogate,
are symmetric around the origin. This class of estimators is defined as the minimizers of integrals of
the square of a certain symmetrized weighted empirical process of the residuals. It includes the least
absolute deviation and an analog of the Hodges-Lehmann estimators. In this paper we first develop
this class of estimators when the distributions of the true covariates and measurement errors are
known, and then extend them to the case when these distributions are unknown but validation
data is available. Findings of a simulation study that is included show significant superiority of
some members of the proposed class of estimators over the bias corrected least squares estimator.
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1. Introduction

Donoho and Liu (1988a,b) argue that in the one and two sample location models the minimum
distance estimators based on Lo distances involving residual empirical distribution functions have
some desirable finite sample properties and tend to be automatically robust against some contam-
inated models. In regression models without measurement error in the covariates, analogs of these
estimators of the underlying regression parameters based on certain weighted residual empirical
processes were developed in Koul (1979, 1985, 1996). These estimators include least absolute devi-
ation (LAD), analogs of Hodges-Lehmann (H-L) estimators and several other estimators that are
robust against outliers in regression errors and asymptotically efficient at some error distributions.

There are numerous practical situations where covariates are not accurately observed. Instead
one observes their surrogates with additive errors. The regression models with such covariates are
known as the errors-in-variables (EIVs) regression models. Fuller (1987), Cheng and Van Ness
(1999), and Carroll et al. (2006) discuss numerous practical examples of these models. In the lin-
ear EIVs models, Stefanski (1985) developed the bias corrected least square estimator based on
M-estimation, given the measurement error variance is known. Cook and Stefanski (1994) con-
structed a simulation-based estimation method for parametric measurement error models which is
asymptotically equivalent to method-of-moments estimation in linear EIVs modeling. Buonaccorsi
(2010) summarizes the moment-based bias corrected estimation for different settings in linear EIVs
models. When the covariate is univariate, AI-Sharadqah (2018) proposed an adjusted maximum
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likelihood estimator for Gaussian measurement error when the variance ratio of regression error
and measurement error is known.

Given the importance of the EIVs regression models and the above mentioned properties of
the above minimum distance (m.d.) estimators, it is desirable to develop their analogs for the
EIVs regression models. Section 2 describes the m.d. estimators of interest in the EIVs linear
regression model and the assumptions needed for their asymptotic normality when distributions
of the true covariate vector X and the measurement error vector U are known. It also includes a
discussion of these assumptions for some important cases, an example of distributions of X and U
that satisfy the needed assumptions, and a discussion of the Pitman asymptotic relative efficiency
of some members of the proposed class of estimators. This relative efficiency of the analog of H-
L estimator, relative to the bias corrected least squares (BCLS) estimator, is seen to increase to
infinity as the measurement error variance J%] increases to infinity, when X, U and the regression
error are Gaussian r.v.’s. Section 3 generalizes the m.d. estimators under the setting that the
distributions of X and U are unknown but validation data is available. Some proofs are deferred
to the Appendix.

Section 4 presents the findings of a simulation study that assesses the performance of the
empirical bias and root mean squared error (RMSE) of the two members of the proposed class of
m.d. estimators, viz, the analog of H-L and LAD estimators, calibrated least squares (LS) and BCLS
estimators. In these simulations, the regression error distributions are taken to be Gaussian(0,1),
Laplace(0,1) and the ¢-distribution with 2 degree of freedom denoted by t2. To assess the effect
of the measurement error U on these estimators, we used several values of the measurement error
variance 012]. Tables 1-3 and Tables 4-6 below report the findings when the distributions of X and
U are known and unknown but validation data is available, respectively.

The analog of H-L and LAD estimators are seen to be relatively much more stable in terms
of the empirical bias and RMSE for all chosen values of o7 and regression error distributions.
The analog of the H-L estimator is relatively more stable than the other three estimators when
the regression error distribution is ¢3. In comparison, RMSE of BCLS estimator is seen to be
much larger than that of the other three estimators for the chosen larger values of 0[2] and error
distributions. A practical example where 0(2] can be large is that of self-reported daily dietary
intake, which may be recorded by survey participants with large variation due to the lack of precise
nutritional knowledge of food intake. In such scenarios, it would be then desirable to use one of
the proposed m.d. estimators. For more on simulations see Section 4.

2. Estimators in the linear EIVs model

In this section, we introduce the linear EIVs regression model and a class of m.d. estimators in
this model. Consider the linear regression model where for some 6§ € RP, the response variable Y
and the p dimensional predicting covariate vector X obey the relation

(2.1) Y = X'0 +¢, ¢ independent of X and symmetrically distributed around 0.

For an x € RP, 2/ and |z| denote its transpose and Euclidean norm, respectively. In the EIVs
model of interest, X is the true covariate. Instead one observes a surrogate Z obeying the relation

(2.2) Z=X+U,

where X, U, e are assumed to be mutually independent, U is p x 1 vector of errors with E(U) = 0,
E|lU|? < o0, B[ X|]? < 0.
Let v(z) .= E(U|Z = z), h(z) = E(X|Z = z) = z — y(2), z € RP. Rewrite (2.1)-(2.2) as



(2.3) Y=0(Z-EU|Z)+e—-0U—-EU|2))
=0'h(Z)+¢, (=e-0V, V:=U-~(2), E(|Z=2)=0,VzeR".

Thus we have a regression model regressing Y on Z, with the error r.v. ( uncorrelated with Z and
the regression function 6’h(Z) with h satisfying

(2.4) E|h2)|? < .

For the time being, assume that the distributions of X and U are known. Then the functions
v(2), h(z) and the conditional distribution function (d.f.) H, of the r.v. V| given Z = z, are
all known. The d.f. F' of € need not be known. We assume F' to have Lebesgue density f and
to be symmetric around zero and the conditional d.f. H, to be symmetric around the origin, i.e.,
for every z € RP, —dH,(v) = dH,(—v), for all v € RP. Then, because ¢ is independent of Z and
V =U — ~(Z), the conditional d.f. and density of (, given Z = z, respectively, are

K.(x) =P <z|Z=2)=Ple-0V <z|Z=2)= /F(w + 0'v)dH(v),
Ky(x) := /f(x + 0'v)dH. (v), xR, z € RP.
Both satisfy

(2.5) K,(x)=1—-K,(—z), ki(z)=kr,(—x), VxeR, zecRP

The symmetry of K, (-) motivates the following definition of a class of m.d. estimators of  in the
model (2.3), similar to the definition in Chapter 5.2 of Koul (2002) when there is no measurement
error. Let G be as in (2.9) below and {(Y;, Z;),1 < i < n} be a random sample from the model
(2.1)-(2.2). For z € R,t € RP, define

(2.6) V(z,t):=n"1/? Zn: WZ)[1Y; —t'WZ) < z) — I(-Y; +t'h(Z;) < 2)],
=1
M(t) == / |V (2, t)||dG(z), 6 := argmin,cp, M(2).

Before proceeding further, we describe the estimator 6 corresponding to G(z) = do(z) — the
measure degenerate at 0 and G(z) = z. In the case G(x) = dp(x), because of the continuity of the
distribution of {Y;,7 > 1},

(2.7) M(t) = Hn_1/2 Zh(Zi)sgn(Yi - t'h(Zi))HQ, uniformly in ¢ € RP, with prob. 1,
i=1

so that the corresponding 0 is the LAD estimator.
If |G(b) —G(a){ = }G(—b) —G(—a)|, for all a,b € R, then G is continuous and symmetric around
zero and

M(t)=n"" >3 WZ)'1(Z)[|G(Yi — ' h(Z)) — G( = Y; + t'h(Z)))|
i=1 j=1
—|G(Yi = t'n(Z) - G(Y; — t'n(Z)) ).



In particular if G(z) = z, then

(2.8) *ZZh DY +Y; — ' (h(Z) + h(Z)))]

i=1 j=1
—|Yi =Y =" (M(Zi) = h(Zy))]]-

From this representation one sees that when the EIVs linear regression model is reduced to the one
sample location model, i.e., when p =1, U; =0, h(Z;) = Z; = X; = 1, then

n n
:n—lzz[m+n—2t\—m—m}, 5:median{yi—£yj, 13z’§j§n}.
i=1 j=1

This estimator is the well celebrated H-L estimator of the one sample location parameter, see
Hodges and Lehmann (1963). For this reason, in general, we call 6 corresponding to the G(z) =z
an analog of the H-L estimator in the EIVs linear regression model. Perhaps it is worth emphasizing
that the asymptotic distribution of this estimator under the EIVs linear regression setup does not
seem to be currently available in the literature. B

We now state the assumptions needed for establishing the asymptotic normality of 6. In this
section, all limits are taken as n — oo, unless mentioned otherwise.

(2.9) G is a nondecreasing right continuous function on R to R having left limits and

dG(x) = —dG(—x), forall z €R.

(210) A= /0 E(I(2)|P(1 ~ Kz (2)))dG(x) < o0
(2.11) dH,(v) = —dH,(—v), for all z,v € RP.
(2.12) F is symmetric around zero and has Lebesgue density f.
(213) 0< //-ﬁz(:z‘)dG(x) <00, VzERP, 0< /E(|yh(2)||%22(x))dc:(a:) < 00
(2.14) limyo [ E([|(2)|7kz(x + ul|R(Z)]]))dG(x)
= /E(”h(Z)HjnZ(x))dG(x) <oo, j=2,3
0< iiriloli?{bn_)solip/EO]h(Z)]4/@22(90 +n 2 R(Z) + uHh(Z)H))dG(w)
- /E(||h(Z)||4/£QZ(a:))dG(:L‘) <0, VscRP,
Let
(2.15) Tp(z) :=n"" Zh(Zi)h(Zi)/mZi (z), T(z):=EM2)h(Z)kz(z)), z€R,
.= [ Tal)Tu(@)iGa), Gi= [T T(@)dG)
Assume
(2.16) G is positive definite and / T (z) — T(2)||dG(z) =, 0.



Let ¢y =n 1/2h( i). Let h; denote the jth component of h. Write h; = h+ h yfor1 < j <p.
Assume there exists a constant 0 < C' < oo such that V6 > 0,0 < b < oo, ||s H < b

(2.17) hmsupZ/ —1/221# MKz + s eni + 3l

/ 2 2
Kz, (z + 8w — 8llenll) }] dG(x) < €82

Remark 2.1. We shall now discuss some sufficient conditions for the above assumptions for the
three types of the integrating measure G, viz, when G is a d.f. symmetric around zero, when G(z) =
do(z) and when G(z) = z. In the absence of measurement error, the estimators corresponding to
the latter two choices of G are known to be asymptotically efficient at Laplace and logistic error
distributions, respectively, while the estimator 7] corresponding to a d.f. G is typically robust against
gross errors in the error distribution.

Consider the following assumptions.

(2.18) //iz(x)dG(x) >0, VzeRP; /E(n%(:c))dG(m) > 0.
(2.19) E|MZ)||* < 0o, G is positive definite.
(2.20) Density f of F is uniformly continuous, bounded and f(z) = f(—x).

Consider the case when G is a d.f. symmetric around zero. Then, because 0 <1 — K,(z) < 1,
for all ,z, A < E||h(Z)||* < oo, by (2.19), thereby verifying (2.10). By (2.20), k.(z) = [ f(z +
0'v)dH,(v) is uniformly continuous in z, uniformly in z, and

(2.21) sup 5 (2) < || flloo < o0,

2,x

where for any function ¢ from R to R, ||{||oc := sup,cg [¢(x)|. Thus (2.18) and (2.19) imply (2.13)
here. Moreover, by (2.20), Vs € R?, rz(z +n~Y25'h(Z) +ul|h(Z)|) — kz(z) —p 0, as first n — oo
and then v — 0, and |kz(x+n"2h(Z)+ul|h(Z)|) —kz(z)| < 2||f||oo- Hence, by the DCT, (2.14)
holds. Under (2.19) and (2.20), [T (@)~ (@)l < [[flln LS s [A(ED IR+ E(IR(Z)I)] = Opl1).
By the LLNs, [|I'y(z) — I'(z)|| = 0, for every 2 € R. Hence the DCT ensures the satisfaction of
(2.16) here. Fact (2.21), G being a d.f. and the Cauchy-Schwarz (C-S) inequality yield that the left
hand side of (2.17) is bounded from the above by

hmsupZE[zn—wzhi Merllal 7]

< | f lmsup B(n ™t 37 H(Z0)I*) = 42 IR E(M(Z)]),
" i=1

by the LLNs, thereby verifying (2.17). We also use (2.19) here.

Next, consider the case when G(z) = Jdp(z). Even though this is included in the case of G
being a d.f., one can directly verify that in this case the conditions (2.10)—(2.17) are implied by
k:(0) :== [ f(0'v)dH,(v) >0,V z € RP, Ex%(0) > 0, (2.19) and that f is continuous and bounded
on R. The latter condition is less restrictive than (2.20).

Finally, consider the case G(z) = z. Here (2.18) is trivially satisfied. Assume (2.19) and
(2.20) hold. Note that E|(|? < Ee? + ||0|?E|U||*> < oo. Then by the C-S inequality, A <



E(I(Z)IPE(IC]2)) < BY2(IR(Z)[)EY2(IC?) < o0, by (2.19). Argue as in the case of when G
is a d.f. to see that (2.19) and (2.20) imply (2.12)—(2.14) here also.

To verify (2.16), by the LLNs, ||I';(z) — I'(z)|| —p 0, Vo € R. Also, [|[I'y(z) — I'(x )H2
2n~ 1Y W Z) || kG, () +2E(|h(Z) || *k% (x)). The fact (2.21) and [ k.(z)de = 1imply [ &2(z)dx
< |Iflloo, for all z € RP. Hence (2.16) follows from the DCT and (2.19).

Next, consider (2.17). By the C-S inequality used twice once with the sum and once with the
integrals and the Fubini Theorem and the fact that [ k2(z)dz < || f||ls, V2 € RP, the left hand side
of (2.17) is bounded from the above by

limsupE< ZHh Hz/z /
n 6HCM||
< 2limnsupE< Z 1R(Z5)||” ZCSHCmH/

< 48| fltimasup B(n™ 3 [HZOIP)” < 4RI, ens = n~2H(Z),

=1

6llcnsl| 2
kz, (x4 s cni + u)du} da;)

/IiZ T+ 8'cn; + u)dxdu)

Sllensl|

where the last inequality again follows from the C-S inequality. Because of (2.19), this verifies
(2.17) in the case G(x) = x. N

We shall now return to the derivation of the asymptotic normality of . This will be done by
following the general method of Section 5.4 of Koul (2002). This method requires the two steps.
In the first step we need to show that M (t) is AULQ (asymptotically uniformly locally quadratic)
in n'/2(t — ) for t € Na(b) = {t € RP, n'/2||t — 0| < b}, for every 0 < b < co. The second step
requires to show that n'/2||6 — || = O,(1).

In the current setup, the above mentioned second step is in part implied by having

(2.22) M(0) = Op(1).
PROOF OF (2.22). Because of (2.9) and because V(z,t) = V(—x,t),
(2.23) M(t) = 2/oo ||V(:z,t)H2dG(x), Vt € RP.
0
Moreover, by (2.5),
EV(z,0) = nl/QE(h(Z)E[(I(g <x)—I(—( < 7)) \Z])
- n1/2E(h(Z) [Kz(x)— 1+ KZ(—x)]) =0, zeR,
Bl|V(@.0)|* = B(IMZ)IPE[(I(C < 2) - 1(~¢ <2))*|2])
=2B(IM2)IP(1 - Kz(x))), @ >0.

Hence, by the Fubini Theorem and (2.10),

EM(0) =4 [ B(INZ)IP0 - Kela)))d6(o) < o0

The claim (2.22) follows from this fact and the Markov inequality.
The fact n'/2(0 — 0) = arginf,cg, M (0 4 sn~'/2) motivates the following notation. Let



(2.24) W(z,s) :=n""2> WZ)[I(G <o+ 5'ens) — Kz, (x+ s'cni)], s €RP,
=1

T, = / P(@) [W(2,0) + W(~x,0)]dG(x),
M(s) = M(0) + 4T}, s + 45'Gs, 5 := argmin, M (s) = —%Q_ITH.

For a positive integer m, let N;,(u, ) denote the m-dimensional normal distribution with
mean vector x4 and covariance matrix ¥, N' = Ni. The following theorem describes the asymptotic
distribution of 6.

Theorem 2.1. Under (2.1), (2.2), (2.4) and assumptions (2.9)-(2.17), the following results hold.

(2.25) sup |M(6 + n~1%s) — M(s)‘ —p 0, V0<b<oo.
Isl<b
(2.26) (a) [nY2(6—0) —5] —=,0, (b) nY2(6—0) =p N,(0,471¢7Ing),

where ¥ is defined at (2.28) below.

Proof. The proof of (2.25) appears in the Appendix. The proof of the claim (2.26)(a) is similar to
that of Theorem 5.4.4 of Koul (2002). The details are omitted for the sake of brevity. To prove
(2.26)(b), let

(2.27) Py(x) = /fE k2 (y)dG(y), wu(z) :==h(z)h(z)', z€R, z€RP.

—00

By (2.13), for every z € RP, 1), (z) is continuous and uniformly bounded in z, ¥,(—z) = 1, (c0) —
Py (x), for all x € R. Let ¢, (x) = ¢, (—x) — ¢, (x) = ¢, (00) — 2¢,(z). Moreover, with ) denoting
the d.f. of Z and using the Fubini Theorem and the definition of W (x,0) + W (—z,0) from (2.24),
we obtain the following.

T =23 [ B2 G < ) - TG < )] dG(e)
=1
=23 [ [ W@ 16 < ) - 16 < )]G
=1
S [ ) [ 116G < 0) - 16 < av i)
=1

=02y [ W2 (6)dQ),
=1

Let

CZ(uv U) = COV[(QOU(Q)? QOU(Q)) ‘Z = Z] = 4COV[(¢U(€)7¢U(C)) ‘Z = Z]?
K(u,v) := BE(u(Z2)Cz(u,v)), u,v € RP.

Clearly, ET,, = 0 and by the Fubini Theorem, the covariance matrix of T, is



(228 ©=bBL1, = B{( / HAHZ)2:(0)d0) [ non(2)pu(0dQw) '}

— [ [ne vutydae)dqe).

Thus T}, is a p x 1 vector of independent centered finite variance r.v.’s. By the classical CLT,
T, —p N,(0,%). Hence, the minimizer § = (—1/2)G7'T, —p N,(0,47'G7'EG1). The claim
(2.26)(b) now follows from this result and (2.26)(a). O

Remark 2.2. Here we shall discuss an example where the conditional distribution of U, given
Z, is known and that of V, given Z, does not depend on Z. We shall also discuss the Pitman’s
asymptotic relative efficiencies of some of the m.d. estimators, relative to the least squares and
maximum likelihood estimators, at some error d.f. F.

Example 2.1. Suppose p = 1, X ~p N(a,0%), U ~p N(0,0%), with a,0% and ¢Z known, and
X and U are independent r.v.’s. Then Z = X + U ~p N(a,0% + c#), Cov(Z,U) = o}, so that

@0 (§).( %5 7)),

Hence, the conditional distribution of U, given Z = z, is N'((z —a)r?,r?c%), where r? := 02 /(0% +

o?). Thus, v(z) = BE(U|Z = 2) = (z — a)r?, h(z) =z —(2) = 2 — r*(z — a). Because 0 < r? < 1
and (7%( > 0,

2

(2.29) EN*(Z) = (1 - r*)*(0% +0p) +a* > (1 = 1%)*(o% + of) > 0.
Next, the conditional distribution of V.= U — y(Z) = U — (Z — a)r?, given Z, is N'(0,7%0%),
which does not depend on Z and hence V is independent of Z. Thus

Kola) = P(¢ <012 = 2) = Pe = 0V1Z = 2) = [ Fa +60)dd(o/ror),

also does not depend on z, i.e., ¢ is also independent of Z. Here ® denotes the d.f. of a N(0,1)
r.v.. Write K and k for K, and k, in this case. Then many assumptions and entities involved in
the statement of the asymptotic normality of ] simplify as follows. Note that now (2.11) and (2.16)
are a priori satisfied. The other assumptions (2.10), (2.13), (2.14) and (2.17) are equivalent to the
following conditions.

(2.30) A= / (1-K(x))dG(z) <

. as Lebesgue density f, symmetric around zero, and such that the density
2.31 F has Leb d f i d d h that the densi
= [ f(z + 0'v)dH (v) of K satisfies the following:

0 < [ K (2)dG(z) < o0, limo/ (k(z +u) — I{($))jdG(l') =0, j=1,2.
u—>
(2.32) Assumption (2.17) with K, = K holds.

The simplification in the statement of the asymptotic normality of 6 occurs as follows. To
begin with, ¥.(2) = ¢(z) = [7 £(y)dG(y), ¢z(z) = ¢(z) = Y(~z) — ¥(z), [(z) = Tx(x), where
[:= Eh?(Z) > 0, (see (2.29)), and



T, = rn*1/22h e(G), G= / ['(z)'T(z)dG(z) = T2 / K2 (2)dG(z),

=1
Var(p(C)) B Var(1(¢ ))
D([ w2 (2)dG(x))? — T([ w2(2)dG(

To summarize, under the above normality assumption of X, U, the conditions (2.9) and (2.30)—
(2.32) imply that

S = Var(T},) = I'*Var((¢)), %g‘lzg‘l =3

Var(ffoo K(2)dG(z))
(J £*(2)dG(x))?

Consider the case when G(x) = x. Write f; for the corresponding m.d. estimator and 77 for 74
in this case. Because K () is a uniformly distributed r.v. on [0, 1],

2
1/2(g _ G 2 ._
(2.33) n'/?(0 —0) —p /\/(0, Eh2(Z))’ TS =

Var(/; /i($)dG(LL’)> = Var(/c H(x)dx) = Var(K(()) = 1/12,

—0o0

[ wwicw = [@an 7= gy

In particular, if there is no measurement error, U = 0, H is degenerate at zero, ( = ¢, k = f and
I =1/ (12 J A=z 2( ) the very familiar expressmn related to the H-L estimator.
Next, consider the case G(z) = do(x). Write 6o for the corresponding m.d. estimator and 7¢

for 72 in this case. Because ( is symmetrically distributed around zero, Var(I(¢ > 0)) = 1/4,
[ k?*(2)dG(z) = k*(0) and

¢
Var(/ H(x)dG(JI)) = Var(x(0)I(¢ > 0)) = L 0= 12(0)"

—0o0

Again if there is no measurement error then 72 = 1/(4f2(0)), which is the well celebrated asymptotic
variance of the one sample median or the factor that appears in the asymptotic variance of the
LAD estimator in regression models.

We shall now describe the extension of (2.33) when p > 1. Let X ~p N,(ux,Xx), U ~p
Np(0,%21), X, U independent, Xx, Xy both positive definite and known. Also px is known. Then
Z=X+Un~pNy(ux,Xx +Xy), Cov(Z,U) = Xy so that

o= %))

Hence, the conditional distribution of U, given Z = z, is
Ny (S0 (Sx + Z0) 7 (Z = ), Su = Zu(Sx + Zo) ' Tw).

Let R:=Yy(Xx +Xy)~! Then y(z) = E(U|Z = 2) = R(z — pz) and the conditional distribution

of V.= U — R(Z — pz), given Z, is N,(0,Xy — RXy), which again does not depend on Z and

hence V' is mdependent of Z. Now I' = Eh(Z)h(Z)'. Like (2.33), under (2.9) and (2.30)—(2.32),
n'/2(6 — 0) —p N,(0,72071).



Pitman’s Asmyptotic Relative Efficiency (ARE). We shall now compute Pitman’s asymp-
totic relative efficiency of 07, 00 relative to the least squares estimator and the maximum likelihood
estimator in the current setup when F(x) = ®(z/0.), i.e., e ~ N(0,02). See Lehmann (1999) for
the definition of the ARE.

Assume p = 1. Let w? := o2 + 0%r20%. Because V ~ N(0,7%0%), ( = ¢ — 0V ~ N(0,uw?).
Hence 2(0) = (2rw?) ™!, 78 = (4k2(0)) 7! = (7/2)w? and

2 1 2 1 T o2
/” @de = = T = ([ @yda 3%

Next, by the CLT and the Slutsky’s Theorem, n'/2 (ggse — 0) —D N(O w?/Eh?(Z )), where
Orse == Z” Z;)Y;/ 31, h*(Z;) is the least squares estimator of 6 in the model (2.3). Hence,
ARE(@I, 9686) = 3/71' and ARE(QO, 0456) = 2/, which are the same as in the case of no measurement
error regression models.

Let 72 := w?/(ERh*(Z) + 20*r0%) and p := Eh*(Z2)/(ER*(Z) + 2927'4a§<) Under the above
normality assumptions on the distributions of €, U, X, a consistent solution 0,, of the likelihood
equation exists and n'/2(6, — 6) —p N(0,72). Consequently,

ARE(0;,6,) = 3p/m,  ARE(6,0,) =2p/m,  ARE(6sc,6y,) = p.

Next, consider the bias corrected least squares estimator

n n

Opets = > (Zi = 2)(Yi =Y)/[D (Zi — 2)* - o}).

i=1 i=1

Let
¢? = [0k (02 + 020 + o} ol +20%0}] ok = [wi(ok + of) +20%0}] [0k

A direct application of the classical CLT and Slutksy’s Theorem yields that n'/2 (5ng5 — 9) =D

N(0,¢?). See also Cheng and Van Ness (1999). Hence ARE(07, Opers) = (3/7) (92 /w?). Because

r?2 = 0,1, as a% — 0,00, respectively, we obtain that w? = o2 + 927’203( — 02, o2 + 920§<, as

0(2] — 0, 0o, respectively. Moreover, the derivative of the ratio cré Jw? with respect to O'(QJ is positive

for all values of o7 so that this ratio is an increasing function of o. Thus the

~ 302 3
ARE(0;, fpoy) = 22 =2 {Ux+”U L o2 OU }

Tw? 7w o ohw?

is an increasing function of o7, and ARE(@I, Opets) — (3/m)oy?, 00, as o — 0, 04 — 00, respec-
tively. In other words, the estimator 91 is far more efficient, compared to the BCLS, against the
increasing measurement error. A similar statement holds about the ARE(QO, Hngs)

3. M.D. Estimation with validation data

In this section, we develop analogs of the class of m.d. estimators {5 G varies} of the previous
section when h(z) in (2.3) is unknown, but when validation data is available. Here assume that
the validation sample {(Xj, Z),1 < k < N} obeys the equation (2.2) of the covariates and is
independent of the primary data set {(Z;,Y;),1 < i < n}. For instance, in the dietary intake
example in Section 1, an independent validation data of dietary intake can be obtained by assessing
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urinary biomarkers in labs. Validation data are used to obtain an estimate /f;(z) of h(z). An analog
of 6 is obtained by replacing h(z) by E(z) in its definition.

First, we define an estimator of the function h(z) for 2 € C where C is a compact set in R?
with infe fz(2) > by for some bo > 0. Because Xk,Zk obey (2.2), we obtain a random sample
{Uk, 1 < k < N} with Uk = Zk — Xk, of the measurement error U. Define the kernel density
estimators of fyy and fz as follows. Let Ki(-), K2(-) be the two symmetric density kernels, w; =
w1(N), wy = we(N) be bandwidth sequences depending on N and define

e =g (B e = o S,

1k— 2k—

_ %Zikﬁxz ~ R, hols) = / wfu(z — 2)dFx ().
k=1

Let ¢y be a known number satisfying 0 < ¢y < bg. Because,

B IR 12V d — ffo(z—a:)dFX(x) B ho(2) s
he) = BX|Z = 2) = [afyzlalz)ae = SHE-EE _ J0EL e
the function h(z) can be estimated by
(3.2) Py = Y S XefoG=Xy) - M) o
(fz(2) V €) (fz(2) V €)

Here ¢ is introduced to avoid the vanishing denominator. For any two numbers ¢V d := max{c, d}.
The lemma below gives the asymptotic distribution of h(z), which may be of independent interest.

Lemma 3.1. Under model (2.2), when fz and fy are twicely continuously differentiable and w; —
0, Nu? — 0o as N — oo fori=1,2, then

NY2(h(z) = h(z) —wiB(2)) =p Np(0,Q(2)), Yz € R?, fz(2) > 0,

where B(z) = & [xfx(z)u f}(z — 2)uk:(u)dudz/ f2(2), f}(u) is the p x p matriz of second order
partial derwatwes of fU( ) and Q(z) = [fz(2)]” 2{gov(XfU(z/\— X))+ Cov((z—U)fx(z—U))}.

Analogous to (2.6), we propose the estimator 6 based on h(z) as follows. Define I¢(z) = 1, if
z € C, otherwise 0. For x € R, t € RP, let

(3.3) V(z,t) :=n"1/? anlc(zi)ﬁ(zi) [1(Y; — t'R(Z) < z) — I(=Y; + t'h(Z;) < z)],
]\/Z(t) = / H‘/}(x,t)szG(a?), = argminteRp]\/J\(t).

To state the asymptotic normality of 5, we need some more notation and the following additional
assumptions. In this section, all limits are taken as n A N — oo, unless mentioned otherwise. Let

(3.4) T,(z) :=n"" Z Ie(Z)MZ)(Z) Kz, (2), T(x) := E(Ie(2)h(Z)MZ) k2 (),



B(6) == E{1(2)0'B(2) [ u(:Ih(2)-(0)dQ(=)}:
Ry(2) i= E{1c(2)0'[X fu(Z — X)/ £2(2) - W2)]|X =},
Solu) = B{1c(2)0'[(Z = U)fx(Z — 0)/[2(2) - h(Z)] |U = u}.

We need the following additional assumptions, where 1, and p are as in (2.27).

(3.5) E|X||*,E|B(2)|]*, E¢* and E(||u(Z)12(¢)|) are finite.

The measure G satisfies (2.9) and G is either a distribution function or is absolutely
continuous with a.e. derivative g bounded, i.e., dG(z) = g(z)dz, ||g|lcc < 00.

The density f of e satisfies|| f||oco < 0.

inf fz(z) > by >0, supfz(z) < oo.

zeC 2eC

W w
oo =3

~— ~— ~—

fu has an absolutely integrable characteristic function on RP and || fi/||eo < 0.

(3.
(3.
(3.9
(3.10) The second partial derivative matrix f7(z) satisfies that sup{Amax(fz(2));z € RP} < oo,

where Amax(f%(2)) is the maximum of the absolute eigenvalues of f7(z).

Assume that the same holds for f;.
(3.11) The kernels K, Ky are positive symmetric square integrable densities on [—1, 1]7.

In addition, K> satisfies a Lipschitz condition.

Nuw? - | log w;|

3.12) The bandwidths w; — 0
(3.12) The bandwidths w; — 0, Togw] ' Toglog N

— 00, w!(N) < cw?(2N),
for some ¢ > 0,i =1, 2.

3.13) G is positive definite and /]fn(x) —T(2)]?dG(x) —p 0.

5)lim(n/N) = X, 0 < X < co. Moreover, nw} — C; < oco.

(
(
(
(3.16) lim(n/N) = A = 0o, Nw] — Cy < oo.

)
.14) The assumption (2.17) holds with h(Z) replaced by E(Z)
15)
16)

The limiting distribution of 8 is affected by the range of values of A = lim(n/N) as is described
in the following two theorems.

Theorem 3.1. (0 < A < o0). Under models (2.1) and (2.2), when the assumptions (2.9)—(2.14)
and (3.5)~(3.15) hold, n'/? (6 —0+wiG1B(0)) —p Np(0,471G7 (20 + 4X59)G 1), where 5y =
Cov(L(Z,¢)) and £y = [Var(Rg(X)) 4 Var(Sy(U))] e’

Theorem 3.2. (A = o0). Under models (2.1)Aand (2.2), when the assumptions (2.9)—(2.14),
(3.5)~(3.14) and (3.16) hold, then we have N1/2 (0 — 0+ w%QAﬁlﬁ(G)) —D /\/},(0, 5*1296*1).

For all 0 < X\ < o0, the asymptotic bias in 0 is inherited from the asymptotic bias in the estimator
/ﬁ(z), see Lemma 3.1. If A = 0, then N is relatively much larger than n and the asymptotic covariance
matrix in the limiting distribution of Theorem 3.1 becomes 4_15_1205_1. This covariance matrix
is like the one when h(z) is known, except here we have the set C appearing in this matrix. On
the other extreme is the case A\ = oco. In this case, the validation sample size N is much limited
compared to the primary sample size n. In practice, this case arises more often due to the high cost
of validation studies. It is not surprising to see that the convergence rate becomes v N with the
limiting covariance matrix G *1299/\*1. The proofs of both the theorems appear in the Appendix.
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4. Simulation study

In this section, we report findings of a finite sample simulation study comparing the empirical
bias and RMSE of the two m.d. estimators corresponding to the integrating measure G(z) = x and
G(z) = do(x), with the calibrated least square and the bias corrected least square estimators. We
conducted these simulations for the two cases: h(z) known and h(z) unknown but validation data
available.

4.1. M.D. estimation when the function h(z) is known

Here, data is generated from the regression model of Example 2.1, i.e., p = 1 and

(4.1) Y, =0X;,+¢e, 0=2, Z;, = X; +Uj, XiNN(a,ag(), UZ'N./\/‘(O,U%]), g; ~ F|
a=1,0%=1, h(z) =z2/(1 +08)+05/(1+0F), 1<i<n.

Clearly, the regression function h(z) is fully determined by 0[2]. To assess the effect of measurement
error on the estimators, in this simulation study we used oy = 0.2,0.5,1,1.5,2. We choose the
sample size n = 200,500 and F' to be N'(0,1), Laplace(0,1) and t3 d.f.’s.

Let 6gaq and 7 denote the m.d. estimators corresponding to G(z) = d(z) and G(z) = z,
respectively. The formulas for the weighted empirical distances given in (2.7) and (2.8) were min-
imized, respectively, to obtain the numerical values of these estimators. The two other estimators
we include in this study are

Opse = Zh Y/th ), Ovets = Syz/(Szz — o),

where Sy 7 =n~! Yo (Y — Y)(Z; —Z) and Szz =n~! Yo (Z; — Z)2.

Tables 1- 3 give the empirical bias and RMSE based on 500 randomly simulated trials for the
four estimators (01, 0sad, Orse, Opers) in the case of known distributions of X and U. In addition,
we present the boxplot of each estimator for the sample size n. = 500 in Figure 1. From these
tables, we see that there is little empirical bias in 05, 64,4 and 0486 for all chosen values of oy, n
and all chosen F. The empirical bias of Hbcgs increases significantly, compared to the other three
estimators, with the increasing oyy. This is true for all chosen sample sizes and F'. Regarding RMSE,
for any fixed value of oy and n, 07 and 0y achieve minimal RMSE among the four estimators for
Gaussian and Laplace error distributions, as seen in Tables 1 and 2, while from Table 3 we see the
superior performance of the m.d. estimators ¢; and 60guq for t2 error distribution. The estimator
Opeos displays much larger RMSE for the larger values of oy = 1.5 and 2 and for all chosen F,
which is also indicated in Figure 1. Not unexpectedly, the RMSE of each estimator increases with
increasing oy. Moreover, from the right panel of Figure 1, we see that for F' = ta, 0ps. and Opeps
display not only larger variation but also unstable estimation presented by outliers. The bias and
RMSE of 67 is especially robust against the larger oy.

4.2. M.D. estimation when h(z) is unknown but validation data is available

We continue generating data from the model (4.1) in Section 4.1. We simulated both the
primary sample {Y;, Z;,1 < ¢ < n} and validation sample {)?k, Z1<k< N} following (4.1) with
the two samples size choices (n, N) = (200,200) and (500,500). The function h(z) is estimated
by /f;( ) in (3.2) based on the validation sample. Let (91, Hgad, 92337 Gbcgs) denote the analog of H-L,
LAD, LS and BCLS estimators when h(z) and ¢ are replaced by h( ) and 6. Here 67 is the
sample variance of {Uj, := Zy — Xj,1 < k < N}. The kernels are chosen as Ki(z) = Ky(z) =
0.75(1 — 22)I(]x] < 1). To meet the assumptions, we specify the choices of the bandwidths w; and
wy as follows. Similar to the rule-of-thumb bandwidth in kernel density estimators of Silverman

13



(1986), we set w1 = 6 N~1/(+P). We adapt the univariate plug-in selector of Wand and Jones
(1994) for we. We chose C as the interval between the 5th and 95th percentiles of {Z;,1 < i < n}
and eg = 1074

The empirical bias and RMSE summary is presented in Tables 4—6 for oy = 0.2,0.5,1,1.5,2
and for Gaussian, Laplace and ¢y regression errors, respectively. Boxplots of the four estimators
for sample sizes (n, N) = (500, 500) are shown in Figure 2. From these tables we see that for fixed
n, N,oy, F, the empirical bias and RMSE of all four estimators are larger than those in Tables
1-3 due to the estimation error in h(z) and oyy. The bias and RMSE of the two m.d. estimators
fr and 6,4 increase only slightly with the increasing o7, while bias and RMSE of 6.4 increases
significantly with increasing oy. Moreover, from Figure 2 we see that the estimators é\gse and
Obers display unstable estimation performance for the larger oy and all chosen F. Overall, the
m.d. estimator §; achieves the smallest RMSE with controlled bias among the four estimators.
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Figure 1: Boxplot of each estimator for known h(z) and n = 500 with different values of oy under Gaussian errors
(left panel), Laplace errors (central panel) and ¢2 errors (right panel).
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Figure 2: Boxplot of each estimator for unknown h(z) and (n, N) = (500,500) with different values of oy under
Gaussian errors (left panel), Laplace errors(central panel) and to errors (right panel).
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e~ N(0,1) n = 200 \ n = 500

51 g[ad 5[86 gbds a] glad a[se gbcls

BIAS 0.0021  0.0102  0.0022 0.0049 | -0.0029 0.0013 -0.0022 -0.0026
RMSE 0.0533 0.0791 0.0528 0.0788 | 0.0355  0.0525  0.0346 0.0509

BIAS 0.0017 0.0138 0.0016 0.0107 | -0.0026  0.0018 -0.0017 0.0018
RMSE 0.0690 0.0968 0.0673 0.1218 | 0.0466  0.0676  0.0452  0.0757

BIAS 0.0030  0.0160  0.0019 0.0477 | -0.0022 0.0073 -0.0012 0.0301
RMSE 0.0953 0.1337 0.0912 0.2930 | 0.0689  0.0932  0.0664 0.1800

BIAS 0.0046 -0.0056 0.0033 0.2054 | < 10~% -0.0034 0.0002 0.0841
RMSE 0.1132  0.1479  0.1092 0.8464 | 0.0792  0.0992  0.0777  0.3829
ay = 2
BIAS 0.0046  0.0129 0.0035 0.4586 | 0.0008 -0.0008 0.0010 0.2368
RMSE 0.1237  0.1661 0.1194 1.8504 | 0.0879  0.1156  0.0860  0.8585

Table 1: Bias and RMSE of each estimator for known h(z) under Gaussian regression error.

¢ ~ Laplace(0,1) n =200 ‘ n = 500
9[ aﬂad HZse abds 91 elad efse Hbcls

oy =0.2

BIAS 0.0014 -0.0009 0.0039 -0.0019 | 0.0011 0.0040 0.0010 0.0012
RMSE 0.0658 0.0979 0.0737 0.1040 | 0.0418 0.0511 0.0473 0.0690
oy = 0.5

BIAS -0.0019 0.0021 -0.0025 0.0070 | 0.0016 0.0086 0.0012 0.0052
RMSE 0.0860 0.1131 0.0902 0.1452 | 0.0543 0.0722 0.0568 0.0929
oy =1

BIAS 0.0015 0.0063 -0.0011 0.0520 | 0.0020 0.0039 0.0019 0.0265
RMSE 0.1159 0.1554 0.1179 0.3224 | 0.0765 0.1001 0.0773 0.1878
oy = 1.5

BIAS 0.0039 -0.0086 0.0007 0.2484 | 0.0034 -0.0003 0.0033 0.0824
RMSE 0.1346  0.1684 0.1362 1.0327 | 0.0854 0.1035 0.0855 0.4044
oy = 2

BIAS 0.0070  0.0070  0.0072  0.3120 | 0.0037 0.0046 0.0033 0.2308
RMSE 0.1459  0.1902 0.1438 1.3663 | 0.0964 0.1157 0.0963 0.9375

Table 2: Bias and RMSE of each estimator for known h(z) under Laplace regression error.

£~ ty n = 200 \ n =500

5[ 5(/.ad gﬁse abds 5[ Fevf.ad aése 5bc(.s

oy =0.2
BIAS -0.0024 0.0006 0.0101 0.0136 | 0.0020 0.0055 0.0052 0.0036
RMSE | 0.0774 0.1032 0.2925 0.3371 | 0.0476 0.0717 0.1300 0.1912
oy = 0.5
BIAS -0.0030 -0.0019 0.0084 0.0189 | 0.0024 0.0068 0.0061 0.0088
RMSE 0.0966 0.1291 0.2861 0.3386 | 0.0607 0.0812 0.1378 0.2159
oy = 1
BIAS -0.0025 -0.0084 0.0077 0.0600 | 0.0035 0.0118 0.0071 0.0306
RMSE 0.1256  0.1777 0.2915 0.4611 | 0.0821 0.1094 0.1525 0.3032
oy =1.5
BIAS -0.0009 -0.0202 0.0083 0.2199 | 0.0041 0.0032 0.0079 0.0921
RMSE | 0.1450 0.1825 0.3028 0.9348 | 0.0971 0.1190 0.1651 0.4947
oy =2
BIAS 0.0001 -0.0061 0.0090 0.5872 | 0.0047 0.0044 0.0087 0.2986
RMSE | 0.1571 0.2074 0.3129 2.0090 | 0.1058 0.1261 0.1737 1.2157

Table 3: Bias and RMSE of each estimator for known h(z) under ¢, regression error.
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e~ N(0,1) n = 200, N = 200 | n = 500, N = 500

01 é\Zad é\fse a\bcls a\1 é\Zad é\lse Z)\bds

oy =0.2
BIAS -0.0380 -0.0025 0.0033 0.0057 | -0.0241 0.0173 0.0236 -0.0027
RMSE 0.0884 0.0989 0.0811 0.0790 | 0.0589 0.0650 0.0592 0.0513

oy =0.5
BIAS -0.0439 -0.0082 -0.0485 0.0139 | -0.0291 0.0065 -0.0231 0.0014
RMSE 0.1167 0.1468 0.2412 0.1309 | 0.0821 0.0951 0.1714 0.0834
oy =1
BIAS -0.0551 -0.0535 -0.0960 0.0775 | -0.0335 -0.0070 -0.0567 0.0288
RMSE 0.1603  0.2020 0.3048 0.3764 | 0.1085 0.1281 0.2246  0.2267
oy =1.5

BIAS -0.0593 -0.0612 -0.0833 0.4932 | -0.0371 -0.0378 -0.0480 0.1371
RMSE 0.1843 0.2075 0.2699 2.0647 | 0.1231 0.1390 0.1830  0.6050
oy = 2

BIAS -0.0629 -0.0567 -0.0655 0.7770 | -0.0412 -0.0421 -0.0390 0.4812
RMSE 0.1977  0.2315 0.2252 8.1122 | 0.1302 0.1440 0.1487 3.1191

Table 4: Bias and RMSE of each estimator for unknown h(z) with validation data under Gaussian errors.

¢ ~ Laplace(0,1) n = 200, N = 200 ‘ n = 500, N = 500
9[ aﬂad Opse abds 91 aéud Opse abcés
oy =0.2
BIAS -0.0384 -0.0134 0.0038 0.0011 | -0.0199 0.0175 0.0269 0.0009
RMSE 0.0991 0.1057 0.1146 0.1051 | 0.0620 0.0669 0.06418 0.0693
oy =0.5
BIAS -0.0447 -0.0113 -0.0411 0.0131 | -0.0216 0.0131 -0.0265 0.0039
RMSE 0.1355  0.1591 0.2362 0.1565 | 0.0838 0.0975 0.1809 0.0980
oy =1
BIAS -0.0483 -0.0474 -0.0968 0.1015 | -0.0267 -0.0062 -0.0479 0.0249
RMSE 0.1713  0.2194 0.3460 0.4507 | 0.1079 0.1253 0.1863 0.2333
oy = 1.5
BIAS -0.0498 -0.0534 -0.0808 0.4352 | -0.0304 -0.0334 -0.0415 0.1166
RMSE 0.1917  0.2126  0.2947  2.8417 | 0.1224 0.1430 0.1733  0.5827
oy = 2
BIAS -0.0545 -0.0470 -0.0628 -0.2593 | -0.0329 -0.0198 -0.0304 0.3198
RMSE 0.2036  0.2326  0.2567  9.8919 | 0.1290 0.1449  0.1501 4.5430

Table 5: Bias and RMSE of each estimator for unknown h(z) with validation data under Laplace errors.

€~ ty n = 200, N = 200 \ n = 500, N = 500

9[ eﬂad ‘9856 ebds 0[ efad 9( se ab(’l s

oy = 0.2
BIAS -0.0452 -0.0516 0.0110 0.0131 | -0.0171 -0.0173 0.0294 0.0035
RMSE | 0.1138 0.1283 0.2842 0.3367 | 0.0691 0.0759 0.1568 0.1909

oy = 0.5
BIAS -0.0488 -0.0536 -0.0434 0.0167 | -0.0201 -0.0167 -0.0221 0.0083
RMSE 0.1469 0.1657 0.3661 0.3400 | 0.0906 0.0996 0.2394 0.2153
oy = 1
BIAS -0.0600 -0.0678 -0.0905 0.0690 | -0.0266 -0.0270 -0.0493 0.0350
RMSE 0.1834 0.2076  0.3814 0.5206 | 0.1197 0.1271  0.2498 0.3269

oy =1.5
BIAS -0.0593 -0.0663 -0.0847 0.2926 | -0.0245 -0.0243 -0.0530 0.1398
RMSE | 0.2038 0.2272 0.3469 2.8562 | 0.1094 0.1179 0.2644 0.6613
oy =2
BIAS -0.0620 -0.0694 -0.0983 0.6243 | -0.0305 -0.0294 -0.0335 0.6066
RMSE | 0.1983 0.2789 0.3219 7.4859 | 0.1369 0.1462 0.2225 3.6414

Table 6: Bias and RMSE of each estimator for unknown h(z) with validation data under ¢2 errors.
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Appendix
In this section some proofs are presented.

Proof of (2.25). Let D(s) :== [;° ||V (2,0 + n~'/25)[|2dG(z). By (2.23), M (0 + n~/2s) = 2D(s).
Recall that ¢,; :=n 1/zh( ;) and define

U(z,s) :=n 1/2211 C,Sx—kscm) J(z,s) —nl/QZh Kz, (x + §'cni),

W(z,s) = U(a:,s) —J(z,s), ze€RP seRP.
Note that EU(z,s) = EJ(z,s), EW(z,s) = 0. By (2.5),

WS HEN K )+ K ()} = VS WE), Va e .

Recall the definition of I',, (2), T'(z), G, and G from (2.15). By (2.5), T'y(z) = 'y (—2), ['(z) = T'(—=z).
Use the above notation and facts to rewrite

D(s) = / |U(z,s) +U(—a,s) —n~ 1/2Zh ‘dG

i=1
= / H{W(m,s) — W(z,0)} + {W(-z,s) — W(—z,0)}
’ +{J(aj,s) — J(z,0) =Ty (x)s } + {J —z,8) — J(—x,0) — Fn(—m)s}
+{W (x,0) + W (—2,0) + 20 (2 S}H dG(x
Expand the quadratic of the five summands in the integrand to obtain
(4.2) D(s) = Di(s) + Da(s) +--- + Ds(s) + 2 x (10 cross product terms),

where

Dy(s) = /OOO W, s) — W(x, 0)|2dC(z)

Da(s) = /0 TIW(—a,s) - W, 0)|dG(x)

Ds(s) := /Ooo [T(2,s) = J(2,0) — Ty(x)s|*dG(x)
Dy(s) := /oo | T(~2, ) — J(—,0) — Tp(—2)s||"dG ()
Ds(s) := / W (,0) + W(—2,0) + 2T, ()s|| *dG(x

Recall U(b) := {s € RP;||s|| < b}, b > 0. We shall shortly prove the following lemma.
Lemma 4.1. Under the above setup and the assumptions (2.9)—(2.17), V0 < b < oo,

(4.3) sup Di(s) =op(1), k=1,2,--- 4,
seU(b)
(4.4) E( sup D5(s)> — 0(1).
seU(d)
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Unless mentioned otherwise, all the supremum below are taken over s € U(b). Lemma 4.1
together with the C—S inequality yield that

sup ‘ /OOO {W(z,s)—W(z,0)}{W(z,0) + W(—z,0) + 2T, (z)s }dG(z ’2
< sup D1 () sup Ds s) = 0y(1),

by (4.3) applied with & = 1 and (4.4). Similarly, the supremum over s of all other cross product
terms in the right hand side of (4.2) tend to zero, in probability.
Consequently, because D(s) = M (0 +n~1/2s)/2, we obtain

(4.5) sup |M(0 +n~'/2s) — 2D5(s)| —, 0.
Let

n

— / T (@)W (2, 0) + W (—2,0)}dG(2)
0

Because of (2.5) and (2.9), [;° Tn(2)Tn(2)'dG(z) = Gn/2, [;°T (x)dG(z) = G/2. Use these
facts when expanding the quadratic in D5 to write

(4.6) Ds(s) = 27 M(0) + 48'T + 25'Gys.
Because T,, = 2 [ T'(z){W (x,0) + W(—x,0) }dG(z), by the C-S inequality, (2.16) and (2.22),

72 -5l = | [ AT - t@ W 0) + W (2,0 }dG ()|
0
< D) [ Tul@) = T@)*dG @) =, 0
19, =Gl = 0.

Hence (2.25) follows from (4.5) and (4.6), thereby completing the proof of Theorem 2.1. O

PrROOF OF LEMMA 4.1. Consider Ds. Let Djs(z) := Kz, (z + s'cpi) — Kz,(x)—
s'epikz,(x). Then

(4.7) Da(s) := /0 " > WZ)Dis(a) | dG()
=1

<@ [T Y DR
i=1 0 =1
By the LLN’s and (2.4),
(4.8) Z el =" Z 1h(Z)* —=p EIR(Z)]? < oo

By the C-S inequality and (2.14), for all s € U(b),

/Ooo Zzn; D}, (z)dG / Z /|S - kz,(x +u) — Ky, (x))du) QdG(x)
12

s’ Cn2|

ST Zuh [ (ol ZDI) ~ ) ),
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Therefore, by the Fubini Theorem and (2.14),

(4.9) E<sgp /0 h Zn: D?S(x)da(x))
=1

1/2 ot 2 B 2
< 2bn /b _I/Q/E{Hh(Z)H (kz(z +v[|R(Z)]) — kz(x))" }dG(z)dv — 0.

Upon combining this fact with (4.8) and (4.7), we obtain sup, D3(s) = 0,(1), thereby proving (4.3)
for j = 3. The proof for j = 4 is exactly similar.

Now consider D;. Because the ith summand in W (z,s) — W(x,0) is a conditionally centered
Bernoulli type r.v. and the summands are i.i.d., by the Fubini Theorem and (2.14),

(4.10) EDy(s) < /OO E||W(z,s) — W(z,0)||*dG(x)
< (I [ |Katatn I02) - Kelo)]dGil))

< /// IR(2) Pz + ull(2)])) ) AG ) — 0.

In view of (4.10), to prove (4.3) for j = 1, because of the compactness of the ball U(b), it suffices
to show that for every € > 0 there is a 6 > 0 and an N, such that for every s € U(b),

(4.11) P( sup ‘Dl(t) — Dl(s)‘ > e) <e€ Vn> N
[[t—s||<d

Let hj(z) denote the jth coordinate of h(z), j =1, - ,p and let a;(z,t) := I(§ <z + t'eni) —
I(Cz < l‘) - KZ,L- (.%' + tlcm‘) + KZi (m) Then

Di(s) = /OOO Wz, 5) — W(z,0)*dG ()

P oo P
= Z/O —1/2Zh ai(z, s) >2dG(:I:) = ZDU(S), say.
j=1 j=1

Thus it suffices to prove (4.11) with D; replaced by Dy for each 1 < j < p.
Fix a 1 < j < p and write h;(Z;) = h;r(Zi) — h; (Z;), where hj = max(0, hj),

h; = max(0, —h;). Let

Wj (x,s) := 7”fl/22hjE iz, s) ’D;E(x,s,t) = Wji(a:,t) - Wji(x,s),

R;-t(s,t) = /OOO (D;-E(ac,s,t)) dG(z), «ai(z,s,t):= a;j(z,t) — a;(z, s).
Then
(4.12) | D1j(t) = Dj(s)]
= / ( 71/22 h+ —hj (Z )i, s t))2dG(x)
< /Doo (’Dj.'(m,s,t)) dG(x) + /000 (Dj_(a:, s,t))QdG(x)
00 o0 B 1/2
+2 /O (D (2, 5,1)) *dG(x) /0 (D} (2.5.1))%dC )
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= Rf(s,0) + R; (s,t) + 2(R} (s, )R (s,1))"/%.
Note that

D;T(as,s t) = _I/QZfﬁ ) i, t) — ai(x, )]
Fix s € Up, € > 0 and § > 0. Then, V¢ € U(b), ||t — s|| < § implies §'cp; — dcnil] < tens <
§'eni + 0||cni||, for all i. By the nondecreasing property of the indicator function and the d.f.,

I(G < x4 8'cni — Olenill) = 1(G < x+ 8'eni) — Kz, (x + 8'cni + 8|cnil])

+ Kz, (x+ s'cpi) + Kz,(x + s'cni + 0||cnill) — Kz, (z + 8'cni — 0cnil|)
<, t) —ai(m,8) = 1(G < x+tew) — (G < x+5'en)
— Kz (x+tew)+ Kz, (z+ s'cns)

I(¢ <z + 8'cni + 0lenil]) — 1(G < o+ 8'eni) — Kz,(x + 8'cni + 0cnil])
+ Kz, (x+ s'eni) + Kz (x+ s'cni + 0lleni|)) — Kz (x+ s'cni — Olcnil))-

Let, for any a € R,z € R,
n
Dﬁ(x, s,a) = n~Y? Z h;-—L(ZZ-){I(Q <z +5en+alenil]) = I(G < o+ 8'ens)

—Kz,(z + 8'cpi + allcnil]) + Kz, (z + s’cm-)}.

Using the above inequalities and hj(ZZ-) being nonnegative we obtain that

RE(s,) == /oo (D (z,5,1))dG (x)
0

< /0 h (D (2, 5,8))%dG () + /0 (D (x, 5, ~0)) dG (x)
+ /OOO (n_1/2 Z hj(Zz){Kzl(x + 8" ni + 8l|enil]) — Kz, (@ + 8'cni — 5HCm‘H}dG($)>2.
=1

Argue as for (4.3) when j = 3 to see that the first two terms in the above bound tend to 0, in
probability. Let 8, := n~1/2§ and Aj(s,06) denote the last term in the above bound. Argue as for
(4.10) to obtain that Aj(s,d) is bounded from the above by

/(—I/QZzﬁ IIh(Z ”/ z,(x +n" V24 n(Z )+u|]h(Zi)||)dudG(m))2
<ot [0 (Zuh W [ e+ 0 A0 + b2 )

On
<”1/Z\|h(Z,~)H4Z(25n)/ k% (x + V2 W(Z) + ul|(Z) ) du dG ().
i=1 i=1 —on

Hence, by the Fubini Theorem and (2.14),

n—1/2
EAj(s,8) < 25n1/2/_ 6/ ||h 6% (x +n25h(Z )+u||h(Z)H)>dG(a:)du

=+ 4% [ B(IM2)'@)d6(@). asn— o0, V1<) <5
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Since the factor multiplying 2 is positive, the above term can be made smaller than e by the choice
of §. This then completes the proof of R;r satisfying (4.11). The details of the proof for verifying
(4.11) for R} are exactly similar. These facts together with the upper bound of (4.12) show that
(4.11) is satisfied by D;; for each j = 1,---,p thereby completing the proof of (4.3) for D;. The
proof of (4.3) for Dy is similar. This completes the proof of (4.3).

Next, consider (4.4). By the C-S inequality, | (2)[|* < + Y21 |h(Z)||* x k3, (), for all 2 € R.
Recall D(0) = M(#)/2. Hence, by (2.13) and (2.22),

E(sngg)(s)) < 2ED(0)+2b/E||Fn(x)||2dG(a:)

< 2ED(0) —l—2b/E(Hh(Z)||4/-;ZZ(a:))dG(x) < oo. O

Proof of Lemma 8.1. Tt is well known that the kernel density estimator fZ(z) —p fz(2) under
(3.12) for all z € C. Because e < by < inf.ec fz(2), we have that (fz(z) V eo) —p fz(2), for
all z € C. Slutsky’s theorem implies that it suffices to show that iL(Z) is asymptotically normally
distributed. Rewrite

N N _ ﬁl+)~(k*2 N N o
P ZZXkKl (T) = N7222¢(27Xk7Ul);
== ! k=1 1=1

where ¢(z, Xp, U)) = X3 Ko(Up + X — 2) and K (1) = K(-/w1)/w?. We sce that h(z) is in fact a
two-sample U-statistic based on the function ¢. Recall ho(z) in (3.1). The conditional expectations
can be calculated as follows.

¢(X1,U1 ) = ho(2) + wi B(2) + o(w}),
//:fo o) f7(z — 2)uK; (u)dudz,
E(9|X1) = X1 fu(z — X1) + O(w}), E($|U1) = (2= T1)fx(z — Uh) + O(u?).

Similar to the derivation of Lemma 6.4 in Geng and Koul (2017), we obtain that

Cov(h(z)) = o( + N~ Cov(E(¢|Xy)) + N—lcov(E(¢yz71))).

1
N2w p
Under (3.12), we see that the asymptotic covariance of h(z) is of the order N~!, because of Nu® —
oo implied by (3.12). Furthermore, Theorem 6.1.4 in Lehmann (1999) and w; — 0 imply that

NY2(h(z) = ho(2) — wiB(2)) —p Nyp(0,Q), Q:=Cov(X fr(z — X)) + Cov((z — U) fx(z — U)).

This completes the proof of Lemma 3.1. O

To study the asymptotic distribution of 5, we need the following preliminary result about the
uniform consistency of h(z) over C.

(4.13) sup [7(2) = h(2)]| = 0p(1)-

Proof of (4.13). Recall the definitions of & and h from (3.1). Rewrite

R 1 1 L
h(z) — h(z) = m(h(z) —ho(2)) + hO(Z)((fz(Z) V ) B fZ(z)>
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By (3.5) and (3.9), sup, ||ho(2)|| < co. Moreover, (fz(z) V&)™t < ¢y . Therefore, it suffices to
show that
~ 1 1
4.14 a) sup ||h(z) — ho(2)|| = 0,(1); b) sup |— — = 0,(1).
(4.14) (a) Sup [7(2) = ho(2)[| = 0p(1);  (b) N G ve) T2 p(1)

First, we prove (4.14)(a). Let

N N
=N I(Xk <), ha(z):= N X fulz — Xp).
k=1 =
Now write h(z) — ho(2) = h(z) — h1(2) + h1(2) — ho(2). Giné and Guillou (2002) showed that if fis
is bounded with the bandwidth w, satisfying (3.12), then

~

Jo(

log wfl

—Bfuu )|=0 ( Nuw? >

On the other hand, Taylor expansion, the symmetry of K; and the assumption (3.10) yield that

(4.15) sup

uERP

(4.16) sup |Efy(u) — fu(u)] = wi sup
u€ERP u*eRP

The facts (4.15) and (4.16) together imply

(4.17)  sup |fu(u) — fu(u)] < sup | fu(u) — Efy(u)| +5;1ﬂ§ |E fur(u) — fu(u)| = op(1).

u€eRP

/u'f{]'(u*)uKl(u)du‘ = Op(w?).

Hence, E|| X || < oo implies

sup [i(z) ~ ha(2)] < / lell[ o - 2) — fu(z — 2)|dFy(2)

<N© 12 1| sup | for(w) = fo(u)| = 0p(1).

k=1

It remains to show that sup,cc ||h1(2)—ho(2)|| = 0p(1). By (3.9), fu has an absolutely integrable
characteristic function y(¢). Similar to the argument in Bierens (1983), by the inversion formula,

futu) = @n) [ expl=it ()t
Because E(h1(2)) = ho(z), we have
1 Mo ~
M=) = hol2) = G ; {% / exp(—it'(z — X)) (t)dt
~ E[X, / exp(—it'(z — )?k))y(t)dt]}.
Let Zy(t) := Xy, exp(it' X1.), Yi(t) := Zu(t) — EZy(t),Gn(t) := N~V 32N Yi(t). Then

/ exp(—it'z) x G (0(1)l|

B sup [[ln(z) = ho(2)l| = G5 F sup

1 1
< (zw)p/EHGN )| [v(8)|dt < sup E||Gn(t) 27T)p/|'y(t)]dt.
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Because Gy (t) is an average of i.i.d. mean zero complex valued r.v.’s Y;(t)’s and because E||Y;(t)]?

< E||Z1(t)|]2 = E(Z,(t)Z1(—t)) = E||X|)?, for all ¢, we obtain
E||Gn®)|? = NT'E|Vi(®)|? < NT'E|X|?, uniformly in t € RP.

Hence Esup,ce th(z) (2)|| = N~Y2) and sup,ec |h1(z) — ho(Z)H = 0p(1), which together
with (4.17) completes the proof of (4 14)( ).
Next we prove (4.14)(b). Because

1 1
‘(fZ(Z)\/EQ) fz(z)‘

it suffices to show that

(4.18) up |(f2(2) Vo) = f2(2)] = op(1).

< ealbal‘(fz(z) Veg) — fZ(Z))u

An argument similar to the one used for (4.17) and assumptions (3.10) and (3.12) yield

(4.19) 7(2) — f2(2)] = 0p(1).

zERP

Moreover, since

(f2(2) V&) — fz(2 +Sup’fz fz(2)],

sup |(fz(2) Vo) — fZ(Z)‘ < sup D

zeC zeC

it remains to show that

(4.20) sup |(f2(2) V o) = f2(2)

zeC

For a fixed 0 < € < by — €, let A, ¢ := {fZ(z) —e< fZ(z) < fz(z)+e Vze C}. By (4.19), 3N,
such that P(A,) >1—¢, ¥n > N.. On A, , since inf,c¢ fz(2) > by, we have

f2(2) > f2(2) — € > fz(2) — by + €0 > €o.

Hence, sup,c ’(fz(z) Vo) — fz(z)’ =0 on A, ., thereby proving (4.20) and hence (4.14)(b). This
also completes the proof of (4.13). O

Let A(z) = lAL(z) — h(z) and 0; := O'A(Z;), 1 < i < n. From (4.13) we readily obtain the
following result for the later use.

(421) e 18] < 6] sup AE)] = o,(1).

Proof of Theorem 8.1. The proof is similar to that of Theorem 2.1. First, we shall prove the
following.

(4.22) M(6) = 0,(1).

A major difference between V(z,6) and V(z,0) is that V(z,0) is centered at 0 while 17(35, 0) has
an asymptotic bias of the order w? due to the estimation of h(z). Rewrite

V(e,0) = 1/2ZIC LG <2+ 0A(Z) - I(=G <z — 0'A(Z))].
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Let

€)= (Kl 4 0A() — Kelz — #A()) ~
= szx Jo(z, x zh(z) 2,
Je(sz) = IC( )(fZ(Z)\/GO)g( ) )7 J9< ) IC( )fZ(Z)g( ) )
Write V (z,0) = T(z, 0) + n~/2 Yoy Jo(Zi, x), where
T(z,0) := V(z,0) — n~1/? i Jo(Zi, ).
i=1
Note that
S 1ol = Stz ¢z,
i=1 i—1 (fz(2) Veo)?
B e ||h )I?
< ze%?((fz o )Z Rl
Py 2. 0~
- (70 \/)60)> ;HJ‘)(ZMHQ
Then

(4.23) /Hff(x,e)uzda(m) < 2/|{T(m,9)”2dG(z)+2/n_1HiJg(Zi,m)HQdG(x)
i=1

IN

2/||T(m,9)H2dG(x)+2/ZHJ9(ZZ»,3C)HZCZG($) (by the CS ineq.)

2/|{T(m,9)H2dG( +25up /ZHJQ (Z:, 2)|PdG

It thus suffices to show that the two terms on the right hand side above are Op(1).
Because T'(x,0) = T(—z,0) and G is symmetric around zero, we obtain

IN

/I!T(wﬁ)szG(w) = 2/OOOHT($,9)HQdG(1‘)-

Recall §(z) = 0/A(z). Let E¢(L(Z)) := E(L(Z)I(Z € C)), for any integrable function L of Z. The
law of total expectation and (3.6) yield

* 2
E /0 |T (. 0)|2dC ()
= Fe [ IBZ)PVar(I(¢ < @+ 6(2)) = 1(~ < 2 = 5(2)))dG(a)

< lallwEe (B [~ {2 Kele = 5(2)) - Kato +5(2) ).
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Moreover, conditioning on the validation data and Z and using the independence between Z and
validation data, we obtain

/OOO (1- Ky(z—5(2)}de = /OOO P(C+58(2) > 2)de < E(I¢]|Z) + 16(2),
/OOO (1 - Ky(z+05(2)}dz = /OOO P(¢ = 8(2) > x)dz < E(I¢]|Z) +6(2)].
Therefore,
> 2
E/O T (. 0)||?dC ()
< 2llglloo B (IR(2)IPIE(C]12) + 15(2)]))

= 2| glloc B { IR(Z)IPICI} + 2lglloc B { I7(2) I216(2)] |
< 2lgloocy® (Ec{ IR} + 01 E IR)I2IA) })

< 2gllcoc (\ EclIR(2) 4B + 611y Eelh(2)[*Ec| A2)]12).

To proceed further, we need the following results obtained by direct calculations.

(4.24) Eh(z) = ho(2) + %wfé(z) +o(w?),

N N
Elh()|>=N"E Y > X|X;K,(U;+ X; — 2)Ky(Ur + X; — 2)
i,j=1¢q,r=1

= [[ho(2)I* + wiho(2) B(2) + o(wi) + O(N™") = [[ho(2)]|* + o(1),
Bla) = NFEL Y N XX KUy + Xi — 2)Ku(T, + X; - 2)

0,5k, @,rss,t
XL XK (Uy + Xi — 2) Ko (U, + X — z)}
= [lho(2)|* + 2wi[lho(2)|*ho(2) B(2) + o(wi) + O(N ') = [lho(2)]|*.
We further obtain that
(4.25) E||A(2)])* = E|lA(z) - A=)

<25 (hz) ~ ho()] }

1
[izerm o
+QE{H'“’(Z)<<fZ<z> Ve )l
< 26, B|lh(z) = ho(2)|* + 2(eg " + by ) 1o (=)

< deg *BlIh(2)* + {4eg® + 2(eg " + 05 1)}l ho(2) |

= {542+ ) o) + (1)
€ 0

€
Combine (4.24) and (4.25) with the assumption (3.5), which implies E|/ho(Z)||* < oo, to conclude
that E [°||T(z,0)|*dG(z) = O(1) .
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Next, consider the second term in the bound of (4.23). By (4.18), sup,¢c {j’"Z(z)/(fZ(z)\/eo)}2 =
Op(1). It remains to show that

(4.26) /Z 17o(Zi, )| *dG(x) = O,(1).

=1
Recall §; = 0’ A(Z;). We have

[IEERIREE
- Z/ Hh H2 (KZi($+5z') —Kzi(x—61)>2dG(m)
Z / ||h 1\2 g /m oo+ )t

2 16,1
QZI Hh ” | 1|/ /H2Zi(l‘—|—s)dG($)ds

||h DI? o
<
< 419?&260 (2]0:])~ /|5/HZ x + $)dG(x ds) ZI Z) — 0

The last but one inequality is obtained by using the C—S inequality and the Fubini Theorem. Under
(3.7), we have sup, , k. () < | flloo < 0o. Hence

IN

IN

51
(26)) / //12Zi(a:+s)dG(x) < IR, i G is a df.

164
< llgllsoll flloos if dG(z) = g(z)dz,[|g]lc < 0.
Let

n._ZIC MIR(Zi)||62.

Using the above bounds we obtain

/Z 1Jo(Zs, )| *dG ()
=1

IN

4
— 1 12D, if Gis a df.
bO

4 :
< pllfllecllgllocDn, if dG(z) = g(2)dz, [lgloc < 0.
0

It thus remains to show that D, = O,(1). By the definitions of h(z) and ¢; and (3.8),
E(D,) = nE{IC Z1 V(Z1) W(Z1)67 )

LRSS B{1e(20)XIX; KUy + Xi = 20) K (U, + X; = 21)
i,5,k,l=1 q,r,s,t=1
U+ X — 2 U +Xi -7
Us+ Xp =21 Yt =2y n(z1)] }
f2(2Z1) fz(Z1)
Z Z + Z Z + Z Z E{} + other terms,
iZjAh=l qirrstt  iAhAj AL gprEs=t  ifjFhAl qrrFstt
:=D1+ Dy + D3+ Dp.

X 0 [ X3 Ko ( ) — 1(Z1)]0' [ X1 K
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In D1, k =1 and all other indices different. Hence, D; is bounded from the above by

n[N(N - 1)(N = 2)]*(N - 3)
LN

X 0'[X3Ky(Us + X3 — Z1) — W(21)]0' [ X3 K (Us + X3 — Z1) — h(Zl)]}

E{IC(Zl))Z{X'QKw(ﬁl + X1 — Z0)Ko(Us + Xo — Z1)

- O(nN‘l)E{IC(Z)Hh(Z)HQ [E((e'fc)%(z - 5()|Z)} } = O(nN"'Ly(0)).
Similarly,

Dy = 0N E{ ()| PE((0'(Z - 1) f3(2 - 0| 2)}
= O(nN"YHLy(8).
In D3, with indices i # j # k #l and q # r # s # t, we get

~ 2

Ds = O(nwi) (¢0'Elle(2)B(2)])” = O(nwi|0]* E||B(2)|]?) := O(nwi)Ls(6).
Similar calculations show that all other terms in E(D,) are o(D; + Do 4+ D3). The assumptions
(3.5) and (3.9) imply that L;(#),7 = 1,2, 3 are finite. Therefore, under (3.5) and (3.15), we get, for
sufficiently large n A NV,

(4.27) E(D,) = OMmN Y[Li(0) + La(0)] + nwiLs(0) + o(1)

Since D,, > 0, by the Markov inequality, D;,, = Op(1). This completes the proof of (4.22).

Next, we prove the asymptotic normality of the estimator 0. Let i =n~ Y 271(Zi) and
(4.28) W(:U s):=n 1/ZE:IC { (G <a+6i+8'eni) — Kz, (x4 6 + 5'éns) |,
T, = / F(o) [W(x,0) + W(—z,0)]dG(z),
]\71(3) = ]\//.7(9) +4T s +45Gs, § = argmin, ]\//.71(8) = —%éﬁlfn,

where T',y(2), ['(z) and G are defined in (3.4).
Similar to the proof of Theorem 2.1, we aim to show that

(4.29)  sup |M(0+n"Y2s) = Mi(s)| =p 0, YVO<b<oo, [n'/2(f—0) 3]0
sl <b

Define

Ua:s —nl/QZIC I(G <x+ 6 +5en),

j(x, S) = ’I’L_l/2 Z IC(Z’L)/H(ZZ)KZZ (l‘ +9; + S,ém).
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~

Then W(:L‘, s) =Ul(x,s) — J(z,s), and

M(0+n"/2s) I/Hﬁ(%s)Jr —2,3) 1/2216
/H W (z, 0)} {W(—m,s)—W(_m,o)}

o~

+ {J(x,s) — J(x,0) — fn(az)s} + {j(—x s)—J(—x,0) — fn(—x)s}

+{/W7(x,0)+W( 2,0) + 2T, (x }H 4G (z

(z)

Use this decomposition and an argument similar to the one use in the proof of (2.25) to obtain
(4.29), under the given assumptions. Details are skipped for the sake of brevity.

Now it suffices to derive the asymptotic normality of fn to complete the proof. Similar to T,
fn can be rewritten as

T, = n—l/z/ ZIC [ (G<z+6)+I(—C <a—6)|dG(x)
e Z [ 1eZ0n@h(Z)e. (G - 05Z))daL:)
= n*/QZ / Ie(Z)(2)h(Z)p-(¢)AQ(2)

oS L2 WA [ W ZCIQE) + R

i=1
= Anl + an + Rna (SaY)a

where R, is the reminder of the Taylor expansion and R, = op(T i+ T, n2). Therefore, it suffices
to analyze Tnl and Tng First, we rewrite

nl/2 ™

- Yy / p()XnKulO0+ Xi = 2)02(6)dQ(2)

i=1 k=1 I=1 \/60

Define

¢1(Zi7Cia)?k,ﬁl) = ((Zl)

T = nN2 p ZZdM Zz»CqumUl)

i=1 k=1 [=1

1(2) X Koo (U + Xk — Zi)2(C)dQ(2)

E”c?

Then (4. 18) implies that Tt = Ton —i—op(fnl). Therefore it suffices to study the asymptotic property
of Tnl for Th1. It can be seen that T, is a 3- sample U statistic based on {(Z;,¢;),1 < k < n},
(X1, 1<k <N}and {U;,1 <1< N}. We further compute that

E(¢1|X1) = E(¢1|U1) = B¢y =0,
E(¢1171,¢1) = /Ic(Zl)M(Z)h(Zl)%(Cl)dQ(Z)+Op(w%)-
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So asymptotically T, n1 only depends on the sample {(Z;,¢;),1 < i < n}. Then Theorem 6.1.4 in
Lehmann (1999) implies that, with n/N — X, L(Z,¢) = [Ic(Z)u(2)h(Z)¢.(¢)dQ(z) and Xy =
Cov(L(Z,¢)), To1 —p N(0,%0). Therefore, for 0 < A < oo,

(4.30) Tt —p Ny (0, o).

Similarly, Tho is also a 3-sample U statistic. Specifically,

Tro = 2072 3" ()W AZ) [ n((Z05-(6)dQ(2)
=1

onl/2 Ie(Z; =
ik > f?( >) 0 (X1 KOs+ X — Z2) — h(Z)) f2(2)]
KU + X| — Zi)
></ ()% = 2 (G)AQ()
ont/? &7 Y, 77
=: nN4 Z gl(ZZ’,Xk7US)QZ(Zi7<iaXl7Ut)
i,k,l,s,t

nl/ o
I D DU SRR S TACAS N ATHE A o)

t,k#£l,s#t  ik#ls=t i,k=ls#Et  ik=ls=t
=: Sp1 + Sp2 + Sn3 + Sna.

We will show that S,; is asymptotically normally distributed while S,,;,j = 2, 3,4 are asymptoti-
cally negligible compared to Sy,;. Consider

2n'/2 S~ > ~
Sn1 = > 91(Zi, X0, Ud)ga(Zi, G X0, Un)
1, k#£l,s7#£t
n'/? 1 s = S~ S ~ s =
= W Z Q{gl(Zlek‘) US)QQ(ZZ"CZ"Xla Ut) +gl(Zi)*le? US)gZ(Zi7<iana Ut)
i AL st
912 X U0)92(Zi Goy X0, Us) + 91(Z, X0, U922, iy X1 U) |
12 o
=: W Z ¢2(Zi>Ci7Xk7leU57Ut)'
i kAl s

Note that ¢9 is symmetric within each sample. Recall the notation from (3.4). Direct calculation
shows that

E(g1) = wiE[Ic(Z)0'B(Z)] = O(W%)L E(g2) -t O(w}),
E(g1|X1) = Ro(X1) + 0p(1),  E(g1|U1) = Sp(U1) + 0p(1),
(62|X1) = E(q1]X1)E(g2) + E(g1)E(92|X1) = Ro(X1)ex + 0,(1),
(

(¢

&

E(¢2|Uh) = E(g1|U1)E(g2) + E(g1)E(g2|U1) = Sp(Ur)ex + 0p(1),

E($2]Z1,¢1) = 2wile(Z1)0'B(Z )/M(Z)h(Zl)@bz(Cl)dQ(Z)+0p(wf)-
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Furthermore, applying Theorem 6.1.4 in Lehmann (1999) to S,1, we obtain that for A < oo,

- 2N -
Sp1 =4/ 2 - {Snl - 2n1/2w§5(9)} —p N, (0, %),

S = (14 2/A)Cov(E(d2]Z1, (1)) + (2 + N)Cov(E (2] X1)) + 4(2 + A)Cov(E(¢2|U1))
=(2+ A)cov(Rg(f('L)a) +4(2+ é)COV(Sg(fjl)a)
= 4(2 + \)[Var(Ry(X)) + VarSy(U)]ac!'.

Therefore, under (3.15), we have
(4.31) Sn1 — 202w B(0) —p Np(0,42%).

Next, we analyze Sp2,Sp3 and Spg. Similar to Lemma 6.4 in Geng and Koul (2017), tedious
calculation shows that E|[Sy2||? = O(nN~2) = E||Sus|?, E||Sn2ll? = O(nN~%). Therefore, under
(3.15), Sp2 + Snz + Spa = 0p(1). Combine this with (4.31) to obtain that

(4.32) Tha — 20" 2w?B(0) —p Nyy(0,475%).

Finally, (4.30), (4.32) and the independence among the three samples imply that, under (3.15),
T, — 202w B(0) —p Np(0, So + 4AXp). This fact, together with (4.28) and (4.29), completes the
proof of Theorem 3.1. 0

Proof of Theorem 3.2. With V(z,t) and ]\/4\(25) as in (3.3), let
V(x,t) =n PNV (2,t),  M(t) =n""NM().

Note that 6 = argminteRp./T/l\(t). The proof is similar to the proof of Theorem 3.1 with ]\7(9)
replaced by M(6).
First, we show that M(6) = O,(1). In fact, from the proof of Theorem 3.1, we obtain that

M\(G) = 0,(Dy,). Therefore, it suffices to show that Nn~'D,, = O,(1) for A = cc. In view of (4.27),
under (3.16),

E(Nn~'D,) = Nn~!x O(nN_l[Ll(H) 4 Ly ()] + nw%Lg(o))
Let én; = N_1/271(Zi), define
. N1/2 n

(4.33) W(I‘, 8) = Z Ic(ZZ')/}{(ZZ') [I(CZ <xz++ SléNi) — KZZ- (.T} +6; + SléNi) R
=1

~

T, = / F(o) [W(x,0) + W(—z,0)]dG(x),

—~ ~ A — 1A~
M(s) == M(0) +4T)s +45Gs, §:= argming M(s) = —nglTn,
Argue as in the proof of Theorem 2.1 to obtain that

(4.34)  sup | M0+ N~V25) — M(s)| =, 0,7 0 <b< oo, [[NY2(O—0) -3 0.
IslI<b
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Finally, we derive the asymptotic distribution of 7},. With 7, as in (4.28), rewrite T, =
n~Y2NY2T, = pnl/2N1/2 (fnl + fng) + 0p(1). Argue as in the proof of Lemma 6.4 of Geng
and Koul (2017) to obtain that E||T,||> = O(1). Since n/N — A = oo, we have \/N/nTp =
op(1). Furthermore, Theorem 6.1.4 in Lehmann (1999) yields that, under (3.16), N/nTpy —
INV2w2B(0) —p N,(0,4%y). Therefore, T, — 2N/2w?B(0) —p N,(0,4%4). Eventually, these
facts, (4.33) and (4.34) complete the proof. O
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