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Abstract

Fractional Cauchy problems replace the usual first order time
derivative by a fractional derivative. This paper develops clas-
sical solutions and stochastic analogues for fractional Cauchy
problems in a bounded domain D C R? with Dirichlet boundary
conditions. Stochastic solutions are constructed via an inverse
stable subordinator whose scaling index corresponds to the order
of the fractional time derivative. Dirichlet problems correspond-
ing to iterated Brownian motion in a bounded domain are then
solved by establishing a correspondence with the case of a half-
derivative in time.
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Continuous time random walks
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The CTRW is a random walk with jumps X, separated by ran-
dom waiting times J,. The random vectors (X, Jn) are i.i.d.



Waiting time process
In=J1+ - -+ Jn is time of nth jump.
Ny = max{n >0 : T, <t} is number of jumps by time ¢t > 0.
Suppose P(J, >1t) ~ Ct—P for 0 < 3< 1 (or RV tails)
Scaling limit ¢=1/0T} = Dy is a B-stable subordinator.

Inverse mapping Yyields c_BNCt = FE; where the inverse or first
passage time process Ey = inf{u > 0 : D, > t}.

T he self-similar limit E. ~ cBEt iIs non-Markovian.



CTRW scaling limit
S(n) = X1+ ---+ X, is particle location after n jumps.
S(N;) is particle location at time t > 0.
Suppose ¢~ 1/25(ct) = B(t) a Brownian motion.

Then ¢ P/28(Ny) = A(E:): Heuristically
¢ P2 (Net) = () 7H28(c” - ¢ Ney)

~ (cﬁ)_l/QS(cB - Ey)
= B(E})

Self-similar limit B(Egx) ~ P/2B(E;) is non-Markovian.



Inverse subordinator density

Let gg(u) be the Lebesgue density of D1 and write

P(E; <u) = P(Dy > 1)
= P(u!/PDy > 1)
= P(Dy > tu~1/8).
Take derivatives to see that E; has density

h(u,t) = %u_l_l/ﬁgﬁ(tu_l/ﬁ)



Fractional Cauchy problems

The density p(x,t) of B(t) solves the Cauchy problem

0

p(,t) = Ap(a,1); p(e,0) = 6(a).

The process B(FE;) has density (condition on u = E}):

c(x,t) = /Ooop(x, u)h(u,t) du.

This density solves the fractional Cauchy problem

b
5.7 c(x,t) = Ac(x,t); c(x,0) =5(x)
where atﬂ denotes the Caputo fractional derivative.

Proof: Laplace transform arguments on L2(R%).



Caputo fractional derivatives

_ o0
The Laplace transform f(s) :/0 e St £ () dt.

Recall that df(t) has Laplace transform sf(s) — f(0).

The Caputo fractional derivative

ob
S0 =t b 0
has Laplace transform sff(s) — s®~1£(0).




Cauchy problems on bounded domains

Define the first exit time 7p(X) = inf{t > 0: X¢ ¢ D}. Then
the Cauchy problem

0
ap(az,t) = Ap(x,t); ze€ D, t>0
with Dirichlet boundary conditions p(z,0) = f(x) for x € D and

p(x,t) = 0 for x € 0D has solution

p(z,t) = Y e UF(n)pn(x) = Ex[f(B(@1))I(p(B) > t)]

n=1
where f(n) = [p f(z)¢n(x)dz using the complete orthonormal
Hilbert space basis of eigenfunctions Ad¢, = —Andn.



Fractional Cauchy problems on bounded domains

Main result: The fractional Cauchy problem

B
%c@;,t) = Ac(z,t): zED, t>0

with Dirichlet boundary conditions has strong (classical) solution

c(x,t) = /Ooop(x, w)h(u,t) du

= Ez[f(B(E))I(mp(B) > Et)]

when p(x,t) solves the corresponding Cauchy problem.



Sketch of proof

Use Greens’s second identity and the Dirichlet b.c. to write
/D Oon(x)Ac(z,t)dr = /D c(x,t) Adn(x)dr
=~ [ e(@,)¢n(2)de

= —Anc(n,t)
Apply to both sides of the fractional Cauchy problem to get
dP
dt—ﬁa(n’t) = —Anc(n,t)

Then take Laplace transforms to get

sPe(n, s) — sP71e(n,0) = —Apé(n, t)



Sketch of proof (page 2)

Rearrange to get

—~

c(n,s) =

Invert the Laplace transform to get

c(n,t) = f(n) Eg(—Ant)
where the Mittag-Leffler function

o0 Zk:

P = 2 Fa ey

k=0
Compute the Laplace transform of the hitting time density

° — .
; e "“h(u,t) du = Eg(—At).



Sketch of proof (page 3)

Expand in the complete orthonormal basis to get

(1) = ff F(n)én (@) Eg(=Ant)

= > f("”J)?bn(fU)/ —AnUp (u,t) du

@)

—Wﬂn)qbn(a:)) h(u,t) du

— /O p(a:,u)h(u,t) du

= |7 Eolf(B@)I(rp(B) > w)] h(u, 1) du
= Eulf(B(E)I(rp(B) > Ey)].



Iterated Brownian motion

Iterated Brownian motion Iy = B(|Y%]), where Y; is an indepen-
dent Brownian motion on R1. The fourth order PDE

9 _ Af(z) 2
8tc(az,t)— N + A“c(x,t), z€ D, t>0

with c(z,t) = Ac(x,t) = 0 on =z € 9D and c(z,0) = f(x) has
solution
©.@)
e(a,t) =2 [ ple,w)g(u,t) du

= Ee[f(I)I(mp(B) > [Y3|)]
where p(x,t) solve the Cauchy problem 9p/0t = Ap on D and
g(x,t) is the density of Y;.



IBM and fractional diffusion

The function c¢(x,t) solves the fourth order PDE

9 _ Af(z) 2
8tc(m,t)— N + A“c(x,t), ze€ D, t>0

with c¢(x,t) = Ac(x,t) = 0 on =z € 9D and c¢(x,0) = f(x) if and
only if it solves the fractional Cauchy problem
51/2
otl/2
with Dirichlet boundary conditions. Furthermore, B(FE;) ~ B(|Yz]).

c(z,t) = Ac(z,t); ze€ D, t>0

Proof: Transform arguments, reflection principle.



Markov generators

The Markov process X; with generator

d 92u
Lu = Z a;;(x) Dwidm,
i,j=1

solves dX; = o(Xy)dW; + b(Xy)dt with a = aaT. Then

p(x,t) = Ex[f(X)I(mp(X) > t)]
solves the Cauchy problem

0

ap(wa t) — Lp($, t)

with Dirichlet boundary conditions.




Extension to Markov generators

The fractional Cauchy problem

B
%c(az,t} = Le(x,t); €D, t>0

with Dirichlet boundary conditions has strong (classical) solution

c(x,t) = /Ooop(:c, u)h(u,t) du
= Ex[f(X(E))I(rp(X) > Et)]

when p(x,t) solves the corresponding Cauchy problem.

Proof: Separation of variables, eigenfunctions as before.



Markov generators and IBM

The function c¢(x,t) solves

9 _Lf(z) | -
atc(az,t)— N + L4c(x,t), =€ D, t>0

with ¢(x,t) = Le(x,t) = 0 on o € 0D and ¢(xz,0) = f(x) if and
only if it solves the fractional Cauchy problem
51/2
otl/2
with Dirichlet boundary conditions. Furthermore, X (E;) ~ X (|Yz]).

c(x,t) = Le(x,t); €D, t>0



Further research

Extension to 8 > 1

Jump diffusions

Distributed order fractional derivatives

Tempered stable waiting times

Space-time duality
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