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A new stochastic model for fracture transmissivity assessment
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[1] A new stochastic model is proposed for fracture counts and transmissivities in a
borehole interval. This new model incorporates several empirical observations, including:
(1) Clustering of fractures; (ii) Exponential fracture spacings; (iii) Transmissivities
extending over several orders of magnitude; (iv) Power law probability tail for
transmissivities at finer scales; (v) Log-normal transmissivities at larger scales; and (vi)
Dependence between fracture counts and transmissivities. Several example applications

are provided using borehole data from Sweden.
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1. Introduction

[2] Many applications, such as modeling of groundwater
flow and solute transport in fractured rock [Dershowitz et
al., 1998] or designing rock grouting [Fransson, 2001],
require information on fractures and their transmissivities
[Gustafson and Fransson, 2005]. Fractures in rock typically
come in clusters [Gillespie et al., 1993], with spacings
following the exponential law [Priest and Hudson, 1976,
1981]. The transmissivities (denoted by the symbol 7 in the
sequel) of certain intervals of a borehole can typically
stretch over several orders of magnitude [Gustafson and
Fransson, 2005]. Although approximate methods of obtain-
ing the distribution of 7 from hydraulic packer tests are
available [Osnes et al., 1988; Axelsson et al., 1990; Fransson,
2002], these are quite complicated. Therefore, simple, robust
models based on few parameters that reproduce patterns of
test data are strongly needed [Gustafson and Fransson,
2005].

[3] We propose a new stochastic model that accounts for
fracture count across each borehole section and the value of
T corresponding to that section. This simple model is in
agreement with the above empirical findings, has only a few
parameters that are straightforward to estimate, and was
found to fit one typical borehole data set quite well.

2. Borehole Data

[4] We consider the cored borehole KLXO01 between 106
and 691 m depth, discussed in Gustafson and Fransson
[2005]. KLXO01 is a deep subvertical borehole through
granitic bedrock in Sweden. The data consists of fracture
counts N and the corresponding transmissivities 7 for 3 m
borehole sections, and the same data for 30 m sections.
Since the 30 m measurements consist of relatively few data
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points, we first focus on the 3 m data, consisting of 195
pairs of values. The first variable N is discrete, and
measures the number of fractures in successive 3 m intervals
along the borehole. The second variable measures the
corresponding transmissivity for that borehole section.

[s] Figure 1 shows that the fracture count data is highly
skewed with a long right tail. The data have a sample mean
of 8.5 and a sample variance of 36.3. This over-dispersion is
not accounted for by the Poisson distribution, often used to
model fracture counts, since the mean and the variance of
the Poisson distribution are always equal. Instead we will
employ the negative binomial distribution, a simple model
that accommodates over-dispersion.

[6] A histogram of log(7) measured in 3 m intervals
appears in Figure 2. The long right tail of the distribution is
noticeable, and the normal density gives a poor fit. Hence,
in this case, it is not reasonable to model 7" as log-normal.
The probability plot gives further evidence that log(7) is not
normally distributed. For data following a normal distribu-
tion, the points would scatter around the center line and
95% would lie between the error bars.

[7] The fracture count N and the log(7) data also exhibit
significant statistical dependence. The sample correlation of
r = 0.21 between N and log(7) is small but statistically
significant (the chance of a correlation this large, if N and
log(7) were independent, is given by the p-value of .003). For
the KLXO02 borehole reported in Gustafson and Fransson
[2005] the same analysis yields an even larger correlation » =
0.48 (p=.001). We conclude that a coupled model of fracture
count and log(7) is worth investigating.

3. Negative Binomial Model for Fracture Count

[8] We investigate a negative binomial (NB) model for
the number N of fractures in each interval along a borehole.
The NB model is a two parameter family with probability
mass function (PMF)

F(k) = P(N = k) :%ﬁ(l o k=0,1,2,..., (1)

where I'(-) is the standard gamma function and the range of
the parameters is > 0 and 0 < p < 1 [see, e.g., Johnson et
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Figure 1. Fracture counts at 3 m intervals in the KLX 01
borehole.

al., 1993]. When ¢ is an integer, the negative binomial
variable represents a waiting time: It is the number of
failures before the rth success in a sequence of independent
random trials with success probability p. The mean and the
variance of this distribution are E(NV) = #1 — p)/p and
Var(N) = (1 — p)/p*, so that the variance is always greater
than the mean. The NB process {N(?), t > 0} with PMF (1)
counts the number of fractures in a borehole section whose
length is proportional to ¢. The increments of the NB
process N; = N(it) — N((i — 1)), i=1, 2,3, ..., form a
sequence of independent and identically distributed (IID)
NB random variables representing the number of fractures
in each borehole section. The parameter ¢ is proportional to
the length the borehole section, and we will use this fact to
validate the model. This spatial NB model counts the
number of fractures in any size interval, so that up-scaling is
a simple matter.

[o] We fit the NB distribution (1) to the fracture count
data along the borehole KLX 01 (3 m intervals with n =195
data points). The standard statistical method of maximum
likelihood estimation (MLE) is used to estimate the param-
eters in (1) (see Appendix for details). Finding the MLE for
t involves maximizing the likelihood function g(#) given by
equation (A4) in the Appendix. Numerical optimization
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produces ¢ = 3.1, which we round to 3 (the fact that ¢ is
approximately the length of the borehole interval in meters is
a coincidence). A graph of the likelihood function (Figure 3),
to validate the results of the optimization code, shows that
the maximum value is indeed attained at this point. Substi-
tuting into p = #/(t + N), we obtain p = 0.263. Figure 4
shows the empirical distribution function for this fracture
count data along with fitted NB distribution function. A
visual inspection indicates that the fit is quite good.

[10] To further check how well the fracture count data fits
the NB model, we employ a standard chi-square test (with
m = 7 cells chosen to make the cell probabilities approx-
imately equal, see Appendix). The observed and expected
cell frequencies under the NB model with =3 and p =0.263
are shown in Table 1. The test statistic is x> = X(O — E)*/E =
4.91. Since we are estimating d = 2 parameters, the 95th
percentile of the chi-square distribution (withm — 1 —d=4
degrees of freedom) is found from standard tables to be
9.488. Since the computed value of 4.91 is less than 9.488,
there is no statistically significant evidence against the NB
fit (the p-value is 0.3). We conclude that the fracture count
data at 3 m intervals fits a NB distribution reasonably well.

[11] Next we fit the NB distribution to the 30 m sections
along the same borehole, to validate the up-scaling proper-
ties of the model. For p = 0.263 (under the NB model,
sections of any length must have the same value of p), the
MLE of ¢ becomes (see formula (A3) in the Appendix) ¢ =
(84.150) (0.263)/(1 — 0.263) = 30.0291, which we round to
30. Note that this ¢ is 10 times the value for the 3 m
intervals, in agreement with the NB process model, since in
that model, the length of the borehole section is proportional
to the parameter ¢. This calculation validates the NB model,
since it shows we can up-scale to longer sections (the sum
of ten independent NB random variables with # = 3 is NB
with ¢ = 30).

[12] Although with n = 20 values, our data set here is
rather small, we nevertheless apply a standard chi-square
test to check the fit. This time we use m = 5 cells chosen to
make the cell probabilities approximately equal (to 0.2).
The observed and expected cell frequencies are shown in
Table 2 below. These lead to the value 3.834 of the test
statistic, with the corresponding p-value of 0.15 (based on a
chi-square distribution with 2 degrees of freedom). Hence
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Figure 2. Fracture log(7) at 3 m intervals from the KLX 01 borehole, with the best fitting normal
density (left). A probability plot (right) gives further evidence of a poor fit, showing that 7 is not log-

normal at this scale.
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