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OCTRW. The governing equations involve coupled space-time fractional derivatives. In the
case of infinite mean waiting times, the solutions to the CTRW and OCTRW governing
equations can be quite different.
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1. Introduction

The continuous time random walk (CTRW) model was developed in physics to represent diffusing particles. A random
waiting time J, > 0 precedes the nth random jump Y, of the particle. Typically we assume that (Yy, J,) are i.i.d. random
vectors in space-time with possible dependence between the waiting time J, and the jump Y,. This coupling can be used
to enforce certain physical constraints, e.g., particle velocity Y, /J, should not exceed the speed of light [1]. The jumps can
represent movements of tracer particles in underground aquifers [2-4], downstream movements of gravel particles along
river beds [5], biological cell movements [6], motion of DNA-binding proteins along a chromosome [7], or movements of
animals in search of a food source [8]. In finance, the jumps represent changes in price (or log-returns) [9].

In certain applications, it is useful to consider the overshoot continuous time random walk (OCTRW), where the waiting
time J, follows the jump Y,. The OCTRW can be used to model dielectric relaxation phenomena in complex systems.
The OCTRW scenario, with the jump coupled to the subsequent waiting time through random clustering, provides a
physical explanation for the empirical Havriliak-Negami dielectric response, widely observed in relaxing dielectric materials
[10,11]. In applications of the OCTRW to finance, the jump Y, is the nth price change (log-return), J, is the waiting time
between the nth and the (n + 1)st trades, and the OCTRW represents the logarithm of the current price [12]. Coupling
between log returns and waiting times is rather common in finance [12,13]. In this paper, we develop limit theory and
governing equations for CTRW and OCTRW with infinite mean waiting times. We emphasize the general setting, where
(Yn, Jn) are ii.d., but we allow dependence between the waiting time J, and the subsequent jump Y.

* Corresponding author.
E-mail addresses: Agnieszka.Jurlewicz@pwr.wroc.pl (A. Jurlewicz), kern@math.uni-duesseldorf.de (P. Kern), mcubed@stt.msu.edu
(M.M. Meerschaert), scheffler@mathematik.uni-siegen.de (H.-P. Scheffler).
URLs: http://www.math.uni-duesseldorf.de/Personen/indiv/Kern (P. Kern), http://www.stt.msu.edu/~mcubed/ (M.M. Meerschaert),
http://www.stat.math.uni-siegen.de/~scheffler/ (H.-P. Scheffler).

0898-1221/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.10.010



3022 A. Jurlewicz et al. /| Computers and Mathematics with Applications 64 (2012) 3021-3036

2. Preliminaries

Let (Y, Jn) bei.id. with (Y,]) on R x R, and set

Tmy=Jhi+--+Jn and S =Y+ ---+Y, (2.1)
so that (S(n), T(n)) is arandom walk on R x R, . For t > 0 we define the continuous time random walk (CTRW)

SIN®) =Y1+---+ Yo (2.2)
where

N(t) =max{n > 0:T(n) <t} (2.3)
is the number of jumps by time t. The OCTRW

SINOY+ 1D =Y+ 4+ Yne + Yno+1 (2.4)

involves one additional jump.
Assume (Y, J) belongs to the strict generalized domain of attraction of some operator stable law [14] with exponent
E = diag(1/«, 1/8), so that for some b,, > 0 and B, > 0 we have
(BnS(n), byT(n)) = (A, D) (2.5)

where D > 0 almost surely. Here = denotes convergence in distribution. The distribution x of (A, D) is strictly operator
stable with index E, meaning that ' = tfu for all t > 0, where u! is the convolution power of the infinitely divisible
law pu, tf = exp(E log t) using the usual matrix exponential, and (tfu)(dx) = wu(t~£dx) is the probability distribution of
tE(A, D) = (tV/*A, t'/PD) for t > 0. Then a standard result [15, Theorem 4.1] shows that

{(B(c)S(ct), b(c)T(ct))}e=0 = {(A(t), D(t))}r=0 asc — o0 (2.6)

in the Skorohod space D([0, oc), R x R ) with the J; topology, where b(t) = by, B(t) = By, and (A(t), D(t)) is a Lévy
process with (A(1), D(1)) = (A, D). Inview of [ 14, Theorem 8.3.24] we may assume without loss of generality that B(t), b(t)
vary regularly with index —1/«, —1/8 respectlvely Then 1/b(t) is regularly varylng withindex 1/ > 0soby[16, Property

1.5.5] there exists a regularly varymg function b with index B such that 1/b(b(c)) ~ casc — oo. Here f ~ g means that

f(c)/g(c) — 1asc — oo.Define B(c) = B(b(c)) aregularly varying function with index — 8 /«.
For suitable functions g on R x R, we define the Fourier-Laplace transform (FLT)

gk, s) = f / ooe"’“‘e—“g(x, t)dt dx (2.7)
R JO

where (k, s) € R x R,. Similarly, if  is a bounded Borel measure on R x R,

a(k,s) = / f =St (dx, dt)
R JO

is the FLT of u. If p is a probability measure on R, the Fourier transform (FT)
o = [ e pia.
R

If p; is a probability measure on R for each t > 0 such that t — p, (k) is Borel measurable, then

pk,s) = / / —stelkx 5, (dx) dt
0 R

is the FLT of (o¢)¢=o.
Any infinitely divisible distribution is characterized by the Lévy-Khintchine formula. This concept carries over to the FLT
setting [17, Lemma 2.1] so that

Ele™ P A0 = exp(—uy (k, 5)) 28

for all (k,s) € R x Ry. We call ¥ the Fourier-Laplace symbol of (A, D). Moreover, there exist uniquely determined
(a,b) € R x R, a positive constant o2 and a measure ¢ on R x R, \ {(0, 0)} such that

. 1 212 ikx  —st
Y(k,s) =iak + bs + —o“k" + 1—e"e ¢ (dx, dt). (2.9)
2 RxR4\((0.0))

1+ x2

The Lévy measure ¢ is finite outside every neighborhood of the origin and

/ (x* + t)p(dx, dt) < oo.
0<x2+t<1
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We denote by ¢4(dx) = ¢(dx, R;) the Lévy measure of the Lévy process {A(u1)},>0. By setting s = 0 in the representation
(2.8) we see that

/ e Py (dx) = e~ Va0 (2.10)
R

so that

. 155 —ikx ikx
Ya(k) = iak + —o“k* + 1—e ™+ 5 ¢a(dx) (2.11)
2 R\ {0} 1 + X

is the Fourier symbol of the Lévy process {A(u)}. Similarly, we let ¢p(dt) = ¢ (R, dt) denote the Lévy measure of {D(u)}. By
setting k = 0 in the representation (2.8) we see that

(0.¢]
/ e~ Ppqy (dt) = e™"V0® (2.12)
0

where

wu(5)=/ (1—e™) ¢p(dv) (2.13)
0

is the Laplace symbol of the Lévy process {D(u)}. Note that {D(u)} is a stable subordinator with drift term b = 0 in (2.9).
Since the sample paths of D(t) are cadlag and strictly increasing with D(0) = 0 and D(t) — oo ast — o0, the first passage
time process

E(t) = inf{x : D(X) > t} (2.14)

is well-defined.
Given any A > 0 let Ll (R x R;) denote the collection of real-valued measurable functions on R x R, for which the
integral and hence the norm

IF 115 =/ /e_“lf(x, t)| dx dt
0 R

exists. With this norm, L; (R x R,) is a Banach space that contains L'(R x R, ). The symbol ¥ (k, s) defines a pseudo-
differential operator v (idy, d;) on this space, and the negative generator of the corresponding Feller semigroup, see [18] for
more details. Theorem 3.2 in [19] shows that the domain of this operator contains any f € L}\ (R x Ry) whose weak first

and second order spatial derivatives as well as weak first order time derivatives are in L}\ (R x Ry), and that in this case we
have

U (i0y, 0)f (x, 1) = —adf(x, 1) — %Gzéﬁf(x, t)

- / H(t —uw)f(x—y, t —u) —f(x,t) + }M ¢ (dy, du) (2.15)
RxE4\((0.0) T+y

where H(t) = I(t > 0) is the Heaviside step function.

3. Limit theorems

This section derives the long-time scaling limit of the coupled CTRW and OCTRW processes. Recall from Section 2 that

B(c) = B(E(c)) where B(c) is the norming sequence for the random walk of jumps, and E(c) is the asymptotic inverse of
1/b(c), the norming sequence for the random walk of waiting times, in the joint random walk convergence (2.5).

Theorem 3.1. Suppose (Yy, J,) are i.i.d. random vectors on R x R such that (2.5) holds. Then
{B()S(N(ct) + 1)}=0 = {AE(®)}i=0 (3.1)
as ¢ — oo in the J; topology on D([0, 00), R); Also

{B(OS(N(ct))}iz0 = {AE®) )}z (32)
as ¢ — oo in the J; topology on D([0, 00), R).
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Proof. Note that the CTRW scaling limitin (3.2) has to be interpreted as the right-continuous version of {A(E (t) —) };>¢ so that
its sample paths are proper elements of D([0, 00), R). The triangular array (k. «, & x) with e = c 1, n, = b(c), Kek = c Y
and &, x = B(c)Y has i.i.d. rows for any ¢ > 0. Hence condition 74 on [20, p. 287] holds. Next define

[ngt]

() =Y &x=B()S(b(0)D)

k=1
and

[ngt]

k() =Y ker = 'T(B(O)D).

k=1

Since (2.6) holds, condition #gg on [20, p. 288] also holds with (ko (t), & (t)) = (D(t), A(t)). Finally, note that condition g
on [20, p. 285] holds with 71(04) = ¢p(0, 00) = 00, by the standard convergence criteria for triangular arrays (e.g., see
[14, Theorem 3.2.2]). Define the renewal process

k=1

Ve (t) = sup(s: ke(s) <t) = E)(c)_1 min {n >0: ZKM > t}

n
= E(c)_1 min {n >0: ij > ct} = E(c)_l(N(ct) +1)
k=1
and the corresponding limit process

vo(t) = sup{s > 0: kp(s) <t} =sup{s >0:D(s) <t} =inf{s >0:D(s) >t} = E(t).
The random walk process subordinated to the renewal process is

£e(t) = & (0 (0) = BOS(b(0)ve (1)

= BOS(be)(b(©) (N(et) + 1)) = BOSN(ct) + 1)

which is the left-hand side of (3.1). Then [20, Theorem 4.5.6] yields

BO)S(N(ct) + 1) = £:(t) — Go(t) = Eo(vo(1)) = AE(L)) (3.3)

as ¢ — oo in the J; topology on D([0, c0), R).
Next we consider the CTRW limit (3.2). Following [20, page 282], we consider the so-called modified renewal process

v (¢) = b(c)”' max {n >0:) ek < t} — b(c) 'N(ct)

k=1
and
¢l(t) = E(V.(t)) = B(c)S(N(ct))

which is the left-hand side of (3.2). Since [20, Theorem 4.5.6] is an application of [20, Theorem 4.5.1], the remarks on
[20, page 282] show that, under the same conditions we have already checked, we also get process convergence

B(©)S(N(ct)) = ¢/(t) — £4(t) = Eo(vo(D)—) = A(E(1)—)
as ¢ — oo inthe J; topology on D([0, o0), R). O

Remark 3.2. The CTRW and OCTRW convergence results in Theorem 3.1 can also be obtained from Straka and Henry
[21, Theorem 3.6], which yields

{B(c)S(N(ct) + 1), b(B(c)T(N(ct) + D}e=o = {AE(t)), DE(t))}e=0 (3.4)
and
{B(c)S(N(ct)), b(b(c))T(N(ct))}r=0 = {A(E(t)—), DE(t)—)}e=0 (3.5)

as ¢ — oo in the J; topology on D([0, c0), R). The proof of [21, Theorem 3.6] uses a continuous mapping approach. The
convergence (3.4) was also proven by Silvestrov and Teugels [22, Theorem 3.2] by arguments similar to Theorem 3.1.

A stochastic process {X(t)};o is self-similar with index H if, for any r > 0, {X(rt)} = {r"X(t)} in the sense of finite-
dimensional distributions, e.g., see [23].
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Corollary 3.3. The limit processes A(E(t)) and A(E(t)—) in Theorem 3.1 are both self-similar with index /.

Proof. Recall that B(c) varies regularly with index — 8/« i.e., B’(rc)f%(c)*l — r7#/* 3as ¢ — oo forevery r > 0.From (3.1)
we get

{BO)S(N(c - 1) + D}e=0 = {AE(T)} =0
while a continuous mapping argument along with (3.1) yields
{B(OS(N(crt) + 1)} = {B(©)B(cr) ™" - Ben)S(N(crt) + 1)} = {r/“A(E(1)))

so that {A(E(rt))} and {r?/*A(E(t))} are identically distributed as elements of D([0, c0), R). A similar argument using (3.2)
shows that {A(E(rt)—)} and {r?/*A(E(t)—)} are identically distributed as elements of D([0, o), R). Then we also have
equality in the sense of finite dimensional distributions. O

Remark 3.4. Eq. (3.1) corrects the result in [17, Theorem 3.4]. Examples 5.2-5.6 in [17] provide valid governing equations
for the CTRW limit process A(E(t)—).

Remark 3.5. It is not hard to extend Theorem 3.1 to the more general case of triangular array convergence. Let (_],(f), Yn(c))

be i.i.d. on R x R, for each ¢ > 0 and set

n n

TOn) = Z J© and $©Om) = Z A (3.6)

=1 i=1
and let N©(t) = max{n > 0 : T (n) < t}. Assume that

("), T (cuhuzo = {(A), D)}uzo asc — oo (3.7)

in the J; topology on D([0, c0), R x R ), where {(A(u), D(u))},>o is a Lévy process on R x Ry such that ¢p(0, 00) = 00
and b = 0in (2.9). Triangular array convergence is useful in applications to finance, because the limit is more flexible. For
example, A(t) can be a Brownian motion with drift, ora CGMY (tempered stable) process with finite moments but probability
tails that follow a power law at some scale. An explicit triangular array scheme for the CGMY process was developed in [24].
Lete =c ', n, =c,kep = ],EC) and &, = Y,fc). Then it follows exactly as in the proof of Theorem 3.1 that

{SONOE) + 1}es0 = {AE®)) }e=0
{SONO )} =0 = {AE®) )} =0

as ¢ — oo in the J; topology on D([0, c0), R). This corrects certain results in [18]: Theorem 3.6, Corollary 3.8, and the
governing equation (4.5) in [ 18] pertain to the CTRW limit process A(E(t)—).

(3.8)

4. Governing equations

This section develops the governing pseudo-differential equations of the OCTRW limit process A(E(t)), and the CTRW
limit process A(E(t)—), from Theorem 3.1. Theorem 4.1 shows that the governing equations of the CTRW and OCTRW limits
differ only in their initial/boundary conditions. While this may seem like a minor difference, the examples in Section 5 will
demonstrate that the effect can be quite dramatic. Recall that the pseudo-differential operator 1 (idy, 9;) was defined in
(2.15). Also note that, since the set R x (t, c0) is bounded away from (0, 0), ¢(dx, (t, 00)) is a finite measure on R for
any t > 0. Given a weakly measurable family h(dx, t) of bounded measures on R, we will say that a function f(x, t) is a
mild solution to the pseudo-differential equation v (idy, d;)f (x, t) = h(dx, t) if its FLT solves the corresponding algebraic
equation.

Theorem 4.1. If the OCTRW limit A(E(t)) in (3.1) has a Lebesgue density a(x, t), then this density is a mild solution to the
governing equation

Y (idx, dp)a(x, t) = ¢(dx, (t, 00)). (4.1)
If the CTRW limit A(E(t)—) in (3.2) has a Lebesgue density c(x, t), then this density is a mild solution to the governing equation
Y (idy, de)c(x, t) = 3(X)p(t, 00). (4.2)

The proof of Theorem 4.1 is based on the following result, which computes the Fourier-Laplace transforms of the CTRW
and OCTRW limit processes. Recall that the Fourier symbol ¥4 (k), the Laplace symbol 15 (s), and the Fourier-Laplace symbol
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¥ (k, s) were defined in Section 2. For any fixed x € R define the translation T,(y) = y + x. Define the image measure

T(@) (B, (t, 00)) = (T ' (B), (t, 00)) = ¢ (B — x, (t, 00))

for any Borel set B C R. We will also use the notation
Py(k) = E[e"] keR

for the Fourier transform of the distribution of a random variable Y on R,
P(s) =E[e?] s>0

for the Laplace transform of a nonnegative random variable J, and
Pyy(k,s) =E[e™IT] (k,s) € R x Ry

for the FLT of a random vector (Y,J) on R x R,.

Proposition 4.2. Assume that (Y;, J,,) are i.i.d. random vectors on R x R such that (2.5) holds. Then

o0 t
pe(dy) = / / / Tx (@) (dy, (t — T, 00))Paw),pw)) (dx, dT) du
0 R JO
is the distribution of the OCTRW limit A(E(t)) in (3.1), and its FLT is given by

1Y (k.s) = Yak)

o0
e %P k) dt =
/(; AE()) (K) S V(k.s)

Furthermore,

00 t
ne(dy) = / / ép((t — 7, 00))P(Acs).D(s) (dY, dT) ds
o Jo
is the distribution of the CTRW limit A(E(t)—) in (3.2), and its FLT is given by

OO —stH _1 wD(S)
‘/0‘ e PA(E(t)—)(k) dt = S 1//(]{, ) .

The proof of Proposition 4.2 requires some preliminary lemmas. Recall that (Y;, J,) are i.i.d. with (Y, ).

Lemma 4.3.
(a) For the OCTRW process S(N(t) 4+ 1) we have for s > 0, k € R that

o 1Py (k) — Py jy (k. 5)
/ e StPS(N(t)Jr])(k) dt = — _ Y.)) '
° S 1—Pyy(k,s)

(b) For the CTRW process S(N(t)) we have for s > 0, k € R that

o 1 1—=P¢s)
/ e StPS(N(t))(k) dt = —_—J.
0 S1—Pyy (k, s)

Proof. Observe first that

0 . o0 .
/ et / 1{T(n)5t}€ll<s(n) dPdt = / / e St dt esz(n) dP
0 T(n)

1
S S
Note that 1y)=n} = lirmy<ty — 1{r(n+1)<¢} and hence

ﬁS(N(t)-H)(k) = /ei’<5<N(t)+1) dp

0 .
=3 [ e
n=0

o0
= |:/ Lrm<ne® " dP—/1{T<n+1)§r}elks(”+l) dP:|.
0

n=

. 1 -
— / e—sT(n)+1kS(n) dP = (P(y’]) (k, s))n.

(4.4)
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Therefore we have in view of (4.9) and independence that

[e’e) o0 [e’e) [e'e)
/ e Psniey+1) (k) dt = Z[ / e / =0 dP dt — / e / Tiruen<ge® ™V dP dt:|
0 n=o[ /0 0

00 00 . ' 1
= Z[/ e_St/ 1{T(n)5t}elks(n)elkyn+l dP dt — ;(P(y,])(k, S))n+]j|
n=0 0
| 15 na 1, n+1
Z ;(P(YJ) (k, S)) Py (k) — ;(P(YJ)(k, S))

n=0

_1 Py (k) — Py jy (k. s)
51— Py (k, 5)

[Z R SN

(Py(k) — Pey (k. ) D (Poy y (k. )"
n=0

which proves (4.7).
For the proof of (4.8) note first that

/1{T(n+1)§t}eiks(n) dP = /I{T(n)+]n+]§t}€iks(n) dp

t
= // Lrmy<e—r€"°™ dPy(t) dP.
0

Then we have

00 o0
/ a / lrmen<ne’™ dPdt = / / / 1 <e—ne"®™ dPy(7) dP dt
0 0 0

/e'ks(”)/ t/ 1{T(n)§t—r}dP](T) dt dP
0 0
oo o0
/ kS (m) / 1y rmy<t—r) dt dPy(t) dP
0

= / e / / e”* dt dP)(t) dP
T(n)+t

— _/ 75T(n)+1k5(n) dp /oo —ST dP](‘L')
S 0

1. - .
= ;P](S)(P(y,])(k, S)) .

8

In view of (4.9) we obtain

o0 N oo o0 i o0
/ e~ Ps(n (o (k) dt = Z / e_Stfl{T(mq}e'ks(n) def—f e’ /1{T<n+1><r #M dp de
0 =l /o 0

1 1—D(s)

1 o[- n o= - n
= ;[(Pou) (k,5))" = Pi(s) (Pev (k. 5)) ] = ST Puyts)

and the proof is complete. O

Lemma 4.4.

(a) For the OCTRW process S(N(t) 4+ 1) we have forallk € Rands > 0

s 1y (k,s) — Ya(k)
/0 e StPB<c>s<N(cr)+1>(k) dt — E—llf(k, ) asc — oo. (4.10)
(b) For the CTRW process S(N(t)) we have forallk € Rands > 0

1 Yp(s)
s Yk, s)

o0
/0 _“PB(C)S(N(CU)(k) dt — asc — oo. (4.11)
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Proof. Recall from Section 2 that B(c) = B(b(c)) is a regularly varying function with index — 8 /«. From (2.6) we get
(B()S(b(c)), c'T(b(c))) = (A, D) asc — oo.
By the continuity theorem for the FLT for probability distributions, this is equivalent to

_ - b
(P(y,,)(B(c)k, c‘ls)) — Pap(k,s) = e Vk)  35¢ - 00 (4.12)
forall k € Rands > 0. Take logs and apply a Taylor expansion to see that (4.12) is equivalent to
b(c)(1 — Py Bk, c7's)) — ¥r(k,s) asc — oc. (4.13)

Using 13(”) 0,s) = 13, (s) and I_’(YJ) (k,0) = I3y (k) as well as v (k, 0) = Y4(k) in (2.11) and (0, s) = ¥p(s) in (2.13), we get
from (4.13)
b(c)(1 = Py(B(c)k)) — Ya(k)
b(o)(1 = Py(c™'s)) — ¥(s)

as c — OQ.

(4.14)

Proof of (a). In view of Lemma 4.3(a) we get by a simple change of variables forallk € Rands > 0

o0 o0
—st — —@sc~DHep D
/ e Pyysinienn (R dt = ¢ 1/ e” " M Psyoyny (B(O)K) dt
0 0
1 Py(B(c)k) — Py jy(B(c)k, ¢ 's)
S 1— p(y’]) (B(C)k, C_lS)
1@ Py B©)k) = 1) + b(©) (1 = Py Bk, ¢ ')

s b(c)(1 — Py (B(c)k, c15))
1 —vYalk) + ¥ (k,s)

ﬁ p—
S vk, s)

as ¢ — oo, using (4.13)and (4.14). O
Proof of (b). Similarly, we get from Lemma 4.3(b) that forallk € Rands > 0

/OOO e‘“ﬁg(c)sw(a))(k) dt = ¢! /ooo e_(“q)‘f’s(N(t))(B(c)k) dt

1 1—P(cs)

$1— Py (B(o)k,c71s)

1 bOU=RC) 1)
s b(c)(1 — Py Bk, c71s)) s (ks

as ¢ — o0, using (4.13) and (4.14) again. The proof is complete. O

Remark 4.5. In the uncoupled case where A, D are independent, we have v (k, s) = WA (k) + ¥p(s) and hence the limits in

(4.10) and (4.11) are equal. Hence it follows from Lemma 4.4 that the FLT limits of B(c)S(N(Ct) + 1) and B(c)S(N(ct)) are
equal if and only if A and D are independent.

Lemma 4.6. Let (o;)¢~0 and (n;)¢~o be two families of probability measures on R such that t — p; and t — n, are weakly
right-continuous. If

o o0
/ e b (k) dt = / e ' (k) dt
0 0

foralls > 0and k € R, then p; = n; forallt > 0.

Proof. For any fixed k € R, the uniqueness theorem for Laplace transforms implies that p, (k) = 7, (k) for Lebesgue-almost
all t > 0. By the continuity theorem for the Fourier transform, both t + p,(k) and t — #;(k) are right-continuous. It
follows that p, (k) = n,(k) for all t > 0. Since k € R is arbitrary, the uniqueness theorem of the Fourier transform implies
pr = n¢ forall t > 0, and the proof is complete. O
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Lemma 4.7. Foranyt > 0, k € Rands > 0 we have

/ h e~ / e (dx, (t, 00)) dt = %(w(k, s) — Ya(k)) (4.15)
0 R

where y (k, s) is the log-FLT of (A, D) asin (2.8).

Proof. Since ¢ (dx, (t, 00)) is a finite measure on R, the Fourier-transform of ¢ (dx, (t, o0)) is well defined for any t > 0.
Moreover

/ e (dx, (t, 00))
R

and by [18, Eq. (3.12)] we know that

< ¢(R, (t, 00)) = ¢p(t, 00)

*° 1
/ e~ p(t, 00) dt = —yp(s)
0 S

for s > 0. Therefore, we can apply Fubini’s theorem to get

/oo oSt / eikx¢(dx’ (t, OO)) dt / /OO eikx (/OO 1(t,oo) (u)efst dt) ¢>(dx, dU)
0 R R JO 0
_ 1/ /OO(1 — e~ M)e™ ¢ (dx, du)
S JrJo

1 T/ ik ikx oy — ikx
- _ 11— ) (1_ ikx ,—su _)] dx, d
S/R/O [(e 1+ x2 + e +1+x2 ¢ (dx. du)

1
= ;(—%(k) + ¥ (k,s)

and the proof is complete. O

Lemma 4.8. Egq. (4.3) defines a probability measure p;(dy) on R such that

* 1y(k,s) — k
/ e—Sl‘ﬁt(k) dt — _ W( ) 1)//A( )
0 s vk, s)
forany s > 0 and x € R. Moreover, the mapping t +— p; is right continuous with respect to weak convergence.
Proof. Observe first that T,(¢) (R, (t — 7, 00)) = ¢p(t — T, 00) and hence

o0 t
peR) = / / ¢p(t — 7, 00) Puw),pwy) R, dr) du
0 0

= /OO/ ¢p(t — T, 00) Ppy(dt) du = 1
o Jo

by [18, Theorem 3.1], so that p; is a probability measure on R for any t > 0. Observe that for k € R we have using Fubini
that

o] t
Pe(k) = / / / f e g (dy, (t — T, 00)) Piaq.py (dx, dt) du. (4.16)
u=0 JxeR J =0 JyeR

Then, by Fubini’s theorem we get for any s > 0 and k € R, using (4.15) that

/ e pe(k) dt = / / f / / e~ g (dy, (t — 7, 00)) dt Piaw).pay (dx, dr) du
0 u=0 JxeR J =0 Jt=1 JyeR
o0 o0 o0 .
= / / / / / e STk g (dy, (v, 00)) dv | Paq.pwy (dx, d) du
u=0 JxeR J =0 v=0 JyeR

-l oo o0 .
= ;(W(k, S) — %\(k)) / (/ / e*”e”‘" P(A(u),D(u))(dX, d‘f)) du
u=0 XeR J =0
1
S

vk, s) — Ya(k)
viks)
Note that the last equality is justified since Re y(k, s) > ¥p(s) > 0,asin [18, p. 1619].

(W (k,5) — ya(k)) f ek gy = %
0
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In order to show thatt — p; is weakly right-continuous, in view of the continuity theorem for the Fourier transform, it
is enough to show that for any fixed k € R the function t — p, (k) is right-continuous. Using (4.16) we get forany t > 0
and h > 0 that

e’} t
Pe(k) — pryn(k) = / / / / e* e (dy, (t — 7, 00)) Py, pay (dx, d7) du
u=0 JxeR J7=0 JyeR

o0 t+h
- / / / e M (dy, (t + h — T, 00)) Py pay (dx, dt) du
u=0 JxeR YER

=0

o0 t
/ / / ( / e g (dy, (t — T, 00))
u=0 JxeR J =0 YER

- / ey, (t+h—, OO))>P<A<u>,D<u>>(dX» dr) du
yeR

00 t+h
- f f / e g (dy, (t + h — T, 00)) Py pay (dx, dt) du
u=0 JxeR YER

T=t
= I — Jn.

Then we get
[e%e} t
n| < / / [p(R, (t — 7, 00)) — (R, (t + h — T, 00)) | Paw, peuy (R, d7) du
u=0 Jt=0

00 t

= / / [¢D(t —1,00) —¢p(t+h—r, OO)] Ppqy (dz) du
0 0

— 0

as h | 0by a dominated convergence argument along with [18, Eq. (3.1)], as in [18, p. 1625]. Moreover
o0 t+h
Unl < / / PR, (t +h — 7, 00)) Paw),pwy (R, d7) du
o Jt

oo t+h
= / / ¢D(t =+ h— T, OO) PD(Ll) (d'[) du
0 t
— 0

as h | 0 using some results in [25], as in [18, pp. 1615-1616]. This concludes the proof. O

Remark 4.9. Although it is not required for the proof of Proposition 4.2, it is also true that the distribution p, of the OCTRW
limit process A(E(t)) is weakly left-continuous, thus it is weakly continuous. The proof is similar to Lemma 4.8.

Proof of Proposition 4.2. Lemma 4.8 shows that p;(dy) is right-continuous with FLT

1Yk, s) — Yak)
s vk, s) '

Theorem 3.1 shows that B(C)S(N(Ct) + 1) converges in J; to A(E(t)), and Lemma 4.4 shows that the FLT ofE’(c)S(N (ct)+1)
converges to the same limit (4.17). Note that J; convergence implies convergence in distribution on the set of all points of
stochastic continuity of the limit process, e.g. see [20, p. 44]. Moreover, all but countably many points of a cadlag process
are points of stochastic continuity, e.g. see [20, Lemma 1.6.2]. Then

(4.17)

Pyoysiviery+1) (@X) = Pae(r)) (dx)

as ¢ — oo for all but countably many t > 0. Then the continuity theorem for the Fourier transform yields
Pyeysniety+1) () = Pao) (k)
asc — oo forall k € R, for dt-almost every t > 0. Then we have for each k € R that
o0 n o0 R
/0 e_SIPE(C)S(N(Ct)—Q—])(k) dt — /(; e_StPA(E(t)) (k) dt

as ¢ — oo, and this together with (4.10) shows that the FLT of A(E(t)) equals (4.17). Since A(t) is cadlag and E(t) is
continuous and nondecreasing, A(E(t)) is a cadlag process. Then it is right-continuous almost surely, and hence it is also
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right-continuous in distribution. Then Lemma 4.6 implies that p;(dy) equals the distribution of A(E(t)), which finishes the
proof of (a). Part (b) follows from [ 18, Theorem 3.6] and Remark 3.5. The arguments are similar. O

Proof of Theorem 4.1. If the OCTRW limit A(E(t)) in (3.1) has a density a(x, t), then it follows from Proposition 4.2 and
Lemma 4.7 that

_ _ 1k, s) — Ya(k)
ack,s) = —W.

Rewrite in the form
¥k, )a(k. s) = M

and invert the FLT using Lemma 4.7 to see that (4.1) holds. If the CTRW limit A(E(t)—) in (3.2) has a density c(x, t), then it
follows from [18, Eq. (4.5)] and Remark 3.5 that (4.2) holds, with a different initial/boundary condition on the right-hand
side. O

Remark 4.10. In order to avoid distributions in the OCTRW limit governing equation (4.1), one can impose a smooth initial
condition as in [26]. Suppose that Xj is a random variable with C* density p(x), independent of the process (A(t), D(t)).
Physically, the random variable X, represents the particle position at time ¢t = 0. Then the OCTRW limit A(E(t)) + X, has a
density a(x, t) = fp(x — y) p: (dy) with Fourier transform a(k, t) = p;(k)p(k) and FLT

-1 B ~
dks) = ° [V (k. 5) — val) (k) (4.18)

vk, s)
Lemma 4.7 shows that the Fourier transform g(k, t) = f e (dx, (t, 00)) exists forall t > 0, and that the Laplace transform

of q(k, t) is given by (4.15). It follows easily that the FLT of fp(x — y)¢(dy, (t, 00)) is given by the numerator in (4.18).
Inverting the FLT in (4.18) reveals the governing equation

¥ (idx, d)a(x, t) = /p(x — Y)¢(dy, (t, 00)). (4.19)

Using the same smooth initial condition for the CTRW limit is equivalent to replacing §(x) by p(x) in the governing
equation (4.2).

5. Examples

This section provides several concrete examples of coupled CTRW and OCTRW convergence, and computes and solves
the corresponding governing equations.

Example 5.1. If Y,, and J,, are independent, then so are A(t) and D(t). The FL-symbol is ¥/ (k,s) = v¥a(k) + ¥p(s), and
¢ (dx, (t, 00)) = go(dx)pp(t, o0), where gq is the point mass at zero. Suppose that the stable Lévy motion A(t) is totally
positively skewed with Fourier symbol vr4(k) = —b(—ik)® for some 0 < o < 2,«a # 1. Suppose that J, belongs to the
domain of attraction of a standard S-stable subordinator D with Laplace symbol

¥n(s) =5 = /0 00(1 —e™") gp(du). (5.1)
A calculation similar to [ 14, Lemma 7.3.7] shows that
t=p
¢p(t, 00) = Ta—p) (5.2)
Since 6 (x) = go(dx), the OCTRW limit governing equation (4.1) reduces to
far(x, t) = bd%a; (x, t) + 3(x)i (5.3)
r{a—g)

whereb < 0if0 < @ < 1Tandb > Ofor1 < o < 2.In this case, the CTRW limit Eq. (4.2) reduces to the same form. In
fact, the limit processes A(E(t)) and A(E(t)—) in Theorem 3.1 are the same in this case, since A(t) and D(t) have (almost
surely) no simultaneous jumps. The stable subordinator D has a smooth density gg(u) supported on u > 0, and the stable
Lévy motion A(t) has a smooth density p(x, t) for all t > 0. Using the self-similarity of D, a simple conditioning argument
shows that A(E(t)) has density

a(x, 1) = /0 " b, (¢/5)")gs(s)ds = % /0 " p(x wep (VP du, (5.4)
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0
o

0.4

solution
0.3
|

0.2

0.1

0.0

Fig. 1. Solution a; (x, t) to the uncoupled OCTRW limit Eq. (5.3) witht = 1.0, = 2,and b = 1 in the case 8 = 0.6 (solid line), compared with the
solution to (5.3) with t = 1.0, « = 2,and b = 1 in the traditional diffusion case § = 1 (dashed line). In the uncoupled case, the CTRW and OCTRW are
governed by the same equation.

which solves the uncoupled governing equation (5.3). See [26,15] for further details. Eq. (5.3) is called the space-time
fractional diffusion equation. It has been used frequently in physics, finance, and hydrology to model anomalous diffusion
[2,3,27,28,9,29]. Fig. 1 plots the solution (5.3) at time t = 1.0 in the case« = 2 and 8 = 0.6 with b = 1.0, together with the
corresponding normal density that solves the same equation with 8 = 1. When o = 2 and 8 = 1, (5.3) is the traditional
diffusion equation, and the boundary term 8(x)t~#/I"(1 — B) reduces to the point source initial condition §(x)8(t). The
solution to the time-fractional diffusion equation has a sharper peak, and broader tails.

The remaining examples are coupled. Suppose thatJ, are i.i.d. with D, a standard §-stable subordinator with Lévy measure
(5.2). For any probability measure w on R and any p > /2, suppose that the conditional distribution of Y;, given J,, = t is
tPw. Then [17, Theorem 2.2] shows that (2.5) holds, the Lévy measure of (A, D) is

¢ (dy, dt) = tPw(dy)¢p(dt), (5.5)
and furthermore, every possible non-normal coupled limit in (2.5) has a Lévy measure of this form. In this case, A is stable

with index « = B/p.

Example 5.2. Suppose Y,, = J,, as in [30]. Take J, i.i.d. with D, a standard -stable subordinator. From (5.5) with p = 1 and
w = &1, we see that the Lévy measure (jump intensity)

¢(dy, dt) = & (dy)¢p(dt) (5.6)
of (A, D) is concentrated on the line y = t. Zolotarev [31, Lemma 2.2.1] shows that E[¢/*"] has a unique analytic extension
to the complex plane with a branch cut along the ray arg(k) = —3m /4, hence 4 (k) = ¥p(—ik). Then an easy computation

using (5.1) shows that ¥ (k, s) = (s — ik)’ whereb = 0,02 = 0,and a = — [ t(1 4 t*)"'¢p(dt) in (2.9). Since A = D, the
joint distribution of (A(s), D(s)) is given by

Pas).p(sy) (dx, du) = &,(dx)Pps) (du). (5.7)
Proposition 4.2(b) shows that the CTRW limit A(E(t)—) = D(E(t)—) in (3.2) has FLT
00 1 B—1
/ et de = 12O _ ST (5.8)
0 sk, s)  (s—ik)P

Following [17, Example 5.4] we can invert the FLT in (5.8) to see that the CTRW limit distribution 7, (dx) has a Lebesgue
density

XNt —x)~F
X t)=———, O0<x<t. (5.9)
rera-p)
Formula (5.9) is the density of t8, where B has a beta distribution with parameters 8 and 1 — g. It solves the coupled
governing equation (4.2), which can be written in this case as
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0 _
o

2.0
|

solution
15

1.0

0.5

0.0

Fig. 2. Solution a,(x, t) to the coupled OCTRW limit Eq. (5.13) at t = 1.0 in the case 8 = 0.45 (solid line), compared with the solution ¢, (x, t) to the
coupled CTRW limit Eq. (5.10) with t = 1.0 and 8 = 0.45 (dashed line).

(3 + ) (0, 0) = 50— (5.10)
r{a—p

with a coupled space-time fractional derivative operator on the left-hand side. It is also possible to derive (5.9) from the
general formula (4.5) for the CTRW limit distribution 7, (dx).

It follows from (4.4) that the OCTRW limit A(E(t)) = D(E(t)) in (3.1) has FLT

* st C1yks) —yalk) 1 (s —ik)f — (—ik)”
/(; e pe(k)dt = — I (ks) =3 Y . (5.11)

A straightforward but lengthy computation using (4.3) shows that the OCTRW limit density is

(x,t) = X ( ! )ﬂ t (5.12)
PR T Tera-p \x=¢) - 0 ‘

Formula (5.12) is the density of t / 8, where B has a beta distribution with parameters 8 and 1— 8. The OCTRW limit density
(5.12) solves the governing equation

1 o0
(0 + Bx)ﬁaz(x, t) = a5 /t S(x—uw)puPldu (5.13)

using generalized function notation. It follows from (5.12) that
t8
_ X
re)yra-—pg)
Fig. 2 compares solutions to the coupled OCTRW limit Eq. (5.13) and coupled CTRW limit Eq. (5.10). Note the striking

difference between the CTRW and OCTRW limits in this case: The CTRW limit density (5.9) is supported on 0 < x < t,

so it has moments of all orders. The OCTRW limit density (5.12) is supported on x > t, and its moments of order >3 all
diverge.

ap(x, t) ~ 1= asx - oo.

Example 5.3. Suppose D is a stable subordinator with E(e~*") = e‘sﬂ. and the conditional distribution of Y given D = t is
normal with mean zero and variance 2t, as in [1]. Then
]E(eikY) — ]E(E(elleD)) — E(e_kZD) — e—|k\2ﬂ

so that Y is symmetric stable with index « = 2. If we take (Y;, J,,) i.i.d. with (Y, D), then (2.5) holds, and it follows from
(5.5) that the operator stable limit (A, D) has Lévy measure

¢(dx, dt) = t"2w(dx) ¢p(dt) (5.14)
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where o is a normal distribution with mean zero and variance 2. Take a = b = ¢? = 0in (2.9) to see that

Yk, s) = / / ( ee st 4 lk—x) Lexp (—ﬁ) dx¢p (dr)
1+ ) Jant 4t )P
= / (1= 7<) gp(de) = (5 + kD)
0

using (5.1). The CTRW limit has FLT

00 R S/S—]
e Pagry—) (k) dt = ————. 5.15
/0 AEe)—) (K) Y (5.15)
Inverting the FLT as in [17, Example 5.2] shows that the CTRW limit A(E (t)—) has Lebesgue density
t ] XZ
c3(x,t) = / exp (——) c(u, t) du. (5.16)
’ 0 V4mu qu)
This density solves the governing equation
2 t
(0 — 82) s (x, 1) = 6(X) ——— (5.17)

ra-pgy
The OCTRW limit A(E(t)) in (3.1) has FLT

o0 1(s+ k*)P — |k|*8
—stA k) dt = _ .
/0 el de = S

The density of (A, D) is given by p(z, u) = (4ru)~"/? exp(—z%/(4u))gs (u), where gg is the density of D. A computation using
the self-similarity of D(s) shows that the OCTRW limit density is

o0 1 XZ
as(x, t) = / ex <——) a>(u, t) du, (5.18)
’ ¢t A4mu P 4u 2
which solves the governing equation
(0 — 82) as(x, 1) = f —ﬁ Bu~F" du. (5.19)
ST m - P ¢_ '

Fig. 3 compares solutions to the coupled OCTRW limit Eq. (5.19) and the coupled CTRW limit Eq. (5.17). It follows easily
from (5.16) that the CTRW limit density c3(x, t) has a finite second moment. A computation using (5.18) shows that
P{|A(E(t))| > r} varies regularly with index —28, so that the second moment of as(x, t) is infinite. This is reflected in
the heavier tails of as(x, t) in Fig. 3. Corollary 3.3 shows that both A(E(t)) and A(E(t)—) are self-similar with scaling index
B /o = 1/2. Hence, this example provides two very different models for anomalous diffusion that spread at the same rate
as a Brownian motion.

Example 5.4. Suppose X (t) is any Lévy process, and that X (1) has distribution w. Suppose D(t) is a B-stable subordinator
with E[e~P(V] = efsﬂ, independent of X (t). Define a triangular array with i.i.d. rows such that

y© LXD(c") and J© L D).
It is easy to see that
(S (ct), T (ct)) = (A1), D(1))
where A(t) = X(D(t)). Since X (t) and D(t) are independent, a simple conditioning argument yields

o0

Pae(t)—) (dx) =/ " (dx) Ppg(t)—) (du) =/ " (dx)ca(u, t) du
0 0

as well as

o0

PA(E(t))(dX) = / a)”(dx) PD(E(t))(dU) = / a)”(dx)az(u, t) du.
0 0

Let D = D(1), A = A(1), and write E(e**®) = ¢~o® Then

E(est lld\) E(E(eiSD 1kX(D)|D t)) — E(estefDIIIO(k)) — ef(S+1//0(k))ﬁ
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0.25
|

0.20
|

solution

0.05
|

0.00
1

3035

Fig. 3. Solution as(x, t) to the coupled OCTRW limit Eq. (5.19) witht = 1.0 and 8 = 0.8 (solid line), and solution c3(x, t) to the corresponding CTRW limit

Eq. (5.17) with t = 1.0 and B8 = 0.8 (dashed line).

so that ¥ (k, s) = (s 4+ ¥o(k))? in this case. If X(t) has a density f, (t), then the CTRW limit density

t
ca(x, t) = / fu@)ca(u, t) du
0

solves the coupled pseudo-differential equation

(3 + Yo(iy) catx, ) = et

while the OCTRW limit density

t
as(x, t) = / fu®)az(u, t) du
0

solves

1 o0
(0 + WO(iax))ﬂaél(X’ t) = 1"(1——;‘3)/t fu(x) Bu=P"1du.

(5.20)

(5.21)

(5.22)

(5.23)

Remark 5.5. In practical applications, it is useful to consider a CTRW with drift. Extending Example 5.3, suppose that
the conditional distribution of Y given D = t is normal with mean ayt and variance 2byt. Example 5.4 with yr(k,s) =

(s + bok? — ikag)? implies that the Lebesgue density
/t 1 < (x — agu)?
= —_— eXp S —
0 A 471b0u 4b0u
of the CTRW limit A(E (t)—) solves the governing equation
t=h

(e -+ awd = bod) 5,1 = 800 1o .

cs(x, t) > ¢, (u, t) du

The OCTRW limit density

as(x, t) = foo ; exp <—w) a>(u, t)du
t 4mbou 4bgu

solves the governing equation

B 1 o0 1
O + apdy — bod?) as(x, t) = / ex(
(0 ol =) 5.0 = 55— ), o P\ b

_ (x—au)?

> Bu=P~1du.



3036 A. Jurlewicz et al. /| Computers and Mathematics with Applications 64 (2012) 3021-3036
Acknowledgments

The authors would like to thank Professor Yong Zhou, Guest Editor, for inviting them to submit this paper to the Special
Issue on Advances in Fractional Differential Equations (II). We would also like to thank two anonymous reviewers for their
excellent comments and suggestions, which greatly improved the paper.

The research of M.M. Meerschaert was partially supported by NSF grants DMS-1025486, DMS-0803360, EAR-0823965
and NIH grant RO1-EB012079-01.

References

[1] M. Shlesinger, J. Klafter, Y.M. Wong, Random walks with infinite spatial and temporal moments, J. Stat. Phys. 27 (1982) 499-512.
[2] D.Benson, S. Wheatcraft, M. Meerschaert, Application of a fractional advection-dispersion equation, Water Resour. Res. 36 (2000) 1403-1412.
[3] D.Benson, R. Schumer, M. Meerschaert, S. Wheatcraft, Fractional dispersion, Lévy motions, and the MADE tracer tests, Transp. Porous Media 42 (2001)
211-240.
[4] B.Berkowitz, A. Cortis, M. Dentz, H. Scher, Modeling non-Fickian transport in geological formations as a continuous time random walk, Rev. Geophys.
44 (2006) RG2003.
[5] R. Schumer, M.M. Meerschaert, B. Baeumer, Fractional advection-dispersion equations for modeling transport at the Earth surface, J. Geophys. Res.
114 (2009) FOOAO7.
[6] S.Fedotov, A. lomin, Migration and proliferation dichotomy in tumor-cell invasion, Phys. Rev. Lett. 98 (11) (2007) 8101.
[7] M. Slutsky, L.A. Mirny, Kinetics of protein-DNA interaction: facilitated target location in sequence-dependent potential, Biophys. ]. 87 (2004)
4021-4035.
[8] G. Ramos-Fernandez, J.L. Mateos, O. Miramontes, G. Cocho, H. Larralde, B. Ayala-Orozco, Levy walk patterns in the foraging movements of spider
monkeys (Ateles geoffroyi), Behav. Ecol. Sociobiol. 55 (2003) 223-230.
[9] E. Scalas, Five years of continuous-time random walks in econophysics, in: A. Namatame (Ed.), Proceedings of WEHIA 2004, Kyoto, 2004.
[10] K. Weron, A. Jurlewicz, M. Magdziarz, Havriliak-Negami response in the framework of the continuous-time random walk, Acta Phys. Polon. B 36
(2005) 1855-1868.
[11] K. Weron, A. Jurlewicz, M. Magdziarz, A. Weron, ]. Trzmiel, Overshooting and undershooting subordination scenario for fractional two-power-law
relaxation responses, Phys. Rev. E 81 (2010) 041123.
[12] A. Jurlewicz, A. Wytomariska, P. Zebrowski, Coupled continuous-time random walk approach to the Rachev-Riischendorf model for financial data,
Physica A 388 (2009) 407-418.
[13] M.M. Meerschaert, E. Scalas, Coupled continuous time random walks in finance, Physica A 370 (2006) 114-118.
[14] M.M. Meerschaert, H.P. Scheffler, Limit Distributions for Sums of Independent Random Vectors: Heavy Tails in Theory and Practice, Wiley Interscience,
New York, 2001.
[15] M.M. Meerschaert, H.P. Scheffler, Limit theorems for continuous time random walks with infinite mean waiting times, J. Appl. Probab. 41 (3) (2004)
623-638.
[16] E. Seneta, Regularly Varying Functions, in: Lecture Notes in Mathematics, vol. 508, Springer-Verlag, Berlin, 1976.
[17] P. Becker-Kern, M.M. Meerschaert, H.P. Scheffler, Limit theorems for coupled continuous time random walks, Ann. Probab. 32 (1B) (2004) 730-756.
[18] M.M. Meerschaert, H.P. Scheffler, Triangular array limits for continuous time random walks, Stoch. Proc. Appl. 118 (2008) 1606-1633.
[19] B. Baeumer, M.M. Meerschaert, ]. Mortensen, Space-time fractional derivative operators, Proc. Amer. Math. Soc. 133 (8) (2005) 2273-2282.
[20] D.S. Silvestrov, Limit Theorems for Randomly Stopped Stochastic Processes, Springer-Verlag, London, 2004.
[21] P.Straka, B.I. Henry, Lagging and leading coupled continuous time random walks, renewal times and their joint limits, Stoch. Proc. Appl. 121(2)(2011)
324-336.
[22] D.S.Silvestrov, ].L. Teugels, Limit theorems for mixed max-sum processes with renewal stopping, Ann. Appl. Probab. 14 (2004) 1838-1868.
[23] P. Embrechts, M. Maejima, Selfsimilar Processes, Princeton University Press, Princeton, New York, 2002.
[24] A. Chakrabarty, M.M. Meerschaert, Tempered stable laws as random walk limits, Statist. Probab. Lett. 81 (8) (2011) 989-997.
[25] H. Kesten, Hitting probabilities of single points for processes with stationary independent increments, Mem. Am. Math. Soc. 93 (1969) 129 p.
[26] B. Baeumer, M.M. Meerschaert, Stochastic solutions for fractional Cauchy problems, Fract. Calc. Appl. Anal. 4 (2001) 481-500.
[27] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: a fractional dynamics approach, Phys. Rep. 339 (2000) 1-77.
[28] R. Metzler, J. Klafter, The restaurant at the end of the random walk: recent developments in the description of anomalous transport by fractional
dynamics, J. Phys. A 37 (2004) R161-R208.
[29] R. Schumer, D.A. Benson, M.M. Meerschaert, S.W. Wheatcraft, Eulerian derivation of the fractional advection-dispersion equation, J. Contam. Hydrol.
48 (2001) 69-88.
[30] M. Kotulski, Asymptotic distributions of the continuous time random walks: a probabilistic approach, J. Stat. Phys. 81 (1995) 777-792.
[31] V.M. Zolotarev, One-Dimensional Stable Distributions, in: Translations of Mathematical Monographs, vol. 65, American Mathematical Society,
Providence, RI, 1986, Translated from the Russian by H.H. McFaden, Translation edited by Ben Silver.



