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X-2 HILL ET AL.: SIZE DEPENDENT PARTICLE TRANSPORT

Abstract.  Bedload transport — where particles move intermittently in
frequent contact with the bed - is the dominant mode for particle transport
in gravelbed rivers and streams. Modeling the movement of particles in bed-
load transport is extremely di Cculit, in part due to complicated fluid/particle
and particle/particle interactions. Furthermore, the particle movement is stochas-
tic rather than deterministic, giving rise to a distribution of transport be-
haviors under any particular set of conditions. It is well-known that the ap-
parent average behaviors of quantities with fat-tailed probability distribu-
tion functions are dominated by extreme events and therefore vary over the
time or distance over which data are obtained. In this paper, we investigate
the plausibility of fat-tailed transport behavior of particles in bedload trans-
port using carefully controlled flume experiments and theoretical analysis.

We present physical data and a mathematical derivation showing a plausi-

ble link between thin-tailed distributions of the movement of single-sized par-
ticles and fat-tailed distributions of the movement of a mixture of particles

of a size typical of that found in the field. We show that a broad distribu-
tion of grain sizes can lead to a power-law distribution of travel distance, even
when the travel distance for a given particle size is exponential. In such cases,
the overall average step length is a poor predictor of the actual travel dis-

tance of any individual particle.
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1. Introduction

Bedload transport is the dominant mode for particle transport in gravel-bed rivers and
streams and also relevant for the motion of smaller — e.g., sand-sized particles — under
lower flow conditions. As such, the prediction and understanding of bedload transport
under various flow conditions is important for problems ranging from understanding river
morphology and evolution to stream restoration. In contrast with the relative predictabil-
ity of finer particles moving with the overlying fluid in suspended load or washload, the
movement of particles in bedload transport takes place as a series of starts and stops.
A particle at rest on the bed has a finite probability of becoming entrained into motion.
Once a particle is entrained, its motion consists of a series of steps as the particle saltates,
rolls, and/or slides in frequent contact with the bed until it becomes distrained and pos-
sibly buried beneath the surface (e.g., Drake et al. [1988]). The complex movement arises
from complicated fluid/particle and particle/particle interactions which has hindered the
development of a fully predictive model.

Since classic experiments in the early 1930’s (e.g., Shields [1936]), there have been a
number of approaches to modeling bedload transport. Historically, models developed for
predicting average transport rate < g, > of particles in bedload transport have empirically
fit model parameters to data obtained in the field and in laboratory flumes. Examples
where this has been done to model particle transport rate as a function of shear stress
include Ashida and Michiue [1972], Engelund and Fredsoe [1976], Luque and van Beek
[1976], and Wong and Parker [2006]. Two methods for data acquisition are prominent.

For the first method, all particles arriving or crossing a line are recorded, often by moni-
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toring particles arriving at a region of the bed by a device such as a Helley-Smith bedload
sampler or a trap. For the second method, particles are painted (or labeled with other
methods, e.g., through the use of radio-tracking devices, as in Habersack [2001]), placed in
a bed, and monitored for their displacement during one or more transport events. (Here
and henceforth we use “displacement” for the total amount of travel each displacement
composed of many “steps.”) In both cases, typically an average displacement, an average
e [edtive velocity, and/or an average transport rate is computed and compared with aver-
age transport conditions such as average shear stress. While these models often work well
for the system in which they were derived, they may di[erl from one another by orders of
magnitude under apparently similar conditions. Some of the limits of the universality for
these models likely lie in the stochastic or random nature of particle movement which, as
we will discuss, can make averages computed from finite data sets unreliable indicators of
the central tendency of the data.

Because of complex interparticle and fluid/particle interactions, movement of particles
in bedload transport is essentially stochastic rather than deterministic. A number of
historic and recent modeling e [ants have focused on the nature of the apparent random
motion of the particles. One of the earliest examples, proposed by Hans Albert Einstein,
is @ model based on the intermittent nature of the transport of the particles ([Einstein,
1937], [Einstein, 1950]). The model takes into account the finite probability of particle
entrainment for every particle in the bed at any particular time step. Once entrained,
the particle moves a distance that scales with the size of the particle and then distrained

to wait for its cycle to start again. Einstein’s model for bedload transport treats these
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HILL ET AL.: SIZE DEPENDENT PARTICLE TRANSPORT X-5

displacements as instantaneous and mutually independent, and finds the distribution of
the displacements should follow a gamma (i.e., a thin-tailed) distribution Einstein [1937].
There have been a number of advances on this approach which take into account details
like finite time of particle movement (e.g., Lisle et al. [1998]), the interdependence of
particle movements (e.g., Ancey et al. [2008]), and the association between stochastic
particle movements and physical details such as turbulence statistics (e.g., Kleinhans and
van Rijn [2002], McEwan et al. [2004]) and bed spatial and temporal variability (e.g.,
Dancey et al. [2002] and Wong et al. [2007], respectively). For example, [Kleinhans and
van Rijn, 2002] use a probability distribution function (PDF) for modeling the variability
of bed shear stress due to turbulence fluctuations and the eledt of that variability of
particle transport. McEwan et al. [2004] modeled the variability of shear stresses due to
turbulence fluctuations as a variation of the critical shear stress within each size fraction
to model the variability of grain size distribution in bed load transport. Wong et al.
[2007] studied the link between stochastic temporal bed height fluctuations, hydraulic
parameters, and stochastic vertical and streamwise displacements of tracer stones.
Increased computer power has allowed for the implementation of computationally inten-
sive modeling techniques, such as Distinct Element Method (DEM)(more recently referred
to as Discrete Element Method, Discrete Particle Method, and Molecular Dynamics).
Originally proposed by Cundall and Strack [1979], DEM simulations, track all particles
explicitly from one time step to the next with the particle movement governed explicitly
by body forces and model interparticle forces. Recently, researchers have added models for
fluid/particle interactions to adapt DEM simulations for bedload transport and other as-

pects of sediment transport (e.g., Heald et al. [2004], Schmeeckle and Nelson [2003], Gotoh
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and Sakai [1997], Ha[Canhd Anderson [1993], and Drake and Calantoni [2001]). Compu-
tational results from DEM simulations may be used to further develop theories that focus
on macroscopic trends such as average particle transport and dispersion, particle-scale be-
haviors that drive the stochastic particle movements, and the physical mechanisms that
drive these details. Thanks to recent technological developments, the force models and
stochastic models may be tested (e.g.,Schmeeckle and Nelson [2003] and Papanicolaou et
al. [2002] ).

The experiments, simulations, and theories may be compared through parameters such
as bedload flux and other mean transport quantities according to average flow conditions.
However, the e [edtiveness of using a finite number of measurements to approximate the
average tendency of a system depends on the probability distribution of the measured
quantity. Consider the measurement of particle displacement. If the probability distribu-
tion function of particle displacements has a Gaussian or exponential distribution or, more
generally, some distribution where extreme events are relatively rare, the average trend
is well-represented by the average determined by measurements taken over a finite time.
This is the case if each particle moves in Brownian motion or has an equal probability of
moving a narrowly-distributed distance at every time step (as in Einstein’s model). On
the other hand, if a particle moves in some other type of random walk such as a Lévy
flight (e.g., Weeks et al. [1998]), where in this case the step lengths are variable and follow
a power law, extreme events can dominate averages taken over a finite time. This would
be the case for bedload transport if the probability distribution function of displacements
could be accurately described using a power law distribution or another fat-tailed distri-

bution function. If this is the case, the average displacement taken over a finite time very
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likely does not represent well the central tendency of the system. Instead, the average
may be dominated by a few large-scale or small-scale events. In other words, an indication
of a system where the particle displacements may follow a power-law or other fat-tailed
distribution is that the average over a finite number of measurements varies significantly
depending on the time during which those data are taken.

There has been some indication that some systems may exhibit such power law behavior.
Recent results show that in some cases the average measured sediment transport rate
depends on the time over which the average is taken (see, for example, Singh et al [2007],
Bunte and Abt [2005], and references within). Other evidence for power law behavior lies
in the dispersion or di[udion of the particles, a topic of another article in this issue Ganti
et al. [2009]. A thin-tailed distribution of step lengths gives rise to ordinary diludion
while fat-tailed distribution of step lengths give rise to anomalous di [udion [Ganti et al.,
2009]. Recent measurements by Nikora et al. [2002] have identified anomalous di [udion in
some bedload systems. However, despite all of the indirect evidence for fat-tailed particle
step length behavior in bedload systems, there have been no direct evidence in flumes or
in the field for a fat-tailed distribution of particle displacements.

In this article, we investigate the pdf of step lengths of particles in bedload transport
experimentally and theoretically to determine the plausibility of a fat-tailed distribution
function for particle step lengths. We consider a very simple experimental case. We
conduct our experiments under lower-regime plane-bed equilibrium bedload transport
conditions to eliminate variability associated with bed topography [Haschenburger and
Wilcock, 2003]. We further minimize variability associated with spatial variability in bed

composition by using a narrowly distributed gravel bed. This simplified experimental
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system will be described in detail in Section 2. We monitor the displacements of particles
as a function of size and report our measurements and discuss the trends we observe
in Section 3. A complicating factor of bedload transport involves the fact that the size
distribution of sediment in the field is often broad. In Section 4, we consider theoretically
the implications for the average transport rate in a system with a broader mix of particle
sizes more typical of that found in the field. In Section 5, we summarize the results and

discuss some future challenges.

2. Experimental set-up

For the experiments, we use a 27.5 m long flume with a rectangular cross-section of
0.5 m wide x 0.9 m deep (the “sediment flume” at St. Anthony Falls Laboratory at
the University of Minnesota !). We operate it with an erodible sediment bed and non-
erodible walls. A sediment trap is located at the downstream end of the flume where the
sediment that has been transported out of the flume is trapped and recirculated back to
the upstream end of the flume. At this point, the sediment enters a separator box, where
the sediment is separated from the passive transporting water to be re-fed into the flume
at a constant pre-determined rate. In other words, we operate the flume as a sediment
feed flume (see discussions in Refs. Parker and Wilcock [1993] and Wong et al. [2007])
where water discharge and sediment feed rate are controlled and bed slope and water flow
depth evolve depending on these two parameters. As will be detailed below, the sediment
size distribution is relatively narrow and unchanged over the course of the experiments
described here.

As mentioned in the introduction, to minimize complicating factors for this transport

study, we operate the flume in lower-regime plane-bed equilibrium transport conditions
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with a well-sorted gravel bed. The median grain size is dsp = 7.1 mm; the geometric
mean particle size is dg = 7.2 mm; the roughness height of the bed may be estimated by
dgo = 9.6 mm; the geometric standard deviation of the grain size distribution is 1.2, and
the particle density is ps = 2550 kg/m®. (Here and henceforth in this paper, we use the
common notation where, when p is a number, d, refers to the particle size of which p%
of the particles are smaller.) Nearly all tracer particles are obtained from the bed using
sieve sizes 4.0 mm, 5.6 mm, 6.3 mm, 8.0 mm, and 9.5 mm. The tracer particles will be
referred to by the largest sieve size on which they were retained. The gravel tracers are
colored using paint and permanent markers for easy identification according to size and
original placement in and on the bed.

To bring the flume to steady state conditions (i.e., mobile bed equilibrium) prior to an
experimental run set, a preparation time on the order of 50 hours is needed, where the
water and sediment are fed at a constant rate. (The exact time depends on how close the
prior flume conditions are to the desired conditions.) During the first and longest part
of this preparation, the water and sediment are fed for a su [cieht time for the mass of
sediment leaving the flume to equal the sediment feed rate. The constant mass condition
is verified by noting the level in the separator box is unchanging. When this has been
verified, the longitudinal slopes of the bed surface and water surface are monitored to
assure they are relatively constant in time and space. Piezometers located every 0.5 m
along the streamwise direction of the flume are used to measure water surface elevation
along the flume. A point gauge is used to measure the longitudinal profile of the bed at
three dilerent transverse positions across the bed at every 0.5 m along the streamwise

direction of the flume. The latter both was used to determine when the flume was at
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steady state and also to determine there were no bedforms present. For all experiments
minimal or no bedforms were present. The plane-bed conditions we observe are consistent
with predictions from [Southard, 1991], who conducted flume experiments to classify bed
states as a function of channel averaged flow velocity, u and sediment grain size, dio. For
the experiments reported in this study, the minimum and maximum channel averaged
flow velocities are 0.69 m/s and 0.9 m/s respectively, and dig = 5.9 mm. This is well
within the lower-regime plane-bed condition of [Southard, 1991].

A summary of the average experimental parameter measurements for all runs sets dis-
cussed in this paper is presented in Table 1. The table includes the water discharge Qu,
the sediment feed rate Qy, the experimental run duration t, the temperature of the water
Tw, the water height above the weir h, the nondimensionalized shear stress T5'and an
indication of the particle size distribution in the tracer patches. The bed shear stress T,

is nondimensionalized with the commonly used form:

B ®

=
(ps — Pw)9dsg

also known as the Shields number [Shields, 1936]. Here, p,, and ps refer to the water
density and the solid particle density, respectively, g is gravitational acceleration, and dsg
refers to the particle size of which 50% of the particles are smaller. To determine the bed
shear stress, T, we note that in laboratory open-channel flows, the bulk flow parameters are
exposed to sidewall friction e [edts. We use the sidewall correction procedure introduced
by [Vanoni and Brooks, 1957] to remove these sidewall e [edts. The bed shear stresses were
chosen from a range that both provided plane bed conditions in our flume and minimal

loss of information due to particles traveling past the end of the flume during the run.
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The latter was particularly di [cult for the largest particles; at the smallest shear stress
= 10% of the 8mm particles were entrained over the course of the experiment and at
the largest shear stress 30% of these particles left the flume so that their displacement
information was lost.

The conditions of the experimental runs performed in this study are comparable to
bankfull conditions in several natural gravelbed streams reported in a large database by
[Church and Rood, 1983] as illustrated in Fig. 1. The Church and Rood [1983] alluvial
river channel data is compiled from various sources on 284 streams and rivers. The data
shown in Fig. 1 was filtered to only include gravel bed channels with gravel or bedrock
banks and bed shear stresses at bankfull or 2-year recurrence interval flood discharge. The
bed slopes of the experiments are steeper than average of those in the Church and Rood
[1983] data set, but not steeper than all naturally reported rivers. The dimensionless
bed shear stress values are within the range where bankfull and 2-year recurrence interval
discharges of natural streams and rivers fall.

In Fig. 2, the experimental conditions are compared with the critical Shields stress of
each size tracer particle. The dimensionless shear stresses in this experimental set range
from 0.07 - 0.11. The dimensionless critical shear stress or critical Shields stress, 15, of
each size tracer particle is evaluated using the following relationship between entrainment

of particles and that of the particles of mean grain size from Parker [2007]:

oo
W, @

where d; is the grain size diameter, dy is the geometric mean grain size and IcgE'is the
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critical Shields stress of geometric mean grain size evaluated using, from Parker et al.
[2003]:

- N
T, =0.5 0.22Re,*®+0.6 CID~""Re ™ ()

Here, Re, is the explicit particle Reynolds number:

L1
Rgdydq
Rey = — 4 (@)

where v is the kinematic viscosity of water, evaluated here at 10° C, and all other variables
have been previously defined. According to these relationships, the dimensionless shear
stresses of the experiments are 31 4t for all tracer particles.

Once we have verified the bed has reached a state of mobile-bed equilibrium, we tem-
porarily shut down the flume for the placement of the tracer particles in several streamwise
and transverse patches in the flume. The patches are made of 2-3 layers of tracer particles
(depending on the shear stress) to assure that all particles moving from a particular po-
sition in the flume may be monitored. As long as no particles from the bottom layer are
moved, we are assured that we have captured all particles moved from an initial location.
The higher the shear stress, the more layers needed. (See Wong et al. [2007] for a detailed
discussion of the relationship between shear stress and subsurface entrainment.) For our
experiments there was very little movement from the any subsurface layer, even for the
highest shear stress. To plant the particles in patches, first, a small patch of particles is

removed through careful excavation of a surface area of 10 cm > 10 cm and a depth of
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integral multiples of 12 mm (to slightly exceed dg), Verified by surveying the excavated
region with a point gage. The local patch of particles is replaced with an equal volume of
tracer particles in layers of thickness of 12 mm; each layer is leveled and surveyed with
a point gage so that the thickness of each layer is fairly uniform and the top of the patch
is level with the surface of the bed. A simple schematic of the cross-sectional profile of a
volume of planted tracer particles is shown in Fig. 3. The tracer particles in each vertical
layer are of a distinct color so elevation-specific transport rates can be monitored. For this
paper, we report the transport of all particles from a particular patch together. As will
be shown in Section 3 for run sets Il and 1V, results obtained using patches of mixtures
of tracer particles based on the distribution of particle sizes in the bed were found to be
comparable to results obtained using monosized patches. Therefore, in order to optimize
the amount of transport data obtained, results from monosized particle patches are used
for the experimental results presented in this paper.

Once the tracers are placed, the water and sediment feeds are restarted under the
equilibrium conditions established prior to the run. This start-up is performed carefully
to minimize the eledt of the unsteady conditions during start-up on the results of the
run. The water feed is brought up slowly until particles just barely start to move; then
the sediment feed is started and the water flow rate is brought rather quickly to that of
steady-state conditions. This last part typically takes [20—30s or [10% of the duration
of our 4 min. runs. The “clock” is started when the water flow rate has reached the steady
state conditions. The flume is run for four minutes and then stopped. The four minute
duration was chosen so that, under the conditions imposed, most of the tracers stopped

before they reached the end of the flume.
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The final locations of all tracer particles in the bed are recorded according to how far
the particles traveled downstream and whether or not they were found on the surface or
buried beneath the surface. Almost all tracer particles are recovered for the experimental

runs, with a maximum loss of 0.2% of all tracer particles used of all runs performed.

3. Experimental results and analysis

3.1. Size-dependence of average travel distances

Figure 4 shows the mean travel distance < x > for entrained tracer particles of sizes of
4.0 mm, 5.6 mm, 6.3 mm, and 8.0 mm for the four run sets described in table 1. \WWe recall
that run sets 11 and IV were performed under identical water and sediment feed rates but
the tracer particle patches were of di Lerknt size distributions, one of monosized particles,
the other of mixed sized particles. The results from the two run sets are quite similar.
This is not entirely unexpected. These data represent average particle displacement once
particles become entrained, and once entrained, the particles “see” the same bed. As-
suming that any turbulence statistics associated with the di[erknt patches are local, the
statistics of the particle displacements should be independent of the patch from which
they are entrained. The similarity of the two sets of averages supports this hypothesis
and indicates the average displacement results from the monosized particle patches are
representative of those in the more “mixed” bed.

For the small range of shear stresses examined in our simple system, the average travel
distance increases with increasing particle size d. This is not unlike certain previously
reported results in laboratory flumes and field experiments (e.g., Tsujimoto [1978], Straub
[1935] and Kodama et al. [1992]). On the other hand, it is far from obvious, given that

most natural rivers and streams exhibit downstream fining, that is, become more finer
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grained downstream. This downstream fining has been shown at least in some cases to be
driven by size-dependent particle mobility (e.g., Paola et al. [1992]), in apparent conflict
with our results. Therefore, this deserves a bit of discussion.

The results for the transport distance as a function of particle size vary across the
literature. Einstein (1937) found a wide range of travel distances but no relationship
between travel distance and particle size in flume studies. Others, including Hassan
et al. [1991] and Ashworth and Ferguson [1989] found a similar result in natural rivers
using tracer particles. On the other hand, Church and Hassan [1992] compiled data
from a number of tracer particle studies in streams and rivers and found travel distance
to decrease on average with increase in particle size. Many others (e.g., Ferguson and
Wathen [1998]) concur. Still others, as we have in this paper, have documented cases
where selective transport of coarser grains occurred (e.g., Straub [1935] and Kodama et al.
[1992]), though relatively speaking, these observations are quite rare [Solari and Parker,
2000].

Solari and Parker [2000] pointed out several possible physical scenarios where systems
which would normally selectively transport smaller particles farther than their larger
counterparts would exhibit what is referred to as “reverse mobility.” In other words,
assuming the default for deep channel flows is to transport smaller particles the farthest,
they proposed why some would transport larger particles farther than small. We consider
here these scenarios and whether or not these might be the case for our system and if this
might somehow limit the applicability of our results.

The four scenarios suggested by Solari and Parker [2000] are as follows: (1) Where a

partial viscous layer exists near the bed, the coarser the particle, the more they protrude in
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the turbulent layer and therefore the more likely they are to feel a higher (turbulent) shear
stress. (2) Where the flow is relatively shallow, the larger the particles, the more they may
protrude out of the flow where drag from the water surface propels them with additional
force downstream. (3) If the system is bimodal, the particles in the larger fraction may
be large enough to simply roll over the other fraction - in other words, experience less
force resisting their movement downstream, while the small fraction may get stuck in the
cracks between the larger particles. (4) If the slope is su Lciehtly large, “the rather delicate
balance between particle weight and hiding e [edts [Solari and Parker, 2000] that renders
finer grains exposed at a surface somewhat more mobile than their coarser neighbors at
lower slopes” becomes unbalanced, rendering the large particles more mobile than the
smaller particles. Through an analysis of the dilerent forces on particles as a function
of the slope, Solari and Parker [2000] showed that a high enough slope may enable the
large particles to more easily roll out of a local pocket than a smaller particle. Solari and
Parker [2000] used analysis and data in Kovacs and Parker [1994], Ikeda [1982], Parker
and Andrews [1985], and Miller and Byrne [1966], to theoretically show it is reasonable
that a mobility reversal that occurs at slopes above 0.02 — 0.03 for their system is due
largely to the slope e [edts.

As the case for the experiments exhibiting downstream coarsening investigated in Solari
and Parker [2000], for the experiments reported here, the first three scenarios are unlikely
as shown in DellAngelo [2007]. For scenario (1), the flows are hydraulically rough so there
IS no viscous layer that might cause such a mobility reversal. For scenario (2), the flow
is much deeper than the largest particles to possibly experience any surface eledt. For

scenario (3) the system is not bimodal. As in Solari and Parker [2000] it is plausible that
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for the studies reported in this paper, the slopes are responsible for the higher mobility
of larger particles [DellAngelo, 2007]. There are still some apparent discrepancy in this
argument. While in the system of Solari and Parker [2000], greater mobility of smaller
particles is restored below slopes of 0.02, we observe greater travel distances for larger
particles at somewhat lower slopes. On the other hand, their system is a somewhat more
well-sorted than ours. Using similar arguments ([DellAngelo, 2007],[Hill et al., 2009]),
we find a predicted reversal point occurs at somewhat lower slopes for more well-sorted
systems. Specifically, for the system described here, we predict this should occur at a slope
of = 0.007. A final consideration is in what might be considered the relative roughness
of the bed. Finer particles “see” a larger roughness scale relative to their size than larger
particles do on the same bed. This may be particularly dramatic for our smallest particles
which are smaller than d;q of our system. This relative roughness may cause the smaller
particles to distrain faster and allow the larger particles to more easily roll farther along
the bed.

Regardless of the reason, our system is not unique in transporting larger particles farther
faster than smaller particles as documented in the field by Brummer and Montgomery
[2003] in steep sediment transport systems and by Miller and Byrne [1966] in debris fields.
We explore the implications of this particle size-dependent mobility on the stochastic
properties of the system as a whole, and discuss the broader applicability of our results

in Section 5.

3.2. Size-dependent probability distribution functions of travel distances
Figures 5-8 show the normalized histograms or experimental probability distribution

functions (pdf’s) for the tracer particle travel distances for runs I-1V, respectively. Figures
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5-7 are for runs with monosized tracer particle patches, and Fig. 8 for a set of runs using
mixed size tracer particle patches of a size distribution equal to that of the bed. Note the
similarity of the plots in Figs. 6 and 8, the two sets of runs performed under the same water
and sediment feed conditions but with dilerknt tracer particle patch size distributions.
The plots are relatively similar (though the statistics of Fig. 8(d) are somewhat poorer
due to the relatively smaller number of the largest particles shown here). This similarity
provides another indication that the distribution in the patch itself does not aledt the
statistics of the transport and gives us more confidence in referring to the travel distance
data from our monosized particles as representative as the travel distances in our relatively
more mixed bed. For the most e [cieht experiments where all particle sizes had several
hundred representative points, therefore, we refer primarily to the results from the runs
with monosized patches, the histograms of which are shown in Figs. 5-7.

As a point of interest, in the insets to Figs. 5-7, we separate the travel distance his-
tograms for the particles found buried in the bed from those found on the surface. The
transport curves follow roughly the same shape for the buried particles as they do the
particles on the surface. The smaller particles are buried at a higher rate than the larger
particles. Further, for higher shear stresses, the burial rate is higher for all transported
particles. The two points together suggest in this system kinetic sieving where smaller
particles are more likely to find holes under jostled larger particles in which to fit than the
other way around. Burial rates are also related to waiting times between transport events
(e.g., Ganti et al. [2009]) which in turn can aledt both average transport and di [udion.

As we will show power law behavior to be important in displacement statistics in these
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systems, the burial rate may also be relevant to describe a power law for waiting times
between transport events. In this paper, though, we focus on the displacement alone.
We considered several di [erknt functions for all individual particle sizes and for all shear
stresses. Einstein [1937] found a gamma distribution fit the distribution of his measured
transport distances well, while a Poisson distribution best fit the distribution of rest
times between movements. Church and Hassan [1991] also found a gamma distribution
fit transport distances well for a wide range of field data. Haschenburger [1996] found an
exponential distribution to fit excavation and scour depths in a natural gravel bed creek
during flood events. We compared the e[edtiveness of a Poisson distribution, a power
law, a gamma distribution function and an exponential distribution function using least
squared analysis and considering the standard deviation of the residuals. We found the

exponential distribution function

f(X) = Ae™™ (5)
where f(X) is represents the probability per length step and A is a fitting parameter
with units of 1/length fits the data significantly better than the Poisson distribution and
somewhat better than the power law function in most cases. The more general gamma
distribution

—X/A

) — Jk—1ykE€
fgamma(xy K, )\) = XA —F(k) (6)

fit the data only marginally better. Since the gamma function is a more general function
than the exponential function and has two tunable parameters, it shouldn’t be any worse

than the exponential function and may be better only associated with noise in the data
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for our simple case. Our probability distribution function nearly always peaks at the
origin, similar to when k = 1, in the gamma distribution function (i.e., the special case
of the exponential distribution function). Therefore, we use the exponential distribution
function to fit our data. These fits are shown in Figs. 9 — 11.

Exponential probability distributions can be used to model stochastic processes that
occur between independent events at a constant average rate. For example, we might
consider the case where an entrained particle tends to get stuck (detrained) at any position
at a rate A. (Here, A refers to a rate in distance rather than in time.) Then the travel
distance is exponential with rate lambda, as we find. Specifically, the travel distance X

satisfies

P(X > x+ dx|X > x) = e A0+ g™ = g Adx )

where P (X > x + dx|X > x) is the probability that a detrainment event occurs in the
interval between x and x+dx. By a first order Taylor series approximation e 2 = —xdx,
so the probability a detrainment event occurs in the interval between x and x + dx is
approximately Adx [Ross, 2006].

Admittedly, there are a few cases where none of the fits we tried seem reasonable. For
example, the travel distances for the largest particles at the highest shear stresses in Figs.
6(d), Figs. 7(c) and 7(d) look more flat than exponential. We believe this is due the
limited data for these particles, most of which, when entrained, leave the flume at the
higher shear stresses, as shown in Fig. 12. For example, at the highest Shields stress — -
= 1.01 - roughly 30% of the entrained 8.0 mm particles leave the flume. At this Shields

stress, the entrained 6.3, 5.6 and 4.0 mm particles leave the flume at rates of 7%, 1%, and
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1%, respectively. In contrast, only 3% of the entrained 8 mm particles and 0.2% of the
entrained 4.0 mm particles leave the flume at the lowest Shields stress used (1~ 0.756).

That the data are reasonably well-fit using exponential curves indicates that the travel
distances for single-sized particles are well-behaved. That is, the travel distance and
subsequent calculations of e [edtive velocities and transport rates may be calculated based
on average quantities for individual particle sizes. However, typically there is a distribution
of particle sizes in the field, and associated mixing over dilerknt particle sizes tends to
broaden the distribution of travel distances. If the distribution of travel distances for each
particle size fits an exponential, it is not clear what this means for measuring transport
rates for a distribution of particles until one also takes into account the particle size
distribution.

To consider the e [edt of a particle size distribution more commonly found in the field, we
simplify the form of the data. To do so, we first plot what might be considered the mean
travel distance from the exponential fits to the travel distribution functions m = 1/A.
The relationship is not perfectly linear, and, indeed, a nonlinear relationship has been
previously reported by Church and Hassan [1992] and Ferguson and Wathen [1998]. On
the other hand, others (Tsujimoto [1978], as illustrated in Fig. 1 in Ganti et al. [2009])
have found a linear relationship to be reasonably representative of the data. Motivated by
this, we make the approximation that m [cd, and plot the best fits for the relationship
in Fig. 13. We note that the parameter c increases with shear stress as shown, though we
do not discuss the latter further, here.

We then perform a similarity collapse of the experimental pdf plots for each experimental

Shields stress using A = 1/m in the following manner. The pdf f(x) of travel distance is
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approximated by the histogram in Figs. 5-7. Let x; denote the location and f; the height
of one of these histogram bars. Since the exponential fit to the random travel distance
X has mean m, the rescaled travel distance X"= X/m has mean one. The density of X"
is f{x) = mf(mx). This is approximated by a histogram with bar height = mf; at
location xP= x;/m. Expanding the bar height and contracting the bar width by the same
factor preserves the area (probability) under the histogram bars.

The results from this similarity collapse are shown in Fig. 14. Admittedly, the expo-
nential curve fit and the subsequent collapse are somewhat less e [edtive for the largest
particles at the largest values of the Shields stress. As discussed above, we believe this
is likely due to the relatively high percentage of the largest particles leaving the flume at
the highest Shields stress conditions and the associated loss of data as described above.
Other than this problem, these curves show the similarity collapse is reasonable for most

of the data. We use this in the theoretical discussion below.

4. Theoretical discussion
We now consider the implication of our results described in the previous section for
similar systems of a broader size distribution. We have found that for a particular Shields
stress for a particular particle size, the probability that a particle travels farther than a
distance x > 0 for our system may be approximated by:
(R

P(X>x)=  mle?¥/Mdy =eg/m (8)

X

where y is a “dummy variable” standing in for travel distance x in the integral. We have

shown in the previous section that the mean travel distance m can be approximated by
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a linear function of the particle size d, m = kd, and the fitting parameter k varies with
Shields stress and potentially other experimental factors.

We may write g(r) for the probability density function of the particles in transport of
grain size d, so that P (d = r) = g(r)dr. Then, according to the law of total probability,
the probability that a particle within that distribution travels farther than a distance
x > 0 may be written:

L, L

PX>x)=  P(X=>xd=r)g(r)dr=_ e #g(r)dr 9
0 0

where P (X > x|D = r) is the probability that the particle travels a distance X > x
given that its diameter d = r. Many authors [e.g., Wilcock and Southard, 1989; Garcia,
2008; Lanzoni and Tubino, 1999; Parker, 2008] have used a lognormal PDF for grain size

1 (Inr—p)?

1 _1
g(r) = ﬁe 2= o2 (10)

where |, 0 are the mean and standard deviation of the normal random variable InD. In
this case, the overall (unconditional) travel distance distribution is given by a weighted
average:

L) .
1 (nr—p)

P(X>x)= e‘ﬁ—-\lge_f 22 dr (11)
0 ro 2m

but this integral is challenging. A possible alternative PDF for the particle size distribution
that has a similar shape to that of a lognormal PDF is given by the inverse Gamma
distribution (See Fig. 15 and Fig. 2 in [Ganti et al., 2009]

[ | 1

g(r) = (12)

r()
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and in this case a simple substitution y = 1/r along with the standard integral formula
for the moment generating function (Laplace transform) of the Gamma distribution PDF

[e.g., Ross, 1994, p. 356]) yields

| . [ ||:|
P(X>x)= e ﬁr[za)r_a Lexp T dr
oy T
= e Y ——y*Lexp (—By) dy (13)
- y

so that travel distance has a power law probability tail. Thus, a wide distribution of
grain sizes can lead to a fat-tailed PDF of travel distance where one might otherwise have
expected a thin-tailed PDF based on travel distances of particles of the same size.

A power law distribution of travel distance has important implications for sediment
transport modeling. Some of these issues are discussed in another paper in this volume
Ganti et al. [2009]. In short, the wide distribution of step length can lead to anomalous
di [udion/dispersion of particles downstream. The traditional di [udion equation for Brow-
nian motion is replaced by its fractional analogue Benson et al. [2000]. Particle plumes
spread faster and farther than the traditional Brownian motion di [usion/dispersion model
predicts. This can aledt sediment transport in ways, such as the rate and nature of size
segregation and the subsequent e [edt on bed topography, that are still being investigated.
A central finding of this paper is that power laws can emerge in typical experimental
or natural settings, related to familiar distributional models. This is the result of the
combined e [edt of variations in travel distance for di[erent particles of a given fixed size,

together with the distribution of particle sizes. Hence the appearance of power law dis-
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tributions of particle step size in sediment transport is natural, and may be somewhat

typical.

5. Conclusions

We have presented the results from a controlled experimental study of gravel particles
in bedload transport through a gravelbed flume in the plane-bed equilibrium transport
regime. We have shown that the probability distribution functions of the transport dis-
tances are well-fit by normalized exponential functions and may be scaled using the mean
of the travel distances. Finally, we have shown theoretically that if the experimental re-
sults are extended to a system with a typical grain size distribution the travel distance
of all particles has a power law probability tail. In other words, power laws can emerge
in typical experimental or natural settings, related to familiar distributional models. The
implications of this is still being explored (See, for example, Ganti et al. [2009]), however,
two things are clear. First, for any variable with a power law distribution, extreme events
tend to control the mean for any finite amount of data taken, so the overall average step
length is a poor predictor of the actual travel distance of any individual particle, and vice-
versa Feller [1971]. Second, as detailed in a separate paper in this volume Ganti et al.
[2009], the wide distribution of step length can lead to anomalous di [udion/dispersion of
particles downstream, and particle plumes spread faster and farther than the traditional
Brownian motion di [udion/dispersion model predicts.

There are clearly additional questions to be addressed, and we hope the broad implica-
tions of our results motivate studies to this e [edt. This experimental study uses a fairly
narrow set of particle sizes. While a narrow size distribution may occur in limited set-

tings such as very short well-sorted reaches of gravel bed rivers or gravel patches along
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riverbeds, particle size distributions over a longer river reach in the field are broader. In
these cases, predicting transport is further complicated by sorting of particles (See for
example [DellAngelo, 2007] and [Paola and Seal, 1995]). Additionally, under dilerknt
flow conditions, the bed morphology may be variable and include relief, for example in
the form of bars and dunes. However, this paper shows that even under the simplest
conditions, prediction of particle transport must be performed with care considering the
possible e [edts of power law distributions, and the data and theory presented herein pro-
vide a framework for addressing additional complicating e [edts that may exist in other
laboratory flume studies and in the field.
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Notes

1. Please see http://www.safl.umn.edu/facilities/facilitites.html for more details.
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Table 1. Experimental conditions for the four run sets described in the text. Included are
the water discharge Q,,, the sediment feed rate Qy¢, the experimental run duration t, the water
height above the weir h, the temperature of the water T,,, the non-dimensional (Shields) stress
15 and a qualitative descriptor of the grain size distribution in the tracer patches — mono refers
to single sizes in each patch and mix refers to a grain size distribution in each patch equal to
that in the bed. The bed shear stress is nondimensionalized with the commonly used form:
1= 1,/pRgDso. Here, R = (ps — pw)/(pw), Where p,, and ps refer to the water density and the
solid particle density, respectively, g is gravitational acceleration, and Dsg refers to the particle

size of which 50% of the particles are smaller.

run  Qu Qi So Sw h Tw t ™ GSD
set (m®/s) (m®/s) (%) (W) (m) (°C) (5) - -

I 0.0235 0.0075 1.29 1.28 0.070 10.0 240 0.0756 mono
Il 0.0307 0.027 1.22 1.20 0.086 25.0 240 0.0900 mono
Il 0.0415 0.064 1.15 1.15 0.10 8.0 240 0.101 mono
IV 0.0307 0.027 1.22 1.20 0.086 25.0 240 0.0900 mixed

003: | O | 0Church and Rood (1983)
0.3 o |®Experiment
0.25 - o
£ 0.2 oo o
= o
0.15 1 g0
0.1 o - oo g ‘-
0.05 o oo o 8
0 ‘ ‘
0.0001 0.001 0.01 0.1
Slope

Figure 1. Shields stress (t15'of 2-year recurrence interval and bankfull discharges of gravel bed
streams as a function of channel slope for experiments presented in this paper (closed squares)

and from the database of Church and Rood [1983] (open squares).
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Figure 2. Critical Shields stress (t1)'of tracer particles derived using Parker et al. [2003] as
described in the text. T,y and T,;y, are the lowest and highest dimensionless shear stresses of all

experimental run conditions respectively.
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Figure 3. Profile of tracer placement layers.
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Figure 4. Experimentally measured mean travel distance < x > as a function of tracer

particle size d for four run sets described in table 1. The run sets and relevant Shields stress are:
I, T==0.076 (circles), 11 T5= 0.090 (open squares), and |11 T5%= 0.101 (diamonds), all of these
using monosized tracer patches. The stars correspond to tracer patches composed of particles
of a size distribution similar to that of the bed from run set IV under conditions of run set I,

1= 0.090.
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Travel distance histogram for 1= 0.076 for (a) 4.0 mm, (b) 5.6 mm, (c) 6.3 mm,

and (d) 8.0 mm tracers. The inset travel distance histograms divide the particles that were found

on the bed surface from those that were ultimately buried in the bed below the bed surface.
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Travel distance histogram for 1=~ 0.090 for (a) 4.0 mm, (b) 5.6 mm, (c) 6.3 mm,

and (d) 8.0 mm tracers. The inset travel distance histograms divide the particles that were found

on the bed surface from those that were ultimately buried in the bed below the bed surface.

DRAFT

June 29, 2009, 1:52pm

DRAFT



HILL ET AL.: SIZE DEPENDENT PARTICLE TRANSPORT X -39

0.5 0.5
0.45 4 015 0.45 0.15

) . o 0:2 o

: ® Buried

0.35 4 0.09 1 0.35 0.09 -

0.3 { 006 1 0.3 0.06 | m'm
0.25 | 0.03 0.25 4 0.03 | [L [L [|.

oz TN

Fraction of Tracers

Fraction of Tracers

0.2 0
0.15 4 1 4 7 10 13 0.15 4 7 10 13
01 0.1 HH
0.05 1 0.05 1
0 A1 ‘H‘I_I‘DDDDEIDEIEI‘ : 0 |:||:||:||:||:|I:||:|EIEI‘:|‘ —
1 2 3 4 5 6 1 2 3 4 5 6

7 8 9 10 11 12 13 14 15 16 17 18 789101112131415161718
Travel Distance (m)
Travel Distance (m)

(@) (b)

0.5 0.5

| 0.15 5 | 0.15
o S
é 031 0.06 | g 03] vos
5 0.25 | | 5 0251
3 oo Msﬂﬂﬂﬂﬂﬂﬂnmmmmmu § o wsﬂﬂﬂﬂﬂ H HH
) ;11 1 13 01 ] s
o H HHDDDDDDDDD - ”?UUHUUUDDDDUDUD

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 Travel Distance (m)

Travel Distance (m)

(€) (d)
Figure 7. Travel distance histogram for T~ 0.101 for (a) 4.0 mm, (b) 5.6 mm, (c) 6.3 mm,

and (d) 8.0 mm tracers. The inset travel distance histograms divide the particles that were found

on the bed surface from those that were ultimately buried in the bed below the bed surface.

DRAFT June 29, 2009, 1:52pm DRAFT



HILL ET AL.: SIZE DEPENDENT PARTICLE TRANSPORT

0.5 0.5
o 0.4 - ® 04
(0] _ [0
o [&]
© &
= 03 1 = 03
S S
§ 02 § 02
e E
5 011 H T 011
0 i i ‘I:I‘EI‘D‘EI‘.:.‘ = i i i 0
123 45 6 7 8 9 10111213 14 15 1
Travel Distance (m)
0.5 0.5
» 04 ® 04
(0] [}
[$] [&]
o g
= 0.3 1 = 03
© ©
§ 021 5 02
£ g
L 014 H H i 0.1
0 ; 1 ,‘I:I‘D‘D‘D‘D‘D‘D‘Dmﬂyg 0
12 3 45 6 7 8 9 1011 1213 14 15
Travel Distance (m)
Figure 8.

...

2 4 5 6 7 9 10 11 12 13 14 15
Travel D|stance (m)

plapnllanld ..n

12 3 45 6 7 8 9101112131415
Travel Distance (m)

Travel distance histogram for run set IV, t== 0.090 for (a) 4.0 mm, (b) 5.6

mm, (c) 6.3 mm, and (d) 8.0 mm tracers when planted in mixed size patches with particle size

distributions similar to that in the bed. Note the similarities with the plots in Fig. 6.
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Figure 9. Particle travel distance data from Fig. 5 (t™'= 0.076; run set 1) and best fit

exponential (solid line) for data (points) from (a) 4.0 mm, (b) 5.6 mm, (c) 6.3 mm, and (d) 8.0

mm tracers.
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Figure 10. Particle travel distance data from Fig. 6 (t™= 0.090; run set Il) and best fit
exponential (solid line) for data (points) from (a) 4.0 mm, (b) 5.6 mm, (¢) 6.3 mm, and (d) 8.0

mm tracers.
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Figure 11.  Particle travel distance data from Fig. 7 (t™= 1.01; run set I1l) and best fit
exponential (solid line) and power law (dashed line) curves for (a) 4.0 mm, (b) 5.6 mm, (c) 6.3

mm, and (d) 8.0 mm tracers.
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Figure 12. Percentage of each size of tracer particle d that left the flume during the 4 minute
run duration. The run sets and relevant Shields stress are: I, T=%= 0.076 (circles), 11 T~%= 0.090

(open squares), and 111 == 0.101 (diamonds)
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Figure 13. Linear regression model for mean travel distance m (in meters) as a function of
tracer particle size D, (in mm) m = kD, where k is indicated for each Shields stress: 1= 0.076

(circles), 0.090 (squares), and 0.101 (diamonds).
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Figure 14. Results from the parametric collapsed described in the text for the data shown in

Figs. 5-8, where t~for each is (a) 0.076 (b) 0.090 and (c) 0.101.
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Figure 15. Sample lognormal (squares) and inverse gamma distribution (circles) probability

density functions.
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