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Abstract

Continuous time random walks model the motion of diffusing
particles, with a random waiting time preceding each random
particle jump. In the long time limit, the CTRW converges to
an infinitely divisible process governing the particle jumps, sub-
ordinated to an inverse or hitting time process that accounts for
the waiting times. Probability densities of the limit process solve
space-time pseudo-differential equations. Power law jumps lead
to fractional space derivatives, while power law waiting times
yield a fractional derivative in time. Sample paths are ran-
dom fractals whose dimension equals the order of the fractional
derivative. Ongoing research is extending these models in several
directions. Exponentially tempered power laws lead to tempered
fractional derivatives. Mixtures of power laws with different order
are coded by distributed order fractional derivatives. Distribution
dependence between waiting times and particle jumps is modeled
by coupled space-time fractional derivatives. Correlated particle
jumps can lead to long-range dependence. Several applications
to water pollution and finance will be discussed, to illustrate the
modeling issues and opportunities.
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Continuous time random walks

R%
Xol |

X3

X1 — i
O‘ | | | i T >
J1 Jo J3 Jg J5 t
Xa —

‘

The CTRW is a random walk with jumps X, separated by ran-
dom waiting times J,. The random vectors (X, Jn) are i.i.d.



CTRW triangular arrays
Consider a sequence of CTRW at each scale ¢ > 0
S (n) = Xf) 4. 4 X,,SC) particle location after n jumps
T (n) = JF) + .. 4+ J time of the nth jump
Nt(c) = max{n >0 : T (n) < t} number of jumps by time ¢t > 0O
S (N ) particle location at time t > 0 (CTRW)

Note {T()(n) <t} = {Nt(c) > n} inverse processes



CTRW scaling limits

Assume (S (cu), T (cu)) = (A(u), D(w)) infinitely divisible

Write E(e—ik-A(u)—SD(u)) — e—uw(k,S)

1k - x

1+ |||

v(k,s) =ia-k+ k- Qk+ / (1 — e threTst _ ) o(dx, dt)

E(ettAw)) = e=ubalk) with 1 4(k) = ¢(k, 0)
E(e #P#)) = e7#¥p(s) with yp(s) = (0, s)

Inverse mapping vields NC(Z) = FE(t)
E(t) = inf{u > 0: D(u) >t} inverse process.

CTRW scaling limit SO(N9) = A(E®®))



Semigroups and generators

The CTRW scaling limit defines a semigroup

t
T()f@,t) = [ [ F@=y,t=r) Plag).npay(dy.dr)
with generator

— T — —u) — f(x dy, du
[ (5 =t = w) = paty + 27 oy, du

The pseudodifferential operator ¢¥(—iDz, 0¢) has symbol ¢ (k, s)




Inverse subordinators

Let g(t,u) be Lebesgue density of t = D(u)
1
Assume ¢p(0,00) = co and /o y| Iny| ¢p(dy) < co (technical).

Theorem FE(t) =inf{u > 0: D(u) >t} has Lebesgue density

t
Fut) = [ ép(t—y,00)g(y,u) dy.

Moreover, the mapping (u,t) — f(u,t) is measurable.

Idea: f(u,t) = LP(E(t) <u)=LP(D(u) >t)
Compute with Laplace tranforms



Space-time decomposition
Suppose A, D are independent ¢ (k,s) = Y 4(k) + ¥p(s)
Suppose x = A(u) has Lebesgue density p(x,u)

CTRW scaling limit A(E(t)) has density

m(e,t) = [~ p(a,w)f(u,t) du
Governing equations:
Oup(z,u) = —ps(—iDz)p(x,u);, p(z,0) = i(x)

Ouf(u,t) = —p(0y) f(u,t) + 6(u)pp(t,o0)
vp(O)m(z,t) = —pa(—iDz)m(z,t) + 6(x)¢p(t, oo)



Fractional derivatives
The Fourier transform f(k) = [e % f(z) dx for z € R
D% f(x) has Fourier transform (ik)*f(k)

In the simplest case 0 < a <1

/OOO (e_iky — 1) ay *ldy = (1 — a)(ik)®

Since f(z —vy) has FT e ¥ f(k) we see that

DEI@) = moq oy o (@) =S =)=y

The pseudodifferential operator DY has Fourier symbol (ik)®




Space-time fractional diffusion
Suppose P 4(k) = (ik)® stable jump Iimit 0 < a < 1
vp(s) = sP stable waiting time limit 0 < 8 < 1

Then Y 4(—iDz) = DY and Yp (o) = 8? SO
Oup(z,u) = —Dgp(x,u); p(z,0) = i(z)

5 t—"

8 o t—"
oy m(x,t) = —Dym(x,t) + 5(:c)|_(1 5




Simple random walk simulation
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Longer time scale
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Scaling limit: Brownian motion
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Random walk simulation: Heavy tails in space
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Longer time scale
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Scaling limit: Stable Lévy motion
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Limit process retains large jumps in space.




Heavy tail waiting times
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Scaling limit: Subordinated Lévy motion
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Limit process retains large jumps in time.



Heavy tails in electrical engineering

Electrical engineers use Lévy motion to model impulsive noise.

Stable noise alpha=1.5
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Random fractals

LLévy particle traces are random fractals with dimension «, so it
takes ~ n® disks of size 1/n to cover the path. Here a = 1.5.

Levy motion path

D0




Tracer test in an underground aquifer

Stable Lévy motion density p(x,t) with a« = 1.1 gives a good fit.
Brownian motion badly underestimates tail concentrations.
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Tracer plume has heavy power law tails and spreads like 1/,



Heavy tail river flows

Monthly average flows for the Salt river in Roosevelt AZ have a

heavy upper tail with a = 3.
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Heavy tails in finance

Trading volume for Amazon, Inc. has a heavy tail with a = 2.7.
Heavy tails in finance were observed by Mandelbrot around 1960.

0.1

> \
< 001
0
o
0.001 \
0.0001
10 1000 100000 10000000

trading volume



Tempered power laws in finance

AMZN stock price changes fit a tempered power law model
P(X > ) ~ %~ * for z large: a = 0.6, A = 0.3.

In(P(X> x))
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Tempered Lévy motion

Tempered stable Lévy motion with a = 1.2
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Biological species growth and dispersion

Fractional derivatives model fast spreading via long movements.
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Sound wave propogation

We use g = 2.5 for human fat tissue and g = 2.1 for liver tissue.
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LIFFE BTP bond futures Sept 1997 delivery

Log returns and waiting times (sec) are dependent.
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General Electric stock October 1999

Long waiting times and large returns appear asymptotically
independent = uncoupled space-time diffusion equation.
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Particle tracking

Here dip = —v - Vp + adzp + b9, p
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Iterated Brownian motion

IBM A‘Bt‘ models diffusion in a crack. Essentially, the sample
path A; models the (fractal) crack. The density c(x,t) of IBM is
the solution to

Oc(x,t) L f(x)
R

where L = A = Zj 82/83332. iIs the generator of the semigroup
associated with the Brownian motion A(t).

+ L%c(z,t);  u(0,z) = f(z)

Taking 8 = 1/2 in the time-fractional diffusion equation yields
exactly the same 1-D distributions A|Bt| g AEt.

The result extends to Markov process generators.



Bounded domains

For 0O < a < 1 and Tp(t)f(x) = E[f(Xy)I(t < H(X))], under
some technical conditions

u(t,r) = Bulf(X(E)I(rp(X) > By)
= 5, T @yt a

is the unique (classical) solution to the fractional Cauchy problem

@ﬁu(t,az) = Au(t,z); z€D, t>0
u(t,z) = 0, x€09D, t >0,
w(0,2) = f(x), z € D.

1
Hahn, Kobayashi, Umarov (2009) extend to/O 8fp(ﬁ) dg



Uncoupled CTRW with serial dependence

@
Particle jumps Y, = ) ¢;Z,_; with {Z,} IID.
j=0

Short range dependence = the usual limit and PDE.

Long range dependence: If Z,, has light tails, subordinated frac-
tional Brownian motion limit By (E;).

For heavy tails, subordinated linear fractional stable motion L, g (E}).

Open problems: Governing equations, dependent waiting times.



Many open problems

Extension toa>2 and > 1

Fractional reaction diffusion equations

Coupled CTRW Ilimits

Distributed order fractional models

Fractional boundary value problems

Applications — interdisciplinary research
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Derivatives of power laws

If both p and « are integers then

Dy [xP] = paP~!
Dy [2P] = p(p — 1)aP ™2

Dea [ZEp] = (> f!a)!xp_a

For p > 0 the Gamma function extends p! =T (p+ 1) via
>° 1
(p) :/O 2P~ e Tdx.
Use the property N(p+ 1) = pl(p) to get

rp+1) .
X .
Frp+1-—a)

Dq [2P] =



Fractional derivatives of power laws

If p > 0 then the Laplace transform

oo
LT {«P} = /O e FaPdr substitute y = sz

- /oC>O e Y(y/s)Pdy/s = s P (p+1).

Then
LT {Daz?} = s¥ P~ (p+ 1)
rp+1)

— o~ (p—a)-1 _ .
: B S PR

:LT{ rp+1) :ij_o‘}
rp—a+1)

and the uniqueness of the LT vyields

rp+1) .
X .
Frp—a+1)

Dq [2P] =




Difference quotients

The derivative Dy f(z) = limy,_gh A f(z) where

Af(z) = f(z) — f(z = h).
For positive integers a, Do f(z) = limy_gh *A%f(x) where
A f(x) = (f(z) — f(z — h)) = (f(z — h) — f(z — 2h))
= f(z) —2f(x — h) + f(z — 2h),
A3 f(z) = f(x) —3f(x —h) +3f(x —2h) — f(z — 3h)

(87

ACf(x) =Y (g) (—1)™f(x —mh). Here (;) — o

m=0




Fractional difference quotients

For a > 0 define Do f(x) = limy_gh *A%f(x) where

Atf(z) = ). (22) CORSemmh, (7?%) :m!rr(izajmlzrl)

m=0

Since f(xz—h) has FT e %" f(k), and using the Binomial formula

oo

(14+2)%= ) (%) 2" for any complex |z| <1
m=0

we see that A%f(x) has FT

m

> (“) (=)™ M F(k) = (1 — e” M) F (k)
m=0

and then the FT of h " *A%f(x) is

_ o—ikh

1
h=(ikh)®
(ikh) ( ikh

) f(k) — (ik)*f(k) as h — 0.



Random walk simulation code (Maple)

N:=1000:
J:=random[uniform[-1,1]1](N): # jump distribution
n:=’n’:T:=0:
for n from 1 to N do
T:=T+1;
> S[n]:=T;
> od:n:=’n’:
> plot (sum(J[n]*Heaviside(t-S[n]),n=1..1000),t=0..10);

vV V V V V

See http://www.maplesoft.on.ca/



Heavy tail random walk simulation code (Maple)

> lambda:=1:N:=1000:alpha:=1.5:C:=.1:
> P:=random[uniform[0,1]] (N):

> J:=random[uniform[0,1]] (N):

> n:="n’:T:=0:

> for n from 1 to N do

> T:=T+1;

> S[n] :=T;

> od:n:=’n’:
> plot (sum((2*floor (2*P[n])-1)*(C/J[n]) "~ (1/alpha)
*Heaviside(t-S[n]),n=1..1000),t=0..1000);

See http://www.maplesoft.on.ca/

Heavy tailed jumps U~1/@ where U ~ Uniform[0, 1].



