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1 Introduction

The attenuation coefficient «(w) for sound waves in a complex
heterogeneous medium often follows a power law a(w) = ag|w|’
that depends on the frequency w. The goal of fractional wave
equations is to capture this power law attenuation in a convenient
and realistic physical model. In practical applications, where the
medium is not isotropic, the power law attenuation index y can
vary with the coordinate. For example, a layered medium may ex-
hibit a stronger anisotropy across layers than within layers. This
paper develops space-fractional wave equations, where the attenu-
ation index can vary with the coordinate, to model anisotropic
sound propagation in complex media with independent power law
attenuation and anomalous dispersion relations in each direction.

2 Fractional Calculus

Here we recall some relevant facts about fractional calculus,
including fractional vector calculus. The fractional divergence
V.- ii is most simply defined in terms of its Fourier transform.
Let

u(x)dx

0@ = e

be the vector-valued Foyrier transform of the d-dimensional vec-
tor field #(X). Then V- i(X) is defined as the function whose
Fourier transform is

(iky)™
R0
(l.kd)ad

Then it follows that for any real-valued function p(X) we have

V7 Vp(¥) = Ap(R) 8))

where the vector order of fractional integration is ¥ = a + 1 and
the anisotropic fractional Laplacian A”p(¥) has Fourier
transform

d
- Z(ikj)"’P(l?) @)

If @=1 then 7/2 =1 as well, and A”/? is the usual Laplacian.
Here
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This paper develops new fractional calculus models for wave propagation. These models
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P = [
is the scalar-valued Fourier transform of the d-dimensional scalar
field p(¥). Note that V7 is a vector, while A”7?p = V7. Vp is a
scalar. To see that (1) holds, recall that the gradient operator has

the Fourier symbol ik, so that for any scalar field p(¥), the vector

Vp(%) has Fourier transform (ik)P(k), and then it follows that the
left-hand side of (1) has Fourier transform

(iky )™ ik
S I N L)
(ika)™ iky

which reduces to the expression (2), which is the Fourier trans-
form of the right-hand side of (1) after applying the dot product
and simplifying. See [1] for more details on vector fractional
calculus.

The (positive) Riemann—Liouville fractional derivative D’ f(x)
of order r > 0 for a real-valued function f(x) of the real variable x
can be defined by

dfe) 1 J f(w)du
(

r+l—n

Dif ) = d T(n—r)dx"

—00 X'—ld

where 7 is an integer such that n — 1 < 7 < n. The Fourier trans-
form of D', f(x) is (ik)"f (k), where

flk) = Jw ¢ ()

—00
is the one variable Fourier transform. See [2,3] for more details.
Then we can write

d .
. '
APp(E) = PRI 3)
J=1 J

a sum of Riemann—Liouville (partial) derivatives in each variable,
where the order of fractional differentiation depends on the
coordinate.

For a simple exponential function f(x) =
ward [2, example 2.6] to compute that

e it is straightfor-

D', [eh““] =P 4)

which extends the familiar integer-order derivative formula. Then
it follows that
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N[ =3 pre ®)

J=1

where b= (by,...,bs). If we take b= (0,...,0,b;,0,...,0)
pointing along the jth coordinate direction, then in this special
case it follows that A”/? [e”‘f } = b;/ e"¥ a formula we will use later
in this paper.

The (positive) Riemann—Liouville fractional integral of order
r > 0 is defined by

X
R =
F(r ) —00 (X - u)
and the Fourier transform of I’f(x) is (ik)"f(k). This is the
inverse of the Riemann-Liouville fractional derivative:
D'I'f(x) =f(x). One can also view the Riemann—Liouville
fractional derivative D’ f(x) as the integer derivative of a
Riemann—Liouville fractional integral: D’ f(x) = D" ["~"f (x).

3 Acoustical Variables

The total pressure P, equilibrium pressure P, and excess pres-
sure (or acoustic pressure) p are related according to

P=Py+p

which represents a first order Taylor expansion about the equilib-
rium pressure value. The total density p, equilibrium density p,
and condensation s are related by

p = po + pos

which is a first order Taylor expansion about the equilibrium
value of the density. In nonlinear and linear acoustics, the wave
equation is often expressed in terms of the acoustic pressure p,
and the constitutive equations are written in terms of the total or
acoustic pressure, the total/equilibrium density and/or the conden-
sation, and the vector particle velocity i7.

4 Constitutive Relations of Nonlinear and Linear
Acoustics

The nonlinear constitutive relations for acoustics describe the
relationships between the total or acoustic pressure, the total den-
sity, and the particle velocity through the nonlinear equation of
state, the nonlinear equation of motion, and the nonlinear equation
of continuity. The linear constitutive relations likewise describe
the relationships between the acoustic pressure, the condensation,
and the particle velocity through the linear versions of these equa-
tions. In particular, the nonlinear equation of state relates the total
pressure P to the total density p by the relation

P=f(p)

and the linearized equation of state relates the acoustic pressure p
to the condensation s by

P = poc’s ()

The nonlinear equation of motion, neglecting gravity, is

o
—VP:p{FL;Jr(IZ-V)ﬁ}

and the linearized equation of motion is
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oil
Pog = —Vp (7

The nonlinear equation of continuity is

dp o
E+V~(pu)70

and the linearized equation of continuity is

Os .
E+V~u70 8)

The linear wave equation is obtained from the above linear consti-
tutive relations, as shown in Kinsler et al. [4].

5 Fractional Constitutive Relations

Here the equation of continuity is extended to the fractional
case through application of the fractional divergence. The
fractional nonlinear equation of continuity then becomes

dp a PN
5+V <(pi) =0 )

and the corresponding fractional linear equation of continuity is

Os -

5+v-u:0 (10)

The fractional linear equation of continuity (10) enables the deri-
vation of the following fractional linear wave equation.

6 Fractional Anisotropic Wave Equation

Combine the linearized state equation (6) with the linearized
fractional continuity equation (10) to obtain

1 9 i
— P vii=0
poc? Ot

Then, take the partial with respect to time of both sides

1 &p 0_;
V=0 11
poc? O Ot ! an
Next, apply the fractional divergence operator to the equation of
motion (7) to obtain
z 6" 2 7
poV? FL; = V7. Up=_AT?p

using (1). Then, combine with (11), which yields

1 Ozp =
—ZZ =N 12
2o P (12)
This anisotropic fractional wave equation extends the isotropic
forms considered in Mainardi [5] to allow a different fractional
space derivative in each coordinate.

6.1 Plane Wave Solution. Assume a plane wave solution
p(X,1) = /) with complex & and note that a general steady
state solution can be approximated by a linear combination of
plane waves. From (5) we have

d
APp(E,1) = (iky)"p(¥,1)

=
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Substitute into (12) and divide by p(X,¢) to arrive at the character-
istic equation

1., K
(o) =3 (k)"

for a general wave vector k= (k1, ...,kd)'. For a plane wave in
the j coordinate direction, where k = (0,...,0,k;,0,..., 0), it
follows that (ik)" = (—iw)*/c2, where we write k = kjand r = r;
for simplicity. Then the complex wave number k in this
coordinate satisfies

o= T 7?;22/"
k=—i |C:2|j’/r [cos (?) — isgn(m) sin (?)} (13)
k= |C:‘|} [fsgn(w) sin<%> —icos (%)}

where the attenuation index y =2/r. Since r =a+ 1 where
0<a<, it follows that 1<y<2 Writing k=kj(w)
= w/cj(w) + ioj(w) for an outward-going wave, and noting that
cos(my/2) < 0 for 1 < y < 2, the attenuation in the jth coordinate

direction is
¥,
= cos(—*
i 2

as a function of frequency w. This shows that the anisotropic
fractional wave equation (12) exhibits power law attenuation with
attenuation index y; = 2/r; in the jth coordinate direction, with
1 <yj <2 depending on the coordinate. Noting that
sin(my/2) > 0 for 1 < y < 2, the phase speed (also called the dis-
persion) as a function of frequency @ > 0 in the jth coordinate
direction is

()

¢ y;
() = G ‘CSC (7/)’

which also varies with the coordinate. The phase speed decreases
in each direction as the frequency increases, indicating anomalous
(or negative) dispersion. Anomalous dispersion frequently occurs
in bone [6], which is also anisotropic [7]. Anomalous dispersion
has also been demonstrated in plates of Lexan with a step discon-
tinuity, and in a Lexan plate bonded to a Plexiglas plate [8].
Examples of models that predict anomalous dispersion in bone
include a model that superposes fast and slow waves [9] and a
multiple scattering model that also incorporates absorption [10].

The solution (13) is not unique, because for any z = ¢"™ we
have z° = 1, and hence (ikz)" = (—im)*/c? as well. It follows that
the general solution is

k= k;—}ly [sin <n7ry — sgn(w) %) —icos <n7ry — sgn(w) %)]

where 7 is any integer. The power law scaling of attenuation and
dispersion are the same for any solution.

Following the same steps with (10) replaced by the traditional
continuity equation

Js
el i=0
6[+v 71

leads to the traditional isotropic wave equation
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=5 =V-Vp=A 14
o p=Ap (14)
The anisotropic version of this equation is
1 0%
P _v.J 15
age = VP 15)

where the two-tensor J accounts for anisotropy. For example, if

D} 0 - 0

0 DI -+ 0
J=1 . :

: .0

0 -~ 0 D?

then the speed of sound c¢D; is different in each coordinate. The
three operators on the right-hand side of (15), V - JVp, account
for (reading from right to left) motion, anisotropy, and continuity.

The fractional divergence can also be written in the form
Vi =V -J'ii, where the fractional integration tensor J7~!
applies a fractional integral in each coordinate. The fractional
integration tensor is defined so that the formula

(iky )"~ 0 0
0 (ikp)™ " .. 0 o
U(k)
0
0 0 (ikg)“!

equals the Fourier transform of J%~'ii(¥). This operator applies a
Riemann—Liouville fractional integral of order 1 —a; in each
coordinate direction j = 1, ..., d. Then we can also write

V7 Vp(F) = V- JTTVp(R) = AT ()

which extends the traditional anisotropic diffusion operator. With
this notation, the anisotropic fractional wave equation (12) can be
rewritten in the form

1 0% 4 T
agr -V 'Vp (16)
in which the two-tensor J in (15) is replaced by a fractional inte-
gration tensor. Both model anisotropy. The anisotropic wave
equation (15) models mild anisotropy where the wave propagation
is essentially the same in each coordinate, just at a different speed.
The anisotropic fractional wave equation (16) models strong
anisotropy where the power law attenuation index varies with the
coordinate. An even more general model is

1 &p

g =V JTNvp

an

where the speed of sound and the power law attenuation index
both vary with the coordinate. In fact, it is not hard to show,
following the same steps as before, that the attenuation
Vi
0} y;
()
2

aj(w) = W c

and the phase speed

cj(w) = (Dy)?

w,\’/’l

for the general model (17).
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7 Fractional Stokes Wave Equation

A related fractional wave equation can be derived by combin-
ing the fractional continuity equation (10) with a more general
equation of state that also contains a first partial derivative of the
condensation with respect to time,

p= p0c2 (s + I@)
ot

P = poc’ (s — Ve 12')

(18)

to obtain

Take the partial with respect to time of both sides

and again insert the fractional continuity equation (10), yielding

o _ a. = i -
i PocC < Ve-u T@tv u) (19)
Take one more derivative in time to get
p 5 ; 0 0_z; O
Zr_ [ vy SIS v iy 20
e~ ¢ ( v o T@tv 61”) 20

Now evaluate the fractional divergence of both sides of the linear-
ized equation of motion (7) and then apply (1) to get

0

Zi=—Vi.Vp=—AT?
8tu v Vp 14

PV - @1

and finally, combine with the previous equation (20) to obtain

LPp o 9 \in
§W=A/p+raA/p (22)
This expression is recognized as the Stokes wave equation with
both Laplacian operators replaced by anisotropic fractional Lapla-
cians. Following the derivation for the Stokes wave equation
given in [11], the expression (22) is also obtained for compres-
sional waves when the linearized Navier—Stokes equation is com-
bined with the equation of state (6) and the fractional continuity
equation (10).

7.1 Plane Wave Solution. As in Sec. 6.1, we assume a plane

wave solution p(¥, 1) = ¢/*=©)_substitute into (22), and cancel

the common p term on both sides to get the characteristic equation

1 S g
—(—iw)* = [1 —iw1] E (ik;)"
=

2

For a plane wave in the j coordinate, this reduces to

1 (—io)?
(ik) T 21—t

where r = r;, and k = k; is the wave number in this coordinate. In
the low frequency limit ot < 1, we can apply the approximation
(1 —iwt)" ~ | + irwr to see that
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. 2/r
ik = %(1 —iwt)"
. |w|2/r . 2/r .
k~ —i [—isgn(w)]”" (1 + irwr)

c2/r
|l

o . [Ty 2wt Ty
k ~ o {—sgn(a}) sin <7> + Tcos (7)}

+ l|(z)TP {— cos (g) - % sgn(w) sin <%)] 23)

where again y = 2/r is a real number between 1 and 2. Writing
k =kij(w) = w/cj(w) + iaj(w) for an outward-propagating wave,
the attenuation at frequencies 1/7 > w > 0 is

05 (@) + 2% Gin (@)
2 Yi 2

~ 1

‘ i
Vi

()

This shows that the fractional wave equation (12) exhibits power
law attenuation at low frequencies with attenuation index
yj =2/r; in the jth coordinate direction, where the attenuation
index 1 < y; < 2 depends on the coordinate. The phase speed or
dispersion as a function of frequency 1/7 > @ >0 in the jth

coordinate direction is
. (ny,—) 2wt (ny,-) -
sin( —*) — ——cos|(—*
2 yj 2

so that the phase speed also varies with the coordinate in the atte-
nuated model (22). For small frequencies wt < 1, the phase
speed in each direction decreases with increasing frequency, so
anomalous dispersion is also predicted by this model. As in Sec.
6.1, the solution (23) is not unique, but every solution exhibits the
same power scaling of attenuation and dispersion at low
frequencies.

If we apply the traditional dispersion operator in the s term in
(18) instead of the fractional dispersion operator, Eq. (22) reduces
to

Vi

Cf(w) = o1

(24)

In the isotropic case where r; = - - - = ry, Eq. (24) is very similar
to the fractional wave equation in Chen and Holm [12, Eq. (23)].
The difference is that, instead of the operator AU with symbol
[(ik1)", ..., (iks)"]’, they employ a different operator (let us call it
A7) with symbol (—k}, ..., —k})' [12, Eq. (25)]. The Chen and
Holm model

1 0%

0+,
EW:Ap—&-I—A’/Zp

ot

exhibits power law attenuation with index y in every coordinate.
By extending their model to any coordinate direction and using
the anisotropic operator A”/? with symbol (—k}', ..., —k}')’, one
can show that the anisotropic version of their model

exhibits power law attenuation with o;(w) = o|w]” in the jth
coordinate direction. The Chen and Holm model was extended by
Treeby and Cox [13] with an additional space-fractional term that
accounts for positive dispersion. Since the resulting phase speed
increases as the frequency increases, the Treeby and Cox model is
applicable only to normal (positive) dispersion.
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A third possibility is to use the traditional isotropic fractional
Laplacian A’/?p(%) with Fourier transform —||k]|"P(k). This is dif-
ferent from both the operator A% we use in this paper, and the
operator A? used by Chen and Holm. Yet another possibility
A"/? uses a fractional Laplacian in each coordinate, so that its Fou-
rier symbol is (—|k;|", ..., —|kqs|®)’. The isotropic version with
every r; = r was employed by Magin et al. [14] to develop a
fractional calculus model for diffusion tensor imaging. The
anisotropic version was recently applied by GadElkarim et al. [15]
to extend the model of Magin et al. to applications in which the
diffusion scales at a different rate in each coordinate. Both A/ p
and A"/ 2p produce the same result for plane waves in a coordinate
direction. Neither lead to a simple attenuation relation for the frac-
tional Stokes wave equation (22), since the corresponding charac-
teristic equation —w?/c? = —|k|'[1 — iwr] has no solution when
the symbol — |k|" is a real number.

To clearly understand the rich variety of fractional Laplacian
operators, it is helpful to consider the random walk models behind
these operators. In [2, Chap. 6] it is shown that the isotropic frac-
tional diffusion equation dp(X,1)/dt = A"*p(X,1) governs the
long time limit of a random walk with heavy tailed symmetric par-
ticle jumps X = RO, where the jump length P(R > x) ~ x~" and
the jump direction @ is a random unit vector, uniformly distrib-
uted around the unit sphere. In the application to wave equations,
the random walk models the progression of acoustic energy. If the
medium is isotropic, then the wave motion should also be iso-
tropic. The fractional derivative codes the power law jumps, see
[2]. Physically, the power law jumps are the result of medium het-
erogeneity. In a homogeneous medium, a traditional wave
equation would apply. In a heterogeneous medium, significant
variations in the local speed of sound may occur, leading to a
power law distribution of effective speed, modeled by the frac-
tional derivative [16]. The anisotropic fractional diffusion equa-
tion dp/0t = A7?p governs the case where the jump direction ®
selects a positive coordinate j at random, and then there is a posi-
tive jump satisfying P(R > x) ~ x~"/ in that coordinate direction.
The variation dp/dt = A"p from Magin et al. [14] governs the
case where the jump can be either positive or negative, and in the

generalized form dp/dr = A”?p from GadElkarim et al. [15], the
power law index 7; of the random jump varies with the coordinate.
Such models may be appropriate in layered media. We could not
connect the operator A? from Chen and Holm [12] to any ran-
dom walk model, since the Fourier symbol (—£}, ..., —k})" does
not seem to be related to any infinitely divisible stochastic pro-
cess. All of these operators, including the one in Chen and Holm
[12], reduce to the traditional Laplacian when r = 2, reflecting the
fact that all random walk models have a Gaussian diffusion limit
when the jumps lengths have a finite variance.

8 Conclusion

Two anisotropic wave equations with space-fractional deriva-
tives were derived by combining the traditional linear equations
of state and motion with a novel anisotropic fractional continuity

Journal of Vibration and Acoustics

equation. Analytical expressions for the attenuation and dispersion
of plane wave solutions were obtained from the characteristic
equation for each space-fractional wave equation. Both of these
fractional anisotropic wave equations exhibit power law attenua-
tion and anomalous dispersion in each direction, with a power law
index that depends on the direction. Different forms of the frac-
tional Laplacian are evaluated, and a random walk model with
power law jumps provides a physical explanation for the
fractional Laplacian in these space-fractional wave equations.
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