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Abstract. One way to study the mechanism of gravel bedload transport3

is to seed the bed with marked gravel tracer particles within a chosen patch,4

and to follow the pattern of migration and dispersal of particles from this5

patch. In this study, we invoke the probabilistic Exner equation for sediment6

conservation of bed gravel, formulated in terms of the difference between the7

rate of entrainment of gravel into motion and the rate of deposition from mo-8

tion. Assuming an active layer formulation, stochasticity in particle motion9

is introduced by considering the step length (distance traveled by a parti-10

cle once entrained until it is deposited) as a random variable. For step lengths11

with a relatively thin (e.g., exponential) tail, the above formulation leads to12

the standard advection-diffusion equation for tracer dispersal. However, the13

complexity of rivers, characterized by a broad distribution of particle sizes,14

and extreme flood events transporting bed material, can give rise to a heavy15

tailed distribution of step lengths. This consideration leads to an anomalous16

advection-diffusion equation involving fractional derivatives. By identifying17

the probabilistic Exner equation as a forward Kolmogorov equation for the18

location of a randomly selected tracer particle, a stochastic model describ-19

ing the temporal evolution of the relative concentrations is developed. The20

fractional advection-diffusion equation is revealed as its long-time asymp-21

totic solution. Sample numerical results illustrate the large differences that22

can arise in predicted tracer concentrations under the normal and anoma-23

lous diffusion models. They highlight the need for intensive data collection24

efforts to aid the selection of the appropriate model in real rivers.25
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1. Introduction

The stones that make up the bed of gravel-bed rivers are transported as bedload during26

floods. During periods of overall transport, each particle undergoes alternating periods27

of movement and rest. Movement consists of rolling, sliding or saltation, which continues28

until a single step length of motion is completed. The particle is at rest when it is de-29

posited, either on the bed or deeper within the deposit. One way to study the mechanism30

of bedload transport in gravel bed rivers is to seed the bed with marked tracer particles31

within some small area of the bed (patch), and to follow the pattern of migration and32

dispersal of particles from that patch [e.g., Hassan and Church, 1991; Church and Has-33

san, 1992; Wilcock , 1997; Ferguson and Wathen, 1998; Ferguson and Hoey , 2002; Pyrce34

and Ashmore, 2003]. Tracers provide a way of characterizing not only mean parameters35

pertaining to transport, but also the stochasticity of particle motion itself.36

This stochasticity was first elaborated by Einstein [1937]. Einstein based his analysis on37

experimental observations of painted tracer particles. He noted that: “The results demon-38

strated clearly that even under the same experimental conditions stones having essentially39

identical characteristics were transported to widely varying distances · · · Consequently,40

it seemed reasonable to approach the subject of particle movement as a probability prob-41

lem.” Einstein considered a particle that moves in discrete steps punctuated by periods42

of inactivity. He quantified the problem in terms of the statistics of step length and43

resting period (waiting time). Einstein [1942] went on to explain how these quantities44

enter into the delineation of macroscopic relations of bedload transport (i.e., relations that45

represent averages over the stochasticity of sediment motion). More specifically, Einstein46
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[1942] showed that the bedload transport rate is proportional to the step length and in-47

versely proportional to the resting period. Following the seminal work of Einstein [1942],48

many stochastic theories for sediment transport have been proposed which account for49

the aforementioned stochasticity (see for example, Einstein and El-Sammi [1949]; Paintal50

[1971]; Nelson et al. [1995]; Cheng and Chiew [1998]; Lopez and Garcia [2001]; Kleinhans51

and van Rijn [2002]; Cheng [2004]; Cheng et al. [2004]; Charru et al. [2004], Ancey et al.52

[2006, 2008]; Ancey [2009]; Furbish et al. [2009],Ganti et al. [2009] and references therein).53

Two macroscopic quantities that can be captured by means of statistical analyses of54

tracer motion are the overall tendencies of ensembles of tracers to be advected downstream,55

and to disperse, or diffuse. (Various authors use the terms “dispersion” or “diffusion” of56

tracers to describe the same process: here we rather arbitrarily use the term “diffusion”.)57

Both advection and diffusion are governed by a wide range of factors.58

Bedload particles may roll, slide or saltate over the bed. In the case of grains of uniform59

size, mean saltation length may be on the order of ten diameters [e.g., Niño and Garcia,60

1998]; whereas mean step length may be on the order of 100 grain diameters [Einstein,61

1950; Tsujimoto, 1978; Wong et al., 2007]. Einstein [1950] suggested that mean step62

length can be approximated as a constant multiple of grain diameters, whereas Wong63

et al. [2007] indicate a weak variation with Shields number, which is a proxy for flow64

strength. Step length is known, however, to vary stochastically [e.g., Tsujimoto, 1978].65

As illustrated below, this stochasticity is one source of diffusion.66

When a particle comes to rest, it may deposit so as to be exposed at the bed surface, or67

it may become buried at depth [e.g., Hassan and Church, 1994]. From a statistical point68

of view, deeper burial in general implies a longer resting time before exhumation and re-69
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entrainment. This effect can influence both diffusion and advection [Ferguson and Hoey ,70

2002]. Most natural gravels consist of a mixture of grain sizes, each of which undergoes71

steps and resting periods according to size-specific probabilities. For example, Tsujimoto72

[1978] has shown that larger grains in a mixture have longer step lengths, but also longer73

resting times. As these different sizes move downstream, their motion is affected by the74

presence of bedforms such as dunes [e.g., Blom et al., 2006], bars and bends associated with75

channel meandering/braiding [e.g., Pyrce and Ashmore, 2003], and large-scale variations in76

channel width. In addition, the bed may be undergoing aggradation, which enhances the77

capture of bedload particles, or degradation, which causes the exhumation of grains that78

have undergone long-term storage [e.g., Ferguson and Hoey , 2002]. Grains can also enter79

floodplain storage for long periods of time, and then be exhumed as the channel migrates80

into the relevant deposit [e.g., Bradley , 1970; Lauer and Parker , 2008a, b]. Again, all81

these effects can influence the advection/diffusion of tracer particles.82

The macroscopic transport of grains undergoing steps and rest periods governed by sta-83

tistical laws can be most simply characterized in terms of the classical advection-diffusion84

model, according to which the particles spread downstream with a constant diffusivity.85

When step lengths and rest periods are governed by a multiplicity of mechanisms over a86

very wide range of spatial and temporal scales, however, the advection/diffusion of tracer87

particles may no longer be characterizable in terms of the classical model. It is widely88

known in the groundwater literature that a multiplicity of scales over which transport89

takes place can lead to “anomalous diffusion”, for which the advection/diffusion equation90

can be characterized by fractional derivatives [e.g., Benson, 1998; Berkowitz et al., 2002;91

Cushman and Ginn, 2000; Schumer et al., 2003].92
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Nikora et al. [2002] have studied the diffusion of bedload particles using the measured93

motion of individual particles in a canal as the basis for ensemble averaging. They ex-94

tracted from their data various moments characterizing particle location as a function95

of time. They delineated three ranges of temporal and spatial scales, each with different96

regimes of diffusion: ballistic diffusion (at the scale of saltation length), normal/anomalous97

diffusion (at a scale of step length) and sub-diffusion (at global scale). Their study thus98

represents a pioneering effort in the identification of anomalous diffusion of bedload par-99

ticles.100

We develop here a theoretical model for the study of anomalous diffusion of tracer101

particles moving as bedload. The present model is not intended to be comprehensive, in102

that it covers only a restricted set of phenomena that might lead to anomalous diffusion.103

It is our desire, however, that this first model should serve as an example illustrating the104

pathway to more general models of anomalous diffusion.105

The paper is structured as follows. In Section 2, a straightforward formulation of the106

Exner equation for sediment conservation is presented which incorporates the probability107

density function (pdf) for step lengths, i.e., the distances traveled by particles once they108

are entrained to when they are deposited again on the river bed. In Section 3 we show109

that the assumption of step lengths having a distribution with thin tails (e.g., exponen-110

tial, normal, log-normal distributions) leads to a classical advection-diffusion equation for111

tracer dispersal. However, in real rivers the complexity resulting from broad distribu-112

tions of particle sizes and flood events can lead to a heavy tail in the pdf of step lengths113

(arising, for example, from the combination of an exponential distribution for step length114

conditional on a particle size and a gamma distribution of particle sizes). In Section 4,115
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we show that this consideration leads to an anomalous advection-diffusion formulation116

which includes fractional derivatives. That model was introduced earlier in the context117

of other problems, such as groundwater dispersion. Section 5 shows how a heavy-tail step118

length distribution can arise from a thin-tailed (exponential) pdf of step length for par-119

ticles of a given size, together with a thin-tailed grain size distribution. In Section 6, we120

build a stochastic model to describe the time evolution of the relative concentration of the121

tracers in the active layer, and show that the approximate solutions obtained in Sections122

3 and 4 are long-time asymptotic solutions of the derived model. Finally, in section 7,123

numerical results are presented showing the difference between normal and anomalous124

advection-diffusion of gravel tracer particles.125

2. Formulation

The starting point for our analysis is the entrainment-based one-dimensional Exner126

equation for sediment balance [Tsujimoto, 1978; Parker et al., 2000; Garcia, 2008b];127

(1 − λp)
∂η(x, t)

∂t
= Db (x, t) −Eb (x, t) (1)

where η denotes local mean bed elevation, t denotes time, x denotes the downstream128

co-ordinate, Db denotes the volume rate per unit area of deposition of bedload particles129

onto the bed, Eb denotes the volume rate per unit area of entrainment of bed particles130

into bedload, and λp is the porosity of bed sediment. We assume that, once entrained, a131

particle undergoes a step with length r before depositing. We further assume that this132

step length is probabilistic, with a probability density fs(r) (pdf of step length). The133

deposition rate of tracers Db(x, t) is then given as:134

Db (x, t) =

∫

∞

0

Eb (x− r, t) fs(r)dr (2)
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In the above formulation Eb is a macroscopically determined parameter, which can be135

shown to vary inversely with the mean resting time of a particle. The formulation thus136

includes the effect of stochasticity in step length, but not in resting time.137

A model formulation for tracers that simplifies the above-mentioned model of entrain-138

ment and deposition is the active layer formulation. According to this formulation, grains139

in an active bed layer of thickness La below the local mean bed surface exchange directly140

with bedload grains. Grains below the active layer, i.e., grains in the substrate, exchange141

with the active layer only by means of bed aggradation (when active layer grains are142

transferred to the substrate) and degradation (when substrate grains are transferred to143

the active layer). In such a model, substrate grains do not directly exchange with the144

bedload grains.145

Let fa(x, t) denote the fraction of tracer particles in the active layer at any location x146

and time t. In addition, let fI(x, t) denote the fraction of tracer particles in the sediment147

that is exchanged across the interface between the active layer and the substrate as the148

bed aggrades or degrades. The equation of mass conservation of tracers can then be149

written as:150

(1 − λp)

(

fI(x, t)
∂η(x, t)

∂t
+ La

∂fa(x, t)

∂t

)

= DbT (x, t) −EbT (x, t) (3)

where EbT denotes the volume entrainment rate of tracers and DbT denotes the corre-151

sponding deposition rate, which are given as [Parker et al., 2000]:152

EbT (x, t) = Eb(x, t)fa(x, t) (4)

and153

DbT (x, t) =

∫

∞

0

Eb (x− r, t) fa (x− r, t) fs(r)dr (5)
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Here we exclude the complication induced by bedforms such as dunes [e.g., Blom et al.,154

2006] by considering conditions of lower regime plane-bed transport, such as those inves-155

tigated by Wong et al. [2007].156

The fraction fI of tracers exchanged at the interface as the mean bed elevation fluc-157

tuates can be expected to differ depending upon whether or not the bed is aggrading or158

degrading. Hoey and Ferguson [1994] and Toro-Escobar et al. [1996] have suggested forms159

for interfacial exchange fractions which can be adapted to the problem of tracers. Here we160

restrict consideration to the case for which the bed elevation is at equilibrium, so that La,161

Eb, η and the pdf fs(r) are all constant in x and t. Under this condition, equations (3),162

(4) and (5) reduce to:163

(1 − λp)
La

Eb

∂fa(x, t)

∂t
=

∫

∞

0

fa (x− r, t) fs(r)dr − fa(x, t) (6)

The nature of the pattern of tracer diffusion predicted by equation (6) depends on the164

nature of the pdf fs(r) of step lengths. As shown in the next sections, a thin-tailed pdf, i.e.,165

one for which all moments of fs(r) exist, leads to a classical Fickian advection-diffusion166

equation, while a heavy-tailed pdf, i.e., one for which moments larger than a given order167

do not exist, can lead to an anomalous advection-diffusion equation.168

3. Tracer transport with thin-tailed step length distribution

In this section, we show that a thin-tailed pdf for the step length distribution, fs(r),169

in equation (6) leads to a classical Fickian (normal) advection-diffusion equation. For170

simplicity, we assume the porosity to be zero, i.e., λp = 0. The simplest way to solve171

the integral equation (6) is to use Fourier transforms, since the convolution becomes a172
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product in Fourier space. The Fourier transform of a function fa(x, t) is given by:173

f̂a(k, t) =

∫

∞

−∞

e−ikxfa(x, t) dx (7)

Taking the Fourier transforms in equation (6) and manipulating yields:174

La

Eb

∂f̂a(k, t)

∂t
=
(

f̂s(k) − 1
)

f̂a(k, t) (8)

Expanding the Fourier transform of fs(r) as Taylor series gives:175

f̂s(k) = 1 − ikµ1 +
1

2
(ik)2 µ2 + · · · (9)

where µn =
∫

rnfs(r)dr denotes the nth order moment of the step length distribution. The176

above expansion is valid provided that the moments µn exist and are finite, and the series177

converges uniformly in a neighborhood of k = 0 [Papoulis and Pillai , 2002]. Substituting178

equation (9) into (8) we obtain:179

La

Eb

∂f̂a(k, t)

∂t
=

(

−ikµ1 +
1

2
(ik)2 µ2 + · · ·

)

f̂a(k, t) (10)

Recall that (ik)f̂a(k, t) is the Fourier transform of ∂fa(x, t)/∂x. By making the approx-180

imation that higher order terms can be neglected (which will be shown equivalent, in181

Section 6, to considering a long-time asymptotic solution), and by setting v = µ1 and182

2Dd = µ2, it follows by an inverse Fourier transform that the function fa(x, t) is the183

approximate solution to the advection-diffusion equation:184

La

Eb

∂fa

∂t
= −v∂fa

∂x
+Dd

∂2fa

∂x2
(11)

This is the standard form of advection-diffusion equation for tracer dispersal, and applies185

under equilibrium bedload conditions where v and Dd can be considered constant. The186

associated Green’s function, i.e., the solution to the above equation with a pulse as the187

initial condition at t = 0, is the Gaussian distribution, which describes the tracer con-188
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centration at any given time t > 0. If the source is distributed in space and/or time, the189

solution to equation (11) is the convolution of the Green’s function with the source.190

4. Tracer transport with heavy-tailed step length distribution

As detailed in the next section, a heavy-tailed, power-law distribution for step lengths191

in gravel bed rivers can result from a thin-tailed pdf of step length for particles of a given192

size, together with a thin-tailed pdf of grain sizes. In this section, we develop a formalism193

that incorporates heavy tails for the step length distribution in the probabilistic Exner194

equation. In equation (6), consider fs(r) to be a step length distribution with power-law195

decaying tail, i.e., fs(r) ≈ Cαr−α−1 for r > 0 sufficiently large, some constant C > 0,196

and some power law index 1 < α < 2. In this case, the Fourier transform expansion (9)197

in terms of statistical moments of fs(r) is not valid, as the integrals µn =
∫

rnfs(r)dr do198

not converge for n > 1 [e.g., Lamperti , 1962]. Instead, we may use a fractional Taylor199

expansion to write [Odibat and Shawagfeh, 2007; Wheatcraft and Meerschaert , 2008]:200

f̂s(k) = 1 − ikµ1 + cα (ik)α + · · · (12)

where cα is a constant that depends only on C and α. Substituting back in equation (8)201

we obtain:202

La

Eb

∂f̂a(k, t)

∂t
= (−ikµ1 + cα (ik)α + · · · ) f̂a(k, t) (13)

This equation (13) can be understood in terms of fractional derivatives. Fractional203

derivatives are close cousins of their integer order counterparts. The fractional deriva-204

tive ∂αfa(x, t)/∂x
α can be defined simply as the function whose Fourier transform is205

(ik)α f̂a(k, t). As in the normal advection-diffusion case, we make an approximation by206

including the first two terms in the expansion and neglecting the higher order terms207
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(shown equivalent in Appendix A to a long-time asymptotic solution). Then by setting208

v = µ1 and Dd = cα, it follows from (13) that the function fa(x, t) is approximately the209

solution of the fractional advection-diffusion equation:210

La

Eb

∂fa

∂t
= −v∂fa

∂x
+Dd

∂αfa

∂xα
(14)

Fractional advection-diffusion has been extensively used in modeling the dispersal of trac-211

ers or pollutants in porous media which exhibit multiple scales of variability, as in subsur-212

face transport [e.g., Benson et al., 2000a, b; Berkowitz et al., 2002] and pollutant transport213

in rivers [e.g., Deng et al., 2005, 2006]. However, to the best of our knowledge, its appli-214

cation has not yet been explored in the context of river transport, apart from a recent215

study which uses fractional advection for transporting sediment in buffered bedrock rivers216

[Stark et al., 2009].217

In most natural rivers, the distribution of step lengths holds in the near field, but218

eventually transport steps become limited by river features (e.g., bars) that change the219

intermediate and far field distributions. The application of the governing equations (11)220

and (14) depends on the natural truncation of the step length distributions. If the trun-221

cation occurs at a very small threshold, then the Central Limit Theorem applies and222

a standard advection-diffusion equation will be the governing equation for the fraction223

of tracers in the active layer. However, if the truncation occurs at a large threshold,224

then the distribution can still be approximated by a power-law in the intermediate field225

and the governing equation for the fraction of tracers in the active layer is the frac-226

tional advection-diffusion equation. It is worth noting that equation (14) is the governing227

equation on scales where the power-law approximation of the step length distribution is228

accurate. In the next section, we explain how a power-law distribution for step lengths229
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could emerge by combining a thin-tailed pdf of step length for particles of a given size230

with a thin-tailed pdf of grain sizes. Then in Section 6 we describe the stochastic model231

underlying the probabilistic Exner equation (6), and we show how equations (11) and (14)232

represent long-time asymptotic solutions.233

5. Transport of sediment mixtures

A generalization of equation (6) for a range of grain sizes D can be expressed as follows.234

Let fad (x, t,D) denote the fraction of tracers in the active layer with grain size D, so235

that,236

fa(x, t) =

∫

∞

0

fad(x, t,D)dD (15)

In addition, let Ebu(D) denote the entrainment rate per unit bed content of size D. The237

generalization of equation (6) is then [e.g., Parker , 2008],238

(1 − λp)La
∂fa (x, t,D)

∂t
= Ebu(D)

(
∫

∞

0

fad (x− r, t, D) fs(r|D)dr − fad (x, t,D)

)

(16)

In the above formulation, the conditional pdf of step length fs is specified as a function of239

grain size, but the thickness of the active layer La is taken to be a constant for all grain240

sizes. The form corresponding to equation (6) is obtained by integrating over all grain241

sizes,242

(1 − λp)La
∂fa (x, t)

∂t
=

∫

∞

0

Ebu(D)

(
∫

∞

0

fad (x− r, t, D) fs(r|D)dr − fad (x, t,D)

)

dD

(17)

In general, Ebu, fad and fs can be expected to vary significantly in D. Closure of equa-243

tion (17) requires specification of forms for Ebu, fs and fad as functions of, among other244

parameters, grain size D. Such forms are available in the literature [e.g., Tsujimoto, 1978].245
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The goal of the present analysis is, however, to study the role of heavy-tailed pdfs246

for step lengths in driving diffusion of tracer particles. With this in mind, the problem is247

simplified for the purposes of illustration to one in which fs varies in D but Ebu and fad do248

not. More specifically, we express fs(r,D) = fs(r|D)f(D) as a product of the conditional249

step length pdf for a grain size, and the grain size pdf f(D), to show that a heavy tail250

pdf for step lenghts in a mixture of particles can emerge, under certain conditions, from251

two thin-tailed pdfs.252

5.1. Power laws emerging from thin tails

A typical finding in sediment transport is that step lengths r are exponentially dis-253

tributed for a given grain size D [e.g., Nakagawa and Tsujimoto, 1976, 1980], i. e.,254

P(R > r |D) = e−r/µr(D) (18)

where µr(D) is the mean step length as a function of grain size D. If we let f denote the255

pdf of grain sizes, then the unconditional distribution of step length can be derived from:256

P(R > r) =

∫

∞

0

e−r/µr(D) f(D) dD. (19)

The resulting pdf for step length, relating to a mixture of particle sizes, depends on both257

the mean step length µr(D) for grains of size D, and the pdf of grain sizes.258

In this study we explore two distinct cases, one in which µr(D) increases with grain size,259

and another for which µr(D) decreases with grain size. The true dependence of mean step260

length on grain size in sediment mixtures remains somewhat ambiguous. In the case of261

uniform sediment, Niño and Garcia [1998] found that grain saltation length decreases with262

increasing grain size. One step length, however, typically consists of around 10 saltation263

lengths. Hassan and Church [1992] have studied the travel distance of size mixtures264
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of stones in gravel-bed rivers, and have found a marked tendency for travel distance to265

decrease with increasing grain size. This result must be qualified in light of the fact that266

the distance traveled by a grain during a flood can be expected to be associated with267

multiple step lengths. This qualification notwithstanding, the data suggest a range of268

conditions under which the dependence between grain size and mean travel distance can269

be approximated by the simplified model:270

µr(D) = κ/D (20)

where κ is a constant. A lognormal pdf of grain sizes271

f(D) =
1

Dσ
√

2π
e−

1
2

(ln D−µ)2

σ2 (21)

was invoked by Wilcock and Southard [1989]; Garcia [2008b]; Lanzoni and Tubino [1999];272

Parker [2008], where µ, σ are the mean and standard deviation of the sedimentological273

scale ψ = lnD. The overall (unconditional) step length distribution can then be obtained,274

in principle, by substituting equations (20) and (21) into equation (19) and computing275

the integral. However, this integral is difficult to compute analytically with a log-normal276

form for f(D). Figure 1 shows the grain size data from Wilcock and Southard [1989] along277

with a lognormal fit, as well as an alternative gamma distribution fit to the same data.278

The gamma pdf279

f(D) =
νν

Γ(ν)Dm
νD

ν−1 exp

(

−ν D
Dm

)

(22)

with mean Dm and shape parameter ν provides a convenient alternative to the lognormal280

distribution that makes it possible to analytically evaluate the integral (19). Following281

the argument of Stark et al. [2009], we substitute equations (20) and (22) into equation282

(19) and evaluate the integral to obtain the unconditional probability distribution of step283
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length:284

P(R > r) =

(

1 +

(

Dm

νκ

)

r

)

−ν

(23)

The above equation (23) represents a heavy-tailed power-law pdf for the step length285

distribution arising from a thin-tailed pdf of step length combined with a thin-tailed pdf286

of grain sizes. The distribution in equation (23) is known as the Generalized Pareto, and287

its variance exists only when the shape parameter ν > 2 [Feller , 1971]. The Generalized288

Pareto distribution also arises from exceedances over a fixed high threshold, and has289

consequently been used in modeling extreme floods and other hydrological phenomena290

[e.g., Hosking and Wallace, 1987].291

The relationship (20) between mean step length and grain size may not be applicable in292

all situations. Depending upon the grain size distribution and the flow conditions, large293

particles may roll over holes that trap smaller particles, so that step length increases with294

grain size. Such a tendency has been reported in the experiments of Tsujimoto [1978].295

Also Wong et al. [2007] observed that, in the case of uniform sediment subject to the296

same bed shear stress, step length increases with grain size. Such an increase in step297

length does not directly translate into a higher bedload transport rate for coarser grains,298

because the entrainment rate Ebu(D) in equation (17) may decline with increasing grain299

sizes. In the present simplified analysis, where Ebu is assumed to be independent of grain300

size, the tendency for step length to increase with grain size can be captured in terms of301

the following simple form:302

µr(D) = κD (24)

where κ is a constant.303
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If D has an inverse gamma pdf with mean Dm and shape parameter ν, also similar in304

shape to the lognormal,305

f(D) =
(ν − 1)νDm

ν

Γ(ν)
D−ν−1 exp

(

−(ν − 1)Dm

D

)

(25)

then a change of variables y = 1/D in (19) leads to another generalized Pareto:306

P(R > r) =

(

1 +

(

1

(ν − 1)Dmκ

)

r

)

−ν

(26)

as shown in Hill et al. [2009], so that again the step length distribution averaged over all307

particle sizes has a heavy tail.308

Note that in both cases considered above, whether mean step length increases or de-309

creases with grain size, a heavy-tailed distribution for step lengths can emerge from a310

combination of two thin-tailed distributions. The gamma and inverse gamma distribu-311

tions are used for particle sizes, as opposed to the more typical log-normal distribution, in312

order to derive analytically the heavy-tail pdf of the resulting step length distribution for313

a mixture of grain sizes. The alternative pdf assumption should be considered reasonable314

if the reader accepts that the fitted log-normal and gamma distributions for the grain315

size data from Wilcock and Southard [1989] in Figure 1 are practically indistinguishable.316

We hasten to emphasize, however, that the finding of a possible heavy-tailed pdf for step317

length is by no means universal. Many different choices of the grain size pdf f(D) would318

certainly lead to a thin-tailed pdf of step length. Our point is simply that both thin-tail319

and heavy-tail models are reasonable, and hence it becomes very important to investigate320

the grain size distributions more exhaustively, to determine which type of overall step321

length pdf applies in a given situation.322

6. Stochastic model for gravel transport in rivers
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In this section, we develop a stochastic model to describe the time evolution of the323

relative concentration of gravel tracer particles in rivers. We derive an exact solution for324

fa(x, t) and show that, in the long-time asymptotic limit, a thin tail for the step length325

distribution leads to classical advection-diffusion, whereas heavy tails for the step length326

distribution leads to anomalous advection-diffusion. We start by rewriting (6) in the327

equivalent form:328

∂fa(x, t)

∂t
= −λfa(x, t) + λ

∫

∞

0

fa(x− r, t)fs(r) dr (27)

where λ = Eb/La is the rate at which particles are entrained. The Fourier transform of329

the above equation is given by:330

∂f̂a(k, t)

∂t
= −λf̂a(k, t)

(

1 − f̂s(k)
)

(28)

Equation (27) describes the time evolution of the pdf fa(x, t) and can be regarded as a331

Kolmogorov forward equation for some Markov process X(t), where X(t) represents the332

location of a randomly selected gravel particle at time t > 0 [see Feller , 1971]. In this333

context, fa(x, t) is the pdf of the random variableX(t). In this Markov process, the waiting334

time between entrainments has an exponential distribution with a rate parameter λ, and335

the number of entrainment events, N(t), by any time t > 0 has a Poisson distribution336

with mean λt [Feller , 1971], i.e.,337

P [N(t) = n] = e−λt (λt)
n

n!
(29)

Let Yn denote the travel distance during the nth entrainment period. Since there are N(t)338

entrainment periods by time t > 0, the particle location at some time t > 0 is given by339

the random sum:340

X(t) = Y1 + · · · + YN(t) =

N(t)
∑

i=1

Yi (30)
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This random sum is a compound Poisson process [e.g., Feller , 1971]. Its pdf can be derived341

directly from equation (28) whose point source solution is:342

f̂a(k, t) = exp
(

−λt
(

1 − f̂s(k)
))

(31)

As a result, the fraction of tracers in the active layer, fa(x, t), can be obtained by taking343

the inverse Fourier transform of (31) and is given by:344

fa(x, t) = e−λt

∞
∑

n=0

(λn)n

n!
fn∗

s (x) (32)

where fn∗

s (x) is the n-fold convolution of the density function fs(x) (recall that fn∗

s (x) is345

the inverse Fourier transform of f̂s(k)
n), which is also the pdf of Y1 + · · · + Yn. One way346

to understand this formula for fa(x, t) is that it randomizes the density of the sum of the347

particle movements according to the pdf of the number of jumps N(t). The random sum,348

equation (30), is a special case of a continuous time random walk (CTRW) [Montroll and349

Weiss , 1965; Scher and Lax , 1973; Meerschaert and Scheffler , 2004]. It is important to350

note that the connection of the probabilistic Exner equation with CTRWs allows one to351

obtain the exact solution of equation (27) via simulation of the tracer particle motion. For352

example, a forward Kolmogorov equation of a Markov process can be solved by simulating353

a CTRW with an exponential waiting time distribution and step length distribution fs(r)354

[e.g., Scalas et al., 2004; Fulger et al., 2008]. Even if the complete shape of the pdf of step355

lengths is not known, the behavior of the stochastic process X(t) is well defined in the356

long-time limit as shown below.357

Consider the standardized particle location:358

Z(t) =
X(t) − λµ1t√

λµ2t
(33)
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This random process has a mean 0 and variance 1 at every time t > 0. An easy calculation359

shows that the pdf of Z(t) has Fourier transform:360

f̂a

(

k√
λµ2t

, t

)

exp

(

ikλµ1t√
λµ2t

)

(34)

Combining this equation with:361

f̂a(k, t) = exp

(

−λt
(

ikµ1 −
1

2
(ik)2µ2 + · · ·

))

(35)

which is obtained by substituting equation (9) into equation (31) results in the Fourier362

transform of the pdf of Z(t) taking the form:363

exp

(

−λt
(

−1

2

(ik)2

λµ2t
µ2 +

1

3!

(ik)3

(λµ3t)
3
2

µ3 + · · ·
))

(36)

As t→ ∞, (36) tends to exp
(

−1
2
k2
)

which is the Fourier transform of a standard normal364

density. This shows that Z(t) tends to a standard normal deviate, Z, for all large t > 0.365

Substituting into equation (33) and solving, we see that the long-time asymptotic solution366

for the particle location is:367

X(t) ≈ λµ1t+
√

λµ2tZ (37)

By taking the Fourier transforms of the corresponding pdfs we obtain:368

f̂a(k, t) = exp

(

−λµ1t(ik) +
1

2
λµ2t(ik)

2

)

(38)

which is the point source solution to the differential equation:369

∂f̂a(x, t)

∂t
≈
(

−λµ1(ik) +
1

2
λµ2(ik)

2

)

f̂a(k, t) (39)

Inverting this Fourier transform yields the advection-diffusion equation (11) with v = λµ1370

and 2Dd = λµ2, as in Section 3. In summary, equation (11) governs the asymptotic371

particle density in the long-time limit.372
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Now consider the case of a particle jump length density with a heavy tail. A similar373

argument shows that equation (14) governs the asymptotic particle density in the long-374

time limit, when the particle jump length density fs(r) has a heavy tail with a power-law375

decay, i.e., fs(r) ≈ Cαr−α−1 for r > 0 sufficiently large, some constant C > 0, and some376

power law index 1 < α < 2 (see Appendix A for a detailed proof). In this case, we note377

that the governing equation in the long-time asymptotic limit for f̂a(k, t) is given by:378

∂f̂a(k, t)

∂t
≈ (−λµ1(ik) + λcα(ik)α) f̂a(k, t) (40)

Inverting the Fourier transform yields the fractional advection-diffusion equation (14) with379

v = λµ1 and Dd = λcα, as in Section 4. We remark that, while the derivation in this380

section is new in the context of stone tracer dispersion, a similar approach was taken381

to derive the fractional advection-diffusion equation for tracers in ground water, under a382

different set of assumptions [Schumer et al., 2001]. The next section provides a numerical383

demonstration to illustrate how a source of tracers will disperse over time under normal384

or anomalous diffusion.385

7. Tracer dispersal under normal and anomalous diffusion

Consider a patch of tracers entrained instantaneously in the flow at a location x0 and386

initial time t0. This patch will advect and diffuse on the gravel bed over time. It is useful to387

track the time evolution of the fraction of tracers fa(x, t) in the active layer at any location388

x and time t. As was shown in the previous sections, the probabilistic Exner equation can389

be approximated at late time by a normal or anomalous diffusion, equations (11) and (14)390

respectively, depending on the pdf of step length. In this section we illustrate the time391

evolution of a patch of tracers under normal and anomalous advection-diffusion. We know392
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from theory that the Green’s function solution to the normal advection-diffusion equation393

is the Gaussian distribution, and the Green’s function solution to the fractional advection-394

diffusion is the α-stable distribution [Benson et al., 2000b]. The α-stable distributions are395

also known as Lévy distributions. Specifically, in our case, the Green’s function solution396

to the fractional advection-diffusion equation is an α-stable distribution with a skewness397

parameter β = 1, owing to the fact that step lengths are positive, so that the stable pdf398

has a heavy lead leading tail (see Appendix B for a description of stable distributions).399

Figure 2(a) shows the evolution of fa(x, t) under normal advection-diffusion from a pulse400

at t = 0 and x = 0, i.e., fa(0, 0) = 1. Figure 2(b) shows the evolution of fa(x, t)401

under anomalous advection-diffusion with α = 1.5 from a pulse at x = 0. The α-stable402

densities in Figures 2(a) and 2(b) were simulated using the method of Nolan [1997]. In403

this hypothetical experiment, we chose the parameter values of the normal and anomalous404

diffusion equations to be unity, i.e., v = 1 m/day and Dd = 1 mα/day. Note that the405

units of the diffusion coefficient, Dd, is [Lα/T ]. As can be seen by comparing Figures 2(a)406

and 2(b), anomalous advection-diffusion predicts a faster spreading of tracers downstream407

(heavy leading tails). For example, the leading tails of the fraction of tracers at t = 100408

reaches a near-zero value at ∼ 50 m downstream of its mean in normal advection-diffusion,409

whereas it reaches this value at ∼ 200 m downstream of its mean in fractional advection-410

diffusion with α = 1.5. Note that the mean of fa(x, t) in both cases is the same. Both the411

Gaussian pdf, and the skewed stable pdf, assign some extremely small but mathematically412

nonzero probability to the interval x < 0, while the probabilistic Exner equation assigns413

zero probability to x < 0. This illustrates the fact that both the Gaussian and skewed414

stable are only approximations. However, in practice, the probability assigned to x < 0415
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is exceedingly small, since both the Gaussian and skewed stable pdf fall off at a super-416

exponential rate on the left tail, and the approximation is perfectly reasonable.417

As seen in the previous section, under equilibrium bedload transport conditions, the418

long-time asymptotic solutions of the probabilistic Exner equation converge to the normal419

and anomalous advection-diffusion equation depending on the pdf of the step length.420

Therefore, long-time asymptotic solutions of the probabilistic Exner equation are the421

Gaussian and α-stable distributions in the respective cases of thin or heavy tailed pdfs422

for step length. In Figure 3 we compare the long-time asymptotic solutions for several423

values of α, starting from α = 2 (Gaussian corresponding to the solution of normal424

advection-diffusion equation) to α = 1.1. One can easily see the marked difference in425

the dispersal of tracers downstream in normal and anomalous advection-diffusion. For426

example, after 500 days, only ∼ 5% of the tracers have been recovered at ∼ 550 m in427

standard advection-diffusion, whereas ∼ 8% and ∼ 18% of tracers are recovered at the428

same distance in fractional advection-diffusion for α = 1.5 and α = 1.1, respectively. Note429

that in the case of α = 1.1 the gravel tracer particles are transported very long distances430

downstream when compared with the normal advection-diffusion case (α = 2). Note that431

the parameter α of the fractional advection-diffusion relates to the heaviness of the tail432

of the pdf of particle step lengths, in effect determining how far downstream the tracers433

disperse from the source. In practice, the parameter α will have to be estimated from434

observations which typically will not be in the form of step lengths but in the form of435

“breakthrough curves” or pdfs of particle concentration at a given location downstream436

of the source. Tracer experiments in a large experimental flume are currently under437
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development to document the possibility of faster-than-normal diffusion of tracers and438

the estimation of the parameter α.439

8. Conclusions

In this work, a mathematical framework for the continuum treatment of tracer particle440

dispersal in rivers has been proposed, based on the probabilistic Exner equation. We have441

shown that when the step length distribution is thin-tailed, the governing equation for442

the tracer dispersal in the long-time limit is given by the standard advection-diffusion443

equation. However, the step length distributions can be heavy-tailed with power-law444

decay arising from heterogeneity in grain sizes and other complexities in real gravel bed445

rivers. It was shown that these heavy tails can be modeled using fractional derivatives,446

akin to contaminant transport in subsurface hydrology [e.g., Benson, 1998; Benson et al.,447

2000a, b; Berkowitz et al., 2002]. For a simplified active layer formulation, the probabilistic448

Exner equation was shown to be governed by a Markov process that describes the tracer449

dispersal problem. Further, it was shown that the classical (normal) advection-diffusion450

and fractional (anomalous) advection-diffusion equations arise as long-time asymptotic451

solutions of that stochastic model. A numerical example was then provided to illustrate452

the profound effect of fractional diffusion on the leading edge of the particle distribution.453

The material presented here is intended to serve as an introduction to the problem454

of anomalous diffusion in the context of transport in gravel-bed rivers. The full power455

of the techniques introduced here remains to be realized through future research. For456

example, the innate variability of rivers is such that the entrainment rate Eb and bed457

elevation η are unlikely to be constant in x and t. This variability can lead to long-term458

sequestration, and subsequent long-delayed exhumation of tracers. Parker et al. [2000] and459
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Blom et al. [2006] have shown how the fractional Exner equation (1) can be generalized460

to a formulation that assigns a probabilistic structure not only to step length, but also461

to the probabilities of entrainment and deposition as continuously varying functions of462

vertical position within the bed deposit. These complications can lead to anomalous sub-463

diffusion, if particle resting times have a heavy, power-law tail. A model that can explain464

the deposition and exhumation of particles at arbitrary depth, including variability in465

entrainment rate and bed elevation as well as grain size, has the potential to explain at466

least part of the tendency for a decrease in advection velocity over time described by467

Ferguson and Hoey [2002]. The anomalous advection-diffusion model proposed herein, as468

well as further extensions to accommodate additional stochastic elements of transport as469

discussed above, will require extensive experiments and data collection to directly verify470

the nature of the distribution of step lenghts, waiting times and entrainment rates of471

particles in order to select the most appropriate model for transport.472

Appendix A: Long-time asymptotics for heavy-tailed distributions

The standardized particle location cannot be expressed using equation (33) when the step473

length distribution has a heavy tail, because the second moment µ2 of the distribution fs(r)474

does not exist, i.e., the population variance is infinite while the sample variance diverges475

unstably as the number of samples increases [Lamperti , 1962]. Instead, we consider the476

normalized process:477

S(t) =
X(t) − λµ1t

(λcαt)
1
α

(A1)

The pdf of S(t) has the Fourier transform:478

f̂a

(

k

(λcαt)
1
α

, t

)

exp

(

ikλµ1t

(λcαt)
1
α

)

(A2)
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Substitution of equation (12) into equation (31) results in:479

f̂a(k, t) = exp
(

−λt
(

ikµ1 − cα(ik)α − dα(ik)2α + · · ·
))

(A3)

which combined with (A2) gives the left-hand side of the equation (A4) for the Fourier480

transform of the PDF of S(t). In the long-time limit, i.e., as t → ∞ this tends to the481

limit in the right-hand side below, i.e.,482

exp

(

λt

(

cα
(ik)α

λcαt
+ dα

(ik)2α

(λcαt)2
+ · · ·

))

→ exp ((ik)α) (A4)

since the higher order terms tend to zero as t→ ∞. This limit is the Fourier transform of a483

standard stable density, and the limit argument is closely related to the convergence crite-484

rion for compound Poisson random variables (see Chapter 3 in Meerschaert and Scheffler485

[2001] for more details and extensions). Hence, S(t) ≈ S is standard stable for all large486

t > 0. Substituting into equation (A1) and solving, we see that the long-time asymptotic487

approximation for the particle location is:488

X(t) ≈ λµ1t+ (λcαt)
1
α S (A5)

Taking the Fourier transforms of the corresponding pdfs, we obtain:489

f̂a(k, t) ≈ exp (−λµ1t(ik) + λcαt(ik)
α) (A6)

This is the Fourier transform of fa(x, t) with the higher order terms removed, as well as490

the point source solution to the differential equation:491

∂ ˆfa(k, t)

∂t
≈ (−λµ1(ik) + λcα(ik)α) f̂a(k, t) (A7)

Inverting this Fourier transform results in the fractional advection-diffusion equation (14).492

Appendix B: Stable distributions
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If X,X1, X2, . . . are mutually independent random variables with a common distribution493

Fs, then the distribution Fs is said to be stable if for each n ∈ Z, there exists constants494

Cn and rn such that [e.g., Lamperti , 1962; Feller , 1971]:495

Sn
d
=CnX + rn (B1)

where Sn = X1 +X2 + · · · +Xn and
d
= means identical in distribution. In other words,496

stable distributions are aggregation invariant up to a scale parameter, Cn, and location497

parameter, rn. The norming constant Cn is of the form n
1
α for 0 < α ≤ 2, where α is498

called the characteristic exponent of the distribution Fs. The distribution Fs is said to499

be strictly stable when rn = 0. Closed-form expressions of the density functions of stable500

distributions exist for values of α equal to 2, 1 and 0.5. In general, the stable pdf is defined501

by its Fourier transform [see Stuart and Ord , 1987]:502

ρ̂(k) = {−iδk − |γk|α
(

1 + iβsgn(k) tan
(πα

2

))

} (B2)

for 0 < α ≤ 2 and α 6= 1. In the above equation sgn(·) denotes the signum function.503

The remaining parameters of the distribution are the location parameter (−∞ < δ <∞),504

scale parameter (γ > 0) and the skewness parameter (−1 ≤ β ≤ 1). The distribution is505

symmetric for β = 0 and is said to be completely skewed for β = −1 and β = 1. For506

α = 2, ρ̂(k) gives the Fourier transform of a Gaussian density with mean δ and variance507

2γ2. For the special case α = 1, the Fourier transform is expressed in a slightly different508

way. When α = 1 and β = 0, the stable distribution is also called a Cauchy distribution.509

If a random variable X has an α-stable distribution, then its statistical moments exist510

only up to order α. The mean of the distribution exists when 1 < α ≤ 2, but when511

0 < α < 1 both the mean and variance of the distribution do not exist. Thus, the512
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Gaussian distribution is the only stable distribution with finite mean and variance. Stable513

distributions provide good approximations for spatial rainfall fluctuations in convective514

storms [e.g., Kumar and Foufoula-Georgiou, 1993], daily discharges in river flows [e.g.,515

Dodov and Foufoula-Georgiou, 2004], spatial snapshots of tracer plumes in underground516

aquifers [e.g., Benson et al., 2000a] and river flows [e.g., Deng et al., 2004].517

Notation

x streamwise co-ordinate.

t time.

η local mean bed elevation.

t time.

η local mean bed elevation.

λp porosity.

Db volume rate per unit area of de-

position of bedload particles.
Eb volume rate per unit area of en-

trainment of bedload particles.
fs(r) pdf of step lengths.

fs(r|D) pdf of step lengths conditioned

on grain size.
fa (x, t) fraction of tracer particles in

the active layer.
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fI (x, t) fraction of the tracer parti-

cles in the sediment that is

exchanged across the inter-

face between active layer and

substrate.
La thickness of the active layer.

EbT volume entrainment rate of

tracers.
DbT volume deposition rate of tracers.

v advection velocity of tracers.

Dd diffusivity of tracers.

D grain-size.

Dm arithmetic-mean of the grain-

size distribution.
Dg geometric mean of the grain-

size distribution.
α tail index of the stable distribu-

tion and the order of fractional

differentiation.
µr(D) mean step length for grain-size

D.
fad (x, t,D) fraction of tracers in the active

layer with grain-size D.
Ebu(D) entrainment rate per unit bed

content of grain-size D.
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Figure 1. Plot showing fitted log-normal (dashed line) and gamma (solid line) distributions,

to a grain-size distribution (solid points) reproduced from Wilcock and Southard [1989].
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Figure 2. Time evolution of the fraction of tracers in the active layer, fa(x, t), by (a) normal

advection-diffusion (α = 2), and (b) anomalous advection-diffusion with α = 1.5. Note that

the advection term has been removed to facilitate comparison of the dispersion of the tracers

at different times. The initial condition is a pulse at x = 0. The solutions are obtained with

parameters v = 1 m/day and Dd = 1 mα/day. The times (in days) at which the solutions are

obtained are labeled in the figure.
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Figure 3. Long-time asymptotic solutions of the anomalous advection-diffusion equation for

three different values of α. The solutions shown above are for 500 days after a patch of tracers

is entrained into the flow. Normal advection-diffusion corresponds to α = 2.
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