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TAUBERIAN THEOREMS FOR MATRIX REGULAR VARIATION

M. M. MEERSCHAERT AND H.-P. SCHEFFLER

ABSTRACT. Karamata’s Tauberian theorem relates the asymptotics of a non-
decreasing right-continuous function to that of its Laplace-Stieltjes transform,
using regular variation. This paper establishes the analogous Tauberian theo-
rem for matrix-valued functions. Some applications to time series analysis are
indicated.

1. INTRODUCTION

Regular variation is an asymptotic property of functions that captures power be-
havior. In essence, a regularly varying function grows like a power, times another
factor that varies more slowly than any power. The book of Bingham, Goldie,
and Teugels [5] describes numerous applications to number theory, analysis, and
probability. Karamata’s Tauberian theorem proves that a nondecreasing right-
continuous function is regularly varying if and only if its Laplace-Stieltjes trans-
form is regularly varying, and establishes an asymptotic equivalence between these
two functions. This paper establishes the corresponding Tauberian theorem for
matrix-valued functions, along with some related results on power series with ma-
trix coefficients. This work was originally motivated by a problem in time series
analysis; see Section [l for a discussion.

2. MATRIX REGULAR VARIATION

We say that a Borel measurable function f : RT — R is regularly varying at
infinity with index p, and we write f € RV (p), if

i {09 _

vooo f(z)

The functions z* and z”logx are both in RV (p). We say that a function g(z) is
regularly varying at zero with index —p, and we write g € RVy(—p), if the function
g(x) = f(1/x) is in RV (p). If p = 0, we also say that f(z) is slowly varying
at infinity. It is easy to check that any f € RV (p) can be written in the form
f(z) = xPL(x), where L is slowly varying at infinity. Then for any ¢ > 0, there
exists an xg > 0 such that #7° < L(z) < 2% for all > x; see for example Feller
[8, Lemma 2, VIILE]. It follows that

P70 < f(x) < zP*° for all x > x,

for all A > 0.

so that f(z) grows like a power.
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2208 M. M. MEERSCHAERT AND H.-P. SCHEFFLER

Let GL(R™) denote the space of invertible m x m matrices with real entries.
We say that a Borel measurable function f : Rt — GL(R™) is regularly varying at
infinity with index E, and we write f € RV (E), if

(2.1) ILm fOx)f(x)™t = AP for all XA > 0.

Here the matrix power A¥ = exp(FElog \), where exp(A) = I+A+ A%/2!+- - - is the
usual matrix exponential. If f € RV (E), then we also say that the function g(z) =
f(1/x) is regularly varying at zero with index —F, and we write ¢ € RVy(—FE).
Matrix regular variation was first considered by Balkema [I] and Meerschaert [10].
They proved that, if (21 holds, then we have uniform convergence in (2 on
compact sets A € [a,b] for 0 < a < b < oo (e.g., see [I1, Theorem 4.2.1]).

A sequence of matrices (C,,) is regularly varying at infinity with index E if
the function f(z) = Cl;) is in RV (E). This is equivalent to C[M]Cgl — AF
for all A > 0; see [11, Theorem 4.2.9]. For matrix regular variation, a spectral
decomposition reveals the power behavior. Factor the minimal polynomial of F
into fi(x)--- fp(x), where all roots of f; have real part a;, and a; < a; for i < j.
Define V; = Ker(f;(E)). Then we can write R™ = V; @ --- & V), a direct sum
decomposition of R™ into E-invariant subspaces, called the spectral decomposition of
R™ with respect to E2. The spectral decomposition of E'is £ = E1 @ --® E,, where
FE; : V; = V;, and every eigenvalue of E; has real part a;. The matrix for £ in an
appropriate basis is then block-diagonal with p blocks, the ith block corresponding
to the matrix for E;. This is a special case of the primary decomposition theorem
of linear algebra (see, e.g., Curtis [7]).

Write C,, ~ D,, for matrices C,,, D,, € GL(R™) if C,,D,;' — I, the identity
matrix. The spectral decomposition theorem [11], Theorem 4.3.10] states that (Cy,)
varies regularly with index FE if and only if C,, ~ D, T for some invertible matrix
T and some (D,,) regularly varying with index E such that each V; in the spectral
decomposition of R™ with respect to F is D,-invariant for all n, and D,, = D1, &
-+ ®Dpy,, where each D;,, : V; — V; is regularly varying with index F;. We say that
(Dy,) is spectrally compatible with E. The role of T is clear, since D[M]T(DnT)_1 =
Diyn D;;! for any T. Then for any nonzero = € V;, for any € > 0, for some ny we
have

n% "¢ < ||Dyz| < n%Te for all n > ny;

see [I1}, Theorem 4.3.1]. Then ||Cpz|| grows like a power, with an exponent depend-
ing on x.

3. MATRIX TAUBERIAN THEOREM

Let u(x) be a nondecreasing right-continuous function defined on = > 0, and
suppose that its Laplace-Stieltjes transform

(3.1) u(s) == /000 e Fu(dx)

exists for some s > 0. Karamata’s Tauberian theorem (e.g., see [8, Theorem 1,
XIII.5]) states that
xPl(x)

(3.2) u(x) ~ T+ ) asx — 0o <  u(s)~s PUl/s) ass—0,
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MATRIX REGULAR VARIATION 2209

where p > 0 and ¢(z) is slowly varying at infinity. In order to extend this result to

matrix-valued Laplace transforms, we require the matrix gamma function, defined
by

(3.3) I'(P) ::/ yPle Yy
0
for any matrix P whose eigenvalues a + ib all satisfy a > 0.
Proposition 3.1. T'(P) exists, is invertible, and T'(P + I) = PT'(P) =T(P)P.

Proof. Let 0 < by < --- < b, denote the real parts of the eigenvalues of P. Then,
by Theorem 2.2.4 of [I1], for any 6 > 0 there exists a constant K > 0 such that
lyP=1| < Kyt*=1=% for 0 < y < 1 and ||y"~!|| < Ky*»~'*9 for y > 1. Hence
I'(P) is well defined. Since 4 (tF) = PtF~ integration by parts yields I'(P+1) =
PT(P). That I'(P) and P commute follows directly from (B3). Finally, it follows
from [9] that I'(P) is invertible. O

Given a sequence of matrices (C;) € RV (E), let a1 < --- < a,, denote the real
parts of the eigenvalues of F, and suppose that a; > —1. Define

[2]
(3.4) Uz) == Z C,

j=0

for x > 0. The function U(z) has the matrix-valued Laplace transform
(3.5) Ul(s) := / e ¥ U(dx) = Ze_SjCj.
0 =0

It follows from [I1, Theorem 4.2.4] that for any § > 0, there exists a constant K > 0
such that ||C;]| < Kj%*% for all j > 0, and hence U(s) exists for all s > 0. Our
next goal is to show that regular variation of (C;) implies regular variation of the
function U(z) at infinity, as well as regular variation of its Laplace transform U (s)
at zero. We begin by establishing two convergence results, which we will later prove
are equivalent to regular variation.

Theorem 3.2. Let (C,) € RV (FE) and assume that every eigenvalue a +ib of E
has real part a > —1. Define B,, = nC,,. Then

(3.6) U(nz)B, ' — ®(z)

uniformly on compact subsets of {x > 0}, where
(3.7) O(z) := / sPds = Pzt
0

is invertible for all x > 0, where P:=1+ E.

Before we give a proof of Theorem [B.2] we establish the existence of the limit in

@)

Lemma 3.3. The function ®(z) in B1) ezists for all x > 0, and ®(x) — 0 as
x — 0.
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2210 M. M. MEERSCHAERT AND H.-P. SCHEFFLER

Proof. Choose § > 0 such that a; — ¢ > —1. Then, by Theorem 2.2.4 of [11], there
exists a constant K > 0 such that ||s¥|| < K579 for any 0 < s < 1. Hence the
integral in ([B.7)) exists. Moreover we have

lo()] < / 15| ds < K"+ 0
0

as ¢ — 0. It remains to evaluate that integral. It is well known that the function
x = exp(tA) solves the linear system of differential equations ' = Az. This and the
chain rule imply that f(t) = t4 = exp(Alogt) has derivative f'(t) = At4(logt) =
AtA~T and then the fundamental theorem of calculus yields (3.7). O

The following two lemmas are essential for the proof of Theorem

Lemma 3.4. Given § > 0 such that ay — § > —1, there exists a constant K > 0
and a natural number ko such that

. k (11—5
(3.8) |CuCY| < K (E)

forall kg <k <n.

Proof. Let E! denote the transpose of the matrix E with respect to the usual
Euclidean inner product. Since both E and E! have the same eigenvalues, the
real parts of the eigenvalues of —E* are —a, < --+- < —a; < 1. By [I1, Theorem

2.2.4] there exists a A\g > 1 such that ||)\5Et\| < )\ga1+6/2. Choose €1 > 0 such

that )\aa1+6/2 +e1 < Ag@T. Since (C) is in RV (E), it follows easily that
(CHY™L = (C;; 1)t is in RV oo(—FE"). Then for any 0 < a < b < oo we have

(3.9) (C’[;\il])thL — A"F" uniformly on A € [a,b] as n — o0

by the uniform convergence theorem [I1, Theorem 4.2.1] for regularly varying ma-
trices. Hence, there exists a kg > 1 such that

[(Coa) Ch = A <&
for all 1 < X\ < Ao and all k > ko. Then, using the general fact that ||A*| = || Al
we get
lokCll < e g™ ] < g *?

for all £ > kg. Given ko < k < n, write

n (n,k)

T Ao b
for some integer m(n,k) > 0 and 1 < p, 1 < Ag. Using (B9) again, there exists a
constant K > 0 such that

—1
m(nk) 1 C "
g k] [n kA

. el =5
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MATRIX REGULAR VARIATION 2211

for all kg < k < n. Moreover
ICkC | = llCkCy n/k al

o H [, kxm(" ’”)k]H

o [ —

[)\nl(n k)k

H HC o k)k]C[un AT ’“)k:JH

< & (pgerr)"

x(p) "

for all kg < k < n and the proof is complete. |

Lemma 3.5. For any § > 0 such that a; — 6 > —1, there exists a constant K’ > 0
and a natural number ng such that

[ne]

(3.10) chc < Klgttar=d

for allm > ngy and all € > 0.

Proof. By Lemma [B4] there exists a kg > 1 such that ([B.8]) holds for kg < k < n.
Write

L Il
= Z CiyC,!

ko 1 [ne]
:—chc += chc—
k ko
=: A,L + Dg.

Since By, := nCy, is in RV (F + I), and the real parts of the eigenvalues of E + I
are positive, we get using [I1l Corollary 4.2.6] that

ko—1

> Gt
k=0

Furthermore, by (3.8) we get

[ Anll < B Y| =0 asn— oo.

1 [ne]
PAEES pilexel
k=ko

[ne]

<K= Z( )@1—5

_k(]
ne

< Kn—l—a1+5/ ya1—6 dy
ko—1
< K/51+a1_6

for all large n, where K’ > 0 is a constant independent of n. (]
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2212 M. M. MEERSCHAERT AND H.-P. SCHEFFLER

Proof of Theorem B2l For n > 1 and s > 0 let
1 oo
Un(s) = =D (k4 1)1 i) (5)

n
k=0

and observe that ¢, (ns) — s as n — oo. Fix any # > 0. Then for any 0 < e < z
we can write
[nz

Unz)B, ' = - Z CrC1

n

[nm]
= C[t] C,:l Ay, (t)
0

_ / " g O L iy (1)
0

— / Clng)Cp ' diby (ns) + / Clng Cry t dipy (ns)
5 0
= Iﬁ’g + J,rEL,

where x,, := [nz]/n — x as n — oo. By uniform convergence on compact subsets
in 210 we get
Clng)Cr = s¥  uniformly in s € [e, 2]

as n — 0o. Then it follows by standard arguments that
x
I,f’g—>/ sPds asn — oo,
€

By Lemma B3] we know that ®(¢) — 0 as € — 0. Then it follows from Lemma [3.5]
that (3:6) holds.

To show uniform convergence, we have to show that whenever z,, - x > 0 we
have U(nz,)B, ' — ®(z) as n — co. Assume first that z,, | z. Then we have

U(nz,)B,! = U(nz)B Z CrCL.
k [nz]+1

The argument for Lemma [3.3] yields

["wn]
H— > Gl < Kt - gttt S0
=[nz]+1

as n — 0o. The proof of the case z,, T = is similar. O

Remark 3.6. In the scalar case m = 1, there is a partial converse to Theorem
B2 called the monotone density theorem (e.g., see Feller [8, Theorem 4, XIII]): If
the sequence (c,) is eventually monotone, then regular variation of u(z) = ¢; +

-+ ¢[p) with index p implies regular variation of a sequence c, with index p —
1. If every element [C,];; forms a monotone sequence, then this result can be
extended to sequences and series of matrices, with a very similar proof. However,
this assumption is rather strong. For example, if every C), is a diagonal matrix, and
if the diagonal entries are all eventually monotone, then U(z) € RV (P) implies
that (Cy,) is in RV (P — I). However, since each diagonal entry forms a regularly
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MATRIX REGULAR VARIATION 2213

varying sequence of real numbers, everything reduces to the scalar case. A more
general monotone density theorem for matrix-valued functions seems difficult.

Next we state and prove the analogue of Theorem for the Laplace-Stieltjes
transform. Note that ®(dz) = sPdz in light of ([B.1).

Theorem 3.7. Let (C,) € RV (FE) and assume that every eigenvalue a +ib of E
has real part a > —1. Define B, := nC,,. Then

(3.11) Un~ts)B;! — ®(s)
uniformly on compact subsets of {s > 0}, where

(3.12) d(s) 1= /Oo e 5 ®(dx) = s FT(P)
for all s >0, with P:=1+ E. 0
Before we prove Theorem [B.7] we need some preliminary results.
Lemma 3.8. The integral ®(s) in B12) exists, and
(3.13) d(As) = AP d(s)
for all s >0 and all A > 0.

Proof. As in the proof of Lemma [3.3] we have

1 1
H/ e TP dxH < / ||xE|| dr < oo.
0 0

By Theorem 2.2.4 of [11], for any § > 0 there exists a K > 0 such that [|zZ] <
Kzt for all 2 > 1. Then we have

o0
‘/ e 5% 2F dx
1

so ®(s) is well defined. Equation ([BIZ) follows from the definition ([33) of the
matrix gamma function, by a simple change of variable. Then BI3)) follows from

B12). O

Lemma 3.9. Given 6 > 0, there exists a constant K > 0 and an integer ng > 1
such that

o0
< K/ P ad dy < o0,
1

kN ap+9o
(3.14) lewei | < (%)

n
for allng <n <k.

Proof. By Theorem 2.2.4 of [I1], there exists a A9 > 1 such that | \F| < /\ng/Q.

Choose g1 > 0 such that )\8”+5/2 +e < )\8”+5. By uniform convergence in (2.1]),

there exists an ng > 1 such that
[CaaCrt = AP < e
for all n > ng and 1 < A < A\g. Especially, for all n > ny,
_ ap+o
HC[)\On]CYL 1|| <er+ ||>‘(?|| < )‘O :
Now for ng < n < k write

k m(n
— =X ( 7k),ufn,k
n
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2214 M. M. MEERSCHAERT AND H.-P. SCHEFFLER

for some integer m(n, k) > 0 and some 1 < p,, ;; < Ag. Then we have for ng <n <k,

1CLC I = HC[M,,CA()"("*")”]erlH
< HC[un,k,\g"("*’“)n]C[j\zn(n,k)n]H HC[,\g,"““’“)n]C[j\inm,m—ln]H HC[/\on]C;1H
< ke (xp0)""
< K(E)a,}+5
n
using uniform convergence again. This concludes the proof. ]

Proof of Theorem 3.1 Fix any s > 0. Given 0 < & < M, use the notation from the
proof of Theorem to write

N 1
U B—l —— —(s/n)k:c C—l
Byt = 13 e,

/ eisyC[ny] C;l d1/)n(ny)
0

£ M
= / eV Cly) Oy ! dipn (ny) + / e Cluy) Cp dib (ny)
0 €
-l-/ e_syC[ny]Cgld’L/Jn(ny).
M

By uniform convergence on compact subsets in (2.1]) we get by a standard argument
that

M M
/ € Cpny) Cpy " dipy(ny) — / e~y dy

as n — 0.
Furthermore, as in the proof of Lemma [3.3] we have

154 €
H/ efsnydyH S/ lyZlldy — 0 ase— 0.
0 0

As in the proof of Lemma [3.8] we have
H/Oo e Yy P dyH < K/Oo ey ody 50 as M — .
M M
Now
B 1 el 1 el
H/o e 0y Cr! dwn(ny)H = Hﬁ ];)6(5/")kckcnlu < - ’;JHCICCJIH’

which can be made arbitrarily small, uniformly for all large n, if £ > 0 is chosen
small enough, using Lemma
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MATRIX REGULAR VARIATION 2215

Finally, for any 6 > 0, by Lemma 3.9 there exists an ng > 1 such that ([B.14)
holds for all ng <n < k. Then, for M > 1 and n > ng we get that

)
ezt =[5 |
M k= [nM
1 oo
< = —s(k/n) -1
S S leNe]
k=[nM]

1 > kN apto
< K= fsac/n)(_)
- on Z € n

k=[nM]

< K/nlapé/[\ | efs(y/n)yaerJ dy
nM

0
< K// e—suuap+6 du,
M-1

which can be made arbitrarily small if M > 1 is chosen large enough.
To prove uniform convergence let s, ¢ s > 0 and write

U(s/n)B;t —U(s,/n)B Zefs k/”)( e*<k/")(5n*5>)ckc,;1

+= Z e—s(k/n) (1 _ e—(k/n)(sn—8)>ckcn—1
= FE, + F,.
Now, using |1 — e~ *| < z for z > 0 we get
1< _
1Bl < lsn = 1= [ CC |
k=0

Using Lemma with € = 1, it follows that E,, — 0 as n — co. Moreover, using
Lemma [3:9] again, there exists an ng > 1 such that [BI4) holds for all ng <n < k.

Then we get
Il < ool 3 32 e (D) e
n = n
1> k 1+ap+6
<o S ()
< K'|s, — s]
for some constant K’ > 0. The proof of the case s, 1 s is similar. O

Equation (B0 is a sequential version of the definition for regular variation. Our
next goal is to show that this sequential definition is equivalent to the standard
definition (2.

Theorem 3.10. A Borel measurable function U : RT — GL(R™) is RV (P) if
and only if there exists a sequence (By,) in RV (P) such that BH) holds uniformly
on compact subsets of x > 0, for some ®(z) € GL(R™). Then ®(z) = 27Q for
some @ € GL(R™).
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2216 M. M. MEERSCHAERT AND H.-P. SCHEFFLER

The proof requires a simple lemma.

Lemma 3.11. The function U(x) in BA) is invertible for all x > 0 sufficiently
large.

Proof. Theorem [3.2]implies that U(nz)B, * — ®(x) in the topological vector space
L(R™) of m x m matrices with real entries, where ®(x) is invertible. The set of
invertible matrices is an open subset of L(R™), since it is the inverse image of the
open set {y € R : y # 0} under the determinant function, which is continuous.
Then U(nz)B, ! is invertible for all large n, and since B, is also invertible, it

follows that U(x) is invertible for all large . O

Proof of Theorem BI0. Suppose that (B.6) holds uniformly on compact subsets,
with ®(x) € GL(R™). Then for any A > 0, using the uniform convergence, we have

Ua)U(z)! = (U(Ax)B[;]l) (U(x)B[;]l)_l S A1) = T(N)

as £ — oo. Then [I1, Theorem 4.1.2] implies that ¥(\) = A\f for some matrix R,
and U(x) is RV, (R). Write

U(nAz)B, ' = U(nAa)Bp,,, Bpw By

and take limits to see that U(\z) = ¥(z)AF, showing that R = P. Then ®(z) =
2P Q, where Q = ®(1). Conversely, if U(z) is RV (P) and (ZI) holds, then this
convergence is also uniform on compact subsets of > 0 by [I1, Theorem 4.2.1],

and so we have U(nz)U(n)~! — 2 as n — oo, uniform on compact subsets. Then
(B.8) holds uniformly on compact subsets with B,, = U(n) and ®(z) = z*". O

Corollary 3.12. A Borel measurable function U : Rt — GL(R™) is RVo(—P) if
and only if there exists a sequence (By,) in RV o (P) such that BII) holds uniformly
on compact subsets of s > 0, for some ®(s) € GL(R™). Then ®(s) = s~ 7Q for
some @ € GL(R™).

Proof. Apply Theorem to the function f(z) = U(1/x). O

Now we will state and prove the analogue of Karamata’s Tauberian theorem for
matrix-valued functions. The scalar result (B2 implies that u(z) varies regularly
at infinity with index p > 0 if and only if @(s) varies regularly at zero with index
—p, and in either case

u(l/z) ~T(p+ Du(z) asz — co.

In the matrix version of this result, the index p becomes a matrix P, whose eigenval-
ues a+1ib all satisfy a > 0. Suppose that U : RT™ — GL(R™) is Borel measurable and
that every component [U(x)];; is of bounded variation. Assume that the Laplace
transform

Ul(s) :== /000 e U (dx)

exists for any s > 0. Here the integral is defined as a Stieltjes integral component-
wise.

Theorem 3.13 (Karamata theorem for matrices). SupposeNthat every eigenvalue
a+ib of P has a > 0. Then U(z) is RV (P) if and only if U(s) is RVo(—P), and

in either case

(3.15) U(l/z) ~T(P+ DU(z) asz — 0.
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MATRIX REGULAR VARIATION 2217

Proof. Suppose U(z) is RV (P) and that every component [U(z)];; is of bounded
variation. Then Theorem B0 implies that ([3.6) holds uniformly on compact sub-
sets of > 0 for some sequence (B,) in RV (P), with ®(z) = #Q for some
Q@ € GL(R™). Let by < --- < by, be the real parts of the eigenvalues of P. It follows
from [IT), Theorem 4.2.4] that for any § > 0, there exists a constant K > 0 such that
|U(z)|] < Kab*0 for all z > 0, and hence U(s) exists for all s > 0. Applying the
continuity theorem for Laplace transforms (e.g., see Feller [8, Theorem 2a, p. 433])
component-wise, we obtain by a simple change of variables

0(s/n)B-" = / e~ (/™7 [7(dz) B!
0

-/ T e U ndy) B - / " eva(dy) = (s)

for any s > 0, where

(P(S) — / e—syPyP—IQdy _ / e—wxP—ISI—PQS—ldx _ S_PF(P + I)Q
0 0

To prove uniform convergence, given s, — s > 0, let z, = (s,/s)r — = and
substitute y, = x,/n to get

0 (s0/n)B; " = / e~ /M 17 () B!
0

oo (o) -
= / e Y U(ndy,)B, * — / e~ (dy) = D(s)
0 0

since U(ny,)B,;! — ®(y). Then Corollary implies that U(s) is RVo(—P).

Conversely, suppose that U(s) is RVo(—P). Then Corollary B.I2 and Proposition
BIlimply that (BI1)) holds uniformly on compact subsets of z > 0 for some sequence
(B,) in RV (P), with ®(s) = s FPT(P + I)Q for some Q € GL(R™). A simple
change of variables yields

0(s/n)B=" = /O ey (dn) B = /0 T e U (ndy) B = B(s) = /0 e (dy)

as n — oo. Applying the continuity theorem for Laplace transforms component-
wise, we obtain U(ndy)B,'! — ®(dy). Integrating over the set [0,z] yields
U(nx)B,' — ®(z), uniformly on compact subsets of z > 0. Then Theorem B0
implies that U(x) is RV (P).

In either case, we have from ([3.6) with ®(z) = ¥ Q that

U(a:)B[;]1 — @ asz — o0.
We also have from BII) with ®(s) = s "T'(P + I)Q and s = 1/x that
U(l/z)B,; = ®(1) =T(P+1)Q asz — oo,
and hence, in view of Lemma [3.11] it follows that

U1)z)U(z)™t = ﬁ(l/x)B[;]l (U(ac)B[;}l)*1 —T(P+DHQQ™" asz— oo.
Then using Proposition [3.1] we get
U/z)U(z) ' TI(P+ 1) =1 asz— oo,

which is the same as (3.15]). O
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4. SHARP GROWTH BOUNDS

In this section, we prove sharp bounds on the growth behavior of the function
U(zx) in (34) and its Laplace transform U (s) in (B3], assuming that the underlying
sequence of matrices (C),) is in RV (E), where every eigenvalue a + ib of E has
real part a > —1. Recall the spectral decomposition R™ = V; @ --- @ V,, and
E=FE & - -®FE,, where E; : V; = V; and every eigenvalue of E; has real part a;.
Apply [11] Corollary 4.3.12] to obtain a matrix Ty and a regularly varying sequence
(G,,) such that TyC,, ~ G, where (G,,) is RV (Ey) with Ey = TOET()_l and:

(a) The subspaces W; = Tp(V;) in the spectral decomposition of R™ with re-
spect to Ey are mutually orthogonal.

(b) These subspaces are also G, invariant.

(c) If we write Eg = E19 @ -+ ® Epo and Gy, = G, @ -+ - & Gy, with respect
to this direct sum decomposition, then each G;, : W; — W, is regularly
varying with index E;o = ToE; Ty *.

(d) Every eigenvalue of F;g has real part a;.

(e) fxp > ain Wy & --- @ W,, then n~?||Gpxy,|| — 0 for all p > a;.

Oz, 522#0n R\ (W, @ - @ W;), then n=?||Gpz,| — oo for all
p < Qiy1.

Define
a(f) := max{a, : 0; # 0},

for 8 # 0, where we write § = 61 +- - -+6,, with respect to the spectral decomposition
W1 ®---®W,. The following result gives a sharp bound on the growth in different
directions for the regularly varying matrix-valued function U(x).

Theorem 4.1. For any direction 8 # 0 and any § > 0 small, there exist m, M > 0
and xg > 0 such that

(41) mx1+a(9)—6 < ||U(.’[)0H < M{E1+a(9)+6
for all z > xg.

Proof. Since all norms are equivalent in R™, it suffices to consider the Euclidean
norm. Write

U(2)0 = (U(z)B,)) Bt
so that
|U@)6] = || (U(2)Bg}) Bufl
< |[U@) By | 1Bub|-
In view of Theorem [3.2] there exists a constant K > 0 such that

|U@)BG I < K

for all z > 0. Then it remains to obtain an upper bound on ||B[$]0H. By definition,
a(f) = a; if and only if both 6 € W1 @ --- @ W and § €e R™\ (W1 @ --- @ W;_q).
Recall that B, = nC,, ~ nTO_lGn. By property (e), there exists K > 0 such that

[t < rne
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for all large n. Since C,, ~ D,, for matrices implies that ||Cy,x| ~ ||Dpz| for all
x € R™ it follows that

1Bigbll ~ 2] 1767 Gyl < KNTy  fl* 0

for all large x. This proves the upper bound in ({ZI).
For the proof of the lower bound, use the general fact that || Az| > ||z||/||A™!]]
for all x € R™ to write

_ 1B
IU(2)6]| = ||U(x) B} Biay|| = -
for some constant M > 0, since (U(I)B[;]l)71 — ®(1)~! as # — 0o by Theorem

By property (f), there exists K > 0 such that
IG.6] > Kt

> M|| B

for all large n. Then

for all large x. This proves the lower bound in (£1]), and hence the proof is complete.
O

Next we prove sharp growth bounds on the behavior of the matrix-valued Laplace
transform U (s) near zero.

Theorem 4.2. For any direction 8 # 0 and any 6 > 0 small, there exist constants
m, M >0 and sg > 0 such that

(4.2) ms~ 17O < T ()| < Ms™im®)—9
for all 0 < s < sp.

Proof. For x > 0 write
U(1/2)0 = (0(1/:5)3[;]1) B0

and observe that by Theorem B7] we have f](l/x)B[;]l - T+ E) as ¢ — oc.
Then, it follows as in Theorem [Tl that, for some constants m, M > 0 and zy > 0,
we have

mzlJra(G)f& < ”ﬁ(l/x)on < leJra(G)Jré

for all x > xg. Setting z = 1/s, the result follows. O

5. APPLICATIONS

This paper was motivated by a problem in time series analysis. Some recent
papers of Barbe and McCormack [3, 4] apply regular variation to model linear
processes

o0
Xt = E Cth_j,
Jj=0
where (Z;) is a sequence of iid random variables. In time series analysis, it is

common to represent the linear process X; = p(B)Z;, where p(z) := Zj c;jz?, using
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the backward shift operator BZ; = Z;_;. For example, in the FARIMA(0, d,0)
process we take
- ; d
cj = wj(-d) = ( jd> (=1)7 ~ mjdfl as j — oo

so that p(B) = (1— B)~%, X, is the fractional integral of the noise sequence Z;, and
we take 0 < d < 1/2 for long range dependence [6]. The more general approach
in [3| 4] uses a regularly varying sequence c¢; with the same index d — 1. The
analysis of these long range dependent times series relies on a Tauberian theorem,
Theorem 5.1.1 in [4] (see also Corollary 1.7.3 in [f]), that relates the function
u(x) = co + -+ + ¢y to its Laplace transform a(A) = >, e Mec; using regular
variation. The connection to Laplace transforms comes from p(z) = @(—In z).

For vector time series, it is natural to consider the linear process

oo
(5.1) Xt = Z Cth,j,

j=0
where the Z; are iid random vectors, and the C; are matrices. Then we can write
X¢ = p(B)Z;, where p(z) =3, C;27. For example, a vector FARIMA time series
with a different order of fractional integration in each coordinate can be defined
using

w;dl)
. d d

C; = dlag[w]( 1), o ,w](- ”)] =

™)

Then C; varies regularly with index E = diag[d; —1, ..., d, —1] and the eigenvalues
of E are (dj — 1) € (—1,—1/2). In this example, we have

p(s) = diag[(1 —s)~ %, ..., (1 —s)"%]
and the ith coordinate of X} is a FARIMA(0, d;,0) time series, where we emphasize
that d; varies with the coordinate. The Laplace transform

(o)
U(s) = ZeijCj
j=0
exists for s > 0, and clearly we have
(5.2) p(1—5)=U(—1log(1—s)) ~U(s) ass— 0.

Since p(1 — s) = diag[s~%,..., s~ %] varies regularly at zero with index —P =

—I — E, so does U(s), consistent with Corollary

The vector time series (G.I]), where (C;) € RV (E), and every eigenvalue a+ib of
E hasreal part a € (—1,—1/2), provides a flexible model for long range dependence.
The strength of the long range dependence varies with the coordinate, and the
coordinate system is completely arbitrary. The convergence and other properties
of the moving average (B.I)) depend on analysis of the matrix-valued power series
p(l—s)=3,C;(1— s)7 as s — 0; see Barbe and McCormack [3 [4] for the scalar
case. It follows from (B.2)) and the matrix Tauberian theorem, Theorem BI3] that

p(1—s5)~U(1/s)I'(P+1I) ass— 0,

where P = E+1, so that p(1 — s) is regularly varying at zero with index —P. This
indicates one possible application of the results in this paper. Since vector regular
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variation has proven useful in many areas (e.g., see Balkema and Embrechts [2] for
a regular variation approach to extreme value theory in R™), it is possible that the
results of this paper will also find applications in other contexts.

Remark 5.1. For modeling purposes, we are free to choose the sequence (C,,) in
(GI). Theorems Tl and illustrate the advantage of choosing the regularly
varying sequence to be spectrally compatible with its index FE. Then the sharp
growth bounds in those results are governed by the spectral decomposition of E.
Specifically, one can take W; = V; in the definition of the index function «(f), and
G,, = C), in the proofs.
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