Chapter 14 From Randomness to Probability

Probability deals with modeling of random phenomena  (phenomena or experiments whose outcomes in each trial  may vary but all possibles outcomes are known in advance) 

Examples:

1. A toss of a coin

2. A roll of a die

3. A random selection of an individual from a population

Intuitively probability of an event is a long-run relative frequency of the event in many independent repetitions of the experiment.
Law of Large Numbers:  
[image: image1.wmf])

(

#

#

A

P

s

repetition

of

occured

has

A

times

of

®



[image: image2.wmf]
Model of a random phenomenon

1. The sample space  S (or () = the set of all possible outcomes

2. Events = subsets of the sample space

Venn Diagram:   
[image: image22.wmf]Union of A and B

 

Union of A and 

B

 

 


[image: image23.wmf]  

 


· If A is an event, the event that "A does not occurs"  is denoted Ac and is called the complement of A
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· Two events are called disjoint, if they cannot occur simultaneously


· Combined events:   A and B,  A or B

   A and B 




A or B


3. Probability = a function that to each event A assigns a number P(A) (called the probability of an event A)  with the properties that

a) 0 ( P(A) ( 1

b) P(S) = 1

c) P(Ac) = 1-P(A)

d) if A are B are disjoint, then P(A or B) = P(A) + P(B)




Definition:  Events A and B are independent  iff 

P(A and B) = P(A) P(B)

Example 1 
Three coins are tossed.

· The sample space  

     S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

· Let 
A="two heads" = {HHT, HTH, THH}

B="H in first toss" = {HHH, HHT, HTH, HTT }

C="H in second toss" = {HHH, HHT, THH, THT }

· Probability of each outcome  = 1/8 (equally likely outcomes)

P(A) = 3/8

P(B) = 4/8 = 1/2

P(C) = 4/8 = ½

· Combined events:   

B and C = “ H in first toss and H in second toss” = {HHH, HHT} 


B or C   = “ H in first toss or H in second toss” =

                   = { HHH, HHT, HTH, HTT, THH, THT }
· Events B and C are independent 

B and C  =" first and second toss are H" = {HHH, HHT}

P(B and C) = 2/8  =1/4

P(B) P(C) = 1/2 ( 1/2 = 1/4

P(B and C) = P(B) P(C)

Proportion and Probability. 

Let p be a proportion of population having certain property S. If  one individual is selected from this population at random, then the probability that it has the property S is p 

Chapter 15 
Probability Rules

Model of a random phenomenon

1. The sample space  S (or () = the set of all possible outcomes

2. Events = subsets of the sample space

· Ac = "A does not occurs"  - the complement of A

· Two events are called disjoint, if they cannot occur simultaneously

· Combined events:   A or B,  A and B

3. Probability = a function that to each event A assigns a number P(A) 

· 0 ( P(A) ( 1

· P(S) = 1

· P(Ac) = 1-P(A)

· if A are B are disjoint, then  P(A or B) = P(A) + P(B)



On Venn diagram the probability behaves as area.  

General addition rule

        P(A or B) = P(A) +  P(B) - P(A and B)




Example:

Police report that 78% of drivers stopped on suspicion of drunk driving are given a breath test, 36% a blood test, and 22% both tests. What is the probability that a randomly selected DUI suspect is given

1. A test?

2. A blood test or a breath test, but not both?

3. Neither test?




Conditional Probability

Example. Given is a contingency table of students cross-classified by their school goal and gender

	
	
	Goals

	Gender
	
	Grades
	Popular
	Sports
	Total

	
	Boy
	24
	10
	13
	47

	
	Girl
	27
	19
	7
	53

	
	Total
	51
	29
	19
	100


A student is selected at random. Let

       G ="a girl is selected" and S = "wants to excel at sports"

1. Find P(G) 

2. Find P(S) = 

3. Find the probability that  "a girl is selected and  she wants to excel at sports" 

                   P(G and S) = 

4. Find the probability that  "a student  wants to excel at sports, given that a girl is selected  ".

                   P(S | G) =

Conditional probability of B given A (given that A has occurred) is
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A and B are independent, if

              P(B|A) = P(B) and P(A|B) = P(A)

that is  if            

P(A and B) = P(A) P(B)

Example

If P(A) = 0.4 and P(B) = 0.5, find P(A and B) if

· A and B are mutually excusive (disjoint)................................

· A and B are independent           ................................

Multiplication Rule

From   
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 it follows that 
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Recall that for independent events  
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Example. 

In a lot of 10 elements there are two defectives. Two elements are selected at random and without replacement, one after another. 

1. What is the probability that the first is good and the second is defective?

2. What is the probability that the second is defective?

Answers: 

      1.  (8/10) * (2/9) = 8/45

      2.  P(G and D) + P(D and D) = (8/10)*(2/9) + (2/10)*(1/9) = 1/5 

4. Tree Diagram
Example  

For men binge drinking is defined as having five or more drinks in a row, and for women as having four or more drinks in a row. According to a study by the Harvard School of Public Health , 

· 44% of college students engage in binge drinking, 

· 37% drink moderately and 

· 19% abstain entirely. 

Another study  finds that among binge  drinkers aged 21 to 34, 

· 17% have been involved in an alcohol-related automobile accident, while among non-bingers of the same age, only 9% have been involved  in such accidents.

1. What proportion of college students engage in binge drinking and have been involved in an alcohol-related automobile accident?

2. What proportion of college students have been involved in an alcohol-related automobile accident?
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4. Reversing the Conditioning (Bayes’ Rule)

Given P(B), P(BC), P(A|B) and P(A|BC), find   P(B|A)

Solution: 

1.  
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2.   
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Bayes’s Rule       
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Chapter -16,    Random Variables

A random variable is a variable whose numerical value is determined by the outcome of the experiment. 

Random variables (r.v.’s) are usually denoted by X, Y, Z,…..

There are two types of random variables: discrete and continuous. If a random variable X assumes distinct values: x1, x2, …,xn, …..it is called a discrete random variable.  Otherwise it is called continuous.

Example 1. Three tosses of a fair coin. Define Y = the number of tails in three tosses of a fair coin.

	A
	B
	C
	Probability
	Y

	H

H

H

H

T

T

T

T
	H

H

T

T

H

H

T

T
	H

T

H

T

H

T

H

T
	1/8

1/8

1/8

1/8

1/8

1/8

1/8

1/8
	   0

       1

       1

       2

       1

       2

       2

       3


	Event
	Y
	            P(Y = y)

	0T 3H

1T 2H

2T 1H

3H 0T
	           0

           1

           2

           3
	               1/8

               3/8

               3/8

               1/8


  Y has possible values 0, 1, 2, or 3.

P(Y=0) = 1/8, P(Y=1) = 3/8, P(Y=2) = 3/8, P(Y=3) = 1/8.

Notice that the sum of probabilities over all possible values of Y is 1.

Probability histogram:
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This is one of the simplest examples of a probability distribution. (Think about this chart as a relative frequency histogram for population). Based on our assumptions about the experiment, we can calculate the area (height) of any of the bars in the population histogram.  


If the selection is made at random, what is the probability that only hard problems are chosen.

In many practical situations one can approximate the distribution of a random variable by using relative frequencies from a large set of observations. 

Example 2:

Suppose that X denotes the number of telephone receivers in a single family residential dwelling. From an examination of the phone subscription records of 550 residences in a city, the following frequency distribution is obtained.
	# of  receivers
	# of residences

	0
	10

	1
	120

	2
	260

	3
	100

	4
	60

	TOTAL
	550


	X = # of  receivers in residence
	   f(x)

	0
	.018

	1
	.218

	2
	.473

	3
	.182

	4
	.109


Probability calculations based on the distribution function of a random variable.

In the above example compute:

P(X > 2) =                                                      P(X<4) =  

P(1( X  ( 3) =

Expectation and  standard deviation of a random variable

Assume that a discrete r.v. X assumes values x1, x2, …,xn, …..


Example 1 continued. Three tosses of a fair coin. Define Y = the number of tails in three tosses of a fair coin.

	Event
	Y
	           f(y) = P(Y = y)
	          y f(y) = y P(Y = y)

	0T 3H

1T 2H

2T 1H

3T 0H
	0

1

2

3
	1/8

3/8

3/8

1/8
	                     0

                    3/8

                    6/8

                    3/8 


E(Y) = 12/8 = 1.5

Example 3. A roulette wheel has 34 slots, 2 of which are green, 16 are red , and 16 are black. A successful bet on black or red doubles the money, whereas one on green fetches 10 times as much. Suppose that you bet once $2 on the black. X= profit from one game in $.

	Slot
	green
	red
	black

	X 
	-2
	-2
	2

	probability
	2/34
	16/34
	16/34


Distribution of X:

	x
	-2
	2

	f(x)
	
	


E(X) =

Now suppose that you split $4 and you bet $2 on the red and   $2 on the green in the same game.

Y= profit from one game in $.

	Slot
	green
	red
	black

	Y
	
	
	

	probability
	2/34
	16/34
	16/34


E(Y) =
Expectation of a function of a random variable:
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e.g. h(x) = x2,                         
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Variance  of X:
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 EMBED Equation.3  [image: image16.wmf]
Standard deviation of X
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Variance  and standard deviation are measures of spread of  probability distribution of a random variable.

Alternative formula for variance:
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Example 1 continued.
	x
	           f(x) 
	           (x-()2 
	           (x-()2  f(x) 

	0

1

2

3
	1/8

3/8

3/8

1/8
	
	


( =
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	x
	           f(x) 
	           x2 
	           x2 f(x) 

	0

1

2

3
	1/8

3/8

3/8

1/8
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                                          More about Means and Variance

1.  If a, b, c are constants and X, Y are two random variables, then …..

               E( aX + bY + c) =  aE(X) + bE(Y) + c

       2.    If   a, b, c are constants and X, Y are two independent random    variables, then   

               Var(aX + bY + c)  =   a2 Var(X) + b2Var(Y)
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If a random variable X assumes distinct values values: x1, x2, …,xn, …..it is called a discrete.  


The probability distribution of X is a function:





f(xi) = P(X = xi)








f(xi) ( 0


( f(xi) = 1








Expected value of X:





� EMBED Equation.3  ���, where  f(xi) = P(X = xi)





� EMBED Equation.3  ���, where  f(xi) = P(X = xi)
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