Chapter 17 
Probability Models

A Bernoulli trial = a random experiment with two complementary events  success (S)  and  failure (F). 

P(success) = p

P(failure) = q = 1 - p

Bernoulli trials = independent repetitions of a Bernoulli trial

Examples:

1. Tossing a coin 20 times, success = Heads, p = 0.5,        q = 0.5, n = 20

2. Rolling a die 10 times, success = six, p = 1/6, q = 5/6,  n = 10

3. Taking multiple choice exam unprepared, success = correct answer, p = 1/5, n = number of questions

4. Products coming out of production line, success = defective item, p = proportion of defectives

5. Buying 10 boxes of cereal, success = box contains Tiger Woods picture, p = 0.20 (assume that there is 20% chance that a box of cereal contains the Tiger Woods picture), n = 10  

6. Selecting a sample of 100 students and counting graduate students, success = graduate student, p = proportion of graduate students on a campus, n=100

NOTE: If we select a sample without replacement then trials are not independent. But if the population is more that 10 times the sample, then they are almost independent and we treat a sample as Bernoulli trials.

Example 1 

Assume that there is 20% chance that a box of cereal contains the Tiger Woods picture.  Let X = number of boxes you need to buy to get the Tiger Woods picture.

P(X=1) = 0.2

P(X=2) = P(FS) = 0.8 ( 0.2

P(X=3) = P(FFS) = 0.82 ( 0.2

P(X=4) = P(FFFS) = 0.83 ( 0.2

In general  

P(X=x) = P(F…FS) = 0.8x-1 ( 0.2           x=1,2,3,…

Geometric Model – Geom(p)

Let  X = number of trials until the first success occurs,

p = probability of success in one trial,  q = 1-p

P(X = x) = qx-1 p

1. Expected value   
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2. Standard deviation 
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Example 2 

Assume that there is 20% chance that a box of cereal contains the Tiger Woods picture.  You buy 5 boxes of cereal. What is the probability that you get exactly 2 pictures of Tiger Woods (X = 2 successes in n = 5 trials). 

P(SSFFF) = 0.22  0.83

P(SFSFF) = 0.22  0.83
P(SFFSF) = 0.22  0.83
P(SFFFS) = 0.22  0.83
…..

P(FFFSS) = 0.22  0.83
The number of ways we can have  x successes in n trials is
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“n choose x”

Answer:       P(exactly 2 pictures) =  
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 0.22  0.83 = 0.2048

Binomial Model – Binom(n,p)

Let  n = number  of trials

X = number of successes in n trials,

p = probability of success in one trial,  q = 1-p
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1. Expected value   
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2. Standard deviation 
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Example. You buy 10 boxes of cereal. Let X = # of Tiger Wood pictures

1. Find  E(X) and  the standard deviation  (  of X.
2. Compute 

a) P(X=0)

b) P(you find at least one picture)

c) P(you find exactly 2 pictures)

d) P(you find 2 or fewer pictures)

Solution: 
1. E(X) =  n ( p = 10 ( 0.2 = 2;   
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2.   a)   P(X=0) = 0.810 = 0.11

      b)   P(X ≥ 1) = 1 – P(X = 0) = 1 – 0.11 = 0.89

      c)   P( X = 2) = 
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 0.22  0.88 = 0.302
            TI-83:    P( X = 2) = binompdf(10,0.2,2) = .302  

     d)   P( X ≤ 2) = P( X = 0) + P( X = 1) + P( X = 2)  =  

            = 
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 0.22  0.810 = 0.678

            TI-83:    P(X ≤ 2) = binomcdf(10,0.2,2) = .678  
Normal approximation

If n is large  (np ( 10   and  nq ( 10)  then Binomial cumulative probabilities can be approximated by a normal probabilities with the same mean  (
[image: image12.wmf]np

=

m

) and standard deviation  (
[image: image13.wmf]npq

=

s

 )
Example: 

Tennessee Red Cross collected blood from 32,000 donors. What is the probability that they have at least 1850 units of O-negative blood (p=0.06)

(= np = 32,000 (0.06 = 1920

( = (32,000 (0.06(0.94 = 42.48

X is approximately N(1920, 42.48) 

z-score of 1850 is –1.65


P(X ( 1850) ( P(Z ( –1.65) = 0.9505
Chapter 18 
Sampling Distribution  Models

1.   Sampling Distribution of Proportion

Problem: Suppose that p is an unknown proportion of elements of a certain type S in a population 

For example

· Proportion of left-handed people

· Proportion of high school students who are failing a reading test 

· Proportion of voters who will vote for Mr. X

To estimate  p we select an SRS of size n =1000 and compute the sample proportion
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Suppose  that our sample gives  
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   is our estimate of p.
QUESTION. What is an error 
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 of estimation?

APPROACH. Suppose that we take another sample of 1000 and compute 
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 (clearly will be different than 0.437), and then again,  and again,... - 2000 times. Histogram of these 2000  p-hats 
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 will have a normal shape 
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Sampling Distribution for the Proportion

For large n the sampling distribution of 
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  normal with 

3. mean   
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4. standard deviation 
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Large n means  np>10 and nq>10.
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ANSWER TO THE QUESTION:  

Since 

         
[image: image27.wmf]016

.

0

1000

563

.

0

437

.

0

)

ˆ

(

=

´

»

=

n

pq

p

s



[image: image28.wmf]p
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 is approximately normal with mean p (unknown) and the standard deviation approx. 0.016.  From the 68-95-99.7 Rule it follows that  
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 with probability 0.95, that is 

         95% Error Margin is (3.2%

Example 

About 13% of the population is left-handed. A 200-seat auditorium has 15 "leftie seats". In a class of 90 students, what is the (approximate) probability that there will be not enough seats for the left-handed students?

Since 15/90 = 16.7%, the question translates into

What is the probability that the sample proportion 
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 of n=90 students from population with p=.13 will be more than .167?

Both np = 90*.13 = 11.7 > 10, and nq = 90*.87 = 78.3 > 10. 

Hence 
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The z-score of 0.167 is:      (0.167-0.139)/0.035 = 1.06

Hence    P(
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>.167) = P(z > 1.06) = 0.145.

Answer:   0.145 = 14.5%

2.  Sampling Distribution of the sample mean  
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Distribution of the number on the face of a die (n=1), if tossed 10,000 times
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Distribution of the mean (average) number on two dice (n=2), if the experiment was repeated 10,000
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Distribution of the mean (average) number 
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on three dice (n=3), if the experiment was repeated 10,000
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Distribution of the mean 
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of n=5 dice, if the experiment was repeated 10,000
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Distribution of the mean of n=20 dice, if the experiment was repeated 10,000
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The Central Limit Theorem

For large n the sampling distribution of the sample mean 
[image: image42.wmf]x

 is approximately 
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2. standard deviation 
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Assumptions: 

1. SRS sample 

2. Independent observations

3. If sampling without replacement, the sample size n should be no more than 10% of the population.

4. No assumption about the population distribution if n is large then

5. If n is small, the population must be normal
An estimates of standard deviation of estimators  are  called standard errors

Stadard Deviation 



Standard Error
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Example

Suppose than mean adult weight is 175 pounds with standard deviation of 25 pounds. An elevator has a weight limit of 10 persons or 2000 pounds. What is the probability that 10 people who get on the elevator overload its weight limit?

Solution

1.   Restatement: 

What is the probability that the mean weight 
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 of n=10 people will be more than 200 pounds?

2. Distribution of the mean weight of 10 randomly selected people:

Normal with mean  175  and standard deviation  
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3. z-score  of 200 is  (200-175)/7.9 = 3.16.
4. P(
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>200) = P(z > 3.16) = 0.0008
� EMBED Equation.3  ���
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