Chapter 19

Confidence Intervals for Proportions

Introduction

• Estimation is the process of estimating the value of a parameter from information obtained from a sample.

Point and Interval Estimates

 A point estimate of a parameter is a specific numerical value of a

parameter. For example, the sample mean
[image: image60.emf] is a point estimate of the population mean μ.

An interval estimate of a parameter is an interval or a range of values used to estimate the parameter. This estimate may or may not contain the value of the parameter being estimated, but it has a better chance of being “correct” than the point estimate.

Because the point estimate is based on a sample, not the whole

population, it is seldom exactly right. 

 Properties of a Good Estimator

• The estimator should be an unbiased estimator. That is, the expected value or the mean of the estimates obtained from samples of a given size is equal to the parameter being estimated.

• The estimator should be consistent. For a consistent estimator, as sample size increases, the value of the estimator approaches the value of the parameter estimated.
• The estimator should be a relatively efficient estimator; that is, of all the statistics that can be used to estimate a parameter, the relatively efficient estimator has the smallest variance.
Two Common Estimators
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• The sample mean 
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 is the best point estimate of the population mean μ.

• For a binomial distribution, the sample proportion
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(read “p hat”)

is the best point estimate of the population proportion p.

Notation for Proportions
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= x/n = sample proportion of successes , where x= no of success in a sample of size n.
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= sample proportion of failures in the sample
Estimating the Population Proportion p of Statistics 200 Students That is Female

Let us consider the responses to the SurveyMonkey.Com survey

to be a random sample of STT 200 students. 35 respondents are

male and 74 are female. How should we estimate p?

Dividing the number of female respondents (74) by the total number of respondents (35 + 74 = 109) gives us 68% as an estimated

value of p, which we write as pˆ.
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= x/n = 74/109=.68
We know that that the sampling distribution of 
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follows the normal model centered at p and with a standard deviation of 
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So, about 95% of all samples like this will give a value of 
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This interval isn’t helpful because we don’t know p. So, we use 
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as an estimate of p in the standard deviation. 
So 95% CONFIDENCE INTERVAL of p is approximately given by
(
[image: image30.wmf]p

ˆ

- 2
[image: image31.wmf]n

q

p

/

ˆ

ˆ

 , 
[image: image32.wmf]p

ˆ

+ 2
[image: image33.wmf]n

q

p

/

ˆ

ˆ

 ) 
In this case it is  ( .591 , .769)
Now, we have something we can use – an interval estimate for p, called a confidence interval. But how should we interpret it? And is there any way we can improve it? 
Interpreting Confidence Intervals

Here are 3 wrong ways to interpret this

confidence interval, and 1 wishy-washy way:

Wrong way #1: 68% of all STT 200 students are female.

Wrong way #2: It is probably true that 68% of all STT 200 students are female.

Wrong way #3: We don’t know exactly what percentage of STT 200 students are female, but we do know that it is between 59.1% and 76.9%.

Wishy-washy way: We don’t know exactly what percentage of STT 200 students are female, but the interval between 59.1% and 76.9% probably contains it.

The best way to interpret confidence intervals:

We are 95% confident that between 59.1% and 76.9% of STT 200 students are female.

What Does “95% Confident” Mean?

• To understand “95% Confident” we must do a thought experiment:

– Imagine repeating the sample over and over many times, computing a new confidence interval each time.

– We would expect p to lie in the confidence interval for 95% of these samples.

– The remaining 5% of the time, p will be above or below the interval.

Confidence Level and Confidence Interval

The confidence level of an interval estimate is the proportion of times that the interval estimate would contain the parameter, if the estimation process were to be repeated many times.

Typical values are 90%, 95% and 99%.

A confidence interval is a specific interval estimate of a parameter

determined by using data obtained from a sample and by using the specific confidence level of the estimate.
Examples:

.05 < p < .15

Lower # < p < Upper #

Assumptions for Confidence Intervals for Proportions

1. The sample is a simple random sample.

So, we cannot use these methods with stratified, cluster, systematic, or convenience sampling. Data collected carelessly can be absolutely worthless, even if the sample is quite large.
2. The conditions for the binomial distribution are

satisfied:

1. The experiment (sample) must have a fixed number of trials (have a fixed size).

2. The trials must be independent. (The outcome of anyindividual trial doesn’t affect the probabilities in the other trials.)

3. Each trial must have all outcomes classified into one of two

categories. Often, these are called success and failure.

4. The probabilities of success and failure (or whatever the

outcome classes are called) must remain constant for each

trial.

3. np ≥ 10 and nq ≥ 10 are both satisfied.

The Critical Value
[image: image34.emf]
                                                Found in normal table or with        calculator (corresponds to area of 0.5 - α/2 )

The text puts this  z * here to indicate a critical value. This is not standard usage, and here we will not follow this convention. Look instead for the subscripts α zor α/2.
[image: image35.emf]
100(1 - α)% Confidence Interval for Population Proportion

pˆ - E < p < pˆ + E

Or (p^– E, p^+ E)

Typical values are:

1.645 for a 90% C.I. (α= .1)
1.96 for a 95% C.I. (α=.05)
2.58 for a 99% C.I.  (α=.01)
 E =   [image: image36.emf] 
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Round the confidenceinterval limits to three significant digits.
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Using the TI-83/84 to Find Confidence Intervals for Proportions

• The TI 83/84 will find confidence intervals for proportions for any

confidence level

• Press STAT and use the cursor to highlight TESTS.

• Scroll down to A: 1-PropZInt…and press ENTER.

  .
1-PropZInt 
  x :      

  n : 

 C – Level : 

 Calculate 

   • After x: enter the number of successes

in the sample.

– For some problems, you may be given the sample value for the proportion of successes, but not the number of successes. In this case, compute the number of successes by multiplying the sample proportion by the sample size.

Round off to the nearest whole number.

• After n: enter the sample size.

• After C-Level: enter the confidence level as a decimal fraction.

• When the cursor blinks on Calculate, press ENTER again
• The upper and lower bounds for the confidence interval appear in

parentheses.

• The sample proportion p is computed.

• The sample size is shown.

Example:

• In a recent presidential election, 611 voters were surveyed and 308 of them said they voted for the candidate who won.

 A. Find the point estimate of the percentage of voters who said they voted for the candidate who won
pˆ = 308/611 = .504
Based on our sample, we estimate that 50.4% of voters voted for the winning candidate.

B. Find a 90% confidence interval of the percentage of voters who said they voted for the candidate who won.
We want to find E =   [image: image38.emf] 
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We have n=611, 
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= .504,  
[image: image45.wmf]q

ˆ

= .496 , α= 1- .9 = .1, α/2 = .05
Z.05 = 1.96
So E = .033  and 90% Confidence Interval is given by 
.504 - .033 
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 .504 + .033  i.e.  ( .471, .537)
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Determining Sample Size

[image: image48.emf]
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Testing of Hypothesis about Proportions
Overview

􀂙Definition: Hypothesis

in statistics, a claim or statement about a property of a population

􀂙Definition: Hypothesis Test

in statistics, a standard procedure for testing a hypothesis

Components of a Formal Hypothesis Test

• Null Hypothesis

• Alternative Hypothesis

• Test Value or Test Statistic

• P-Value

• Decision

• Conclusion
Null Hypothesis: H0

􀂙 Statement about the value of a population parameter that we expect the data to contradict.
􀂙 Must contain condition of equality i.e, it must contain an = sign

􀂙May also contain < or >

􀂙Test the Null Hypothesis directly --- i.e,

􀂙We assume H0 is true, then we

􀂙Reject H0 or fail to reject H0

7

Alternative Hypothesis: H1
􀂙 Statement about the value of a population parameter that need strong support from the data to claim it
􀂙 Must be true if H0 is false

􀂙 Must contain ≠, <, or >

􀂙 Logical opposite or negation of the of Null Hypothesis
Note About Testing Your Own Claims or Hypotheses

If you are conducting a study and want to use a hypothesis test to support your claim, the claim must be worded so that it becomes the alternative hypothesis.

Someone’s claim may become the null hypothesis (if it contains equality),and it may become the alternative hypothesis (if it does not contain equality).
Notation (Review)

p = population proportion (used in the null hypothesis)

q = 1 - p

n = number of trials


[image: image51.wmf]p
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= x / n (sample proportion) , x = number of successes

Test Value or Test Statistics
A value computed from the sample data that is used in making the decision about the rejection of the null hypothesis

[image: image52.emf]
Notice that there are no “hats” on the p or the q in the denominator! Use values from the null hypothesis here.
Three Types of Alternatives:
1. H1 : p < po ---  Left sided alternative

2. H1 : p > po  ---  Right sided alternative

3. H1 : p
[image: image53.wmf]¹

 po  ---- Two sided alternative
                            P-Values 
􀂙P-Value (or probability value) the probability of getting a value of the sample test statistic that is at least as extreme as the one found from the sample data, assuming that the null hypothesis is true
 For 1. above p value = P( Z< test value)
 For 2. above p value = P( Z> test value)
 For 3. above p value = P( Z >Itest valueI)

􀂙Always report the P-value

􀂙Reject the null hypothesis if the P-value is small( generally < .05)
􀂙Fail to reject the null hypothesis (never“accept”) if the P-value isn’t small( generally > .05)
Example

Of 4276 households sampled, 4019 had telephones. Test the claim that the percentage of households with telephones is now greater than the 35% found in 1935.

Claim p > .35 , Opposite form p ≤ .35
[image: image54.emf]
To calculate z, p=.35and q=.65, n= 4276
[image: image55.emf]
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        = 80.9
This is a hypothesis test for right sided alternative.
  p-value = 
P(Z>80.9) = normcdf(80.9, 100000)=0
We reject the null hypothesis.

•We conclude that the percentage of households with telephones is probably greater than the 35% found in 1935.
[image: image57.emf]
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[image: image59.emf]
We fail to reject the company’s claim that the percentage of M&Ms dyed orange is 20%.
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More about Testing of Hypothesis

Alpha Levels

• How small enough should be our P value to reject HO
• The cut-off point is called the “Alpha Level” or “α level”

• Typical values are .01, .05 and .10, with .05 the most common.

• “Alpha levels” are also called “significance levels”.
Statistical Significance

• When the null hypothesis is rejected, we say that the test or the test statistic is “significant”
• Statistical significance depends on the sample value and on the sample size – larger samples result in smaller differences being found “significant”.

• Importance depends on the value of the population parameter, which doesn’t change with the sample size!

Critical Values in Hypothesis Testing

• In some situations, the alpha level is set for us, by law, professional standards, past practice, or some other process.

• In that case tests done without technology can be made easier:

• Computed the z-score

• Used it to find the P-value in the normal table

• Compared the P-value to the alpha level

– We can save time by comparing the z-score for the sample value with the z-score for the set alpha level

– The z-score for the set alpha level is called the critical value.

• Common critical values are

– 2.28 for an alpha level of .01

– 1.96 for an alpha level of .05

– 1.645 for an alpha level of . 10

• This approach to hypothesis testing is called the “classical method” while our standard approach is called the “P-value

method”.

– Computers and calculators generally use the P-value method, and so shall we.

Confidence Intervals and Hypothesis Tests

• Confidence intervals and hypothesis tests are built from the same calculations

• A 95% confidence interval corresponds to a two-sided test done at the 5% significance level.

• If the test results in rejecting H0, (p0 in this chapter) will lie outside the confidence interval.

• If the test fails to reject H0, the hypothesized value will lie in the confidence interval.

• One-sided tests correspond to one-sided confidence intervals, which are not included in this course.

Does Hypothesis Testing Always Give the Right Answer?

• NO!

• In fact, the alpha level is the chance that we will reject a true null hypothesis, because it is the chance that sample values like the one we observed would occur when the null hypothesis is true.
– That’s why we make alpha small.

• There is also a chance that we could fail to reject the null hypothesis when it is actually false!

• So, we can make two different errors when we test a null hypothesis:

Type I Error

􀂙The mistake of rejecting the null hypothesis when it is true.

􀂙α (alpha) is used to represent the probability of a type I error

􀂙Example: Rejecting a claim that the mean body temperature is 98.6 degrees when the mean really does equal 98.6

Type II Error

􀂙the mistake of failing to reject the null hypothesis when it is false.

􀂙β (beta) is used to represent the probability of a type II error

􀂙Example: Failing to reject the claim that the mean body temperature is 98.6 degrees when the mean is really different from 98.6

More Examples
1. HO : not guilty. 
Type I error - finding guilty, if a person actually is not
Type II error - finding not guilty, while a person actually is guilty

2. HO : new medicine is not better than the existing. 
Type I error - introducing the new drug, while the other is better

Type II error - not introducing the new better drug.

P-value: The probability that the test statistics assumes an observed or more extreme value, under the assumption that  HO is true

Given the significance level (, the decision rule is the following:

· if the P-value is smaller than or equal (, we reject HO "at the significance level (" 
(we also say that the test or the observed difference was "statistically significant at  level (" )

· if the P-value is greater than (, we cannot reject HO "at the significance level ("
Power of a Test

Power of a Hypothesis Test is the probability (= 1 - β ) of rejecting a

false null hypothesis, which is computed by using a particular

significance level α and a particular value of the mean that is an alternative to the value assumed true in the null

hypothesis.
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