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Abstract

Nonlineardeformationsin �ng erprint images,arising from
theelasticityof theskinaswell as thepressure andmove-
mentof the�ng er duringimageacquisition,leadto dif�cul-
ties in establishinga match betweenmultiple impressions
acquired from the same�ng er. Onesolutionto this prob-
lem is to estimateand remove the relative deformations
prior to the matching stage. In this paper, theserelative
deformationsare representedas an average deformation
modelbasedon minutiaelocationsand orientationsusing
2-D ThinPlateSplines(TPS).Theestimatedaveragedefor-
mationis usedto pre-distorta templateprior to matching
it with a queryimage in a veri�cation task. Experimental
resultsshowthat the useof minutiaelocationsand orien-
tationsto estimatethe deformationleadsto a more repre-
sentativedeformationmodelthanusingminutiaelocations
only. An index of deformationbasedon thebendingenergy
is alsoproposedto selecttemplateswith theleastvariabil-
ity in the deformations.The EERgoesdownby � 1:1%
whenweincorporateminutiaeorientationinformationand
usethetemplateselectionstrategy.

1 Intr oduction

Thereare several factorsthat impact �ngerprint deforma-
tion: theamountof pressureappliedby thesubject,thedis-
positionof the subject(sitting or standing),the motion of
the�nger, themoisturecontentof theskin(dry, oily or wet),
the elasticityof the skin. Recently, several methodshave
beenpresentedto dealwith this deformationfrom different
viewpoints. Rathaet al. [3] proposeda controlledacqui-
sition processby measuringthe forcesandtorqueson the
scannerdirectly with the aid of specializedhardware. Se-
nior etal. [4] suggestedanautomaticmethodto removede-
formationsby enforcingtheconstraintthatridgesshouldbe
constantlyspaced,with deviationsfrom constantspacings
indicatingthepresenceof deformations.Watsonet al. [12]
constructeddeformation�lters for template�ngerprint im-
agesprior to usinga correlation-basedmatching. Kovács-
Vajna[7] proposeda matchingmethodthat takesdeforma-

Figure1: Threeimpressionsof a single®ngershowing theeffect
of varyingdeformations.

tionsinto accountby employing toleranceboundsfor inter-
minutiaedistancesandangles. Bazenet al. [5, 6] useda
Thin-PlateSpline (TPS) model to describethe non-linear
deformationsbetweentwo minutiaesets. However, most
of thesetechniquesdealwith theproblemof non-linearde-
formationon a case-by-casebasis. No attemptwasmade
to developa �nger-speci�c deformationmodelthat canbe
computedof�ine andthenusedfor matching.Themainad-
vantageof anof�ine techniqueis thatoncea �nger-speci�c
modelhasbeencomputed,recomputationof the model is
not necessaryduring the matchingstage. Also, by using
multiple impressionsof thesame�nger to computedefor-
mationsfrom a template,we avoid estimatingoptimal de-
formationsfor impostorpairs,resultingin low FAR values.

In [1], wehaveproposedsucha �nger-speci�c deforma-
tion modelusing2-D TPSbasedonminutiaepointpatterns.
TheTPS,a spatialgeneralizationof thecubicspline,is an
effectivetool for estimatingthedeformationthatwarpsone
setof point patternsto another. The TPSmodel in [1] is
computedby distortingthe minutiaesetof one�ngerprint
impressionto matchwith othersfrom thesame�nger. Al-
thoughthedeformationsobservedin a�ngerprint varyfrom
oneacquisitionto thenext (Fig.1), it formsan informative
andrepresentativefeaturespacewhich is bestcharacterized
throughstatisticalmodeling. However, this methodonly
employedthelocationsof minutiaepointsduringdeforma-
tion estimation,ignoringthefactthatorientationsof minu-
tiae pointsalso provide additionalanduseful information
for a betterestimateof thedeformation.

In this paper, boththeorientationandlocationinforma-
tion of minutiaeareincorporatedin theTPSmodel.A new
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methodto establishminutiaecorrespondencesis alsodevel-
opedto compensatefor thesensitivity of theTPSmodelto
incorrectcorrespondences.Incorrectcorrespondencesare
causeddueto false,missedor displacedminutiaepoints,or
whenthereis limited overlapbetweenimagepairs,resulting
in an unreliableTPSmodel. We alsointroducethe useof
thevarianceof the “bendingenergy,” insteadof pixel-wise
covariancematrixof deformationsasin [1], to ranktherela-
tivedeformationsassociatedwith a �nger. We demonstrate
that using the varianceof the “bending energy” leadsto
greatercomputationalef�ciency anda betterperformance
comparedto [1].

The restof the paperis organizedas follows. Section
2 describesthe generalmethodology, including the basic
conceptsof theTPSmodel. Section3 givesa modi�ed al-
gorithm for obtainingreliablecorrespondences.Section4
describesthe transformationsneededfor incorporatingthe
minutiaeorientationsin theTPSmodel.Section5 develops
anaveragedeformationmodelfor atemplateandrankstem-
platesof thesame�nger basedonthevarianceof the“bend-
ing energy.” Experimentalresultsareprovidedin Section6,
with summaryandfuturework presentedin Section7.

2 GeneralMethodology

Givena pair of grayscale�ngerprint images,I 0 andI 1, de-
�ned onaspatialdomainR2, thedeformationfrom I 0 to I 1

is givenby a deformationfunctionF : R2 ! R2 suchthat
F (I 0) = I 1. In this paper, we focuson modellingF using
theThin-PlateSplines(TPS).Pioneeredby Bookstein[8],
theTPSmodellingis particularlyusefulwhentwo or three-
dimensionallandmarksin a referenceneedto bemappedto
thecorrespondinglandmarksin atargetsuchthatthe“bend-
ing energy” of F is minimized.

Speci�cally, let U = (u1; u2; :::; ul )T andV = (v1; v2;
:::; ul )T beapairof pointsetswith knowncorrespondences,
derivedfrom I 0 andI 1, respectively. We assumeU andV
havebeenalignedusingtheProcrustesanalysis[10]. Here,
uk andvk denotethe spatialcoordinatesof the kth corre-
spondingpair andl is thetotal numberof correspondences.
ThedeformationfunctionF is thenrequiredto satisfy

F (ui ) = vi ; i = 1; 2; :::; l : (1)

TheTPSestimateof F is givenby parametervectorsc, A
andW :

F (u) = c + A � u + W T s(u); (2)

where u 2 R2, c and A de�ne the af�ne parts of the
transformationand W gives the additionalnon-linearde-
formation.Thedistancemeasures(u) is thevector(� (u �
u1); � (u � u2); :::; � (u � ul ))T with

� (u) = kuk2 logkuk: (3)

A total of (6 + 2l) parametersin equation(2) needto be
estimated,wherec is a2 � 1 vector, A is a2 � 2 matrixand
W is al � 2matrix. Sinceequation(1) enforcesl constraints
in thespatialdomain,wecanreducethenumberof degrees
of freedomby 2l . Further, we assumethat thecoef�cients
W satisfy(i) 1T

l W = 0 (2 restrictions)and(ii) UT W = 0
(4 restrictions),where1l is a vector of onesof length l .
Thus, the coef�cients of the TPS model can be obtained
from thematrix equation:
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whereS is thel � l matrixof (� (uj � uk )) ; j; k = 1; 2; :::; l :
Theabovematrix givesriseto a TPSmodelthatminimizes
the bendingenergy subjectto the perfectalignmentcon-
straintsin equation(1). A morerobustTPSmodelcanbe
obtainedby relaxingtheconstraintsin equation(1) andre-
de�ning thetransformationF whichminimizestheexpres-
sion

lX

j =1

(vj � F (uj ))T (vi � F (ui )) + �J (F ); (5)

where

J (F ) =
2X
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)2

+(
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@y2 )2gdxdy (6)

representsthe bending energy associatedwith F =
(F1; F2)T , with Fj asthej -th componentof F , and� > 0.
Thecoef�cients of thisresultingTPSmodelcanbeobtained
usingequation(4) with S replacedby S + �I l , whereI l is
thel � l identitymatrix. Generally, thesesplinesdonotex-
actly interpolateall landmarkpoints,but areallowedto ap-
proximatethemin favor of asmoothingparameter� . When
� increases,theresultingsplinebecomesmoresmooth.

3 EstablishingPoint Corr espondences

TheTPSmodelrelieson correctcorrespondencesof point
patternsduring deformationestimation. Thus, for �nger-
print images,the accuracy of �nding minutiaecorrespon-
dencescangreatlyaffect theef�cacy andef�ciency of the
TPS.In orderto obtainreliableminutiaecorrespondences,
wemodi�ed theElasticPointPatternMatching(EPPM)al-
gorithm proposedin [9] by incorporatinga voting scheme
to �nd theoptimalglobaltranslationandrotation.Thepro-
cedureis describedasfollows:
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Figure2: Improvementin correspondences(indicatedby arrows) betweentwo setsof minutiaepoint patterns. (a) and(b) arecorre-
spondencesobtainedby theEPPMalgorithmwhile (c) and(d) arecorrespondencesobtainedby thenew algorithmfor thesamepairsof
®ngerprintimages.

1. Given a pair of images, I 0 (called template) and
I 1 (called query), we extract minutiae points us-
ing the method proposedin [9]. AssumeM 0 =
(u1; u2; :::; um 0 ) is thesetof minutiaepointsextracted
from I 0 and M 1 = (v1; v2; :::; vm 1 ) from I 1. We
alsotracetheridgeassociatedwith eachminutiaepoint
andextract samplepointson that ridge (sampledev-
ery 5-th point), with Ru i = (u�

i; 1; u�
i; 2; :::; u�

i;a ) and
Rv j = (v�

j; 1; v�
j; 2; :::; v�

j;b ) denotingthe ridge points
correspondingto theminutiaeui andvj , respectively.

2. For a total of m0 � m1 possiblepairings of minu-
tiae points,we selectone (ui ; vj ), (i = 1; 2; :::; m0;
j = 1; 2; :::; m1) as the referencepair andtransform
remainingminutiaepointsin M 0 andM 1 ,respectively,
to polarcoordinateswith centersat ui andvj .

3. The query minutiaeset M 1 is rotatedabout its ref-
erenceminutiae vj in order to �nd candidatepair-
ingswith M 0. Eachcandidatepair is veri�ed usinga
boundingbox. LetM Pij bethetotalnumberof match-
ing pairsfor (ui ; vj ).

4. Compute(� x ij ; � yij ; � � ij ) asthetranslational(in x
andy directions)androtationaloffsetsassociatedwith
(ui ; vj ). Then add votesto V ote(� x ij ; � yij ; � � ij )
with thenumberof votesequalto M Pij .

5. Performsteps2-4 until all possiblereferencepairsare
consideredand votesfor the correspondingtransfor-
mationparametersareobtained.

6. Establish bins with size of (20; 20; 15) and col-
lect votes for each bin. The top 5 bins with the
maximum number of votes are selectedand each
(� x ij ; � yij ; � � ij ) thatcontributeto oneof the top 5
binsaresentto a 2-D dynamicmatchingalgorithmto
getthematchingscore[13].

7. Theonethatresultsin thehighestmatchingscoreis �-
nally chosenastheoptimalglobal transformationand
is usedto establishtheindividual minutiaecorrespon-
denceswithin a boundingbox.

Fig. 2 shows examplesof correspondencesgeneratedby
usingtheoriginalEPPMalgorithm[9] andthemodi�ed al-
gorithm. Let (T=C) denotetheratio of thedetectedcorre-
spondencesto the numberof correctcorrespondencesthat
aremanuallyveri�ed. Figs.2(c)and2(d)givehigherratios
of (7=7) and(10=10) comparedto Figs. 2(a)and2(b) that
give low valuesof (0=4) and(1=3).

4 Incorporating Minutiae Orientation

Onedif�culty in incorporatingminutiaeorientationinfor-
mation is that transformationin the orientationspaceis
not equivalentto transformationin the the spatialdomain;
for example,rotationin the spatialdomaincorrespondsto
translationin theorientationspace.Thus,in orderto usethe
TPS to model deformationsusing minutiaelocationsand
orientations,weconverttheorientationinformationinto the
spatialdomainusingthefollowing method.
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Figure3: Obtaininganglepointsuc andvc basedontheminutiae
orientations� and� 0. Notethatu andv arealignedfor simplicity
of illustration.

Let the locationandorientationof a minutiaepoint be
denotedby u = (x; y) and � , respectively. We draw a
unit circlearoundu and�nd its corresponding“anglepoint”
uc = (xc; yc), where:

xc = x + cos� ; yc = y + sin � : (7)

Assumeu is in correspondencewith theminutiaepoint
v = (x0; y0). The anglepoint vc = (xc; yc) of v is found
in thesamewayusingtheminutiaeorientation� 0 for v (see
Fig. 3). Therefore,orientationinformationis convertedinto
the spatialdomainaswe generatean anglepoint pair for
eachcorrespondingminutiaepair. As a result,thenumber
of correspondingpoint patternsfor the TPSmodelis dou-
bled. The TPSdeformationmodel is found as in Section
2 with U andV now containingboth minutiaepointsand
anglepoints.

5 AverageDeformation Models

Supposewe have N impressionsof a �nger, I 1, I 2, ..., I N .
EachimpressionI k canbe pairedwith the remainingim-
pressionsto createN � 1 pairsof the form (I i ; I j ); i 6= j .
For the pair (I i ; I j ), we obtain a non-lineardeformation
model Fij by employing the TPS techniquedescribedin
Section2. NotethatFij thentransformsevery pixel in the
template�ngerprint I i , to a new location. Thus, we can
computetheaveragedeformationof eachpixel u in I i as:

�Fi (u) =
1

N � 1

NX

j =1
j 6= i

Fij (u): (8)

Theaveragedeformationis the typical deformationthat
ariseswhen we compareone impressionof a �nger (the
baselineimpression)with othersof the same�nger. This
of�ine processis repeatedfor every impressionI i ; i =
1; 2; ::; N , resultingin N averagedeformationmodelsthat
canbeincorporatedin thematchingstage.

5.1 Index of Deformation

In [1, 2], a methodto rank the averagedeformationmod-
elsusingthepixel-wisecovariancematrix of thedeforma-
tionswasgiven. However, this methodis computationally
expensiveanddoesnotnecessarilyre�ect non-lineardefor-
mationsbecauseof its sensitivity to linear transformations.
We proposea new ranking methodbasedon the bending
energy, a measureof non-lineardeformationsthat theTPS
tries to minimize. The minimizedbendingenergy canbe
computedby

J (F ) = trace(W T SW ); (9)

whereW is theparameterfor thenon-lineartransformation
andS is thedistancematrix (seeequation(4)).

Given N impressionsper �nger, if we chooseI i asthe
templateimage,N � 1 deformationfunctionsF ij will be
obtainedwhenI i is comparedto I j , j = 1; 2; :::; N ; j 6= i .
Thus,a total of N � 1 valuesof bendingenergy J (F ), for
F = Fij ; j = 1; 2; :::; N ; j 6= i; areprovided.The� -index
of deformationfor templateI i is thende�ned as:

� i =
1

N � 1

NX

j =1
j 6= i

(J (Fij ) � �J i )2; (10)

where �J i =
1

N � 1

NX

j =1
j 6= i

J (Fij ): (11)

Low (high) values of the � -index indicate that the
amountof bendingenergy applied by eachdeformation
functionis similar (dissimilar)to eachother. However, low
valuesof the � -index alsooccurswhenthenumberof cor-
respondencesis consistentlysmallbetweena templateand
otherimpressionsof the same�nger, which shouldnot be
consideredasa potentiallygood template. Therefore,for
eachtemplateI i , we computeits total numberof corre-
spondencesCi with eachI j , j = 1; 2; :::; N ; j 6= i and
themeanof total correspondencesfor impressionsof a �n-
ger by �C = 1

N

P
Ci ; i = 1; 2; :::; N . We exclude those

templateswith Ci < �C; i = 1; 2; :::; N , during the rank-
ing. Among the remainingtemplates,the one I i � with
i � = argmini :C i � �C � i , is theoptimaltemplatefor a �nger.
It is consideredto have thesmallestvariability in thenon-
lineardeformationscomparedto all othertemplates(Fig.4).

6 Experimental Results

In order to apply the TPS model to reliably estimate�n-
gerprintdeformation,we needto have several impressions
of the same�nger (at least10). Large numberof impres-
sionsof a �nger are not available in standard�ngerprint
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(a) (b)   

(c) (d)

F = 0.0030

F = 0.0242

F = 0.0151

F = 0.1061

Figure4: Four templatesbefore(left) andafter(right) applyingtheaveragedeformationmodelbasedon minutiaelocationsandorienta-
tionsareshown ona referencegrid with minutiaesmarked.They correspondto (a) thehighest� -value(b) the6-th highest� -value(c) the
11-th highest� -valueand(d) thelowest� -valuewhenrankedusingthebendingenergy.

databases(e.g.,FVC 2002[11]) andtherefore,weuseddata
collectedin our lab. We acquired�ngerprint imagesof 50
�ngers usingtheIdentixBio TouchUSB200opticalsensor
(256� 255,380dpi) overaperiodof two weeks.Therewere
32 impressionscorrespondingto every �nger, resultingin a
total of 1600impressions.Onehalf of the impressions(16
impressionsper�nger, with atotalof 800impressions)were
usedastemplateto computethedeformationmodelwhile
the remaining800 impressionswereusedasqueryimages
for testing. The minutiaepoints and their corresponding
orientationinformationwereextractedusingthealgorithm
outlinedin [9]. For the 16 test impressionsper �nger, the
deformationsFij basedon minutiaelocationsandorienta-
tionswereobtainedby �xing I i asthetemplateandthere-
mainingI j ; j 6= i asthequerywith � = 5 in equation(5).
TheaveragedeformationmodelFi wasthencomputedus-
ing equation(8). During thematchingstage,M i , theminu-
tiae setof I i , wasdeformedto M D i = �Fi (M i ). Thus,a
total of 800sets(50 � 16) of averagedeformationmodels
wereobtained.We alsouseM D �

i to denotethedeformed
minutiaesetusingthe TPSmodelbasedonly on minutiae
locations[1].

In the�rst experiment,everytemplateimageI i wascom-
paredwith everyqueryimageI j . A modi�ed matcherbased
on the 2-D dynamicmatchingalgorithmin [13] wasused
to generatethreetypesof matchingscoresfor eachcom-
parison: the matchingscoreobtainedby matching(i) M i

with M j (no adjustmentfor deformations),(ii) M D �
i with

M j (deformedbasedon minutiaelocationsonly) and(iii)

M D i with M j (deformedbasedon minutiaelocationsand
orientations).TheReceiverOperatingcharacteristic(ROC)
curve plotting the genuineacceptrate (GAR) againstthe
falseacceptrate (FAR) at variousthresholdsis presented
in Fig. 5(a). Whenthe averagedeformationmodelbased
on minutiaelocationsis appliedto pre-distortthe template
prior to matching,an improvementof approximately3:0%
with respectto the non-deformedtemplatesis observed at
a falseacceptrateof 0:01%. Usingminutiaelocationsand
orientationsresultsin an additional� 1:0% improvement.
In the secondexperiment,the advantageof using the � -
index is demonstrated.We generatetwo setsof optimal
templatesusing (a) the knowledgeof averagepixel-wise
deformationand(b) theknowledgeof thebendingenergy.
Eachsetcontains50optimaltemplates(oneper�nger) from
the training dataand800 queriesfrom the testdata. Fig.
5(b) shows the ROC curve by applyingthesetwo optimal
sets,togetherwith the ROC curve usingmethod(i) in the
�rst experiment.We canseethattherankingmethodbased
on thebendingenergy not only providescomputationalef-
�ciency, but alsoleadsto betterperformancein matching.

7 Summary and Conclusions

We have proposeda methodto generateaveragedeforma-
tion modelsbasedon minutiaelocationsandorientations.
By utilizing minutiaeorientations,theproposedmethodim-
provestheperformanceof a�ngerprint matchingsystem.A
modi�ed correspondencealgorithmis alsoproposedto gen-
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Figure5: (a) Improvementin matchingperformanceusingnon-deformedtemplates(`� '), deformedtemplatesusingtheaveragedefor-
mationmodelbasedon: minutiaelocations(`r ') andminutiaelocationsandorientations(`� '). (b) Improvementin matchingperformance
usingall deformedtemplates(`� '), the optimal templatesranked by � -index basedon: pixel-wisecovarianceof deformation(`- -') and
bendingenergy (`...') whentheaveragedeformationmodelbasedon minutiaelocationsandorientationsis applied.

eratereliablecorrespondencesprior to computingtheTPS
model. In addition,a moreef�cient androbustmeasureto
generatethe index of deformationis de�ned by using the
bendingenergy of deformations.Futurework includesin-
corporatingmorefeatureslike ridgesandridgeorientations
into the framework. We also plan to adoptan incremen-
tal approachto updatetheaveragedeformationmodelin a
coarse-to-�nefashion.
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