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We describe the marked point process models developed for fingerprint minutiae and the
details of the Bayesian methodology for inference on the model parameters using a Reversible
Jump MCMC method.

4. Spatial Point Processes with Dependent Marks for Fingerprint Minutiae. Let
x, = {x;,i=1,2,--- ,n} denote the collection of n minutiae locations, and for each x € x,,
the minutiae orientation w, denotes the corresponding mark, which takes values in (0, 7]. The
distribution of minutiae in a fingerprint image is best described in terms of a hierarchical model
involving all random entities. Let P(\, h) be a marked Poisson process with A and h, respectively,
denoting the intensity measure and joint density function of marks. The hierarchical model for

(Tn, wy, ) is given by

(O,mg) =0 ~ P(Alvhl)v (1)
(m(k),w:(tk&))|q) i;’bd P(Akagk)v for k = 1725"' 7Ka and (2)
K
(@nwe,) = [J@®,wii). 3)
k=1

where K is the number of elements in €; in the above formulation, the intensity measure for 0 is

the constant function
Ky/area(S), ifse S,
7 (s) = { o/area(S)

0, otherwise,

with Sp and Kj, respectively, denoting a bounded rectangular region of R? and a fixed (and
known) positive real number. The mark corresponding to 6 is mg = (v, 0%, 03,1, p,62) with

density hy in (2) defined by its component densities
8 G(avu 67)7 U% ~ IG(alaﬁl)u Ug ~ IG(a27 62)7 (4)

n~ U(O; 77)7 P~ U(pmin7 pmax) and 52 ~ IG(OQ;, ﬂ&)v (5)

independently of each other; in (4) and (5), G(a, 8) and IG(«, ) are, respectively, the Gamma

and inverse Gamma distributions with shape and scale parameters given by « and 8, and U(a, b)

is the uniform distribution from a to b. It is clear from the above specification that the ~ and
1
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O'JQ», 7 = 1,2, components of my should be positive: v > 0, O'JQ» > 0 for 57 = 1,2. The rest of the
components are required to satisfy 7 € (0, 7], p € (Pmin, Pmax), and 62 > 0. The intensity measure
Aoy, for ) in (2) is

Dok (5) = Vit (s |0k, 03y, 03) ifs€S,
0, otherwise,

where ¢o( s |0, 0%, 03) is the bivariate normal density function with mean § and diagonal covari-
ance matrix diag(o7,03). The joint density function of marks, g;. (conditional on z(®)) is given
by

91w |1, pis87) = Vi, (w Y, (01 6D)) (6)
where ny is the number of elements in w(k), Vi, is the ng-variate wrapped normal distribution
on (0,7 with mean 7, = (1,7,--- ,n) € R™ and covariance matrix Son(pr.67) = (07y), 1,8 =
1,2,--- ,ny with entries given by

U:s = 52 eXp(_p”xT - IS”))

where z, and x, are a pair of points from z(®*) and || - || is the R?-Euclidean norm.

An alternative but equivalent formulation of the hierarchical model (1)-(3) can be described
with some additional notation. Denote the class label set ¢, = {¢;, i = 1,2,--- ,n} with ¢,
corresponding to x; € x,, taking values in the set {1,2, -+, K}. Also, let By ={2; : ¢; =k},
for k =1,2,---, K denote a partition of @,, which induces a partition of (x,, w,, ) into K sets,
given by (zp,,wp,) for k =1,2,--- | K. The equivalent formulation of (1)-(3) is

(e,mg)E@ ~ P(Al,hl),
T’n.

n|® ~ p,=exp(-T) N (7)

- 761' D(HCHU%C"Ugc)
n k) (b ~ - - k) 8
culme ~ ] |2 0

mn|cna n,® ~

|:¢2( T | 901'7 U%Ci ) U%CZ)
D(ecm Ufci ) U%ci)

=

s
Il
-

] , and 9)

(wfﬂn |w7“ c’ﬂ? TL, (I)) ~ gk(ka |77k7pk75]z)7

=

E
Il
—

where T is defined as

K
T = Z%Dwka O1ks o)
k=1

with

D(ekva%kvagk) = ¢2(5|9k’ U%k’ ng) ds, (10)
So
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and the density gx is as given in (6). The data augmentation technique for wrapped normal

distributions gives rise to the augmented density

K
(wmnutwn |wn7 Cp, N, (I)) ~ H ¢nk (ka + ﬂ-tBk
k=1

s Zk(pkﬁi)) (11)

where ¢4 ( | @, Y ) is the d-variate normal density function with mean g and covariance matrix
EandtBk :{tx : xGBk}.

The hierarchical model specification of (7)-(9) and (11) yields the complete (or, augmented)
likelihood

Un, ep, Tn, We,, te, | D) = pn X Lo(cn|n, @) X lo(xy | Cn,y n, P)

X fO('w:cnutmn |wnu Cp, N, (I)) (12)

where (o(A, B, -+ |C,D,---) denotes the density of random variables A, B,--- conditional on
C,D,--- given in (7)-(9) and (11). In (12), ® = { 0k, V&, O1k, O2k, Mk» Pks Ok ), k = 1,2, [ K }
denotes the collection of all unknown parameters: K denotes the number of clusters with cluster
k having (i) spatial mean 0y, (ii) spatial variances ajz-k for j = 1,2, (ili) mean of marks 7y,
(iv) covariances between marks governed by the correlation and variance parameters py and &7,
respectively, and (v) vy denoting the intensity of the k-th cluster which determine the expected
total number of points in cluster k. For implementing a Bayesian framework of inference, the
prior we adopt on ® is P as given in (1). The hyper-parameters in (4) and (5) will be assumed
to be fixed and known.

4.1. Posterior Inference. Posterior inference for the likelihood of the hierarchical model in
(12) is carried out based on a Markov Chain Monte Carlo (MCMC) algorithm. The MCMC
updating steps are (1) update K, and for fixed K,

(2) update (Ox, 03, 050, Mk, Py Ok ) k= 1,2, | K,
(3) update ¢, and
(4) update t, .

Out of the four updating steps above, only the update of (1) involves parameter spaces of varying
dimensions (the remaining updating steps (2)-(4) are regular Metropolis-Hastings (MH) steps).
To obtain posterior inference for such spaces of models, Green (1995) and Green and Richardson
(1997) developed the Reversible Jump Markov Chain Monte Carlo (RJIMCMC) approach for the
Bayesian inferential framework. Since their introduction, RIMCMC has been successfully used
to obtain posterior inference in many situations. We develop a Reversible Jump Markov Chain
Monte Carlo approach to explore the posterior distribution in updating step (1). The updating

steps are explained in detail in the Appendix.
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Fic 1. Convergence diagnostics. Panels (a), (b) and (c) show the plots of (V,We), (We,WmWe) and
(Bm, BmWe), respectively. A solid line represents the first entry and a dotted line represents the second en-
try. The z-azis in Panel (a) is taken from 0 to 7,500 to show the initial over-dispersion of the chains. The two
lines in Panel (a) coincide all the way up to 50,000 iterations.

The assessment of convergence of the RJIMCMC is carried out based on the methodology of
Brooks and Guidici (1999, 2000). The diagnostics for assessing convergence utilize the following
six quantities: the overall variance, V, the within chain variance, W, within model variance W,,,
within model within chain variance W,,W,., the between model variance, B,, and the between
model within chain variance, B,,W,.. For each monitoring parameter, three figures are obtained:
(i) V and We, (i) Wy, and W,,,W,, and (iii) B,, and B,,W. versus the number of iterations.
The two plotted lines in each figure should be close to each other to indicate sufficient mixing.
Our choice of the monitoring parameter is the logarithm of the complete likelihood (12), namely,
logl(n,cn, Tn, Wy, , te |P), based on the hierarchical model specified by (7)-(9) and (11).

5. Simulation: Convergence plots and tables. Simulation experiments with the spatial
domain Sy = [0,100] x [0,100] and the mark space of (0,7] is considered. The results of a
simulation experiment with the mark space of (0,27] is given in the main manuscript. Hyper-
parameters in (4) and (5) are set as follows: o, and 8, are derived from E(y) = 15 and Var(y) =
100. Similarly we set a; and 3; so that E(c) = 75 and Var(o}) = 10,000 for j = 1,2. We set
as and B5 so that E(§%) = 0.1 and Var(6?) = 1. Also, we set Ko = 3, (pmin; Pmax) = (0.01,5),
Kiin = 2 and Kp,ax = 5. We took the probabilities of selecting move types to be r,, = r,, = 0.5
corresponding to the moves (m,m’) = (K—split, K—merge) for K = Kyin + 1, , Kinax — 1.
Also, when K = Ky, o =1 =1—rp and r,, =0 =1—1r,, for K = K,.x. We monitor
convergence of I = 5 chains with starting values that represent over-dispersion in the chains. The
RIMCMC converged after 40, 000 iterations (see Figure 1). Table 1 gives the associated statistical
inference for the unknown parameters; the true values are compared with the posterior means
as well as the 99% credible intervals based on the last 1,000 values from each of the five chains.
Figure 2 shows the trace plots of V versus W, for the predictive distribution based on the five

chains. It is clear that convergence takes place more rapidly, i.e. by 7,500 iterations.



Variance Terms

ASSESSING FINGERPRINT INDIVIDUALITY USING EPIC
Parameter | True | Mean Sd CI Parameter | True | Mean Sd CI
011 30 33.29 1.82 (28.52, 38.27] 021 40 40.99 8.64 [34.59, 82.01]
012 40 40.78 2.45 [31.19, 46.05] 622 80 78.10 8.64 [37.07,83.75]
013 70 71.16 1.84 (66.07,76.52] 023 50 51.15 1.41 [47.37,55.23]
% 70 | 72.34 | 33.49 | [34.38,246.21] agl 70 | 61.36 | 17.64 | [31.03,129.04]
cr%2 70 98.68 | 29.09 | [46.39,200.46] 05 70 56.97 | 19.30 | [28.23,141.19]
053 70 80.19 | 23.63 | [46.71,172.01] 053 70 46.27 | 13.69 [21.77,95.47]
1 0.5 0.69 0.20 [0.40,1.72] o1 0.16 0.08 0.05 [0.04,0.32]
12 1.5 1.43 0.27 [0.54,2.10] o2 0.16 0.20 0.08 [0.05,0.57]
n3 2.5 2.24 0.11 [1.83,2.56] o3 0.17 0.11 0.05 [0.05,0.32]
p1 0.15 | 0.72 | 0.86 [0.05,4.74] 7 21 | 22.23 | 4.48 | [12.32,35.89
02 0.15 0.19 0.30 [0.03, 2.55] Y2 21 26.71 4.91 [15.37,40.69]
03 0.15 | 093 | 1.04 [0.07,4.75] 3 28 | 24.13 | 4.61 | [13.56,37.44]
TABLE 1

The results of posterior inference based on simulated data for the mark space, (0,7].
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Convergence diagnostics based on predictive characteristics. Panels (a), (b)

(V,Wc), for the proportion of points in region 1, 3 and average marks for region 2,
represents V' and a dotted line represents We. The z-azis is taken from 0 to 7,500 to show the initial over-
dispersed state. The two lines in each figure coincide all the way up to 50,000 iterations.

APPENDIX A: THE RIMCMC ALGORITHM
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We refer the reader to Green (1995) and Green and Richardson (1997) for an introduction
to the general RIMCMC approach. Based on the likelihood and the prior on ®, the posterior

distribution for (®, ¢, ts, ) is given by (up to a proportionality constant)

ﬂ-o(q)uc’ruta:n |$n7w:cn) X é(n7 cn7 wnu w:l:nu t:cn |@) X 7-‘—0((b | (I)O)

where @ is the collection of hyper-parameters. The collection of all possible values for (®, ¢,,, to., )
constitutes a model space, M say, with varying dimensionality. The posterior distribution is a
probability distribution on M given the observed data and can be inferred using RJMCMC.
While the RIMCMC methodology presented here is similar in principle to Richardson and Green

(1997), there are some new techniques that we utilize for the associated Bayesian computations.

First, candidates for the K-split move are chosen according to the outcome of a hierarchical
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clustering algorithm. This approach selects proposals that are highly favored by the observed
data, thus increasing the probability of acceptance of such proposals and allowing the chain to
mix faster. Second, the split in the angular space cannot be carried out using the linear equations
given in Richardson and Green (1997), which are suitable only for variables taking values on the
real (or subset of the real) line. A transformation 7 of (0, 7] which ensures that 7(0) = 7(m) is
proposed for the splitting of angular variables.

We impose an identifiability condition to associate a mixture component with its parameters.
We associate component 1 of the mixture with the smallest 615 value, component 2 with the
second smallest value, and so on, where 0y, = (61,021 ), for k =1,2,--- | K. A re-labelling of the
Ok’s gives

011 < b0 <--- < bOik. (13)

A.1. Update K. The reversible pair of moves for updating K are K-split and K-merge.
Let ¢,y € M with ¢ = (®, ¢,, tz,) and y = (®*, ¢, t; ), where the *s denote a possibly
different setting of the parameters. When the current state has k components, denote by and
dy, to be the probabilities of split and merge, respectively, (thus, by, = 1 — dj, with dk_,, = 0,
mein = 1, deaX =1 and meax = O)

The K-merge move: The K-merge move changes the current K to K —1 (that is, K* = K—1).
Two adjacent components, say k1 and ko with k1 < ko are randomly selected for merging into a
new component k*. We merge (Ox, , Yy » 05g, » 055, > M s P » Oy ) AN Oy, Yooy O3 s Oy s s Phins Oy)
into (O, Yirs Ohpe s Tape s Mir s P, 02 ) based on the following steps:

e Merge i, and i, into v« by setting ve- = Y, + Vi, -
e Set u1 = Vi, /(Y& + Yk, ). For the remaining parameters, a generic merging procedure is de-
scribed. Let &, and &, be merged to obtain £~ in the following way:

(&) = waT(€k,) + (1 = ua)7(Eky)

for some function 7. In the case of variables taking values on the real line, Richardson and Green
(1997) take 7 to be the identity function. Thus, the merging of ;;, and 6, to 0 for j = 1,2,
0%, and 03, to 0% for j =1,2, 67 and 07, to 67, and pg, and pk, to pg- can be carried out
with this choice of 7. However, since 7 is an angular variable, we choose 7(2) = min{z, 7 — z }
so that 7(0) = (7). The non-monotonicity of 7 in this case gives rise to two solutions for 7« in
(?7), say 77,(61*) and 77](;), where without loss of generality, 77,(61*) (respectively, 77,(;)) is assumed to lie
inside (outside of) the line segment joining 7, and 7g,. The angular distance between 7, and

Mk, is defined as
d(nkl ) nkz) = min{lnkl = Mk |7 ™= |777€1 = Mk |}

We set

(2

1 .
Nix = nl(c*) if d(nh ) nkz) = |777€1 = Nk |7 and
Nu«  otherwise.
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*
Ty ?

To obtain ¢ and ¢}, , (x;,wy,;) for i = 1,--- ,n are relabeled so that By~ = By, U By, and

tp,. =tp, Utp,,. For the K-merge move, the proposal density is given by
G () = (K — 1)~

since K — 1 is the total number of adjacent pairs that can be merged together.
The K-split move: The K-split move changes the current K to K +1 (thus, K* = K+1). A
candidate component is chosen for splitting, say k, with probability 1/ K. Next, (Ok, V&, 03y, 0o, My Pks 02)

is split into two components, namely,

2 2 2 2 2 2
(0761 » Vk1s O1ky s 02k Tk1 s Py s 5k1) and (0162 » Vk2s Olko s O2ko Tka s Phas 51@2))

where k; and ko denote the two split components derived from k. First, 7 is split into two parts

by generating a random variable u; from Fy in (0,1) and setting

Yoy = 1Yk, and  yr, = (1 —u1) .

We postpone the discussion of the choice of F; (as well as the proposal distributions F; for
the random variable u; for j = 2,3, --- , 8 subsequently) until later. The choices are made so that
good candidates are generated and the RIMCMC mixes relatively quickly.

A generic split procedure: For splitting the remaining parameters, a split procedure for
the generic parameter ¢, is described. We require to split & into two components &, and &,

with the split components satisfying

€L < 7(Ek ) () < €uy and 7(&) = war () + (1 = ua)7 (ks ) (15)

where &1, and £y, respectively, are the lower and upper bounds of 7(&, ) and 7(&, ). The function
T is taken as in the K-merge move.

The split can be carried out by generating a random variable u, ~ F*(a,b.) where F* is a
density constrained on (a,b,), and setting

Epy =us and &y, =7 ! (M> (16)

1—U1

from the second equality in (15). Note that the first requirement in (15) imposes a lower as well as
an upper bound for u* which we denote by a, and b, respectively. We consider first the splitting
of parameters where 7 is the identity function.

e Split 6y : Since 614, k = 1,2,--- | K satisfy the identifiability constraint (13), we update 61
sequentially from k = 1,2,---, K. At the k-th step, the split components are given by 6, and
01k, satistfying the lower and upper bounds

Ok, < 01y, 01k, < O1p
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where
kr=k—1land kg =k+1, and j1p = L;, and jlg = U; for j =1, 2,

with (L1, L) and (Uy, Us), respectively, denoting the lower left-and upper right-hand corners of
the bounded rectangular region Sy. For splitting, generate ug ~ Fa(ag, by) with ag = max{61x,, (01—
(1 — ul)HlkR)/ul} and bg = 91;€R.

e Split 6oy: Oy is split by generating a random variable ug from Fjs(as,bs), where a3 =
max{ Lo, (2, — (1 — u1)uz)/u1} and by = min{us, (f2r — (1 — u1)La)/u1}.

e Split o, for j = 1,2: For splitting o7;, we require uy ~ Fy(aq,bs), where ay = 0 and
by = o). /uyi. o3, is split similarly via us ~ F5(as,bs) where a5 = 0 and bs = 03, /u;.

e Split 5,%: The parameter 5,% is split similarly as U%k via ug ~ Fg(as,bg) with ag = 0 and
b6 = 6%/’1”

e Split pi: pi is split into two parts via uz ~ Fr(ar,b7), where a7 = max{pmin, (px — (1 —
U1)pmax)/u1} and by = min{pmax, (P& — (1 — u1)Pmin) /U1 }.

e Split n;: To split ng, we consider 7(x) = min{z, 7 — 2}. This split is carried out via ug ~
Fs(as,bs), where ag = max{0, (7(nx) — (7/2)(1 — u1))/u1} and bg = min{w/2, 7(n;)/u1}. Two
solutions are obtained from (16), and the solution pair (us, 77,(61)) and (us, 771(3)) that satisfies the
distance condition in (14) is selected. If both solution pairs are feasible, then one of them is
selected with probability 0.5 each. Let ug be the random variable denoting whether n,(gl) or 77,(62)
is selected.

To complete the K-split proposal, we require to obtain the new labels ¢}, and t;, . Recall that
Bp={z; :¢;=kfori=1,--- n} (17)

is the collection of all points with label k. The new labels for these points are obtained by randomly
assigning each z; € By, to either By, or By, according to the Bayes allocation probabilities
Yoy G2(@i | Ox;, 0y, 05,)

Vo G2(2i | Oy, 0%y, 5 O3k, ) + Vo P2(@i | Ony 03,5 051,

Qi(kj) =
for j = 1,2. It follows that the allocation probability for the K-split move is
PsplitAlloc = H Q,(kij),
z;EBy,
where k;; are the realized values of k; for x;, that is, ¢j = k;;. Once c;, is obtained, ¢, is obtained

by reallocating t; € tp, for i =1,--- ,n; into either tp,, ortp,, based on the new labels c;;.
The proposal density for the K-split move is given by

G (z,y) = (1/K) x (qo(m,u) / det [ 5 (if’u)D x PsplitAlloc,

where go(x, ) is the density of u = (uy,uq, - ,us, ug) given x, and

det [aé?u)} = Ty
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is the absolute value of the Jacobian of the transformation from (z,u) — y.

Choice of the densities Fj, j =1,2,---,8: In order to propose good candidates for the K-
split move, we perform hierarchical clustering based on the location and orientation information.
The analysis yields two subgroups with labels 1 and 2, say. For the first cluster, we compute the
proportion of observations falling in this group, say p, location and orientation means, (f, fi,) and
fim, and the corresponding variances, (62, 67) and 67,. The density F} is taken to be beta(a, 51)
where a; and (; are chosen so that the mean of Fj is p and the variance is a small pre-specified
value that gives high concentration around p. For F5, we select the normal density with mean fi,
and a pre-specified standard deviation and restricted inside the interval (ag, bs). A similar choice
is made for F3 and Fg. For the variance parameter 0%, Fy is selected as the normal density with
mean &3 and a pre-specified standard deviation restricted inside the interval (a4, b4); F5 and Fg
is chosen similarly. For F7, the uniform density on (a7,b7) is chosen.

To demonstrate the reversibility of the chain, assume without loss of generality that the move
from x to y is a move to a higher dimensional space, therefore, representing a K-split move. The
reverse move from y — « represents a K-merge move to a lower dimensional space. Assume that
the value of K corresponding to state x is k (then, it follows that the value of K for state vy is

k+1). Reversibility implies and is implied by the fact that the ratio of the transition probabilities

qxsplit (€, Y)

qKmerge(Y; T)
is a well-defined number in (0, 0o). Thus, for reversibility, the ratio cannot be 0, or oo or 0/0 form.
In other words, if there is a positive transition probability to move from state  to y, then there
should be also a positive probability to move from state y to @, and vice versa. The K-split move
explicitly describes how to move from a particular state & to y with corresponding transition

probability

K spiit (T, y) = (1/k) x (qo(:n,u)/det [%]) x PsplitAlloc,

where go(x,u) is the product density of the independent random variables u; ~ Fj(a;,b;) for
j=1,2,---,8 and

det [ Iy } = L

O(x,u) (1 —up)?
is the absolute value of the Jacobian of the transformation from (x,u) — y. The K-merge move
is now required to move from y to @ with positive probability. This is indeed possible if the two
components chosen to merge are the very ones that were split in the first place. Executing the
steps in the K-merge move outlined above for y guarantees that we get back x. Since the value
of K = (k+ 1) for y, the transition probability is

QKmerge(yv w) = 1/k
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Thus, the ratio of grspiit 10 ¢rmerge 1S @ positive number.

A similar argument holds true for the K-merge move & — y. In this case, the evaluation of
qr spiit (Y, ) which contains expressions of the densities Fj, j = 1,2, -- , 8 obtained by performing
a hierarchical clustering on y. Reversibility implies that g spiit(y, @) is positive, which is true

since the support of F}j is on the entire interval (a;,b;) for j =1,2,---,8.

A.2. Non-dimension changing moves. Update 6;: For fixed K, the parameter 6, =
(01k,021), for k =1,2,--- | K will be updated via a MH algorithm subject to the restriction that
L <011 < <b01g < U, and Ly < 03 < Us. We update 6 in the order determined by the

increasing order of variance parameters Ufk, k=1,2,--- K. Let my,ma,--- ,mg be a permu-
tation of indices 1,2,--- , K such that o}, < o%,, <+ <0, At the k-th step, we update
(01m,, , O2m,, ) given the remaining parameters; at this point, (01, ,02m,) for Il =1,2,--- (k- 1)

have been updated while (01, ,02m,) for I = (k + 1),(k + 2),--- , K have not. The following
proposal density is used for obtaining a candidate pair, (07,,, ;03,,, ):

0F —Zim 2

Jjmp,

I(olka < oicmk < olmkR) X I(LQ < oﬁmk < UQ)a

(18)

1
nmk

in (18), msy, and myp are the indices from {my,--- ,myp_1} such that 60y,,,, is the largest value

where Zjp,, = ZzieBmk xj; with z; = (214, 2;), and ny,, is the number of elements in By, ;

less than 61,,, and 01, , is the smallest value greater than 61,,, . If there is no such index, replace
the lower and upper bounds by L; or Uy, accordingly. For the proposal density given by (18),
the acceptance probability is

O‘(emk ) H:nk) = min {17 exp (’777% (D(emk ) U%mk ) Ugmk) - D(efnk ) U%mk ) Ugmk)))} )

where D is as defined in (10).
Update a?k for j =1,2: Foreach k =1,2,--- , K, we consider the following proposal density
for a new 0]2; for j = 1,2 in a MH algorithm. The proposal density considered is

—1

N 1
q(o‘?k|..-)NIG a; +ng/2, 1/63‘4-5 Z (:vji—ejk)Q ,
x;€By,

where x; = (214, 22;) and 6 = (011, 02x). The acceptance probability is given by
a(UJQ’k ) UJQI:) = min {17 €xXp (Vk(D(ekv 0%1@7 ng) - D(ekv U%ltv 051:)))} )

where 631, = 07, for j 4+ 1 mod 2.
Update pi: The conditional posterior distribution of p; given the remaining parameters is

given by

m(pr |+ +) o< det(Spo) "/ exp <_%(p’klzk1p’k)>v (19)
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where = wpg, +mtp, —nply,, Y = ZBk(pk,5k), Yo = ZBk(pk, 1), and 1, is the ng x 1
vector with unit entries. To avoid computing the normalizing constant, we discretize a range of pg,
(Pmin, Pmax), into subintervals, choose a subinterval with probabilities obtained from evaluating
(19) on each subinterval pg, and generate pi by considering a uniform distribution on the chosen
subinterval.

Updating 71, nr and 5,%: These updates can be carried out via regular Gibbs sampler (with
acceptance probability 1). The conditional posterior distributions of each of the parameters given
the remaining parameters are given by:

o (| -0) ~ Glay +ng, 1/(B51 + D(Ok, 07y, 03;)))s
° ﬂ—(nk | ) ~ (bl( |1;Lkzl:1(wfc3k +7Tthk)/(1;zkE];11nk)7 (1;%21;117%)_1)7

_ —1
o m(0p | -+) ~ IG(as + /2, [1/ 5 + (1/2) (i Sig )] ),
where X, Yo and p;, are as defined for updating py.

Update c¢,: The update of ¢; given ¢—; = (¢1,- -+ ,¢i—1,¢it1,"** ,Cn) and other parameters
can be carried out via a MH algorithm. The following density is used for proposing a new value
of cf:

P(C: =k | Cjy ) S 7k¢2(xi | 9k7 U%kaagk )
The acceptance probability from using the above proposal density can be obtained as

K

| Y QB;(WB,: ﬁkapk,%)}
K )

[Ti—1 98: (Wb, [ 18, Pr;s Ok)

ale,cl) = min{l,

where B; and By, are as in (17) using ¢} = (1, ,¢i—1,¢f, Civ1, -+ -, ¢n) and ¢, respectively.
Update t., : We sequentially update the collection of marks tp, from & =1,2,--- K. For
fixed k, the conditional posterior distribution of each t; € Bj given the rest (namely, t_; =

(t1,- ,tici,tig1, -+ ,tn,)) is given by

w(ti|t—i, ) X én, (fBB,c

M, ZBk (pk,&c)) ,

where £p, = wp, +7tp,.

A.3. Updating Empty Components. The RIMCMC algorithm also incorporates the
updating of empty components into the chain, which is done with some modification to the earlier
updating K move types. Empty components can arise naturally when allocating the observations
into k1 and ks components in the K —split move type. Instead of rejecting this proposal, we
incorporate it into the RIMCMC algorithm by introducing Empty-Add and Empty-Remove move
types which are reversible to each other. In the Empty-Add move, an empty k* component is
added with (Og, Y+, o1k~ , O2k*, Mix , P+, O ) generated from the prior distribution. The proposal
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density corresponding to the Empty-Add move is

042562)

y, By) W(U%k* | a1, B1) W(ng*

046765)7

gm (T, y) = w(Ok) (Vi
X7 (e ) (o= ) (8-

where ms are prior densities for the corresponding parameters. In the Empty-Remove move, an
empty k* component is selected for removal and the corresponding proposal density is ¢, (x,y) =
1/Kg, where Kg is the number of empty K-components prior to removal.
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