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FRAMEWORK FOR BAYESIAN STATISTICAL
INFERENCE

eData: Y = (Y71,Y5,...Y},) (realization: y € R")
e Parameter: ® = (01,6,,...,0,) € RP

e Likelihood: L(y|®)

e Prior: mo(©)

e Thus, the joint distribution of y and ® is

m(y,0) = L(y |©) - m(©)

e Bayes formula: A is a set, and By, By,...,Bp Isa
partition of the space of (Y, ®). Then,

P(A|B;) - P(B;)

(Bj|A) >k_y P(A|B;))- P(B;)




Consider A = {y} and B; = {© € P,}, where P; is
a partition of RP. Taking finer and finer partitions with
k — oo, we get the limiting form of Bayes theorem:

_ Ly|©) m(O)
m(O]y) =

J L(y|©) - m(0O) dO
Is called the posterior distribution of ® given y.

e \We define

m(y) = [ L(y|©)  mo(©)d®

as the marginal of y = P(A), by “summing” over the
infinitesimal partitions B, = 1,2, ....

e \We can also write

Posterior o~ Likelihood x Prior (1)
= L(y|®) m0(©), (2)

retaining the terms on the RHS that involve ® compo-
nents. The other terms are constants and cancel out
from the numerator and denominator.



INFERENCE FROM THE POSTERIOR
DISTRIBUTION

e The posterior distribution is the MAIN tool of infer-
ence for Bayesians.

e Posterior mean: E(® |y). This is a point estimate
of ©.

e Posterior variance - to judge the uncertainty in ®
after observingy: V(O |y)

e HPD Credible sets:

Suppose O is one dimensional. The 100(1 — )%
credible interval for © is given by the bounds ((y) and
u(y) such that

P{l(y) 0 <u(y) |y} =1-a



Shortest length credible sets can be found using the
highest posterior density (HPD) criteria:

Define: A, = {0 : n(6|y) > u} and find ug such
that



SOME EXAMPLES
EXAMPLE 1: NORMAL LIKELIHOOD WITH
NORMAL PRIOR

e Y1,Y5,---.Y), are independent and identically dis-
tributed N (0, 02) observations. The mean 6 is the
unknown parameter of interest.

e ® = {A}. Prior on © is N(6g, 72):

1 (9 90)2
0) = exp{— :
mo(0) = o p{ }
oy = (y1,¥y2,...,yn). Likelihood:
A (yi — 6)2
L 0) = exp{—
010 = 11 ~s=el—5 57
e Posterior:

w(0|y) o L(y|0)mo(6)
o exp{—>_" 1(yz—9)2/(202)}e><p{——}



e After some simplifications, we have

m(0]y) = N(6,5°)

where

(0} T o
and
—1
~2 n 1
=2+ )

POSTERIOR INFERENCE:

e Posterior mean = 0.

e Posterior variance = 2.

e 95% Posterior HPD credible set: I(y) = 0—z0 9756
and u(y) = 0429 9755, Wwhere ®(zg g75) = 0.975.



EXAMPLE 2: BINOMIAL LIKELIHOOD WITH BETA
PRIOR

eYq,Y>, .-, Y, areiid Bernoullirandom variables with
success probability 6. Think of tossing a coin with 6
as the probability of turning up heads.

e Parameter of interestis 9,0 < 0 < 1.

e ©® = {6}. Prior on ® is Beta(a, 3):

a4 8)
") = F ()

ey = (y1,Y2,...,yn). Likelihood:

9o~ 1(1 - 9P~ 1.

L(y|0) = [[ ¢'w=1 (1 - 0)!wi=0)
i=1
e Posterior:

m(0]y) o L(y|60)mo(6)
x O i=1 vite—1(1 _ gyn—2i=1 vithA-1,

Note that this is Beta(a, 3) with new parameters & =
>ty taand=n-—-3" 1 y; + 6.



POSTERIOR INFERENCE

o — ny+a
a+p nta+p

Mean =0 =

: — a3 _ 6(1-0)
Variance (GF+D)2(6+0+1) ~ nta+s

Credible sets: Needs to be obtained numerically. As-
sumen =20andy = 0.2. Seta = = 1.

I(y) =0.0692 and  wu(y) = 0.3996



BAYESIAN CONCEPTS

e In Examples 1 and 2, the posterior was obtained in
a nice closed form. This was due to conjugacy.

e Definition of conjugate priors: Let P be a class of
densities. The class P is said to the conjugate for the
likelihood L(y | ©) if for every mo(®) € P, the poste-
rior r(®|y) € P.

e Other examples of conjugate families include mul-
tivariate analogues of Examples 1 and 2:

1. Y;s areiid MVN(0,X) and 0 is MV N (0g, 72).

2. Y;sareiid Multi(1,601,05,...,0,)and (601,05, ...,0:)
IS Dirichlet(aq, ap,...,qL)).

3. Y;s are iid Poisson with mean 6 and 6 is Gamma(a, 3).

e Improper priors. In order to be completely objective,
some Bayesians use improper priors as candidates
for mp(O).



IMPROPER PRIORS

e Improper priors represent lack of knowledge of 6.
Examples of improper priors include:

1. mo(®) = c for an arbitrary constant c. Note that
[ m0(®)d® = oo. This is not a proper prior. We
must make sure that

m(y)z/L(y|@)- 40 < .

~ 2
For Example 1, we have § = j and 62 = Z-

For Example 2, the prior that represents lack of knowl-
edge is m1g(®) = Beta(1,1).

e Hierarchical priors. When © is multidimensional,
take

m0(®) = mo(01)mo(02]01) - mo(63]61,62)
"‘770(9p|91592:"'9(p_1))~

We will see two examples of hierarchical priors later
on.



NON-CONJUGATE PRIORS

e What if we use priors that are non-conjugate?

e In this case the posterior cannot be obtained in a
closed form, and so we have to resort to numerical
approximations.

EXAMPLE 3: NORMAL LIKELIHOOD WITH CAUCHY
PRIOR

oeletYy,Ys,---. Y, L N(6,1) where 6 is the un-
known parameter of interest.

e ©® = {6}. Prioron®is C'(0,1):

1
) = .
e Likelihood:
" 1

L(y1,y2,--»yn | 0) = ][] exp{—(y; —0)%/2}

i—1 2T



e The marginal m(y) is given by

1
my) = /eeR (1+ 62)

exp{—n(g — 0)2%/2}d6.

e Note that the above integral can not be derived an-
alytically.

e Posterior:
n(@y) = )
1
— 1 ~
= WGXP{—”J(?J —60)?/2} (1+ 62)



BAYESIAN CALCULATIONS

e NUMERICAL INTEGRATION
Numerically integrate the quantities

/%R h(0) (60 | y) do

e ANALYTIC APPROXIMATION
The idea here is to approximate the posterior distribu-
tion with an appropriate normal distribution.

0g(L(y | 0)) ~ log(L(y | 6))
+(6 - 6% 10g(L(y | 6%))

(9 o 0*)2 82 *
T 09(L(y [ 67))

where 6* is the maximum likelihood estimate (MLE).

Note that %Iog(L(y | %)) = 0, and so the poste-
rior is approximately

(6 — 9*)2}

(0 |y) = 7(0" |y) exp {— 552



where

32

Posterior mean = 6* and posterior variance = o2.

1
o2 = (82 log(L(y | 9*))

e Let us look at a numerical example where n = 20
and y = 0.1 for the Normal-Cauchy problem. This
gives

p*=y=0.1 and o°=1/n=0.05

e MONTE CARLO INTEGRATION (will be discussed
later in detail).



BAYESIAN HYPOTHESIS TESTING

Consider Y7, Yo, ..., Yy iid with density f(y|0), and
the following null-alternative hypotheses:

Hgy @ 0 € ©Og versus H{:0ec0,q

e To decide between Hy and H1, calculate the poste-
rior probabilities of Hy and H1, namely, ag = P(©q |y)
and a1 = P(@l |y)

e g and a1 are actual (subjective) probabilities of the
hypotheses in the light of the data and prior opinion.



HYPOTHESIS TESTING (CONT.)

e Working method: Assign prior probabilities to Hg
and H1, say, mg and m1. Define

Posterior odds ratio
Prior odds ratio

ag/ai

o/ ™1

Is called the Bayes factor in favor of ©g.

B(y) =

e In the case of simple vs. simple hypothesis testing,
©g = {6p} and ©1 = {01}, we get

o = 7o f(y | 0o)
mo f(y|60) +m1 f(y|01)
oy = 1 f(y|01)
7o f(y |00) + 71 f(y|01)
and
p— /a1 _ f(yl|b)

mo/m1  f(y|61)



e Note that B is the likelihood ratio in the case of sim-
ple testing.

e In general, B depends on prior input. Suppose

) 7o 7THO((9) If 6 € ©g
m0(@) = { m 7, (0) if6 €O

then,
_ Joy F(v10) w0,y (0) d8
Jo, [(y16) 0, g, (6) 8
Also,
B
P(©qly) = B 1
P(©1|y) = —

B+1



BAYESIAN PREDICTIVE INFERENCE

e Let Yi,Y5,---,Y,, be independent and identically
observations from the density f(y | 9).

e Z is another random variable distributed according
tog(z|0).

e Aim is to predict Z based on Y. MAIN tool of in-
ference is the predictive distribution of Z given Y

n(z|y)= [ g(=10)(60]y)d

e Estimate Z by E(Z | y) and corresponding vari-
ance by V(Z | y).



e NORMAL-CAUCHY EXAMPLE: Let Z ~ N(6,1).
Then

E(Z|y) = E(E(Z]0)]y)
E@ |y)
= Posterior mean of Example 3
and
ViZly) = V(EZI]0)|y) +EV(Z]0)]y)

V(@ly)+1
1 4 Posterior variance of Example 3



BAYESIAN ROBUSTNESS

e Prior specification is subjective. How do we access
the influence of the prior on our analysis?

e Consider the Normal-Normal and Normal-Cauchy
examples of Examples 1 and 3.

eY1,Y5 - Yyareiidfrom N(6, 1), and we consider
two priors: 78 and 7§, for the Normal and Cauchy
priors, respectively.

e Recall the marginal distribution: m(y) gives higher
values to reasonable priors on ®.

e Consider
Hg @ mg = wév Versus Hy @ mg= w?
Assuming 7o = w1 = 0.5, we get

Jo L(y | 6) 75/ (6) df
Jo L(y | 0) =5 (6) do
my(y)
mc(y)

B(y) =




TABLE SHOWING B AS A FUNCTION OF y

eletn = 3.

7 0 1 2 3 4

mn(y) | 0.1424 0.0954 0.0287 0.0035 0.0001
me(y) | 0.1070 0.0681 0.0282 0.0085 0.0003
B(y) |1.3303 1.4005 1.0187 0.4185 0.2358




HIERARCHICAL BAYESIAN ANALYSIS

EXAMPLE 4: HIDDEN MARKOV MODELS

The HMM model consists of:

m(So) ~ N(0,1),
mo(S; | sj—1) ~ N(sj—1,1), j=1,2,---,k,
and
p(y; | sj) ~ N(sj,1), 7=0,1,--- k.
e ® = (S5p,S1,...,5L)
e The likelihood is

k

Ly |0©) =[] p(y; | s5).
=1



e The prior is

k
m0(So, -+, Sk) = m0(So) [ 70(S;|S;-1)-
=1

Thus,

k k
Posterior ~ wo(Sp) H o (S; | Sj—1) H p(y; | S;)

J
2 k e )2
0} - exp(-Z=

2
E (52

e Again, the posterior is a complicated function of
many parameters. Look at the terms in the posterior
involving s; only.

x exp{—




A SPECIAL PROPERTY OF NORMAL DENSITIES

e Use the property of the normal distribution that
1 1
eXp{—E(yj — Sj)z} X eXp{—E(Sj — Sj—1)2}
1
X eXp{—5(8j+1 —54)%}
35 1
oc exp{—sj +255i(yj + sj-1+ sj+1)}
(yj +sj-1+8j41) 2
: %)
e \We get the following conditional densities

yo+s1 1
2 2
Sj—1t+sj41+y; 1
3 '3
Y+ sg—1 1
2 2

3
o eXp{_E(S‘j —

w(so | s1,y0) ~ N(

m(s; | sj—1,8j41,95) ~ N(

(s | Sp—1,yr) ~ N(

)



THE INVERSE GAMMA DISTRIBUTION

o Let X ~ Gamma(a,b): the pdf of X is

f(x) = { be I_l(a,)xa_lexp(_m/b) if x > 0,

0 otherwise.

e DEFINITION: Y = 1/X has a IG(a,b): the pdf
of Yis

fly) = { wrayy texp(=1/by) ify >0,

0 otherwise.

e E(Y)=1/b(a—1),V(Y)=1/(b?*(a—1)%(a —
2))

e The IG(a,b) prior on o2 is conjugate to the normal

likelihood N (u, o2) where the parameter of interest is

o2,



EXAMPLE 5: VARIANCE COMPONENT MODEL

Let

yZ]:92+€zjaz:172aaKa j:1727"'7J
where
® € Zigi N(O,O'GQ), and

o 0; " N(,07).

¢ © = (p,02,02). Prior on ©:

m0(02) ~ IG(a1,by1);

mo(u | 05) ~ N(uo,0p);
mo(og) ~ IG(az,bs).

e Likelihood is
L(y | ©)

I, . 01, - O
/91’927”.,9]( (y11 yicg | 01 K> O¢c)

x [1 700 | i, 08) d1 dbs . .. dOk
)

1
exp{—(y;; — 6,)% /202
/01’927”.,0[( g Do p{ (yz] i)°/208}




X exp{—(0; — u)?/202} do1 dbs . ..d0o
1;[\/%09 p{—(0; — n)*/205} db1 db> K
e In order to avoid integrating with respectto 61, 6-, ..., 0,

we can extend the parameter space to include them,
namely,

2 2
© = (917927“‘70K7M7O_€7O_9)

e The likelihood is L(y | ®) without the integration on
01,60>,...,0k.

e The posterior is

2 2
77(91,"':9[(706,#»09 |Y)
X L(ylla"'ayKJ | 817"'70K70-€) X
K

{TI 70(8; | 1y 09)}mo(02)mo(0g)mo(p | 0F)
=1



If we write down every term above, it will be quite
long !
By straight forward calculation, we get the following

conditional densities

Jgi.ag + O'EQILL 06205 )

Jag—l—ag ’JO'g—I—O'EQ
po+ Ko o )
K+1 K+17

2 K 1
o n(of | rest,y) ~ 1G22 T L,

o[, (0 — )%+ (b — po)?] +2._4
50 177)
2

o 7w(0;|rest,y)~ N(

o (u|rest,y) ~ N(

[

and KJ
o 7'('(0'9 | rest,y) ~ IG(a1 + —

2
b1 > (yij — 0:)° + 2]_1)
2bq '

[

where y;. = JZ =1 Yij ande_KZ



BAYESIAN COMPUTATIONS
MONTE CARLO INTEGRATION

e Recall that the things of interest from the posterior
distribution are E(® |y), Var(® |y) and HPD sets.

e In general, the problem is to find

Er(h(X)) = / h(z) - m(z) da

X
where evaluating the integral analytically can be very
difficult.

e However, if we are able to draw samples from ,
then we can approximate

_ 1 X
]:
where X4, Xo,..., X are N samples from 7.

e This is called Monte Carlo integration.

e Note that for the examples, we would replace 7w (x)
by m(© | y).



JUSTIFICATION OF MONTE CARLO INTEGRATION

e For independent samples, by Law of Large Num-
bers,

EN — Eﬂ(h(X))
e Also,
Varz(h(X))
N —
SN (X)) — )2
N2

Var(hy) =

— 0,

as N becomes large.

e But direct independent sampling from = may be dif-
ficult.

e Resort to Markov Chain Monte Carlo (MCMC) meth-
ods.



MARKOV CHAINS

A sequence of realizations from a Markov chain is
generated by sampling

X0 < p 12Dy, t=1,2,....

e p(x1 | zp) is called the transition kernel of the Markov
chain: p(x1 | zg) = P{X(t) = xq |X(t_1) = xq }.

e X (1) depends only on X ¢=1) and noton Xy, X1, ..
X®=2) thatis,

p(z® |20, 21,...,2 1)) = p(a® | 21,

EXAMPLE OF A SIMPLE MARKOV CHAIN

x® | (1) = N(O.5w(t_1), 1)

This is called the first order autoregressive process
with lag 1 correlation of 0.5.



MARKOV CHAINS (CONT.)

Simulate from the Markov chain
xWz0-1) = n(0.52(-D 1)

with two different starting points: zg = —5 and xg =
+5.

TRACEPLOTS

It seems that after 10 iterations, the chains have for-
gotten their initial starting point xq.



'MARGINAL PLOTS

The marginal plots appear normal, centered at O.

e In fact, the above Markov chain converges to its sta-
tionary distribution as t — oc.

e In the above example, the stationary distribution is

x(0) 20 = N(0,1.333)

which does not depend on z(9).

e Does this happen for all Markov chains?



CONDITIONS THAT GUARANTEE
CONVERGENCE (1 of 2)

1. IRREDUCIBILITY

e The irreducibility condition guarantees that if a sta-
tionary distribution exists, it is unique.

e lrreducibility means that each state in a Markov chain
can be reached from any other state in a finite number
of steps.

e An example of a reducible Markov chain: Suppose
there are sets A and B such that p(A|z) = 0O for
every x € B and vice versa.



CONDITIONS THAT GUARANTEE
CONVERGENCE (2 of 2)

2. APERIODICITY

e A Markov chain with finite number of states is said to
be periodic with period d if the return times to a state
x happensinstepsofkd, k =1,2,....

e A Markov chain is said to be aperiodic if it is not
periodic.

e In other words, look at all return times to state x and
consider the greatest common divisor (gcd) of these
return times. The gcd of the return times should be
1 for an aperiodic chain (greater than 1 for a periodic
chain)

e This can be generalized to general state spaces for
Markov chains.



ERGODICITY

e Assume a Markov chain:
(a) has a stationary distribution 7 (), and
(b) Is aperiodic and irreducible.

e Then, we have an ergodic theorem:

1 N
— 3 m(XW®) = Er(h(X))
N &~

hy

as T — oo. hy is called the ergodic average. Also,
for such chains with

anL = Varz(h(X)) < oo

e the central limit theorem holds, and
e the convergence has a geometric rate.



MARKOV CHAIN MONTE CARLO

e Recall that our goal is to sample from the target

w(x).

e Question: How do we construct a Markov chain
(aperiodic and irreducible) so that the stationary dis-
tribution will be w(x)?

e Metropolis (1953) showed how. This was general-
ized by Hastings (1970).

e Henceforth, they are called Markov chain Monte Carlo
(MCMC) methods.



THE METROPOLIS-HASTINGS ALGORITHM

STEP 1: Fort =1,2,..., generate
v |20 = p(y 2071

(a) Y is called a candidate point, and
(b) p(y | +(t=1)) is called the proposal distribution.

STEP 2: Consider the acceptance probability

() p(=? |y) 1}
(@) p(y | =)
STEP 3: With probability a(z(t) v),

oz(a:(t),y) = min {

set
x+1) =4 (acceptance)

else set

X+ = & (rejection)



THE METROPOLIS-HASTINGS ALGORITHM
(CONT.)

NOTES:

e The normalization constants in =(x) is not required
to run the algorithm. They cancel out from the numer-
ator and denominator.

e The proposal distribution p is chosen so that it is
easy to sample from.

e Theoretically, any p having the same support as =«
will suffice but it turns out that some choices are bet-
ter than others in practice (implementation issues, see
later for more details).

e The resulting Markov chain have the desirable prop-
erties (irreducibility and aperiodicity) under mild con-
ditions on 7 (x).



BURN-IN PERIOD, B

e The early iterations z(1), 2(2) . 2(B) reflect the
Initial starting value xq.

e These iterations are called burn-in.
e After burn-in, we say that the chain has “converged”.

e Omit the burn-in samples from the ergodic average:

oy = — S A(x®)
o N-—-B t=B+1
and
. 1 N _
Var(hBN) = (N_B)2 Z (h(X(t))_hBN)Q

t=B+1

e Methods for determining B are called convergence
diagnostics, and will be discussed later.



IMPORTANT SPECIAL CASES: THE
INDEPENDENCE SAMPLER

e The independence sampler is based on the choice
that

p(y|z) = p(y)

independent of x.

e Hence, the acceptance probability has the form

| n(y) p(x)
ola,y) = min {ﬂm)p(y) ’ 1}

e Choice of p: For geometric convergence of the al-
gorithm, we must have:

(a) the support of p includes the support of =(x), and
(b) » must have heavier tails compared to w(x).



EXAMPLE 3: NORMAL LIKELIHOOD, CAUCHY PRIOR

e We have y = 0.1 and n = 20. This gives C =
1.8813.

e Two different candidate densities:
(a) Cauchy(0,0.5) (blue)
(b) Cauchy(-1,0.5) (red)

= prior 1
1.8 — prior2 H

141

0.6
0.4
02f
Il Il | L

e The posterior mean is 0.0919.
e The posterior variance is 0.0460.




EXAMPLE 3 (CONT.)
TRACEPLOT USING CAUCHY(0,0.5)

0.8

0.6

0.4

0.2

-0.2}

_0.4 a

_0.6 L

-0.8|

I I I I I
0 50 100 150 200 250 300

True  Simulation

Mean 0.0919 0.1006
Variance | 0.0460 0.0452

e Starting value is —1.
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 3 (CONT.)
TRACEPLOT USING CAUCHY(-1,0.5)

0.6

0.4

0.2

-0.2|

-0.4

-06

-0.8+

-1.2
0

I I I I I
50 100 150 200 250 300

True  Simulation

Mean 0.0919 0.1070
Variance | 0.0460 0.0457

e Starting value is —1.
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



THE RANDOM WALK SAMPLER

e THE METROPOLIS ALGORITHM

Proposal is symmetric: p(z|y) =ply|x)

e RANDOM WALK METROPOLIS

p(z|y) = p(lz —y|)

In this case,

BACK TO EXAMPLE 3.

e Three choices of p were considered:
(a) Cauchy(0,2) (large scale)

(b) Cauchy(0,0.2) (moderate scale)
(c) Cauchy(0,0.02) (small scale)



TRACEPLOT FOR CAUCHY(0,2)

0.8

0.6

0.4

0.2

-0.2

-0.4f

-06

-0.8+

| | | | |
0 50 100 150 200 250 300

True  Simulation

Mean 0.0919 0.0773
Variance | 0.0460 0.0393

e Starting value is —1.
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



TRACEPLOT FOR CAUCHY(0,0.2)

0.8

0.6

0.4

0.2

-0.2

-0.4f

-06

-0.8H

| | | | |
0 50 100 150 200 250 300

True  Simulation

Mean 0.0919 0.1026
Variance | 0.0460 0.0476

e Starting value is —1.
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



TRACEPLOT FOR CAUCHY(0,0.02)

0.6

0.4

0.2

-0.2|

-0.41

-0.6

-0.8+

-1.2

| | | | |
0 50 100 150 200 250 300

True  Simulation

Mean 0.0919 0.0446
Variance | 0.0460 0.0389

e Starting value is —1.
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



THE GIBBS SAMPLER

e Suppose that z = (z1,z»o,...,xp) is of dimension
D.

e The Gibbs sampler samples from the conditional
distributions:

T(Tu|T1, 72, -, Ty—1,Ty41,- -+ TD)
W(xlaana ceey Ly—1s LTy Ly415 - - 7$D)
/ 7'('(331,:82,...,wu_l,aﬁu,aﬁu+1,...,$D) dxy,
Ly

e Note that the conditional is proportional to the joint
distribution, so collecting =, terms in the joint distrib-
ution often helps in finding it.



THE GIBBS SAMPLER

Update componentwise to go from ¢t to ¢ 4 1:

X£t+1) ~ m(x |ajg),a?gt) ...,$%>)

Xét_l_l) ~ m(xo] azg +1), wgt) . ,ZC%>)

Xc(lt-i-l) ~ m(zy |a:1 —I-l)’ (t+1) L
(75-1-1) (t) (75))
La— Ta+1)--

Xl()H_l) ~ W(:UD|$gt+1),a?2(t—|—1)...,x%_l_ll))

e Note how the most recent values are used in the
subsequent conditional distributions.



EXAMPLE 4: HMM

e Recall the conditional densities

yo+s1 1
m(s0 | s1,Y0) ~ N(T’E
(Si-1 t+sj41
3
YK T 5Kk-1 1
2 .

1
7T(Sj | Sj—lasj—|—17yj) ~ N 75)

w(sK | Sk—1,yK) ~ N(

e To implement the Gibbs sampler, we took K = 4



IMPLEMENTATION

e The observations are

Y = (0.21,2.01,—-0.36, —2.46, —2.61)
e Next, we chose the starting value

Sg = (0.21,2.01, —0.36, —2.46, —2.61)

and ran the Gibbs sampler.
e We ran N = 4,000 iterations of the MC with a
burn-in period of B = 1, 000.



EXAMPLE 4: TRACEPLOT FOR Sg

Gibbs Sampler result of SO

0 50 100 150 200
iteration

Value Standard error
Posterior Mean | -0.23 0.0475

Table entries are based on N = 4,000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 4 TRACEPLOT FOR S5

Gibbs Sampler result of S2

0 50 100 150 200
iteration

Value Standard error
Posterior Mean | -0.1300 0.0388

Table entries are based on N = 4,000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 4 TRACEPLOT FOR Sy4

Gibbs Sampler result of S4

0 50 100 150 200
iteration

Value Standard error
Posterior Mean | 0.0339 0.0413

Table entries are based on N = 4,000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 5: VARIANCE COMPONENT MODEL

RECALL:
yij:9i+€ij7i:1727---7K7j:172>---7<]

RECALL THE CONDITIONAL DISTRIBUTIONS:

J@i.ag + o2 06205

Jag—l—ag ,Jag—|—a€2
o+ K0 o2 )
K+1 K+17
2a0 + K + 1

2 )
bo[S K, (6, — )2 + (1 — p0)?] + 2
b5

o m(0;|rest,y)~ N( )

o m(u|rest,y)~ N(

o 7r(092 | rest,y) ~ IG(

[ I™H

and K
o W(ag | rest,y) ~ IG(a1 + -

b1 > (yij — 0:)% + 2]_1)
2bq '

[



HOW DO YOU CHOOSE STARTING VALUES IN GEN-
ERAL

e In practice, the values of the true parameters will
be unknown.

e How do you select good starting values in such cases?
e | usually use an ad-hoc estimate of the parameters.

e lllustrate!



IMPLEMENTATION
e Wetook K =2,J =5

e Thedatais Y =

(1.70,1.30,3.53,1.14,3.15,
~2.25,2.29.1.77,—-3.80, 3.36)

e To implement the Gibbs sampler, we took:
(a) a1 = 2;b1 = .02;

(b) ar» = 3; b, = 0.03;

e STARTING VALUES:

(a) Note that

K J
ECY. Y (i —5:)%) = K(J — 1)o?

i=1 j=1
e SO, we set




(b) Note that

E(y.) =,

e \We set

(c) Note that

K
B(J Y (yi = §)%) = J(K = Dog + (K - 1)o?,

=1
e \We set
Ity (i — §-)% — (K = 1)oZ,
o =
9,0 J(K —1)

(d) 61,02 are iid N(uo, o o):
¢ S0, we generate 01 g and 0> g; or, you canset 1 g =
y1. and 62 o = yo.



EXAMPLE 5: TRACEPLOT FOR u

Gibbs Sampler result of mu
T T

| | | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
iteration

‘ True Simulation
Value \ -0.0380 0.7658 (standard error = 0.2613)

e Starting values are (0.86, -0.17, 1.22, 0.69, 5.45).
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 5: TRACEPLOT FOR ag

Gibbs Sampler result of sigma?2 theta
T

sigma2 theta
W N a 2] ~ [o0]
o o o o o o
T T

N
o

[
o
T

o

| | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
iteration

‘ True Simulation

Value \ 14.7876 14.0902 (standard error = 2.5243)

e Starting values are (0.86, -0.17, 1.22, 0.69, 5.45).
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 5: TRACEPLOT FOR 062

Gibbs Sampler result of sigma2 epsilon

60

50

40 -

30

sigma2 epsilon

20

m i

| | | | | | | | |
(0] 20 40 60 80 100 120 140 160 180 200
iteration

‘ True Simulation

Value | 14.7876 14.0902 (standard error = 2.5243)

e Starting values are (0.86, -0.17, 1.22, 0.69, 5.45).
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 5: TRACEPLOT FOR 64

Gibbs Sampler result of theta1

10

theta 1
iy

1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
iteration

‘ Value Standard error
Posterior Mean | 1.8162 0.1518

e Starting values are (0.86, -0.17, 1.22, 0.69, 5.45).
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



EXAMPLE 5: TRACEPLOT FOR 65

Gibbs Sampler result of theta2

theta 2
o

1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
iteration

‘ Value Standard error
Posterior Mean | 0.4072 0.1489

e Starting values are (0.86, -0.17, 1.22, 0.69, 5.45).
e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



IMPLEMENTATION ISSUES

How many parallel Markov chains should be run ?

e Several different (short) runs with different initial val-
ues (Gelman and Rubin, 1992)

(a) Gives indication of convergence

(b) Gives a sense of statistical security

e Run one very long chain (Geyer, 1992)

(a) Reaches parts of the posterior distribution that other
schemes do not

e Experiment yourself, try one or the other, or both.



CONVERGENCE DIAGNOSTICS
You must do:
e Traceplots of each component of the parameter ©.

e Plot of the autocorrelation functions. If correlations
do not die down to zero, check your codes, debug!



CONVERGENCE DIAGNOSTICS
EXAMPLE 3: INDEPENDENCE SAMPLER WITH
CAUCHY(0,0.5)

0.8

0.6

0.4

0.2

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
lag m

Autocorrelation functions were calculated based on
N = 4,000 with a burn-in period of B = 1, 000.



CONVERGENCE DIAGNOSTICS
EXAMPLE 3: INDEPENDENCE SAMPLER WITH
CAUCHY(-0.1,0.5)

0.8

0.6

0.4

0.2

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
lag m

Autocorrelation functions were calculated based on
N = 4,000 with a burn-in period of B = 1, 000.



CONVERGENCE DIAGNOSTICS
EXAMPLE 3: RANDOM WALK SAMPLER WITH
CAUCHY(0,2)

0.8

0.6

0.4

0.2

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
lag m

Autocorrelation functions were calculated based on
N = 4,000 with a burn-in period of B = 1, 000.



CONVERGENCE DIAGNOSTICS
EXAMPLE 3: RANDOM WALK SAMPLER WITH
CAUCHY(0,0.2)

0.8

0.6

0.4

0.2

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
lag m

Autocorrelation functions were calculated based on
N = 4,000 with a burn-in period of B = 1, 000.



CONVERGENCE DIAGNOSTICS
EXAMPLE 3: RANDOM WALK SAMPLER WITH
CAUCHY(0,0.02)

0.8

0.6

0.4

0.2

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
lag m

Autocorrelation functions were calculated based on
N = 4,000 with a burn-in period of B = 1, 000.



GELMAN AND RUBIN (1992)

Based on the idea that given convergence has taken
place, different chains will have the same distribution.
Can be checked based on a suitable metric.

ALGORITHM:

(a) Use K initial values. Iterate B steps for burn-in
and (N-B) additional steps for monitoring.

(b) Calculate the following statistics:

Within chain variance, W "
- 1 K N t - 2
— K(N-B-1) 2j=1 24=B+1 (h(Xj ) — hBN,j)

Between chain variance, B
_ N-B<K (T T 2
= =1 >j=1(hBNj—hBN,)

where
T 1 N (t)
hpN,; = mzj:B_H h(Xj ),and



hpN. = K Z L1 hpN
e The pooled posterior variance estimate is

o= (1t e ()

e The Gelman-Rubin statistic is

5
VR =2
W

e Intuition:

(a) Before convergence, V¥V underestimates total pos-
terior variance because it has not fully explored the
target distribution.

(b) V, on the other hand, overestimates the variance
because the starting points are over-dispersed rela-
tive to the target.

e R is called the PSRF, or, the potential scale reduc-
tion factor: R close to 1 indicates convergence and
vice versa.



PSRFs FOR EXAMPLE 3

e IS Cauchy(0,0.5): R =1.0000

e IS Cauchy(-1,0.5): R =1.0115

e RWS Cauchy(0,2): R = 1.0006

e RWS Cauchy(0,0.2): R =1.0029
e RWS Cauchy(0,0.02): R = 1.0054

e Five different starting values are chosen: —2,—1,0, 1
and 2.

e Table entries are based on N = 4, 000 iterations of
the MC with a burn-in period of B = 1, 000.



PSRFs FOR HMM EXAMPLE

e Recall that the data realized were

Y = (0.21,2.01, —0.36, —2.46, —2.61)

e Three different sets of starting values were chosen:
MHhY,Y+02andY — 0.2.

e N = 4,000 iterations of the MC with a burn-in pe-
riod of B = 1,000 was run.

e Sp: R = 1.0000
e S1: R =1.0002
e S»: R =1.0001
e S3: R = 1.0000
e S;: R =0.9999

e Check out the histograms and the estimates of the
posterior means, variances and standard errors.



PSRFs FOR VARIANCE COMPONENT MODEL

e Recall that the data was

Y = (1.70,1.30,3.53,1.14, 3.15,
~2.25.2.29.1.77 — 3.80, 3.36)

e Three different sets of starting values of (61, 02, 1, o7, 02)
were chosen:

(i) (-3.7201, 4.8943, -0.0379, 12.1644, 14.7669)
(i) (-2.9594, 1.8781, -0.0395, 12.6582, 15.3662)
(iii) (0.7465, -3.3410, -0.0390, 12.5008, 15.1752)

e N = 4,000 iterations of the MC with a burn-in pe-
riod of B = 1,000 was run.

e 61: R =1.0001
e 6>: R =0.9999
e 1 R =1.0000

e o2 R =0.9999
o 0?: R = 0.9999

e Check out the histograms and the estimates of the
posterior means, variances and standard errors.



BAYESIAN MODEL DIAGNOSTICS

eletYy,Ys, ..., Y, beiidfrom f(y|0). The unknown
parameter is denoted by ©® = {6}.

e We want to examine the influence of y; to the fit.

e Do this by cross validation using the predictive dis-
tribution of y;.

p(y;ly—;) = /@ flyjly—;,0) -p(0]y—;)do
e This is called the conditional predictive ordinate (CPO).

e Can estimate the residual by

vi — E(y; | y—;)



EXAMPLE 6: SIMPLE LINEAR REGRESSION

Mi:y; = 0Bo+e€,¢ ~ N(O,1)

Mo: y; = Bo + B2 + €, & %7 N(0,1)

DATA:

14

13} +
12 +

+

+ 3
11 ¥ +

+

+
10 + 4
+
9 . + +
+
+ +
ol ¥
* u
+
7 +
L+ + + t 4
6 + +
s5H + +
+

4 | | |
10 11 12 13 14 15 16 17 18 19

Sample size: n = 40.

20



LET'S DEVELOP THE METHODOLOGY

e Index model M;. by k, kK = 1,2. We can write both
models in the matrix form

Y;x1 = X,gi)kﬁ;gi)l + €nx1

where
Y1 5o
v — | V2 gk — B1
Yn Bk-1)
1 1l x4
xM =1 and x@=|1 22
1 1 n
e Likelihood:
TR yigy— 1
(Y | B*) (2my"2

exp {_%(Y _ x®) gy _ x*) 5<k>)}



e Prior on 3(%) is N (0,1/c):

(k) (k_l) 1 C T
mo(B\Y) = jl;lo \/T_Wexp{—gﬂ B}

e STEP 1: Calculate the posterior of 3(¥)

e STEP 2: Reduce n to n — 1 for the cross valida-
tion procedure

e STEP 3: Calculate E(y; |y_;)

e STEP 4: Calculate y; — E(y; | y—;)



SIMPLE LINEAR REGRESSION (CONT.)

Graph of residuals based on:
(a) M4 (in green)
(b) M> (in blue)

!
35

40



MODEL SELECTION

We can do model selection based on the pseudo-
Bayes factor given by

n

11 fQyjly—j, My)

PBF = =2

11 fCyjly—j, M2)

=1

This is a variant of the Bayes factor

__Marginal likelihood under M4

BF =
Marginal likelihood under M>

FOR OUR EXAMPLE 6: PBF is 1.3581 x 10731,

(Observations came from Mo with 3g = —0.4, 81 =
0.6)



WHAT IF CLOSED FORMS ARE NOT AVAILABLE

e Inthe example we used, the predictive density f(y; | y—;)
and the expected value E(y;|y—_;) could be calcu-
lated in a closed form.

e However, this is not always the case.

e Note that we are interested in the quantity

Bysy-5) = [ Ely;0)n(8]y—y) df
e Material is from Gelfand and Dey (1994)



CASE I E(y] | H) = CLJ(Q)
e Dependence on M, is suppressed.

e We want to estimate the quantity
/@ a;(0) (0| y_;) do
0|y_,)do
|, 701y

e Recall importance sampling: If we have 67,65, ...,07%
l.i.d. samples from ¢g(-), then

E(yjly—;) =

_ T (O ]y—j)
/@ aj(e)w(my_j)de_/@ a;(0) 9(9)9 9(6) do
o1 oy T 1Y)
V& e

and

o o m(0y—;)
/@ w(e\y_j)de_/@ 9(9)3 9(6) do




e Essential that g(0) closely resembles 7(0 | y_;).

e Thus, a good choice of g is the complete posterior
density, w(0 |y).

e Then,

1Ym0y m(y) 1 a(6))

Nz';l () g(67) m(y—j)Ni; L(y;|07)
L n@lyy) ) 1L
Nfl::]_ Q(H;k) m(y—j) Nz'zl L(yj | Qf)




BACK TO THE REGRESSION EXAMPLE

e For M4, we have

E(y;|Bo) = Bo

and
1 1 5
L(y;| Bo) = @eXp{_E(yj — Bo)“}

e The posterior w(Gg | y) is given by

n 1
=N Yy :
w(Bo 1Y) = N o )
e S0, plug-in the above expressions into the general
formula of E(y;|y—;) to get the explicit expression

for this example.




BACK TO THE REGRESSION EXAMPLE (CONT.)

e For M»>, we have

E(y;|Bo,B1) = Bo + b1z

and

1 1
L(y;| Bo. B1) = —=exp{—5(y; — fo — Brz;)*)

e The posterior w(8g, 31 |y) is given by
m(B80,B811y) = N(Bc, A)

where
Be=(X'X+c) XY
and
A= (X'X4c)™ 1

e S0, plug-in the above expressions into the general
formula of E(y;|y—;) to get the explicit expression
for this example.



CALCULATE PBF FOR THE REGRESSION EXAM-
PLE

e To obtain f(y; |y—;), replace a;(0) by 1.

e In the regression example, the PBF is 5.4367 X
10729,



CASE II: E(y;|6) NOT IN CLOSED FORM

e Recall that
E(y;ly—;) = /y v m(y; | y—j) dy;
J

e Use importance sampling once more:

Let y;l,y;fg, e ’y;,N be samples from 7(y;|y—;).
Then,

1 N
E(y;|y—;) = N > Vi
i=1

e How to generate samples from 7 (y; | y_;)?
(i) First generate 9;‘2 from = (6 |y—,), and
(ii) Then, generate y;‘z from L(y; | 9;,,&).



e SIR (Sampling Importance Resampling) is one way
to convert samples from 7 (0 | y) to samples of 7 (0 | y_;)

e General set-up: Suppose we have N samples from
g(-), 01,0-,...,0N. The goal is to obtain a sample of
M observations from f(-).

e Idea: Assign a sampling weight w; = w(6;,) to the
sample 6;. If 6* is a draw from 61, 6>, . .., 0 with se-
lection probabilities w4, wo, ..., wp, then

Zg\[:l Wy I{Qi € B}
Zf\le wy
Joe w(0) g(0) db
Joer w(0) g(0) do
Joep F(0)dO
Joer f(0)doO

If the weights are chosen as
w; = w(6;) o< £(6;)/9(0;)

e Normalizing by 27];\7:1 w; In the denominator helps
remove unwanted constants.

P0*eB) =




EXERCISE
e Assume Y1, Yo, ..., Yy areiid N(u, o2).

e Data is

6.1 7.6 75 42 5.7
43 56 84 53 6.0
6.7 6.2 6.6 6.2 7.0
42 54 54 12 52

e Obtain estimates of y and o2 using MCMC tech-
nigues and appropriate prior distributions.

e IS there evidence that the data does not come from
the normal distribution?



