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Abstract We consider the nonparametric regression model with long memory data
that are not necessarily Gaussian and provide an asymptotic expansion for the mean
integrated squared error (MISE) of nonlinear wavelet-based mean regression func-
tion estimators. We show this MISE expansion, when the underlying mean regres-
sion function is only piecewise smooth, is the same as analogous expansion for
the kernel estimators. However, for the kernel estimators, this MISE expansion
generally fails if an additional smoothness assumption is absent.
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1 Introduction

Consider nonparametric regression
Yi=gx)te, k=1,2,...,n, (1)

where x; = k/n € [0, 1], ¢, ...,é&, are observational errors with mean 0 and
g is an unknown function to be estimated. Many authors have investigated var-
ious aspects of this model, under the assumptions that ¢j, ..., &,, ... are i.i.d.
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errors or a stationary process with short-range dependence such as classic ARMA
processes (see, e.g., Hart, 1991; Tran et al. 1996; Truong and Patil, 2001); or a
stationary Gaussian sequence with long-range dependence (see, e.g., Csorgo and
Mielniczuk, 1995; Wang, 1996; Johnstone and Silverman, 1997; Johnstone, 1999);
or a correlated and heteroscedastic noise sequence (Kovac and Silverman, 2000); or
a correlated and nonstationary noise sequence (von Sachs and Macgibbon, 2000),
just to mention a few. Regression models with long memory data are more appro-
priate for various phenomena in many fields which include agronomy, astronomy,
economics, environmental sciences, geosciences, hydrology and signal and image
processing. Moreover, many times series encountered in practice do not exhibit
characteristics of Gaussian processes. For example, some economic time series,
especially price series, are non-Gaussian to the extreme. Hence it is of interest to
consider the regression model (1) with long-range dependent errors {¢,} that are
not necessarily Gaussian.

Let {ex, k > 1} be a stationary process with mean O and constant variance.
Recall that {e;, k > 1} is said to have long-range dependence or long memory, if
Z,fil |p(k)| = oo, where p(k) = E (e1€144) is the autocovariance function of
{er}. This is the case if there exists H € (0, 1) such that

p(k) =k~ L(k), ()
where L(x) is a slowly varying function at oo, i.e., for alla > 0,

L(ax)
1m =
x—o0 L(x)

See Bingham, Goldie and Teugels (1987) for more information on slowly varying
functions.

The literature on long-range dependence is very extensive, see, e.g., the mono-
graph of Beran (1994) and the references cited therein. In particular, several authors
have studied the kernel estimators of the regression function g with long-range
dependent errors. For example, Hall and Hart (1990) considered the model (1)
with stationary errors for which p(n) ~ Cn™" as n — oo and established the
convergence rates of mean regression function estimators. Csorgé and Mielniczuk
(1995) have studied the weak convergence of the finite dimensional distributions
and the suitably renormalized maximal deviations of the kernel estimators of g in
(1) with long-range dependent Gaussian errors. Robinson (1997) has established
the central limit theorems for the kernel estimators of g in (1) when the errors form
a stationary martingale difference sequence. They all require that the regression
function g is continuously differentiable.

This paper is concerned with the asymptotic properties of wavelet-based estima-
tors of mean regression function with long memory errors. In recent years, wavelet
methods in nonparametric curve estimation have become a well-known and power-
ful technique. We refer to the monograph by Hirdle, Kerkyacharian and Tsybakov
(1998) for a systematic discussion of wavelets and their applications in statistics.
The major advantage of the wavelet method is its adaptability to the degree of
smoothness of the underlying unknown curve. These wavelet estimators typically
achieve the optimal convergence rates over exceptionally large function spaces. For
more information and related references, see Donoho, Johnstone, Kerkyacharian
and Picard (1995); Donoho, et al. (1996) and Donoho and Johnstone (1998). Hall
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and Patil (1995, 1996a,b) also have demonstrated explicitly the extraordinary local
adaptability of wavelet estimators in handling discontinuities. They showed that
discontinuities of the unknown curve have a negligible effect on performance of
nonlinear wavelet curve estimators. All of the above works are under the assumption
that the errors are independent.

For correlated noise, Wang (1996), Johnstone and Silverman (1997) and John-
stone (1999) have examined the asymptotic properties of wavelet-based estimators
of mean regression function with long memory Gaussian noise. They have shown
that these estimators achieve minimax rates over wide range of function spaces.
In this paper we consider a different approach by following the framework of Hall
and Patil (1995). We focus on a fixed target function g in (1), rather than describe
performance uniformly over large classes of g’s, to identify more clearly the ways
in which the choice of threshold affects the performance of a wavelet-based curve
estimator (see Hall and Patil, 1996a,b). These results may be generalized to large
classes of functions.

Specifically, we provide an asymptotic expansion for the mean integrated square
error (MISE) of nonlinear wavelet-based mean regression function estimators with
long memory data that are not necessarily Gaussian. More explicitly, we assume in
(1) that e = G (&), where {&;, k > 1} is a stationary Gaussian sequence with mean
0 and variance 1 and G is a function such that EG (&) = 0 and EG?(&,) < oo.
Under the assumption that the underlying mean regression function g is only piece-
wise smooth, we show that the MISE expansion is of the same form as the analogous
expansion for the kernel estimators. However, for the kernel estimators, this MISE
expansion generally fails if the additional smoothness assumption is absent.

The rest of this paper is organized as follows. In the next section, we give
some basic elements of the wavelet theory, provide nonlinear wavelet-based mean
regression function estimators and recall some basic properties of the Hermite
polynomials. The main results are described in Sect. 3, while their proofs are given
in Sect. 4. Throughout we will use C to denote a positive and finite constant whose
value may change from line to line. Specific constants are denoted by Cy, C;, C;
and so on.

2 Notations and estimators
This section contains some facts about wavelets that will be used in the sequel.
Let ¢ (x) and ¥ (x) be the father and mother wavelets, having the following prop-

erties: ¢ and ¢ are bounded and compactly supported; [¢* = [¢? = 1,y =
[y (y)dy =0for0 <k <r—1landv, = [y ¥ (y)dy # 0. Define

¢;(x) = pPp(px — j),  Yi;(x) = p)*Y(pix — j), xR

for arbitrary integers p > 0, j € Z and p; = p2’, i > 0. Then the system
{¢;(x), ¥i;(x), j € Z,i > 0} satisfies

/ ®jiPj, = 8j1js / Visjy Wirjy = 8i1in8jy oo / ®Vij, =0, 3)
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where §;; denotes the Kronecker delta (i.e., §;; = 1,if i = j; and §;; = O,
otherwise) and is an orthonormal basis for the space L?(R). For more informa-
tion on wavelets, see Daubechies (1992) or Hirdle, Kerkyacharian and Tsybakov
(1998).

In our regression model (1), the mean function g is supported on the unit interval
[0, 1], thus we can select an index set A C Z and modify some of ¥;;(x), i, j € Z,
such that {I/fij (x), i,j € A} forms a complete orthonormal basis for L?[0, 1]. We
refer to Cohen, Daubechies and Vial (1993) for more details on wavelets on the
interval. Hence, without loss of generality, we may and will assume that ¢ and
Y are compactly supported on [0, 1]. We also assume that both ¢ and  satisfy a
uniform Hoélder condition of exponent 1/2, i.e.,

[y (x) =¥ < Clx —y|'?, forallx, y € [0, 1]. “4)

Daubechies (1992, Chap. 6) provides examples of wavelets satisfying these con-
ditions.
For every function g in L2([0, 1]), we have the following wavelet expansion:

oo pi—l1

glx) = Zb ¢j )+ Y by (), x€[0,1], ©)

i=0 j=0

b; =/‘g¢j7 b;; =/gl/fij

are the wavelet coefficients of the function g and the series in (5) converges in
L*([0, 1]).
We propose a nonlinear wavelet estimator for g(x):

where

q—1pi—1

) = Zb $j )+ > Y bid (bl > 8) Wi (x), 6)

i=0 j=0

where §; > 0 is a level-dependent “threshold”, ¢ > 1 is another smoothing param-
eter and the wavelet coefficients b; and b;; are defined as follows:

1 & 1 &
== iy, by = - Vil (). (7)
k=1 k=1
Let {&, k > 1} be a stationary sequence of Gaussian random variables with
mean zero and unit variance. We assume that
r(k) = E (§1&144) ~ Cok™, ask — oo, (8)

where o € (0, 1) and Cy > 0 is a constant and @; ~ by means that a; /b, — 1
as k — oo. Here we have taken the slowing varying function L in (2) to be the
constant Cy to simplify the presentations of our results. With a little modification,
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one can show that Theorems 3.1 and 3.2 still hold under the more general assump-
tion (2). A typical example of stationary Gaussian sequences satisfying (8) is the
fractional Gaussian noise:

& =BYk+1)—B9k), (=012, ...),

where BY = {BH ),t e ]R} is a real-valued fractional Brownian motion, that is
B" is a centered Gaussian process with B (0) = 0 and

E(B"(s)B" (1)) = % (Is]® + 1 — |t —s[*), Vs, teR.

In this case, it is easy to verify that if H # 1/2, then r(k) ~ HQ2H — 1)k*'~2 as
k — oo. Hence the fractional Gaussian noise satisfies (8) with @ = 2 —2 H and has
long-range dependence if and only if H € (1/2, 1). See Samorodnitsky and Taqqu
(1994, Sect. 7.2) for more information on fractional Brownian motion and frac-
tional Gaussian noise. Long-range dependent stationary Gaussian sequences can
also be constructed as moving averages of i.i.d. standard normal random variables;
see, e.g., Beran (1994).

For an integer m > 1, if the index « in (8) satisfies 0 < am < 1, then, using
the notation of Taqqu (1975, 1977), we write {&, k > 1} € (m)(«, Cp).

Now we recall the notion of Hermite rank from Taqqu (1975, 1977). Let & be
an N (0, 1) random variable and define

G ={G: EGE) =0, EG*(§) < 00}.

Then G is a subspace of the Hilbert space

1 x2 1 2
L’ (R,—e 7 ) 21{G: —/G2(x) e 7dx <00
< V2r ) mR

It is well known (see, e.g., Rozanov, 1967) that the Hermite polynomials

o

2dk

Hi(x) = (=Dfe> —e™r (k= 0),
form a complete orthogonal system of functions of L? (R, \/%7 e_%) and they
satisfy the identity
E[H(§)H(§)] = Sk k!, €))

where £ is a standard normal random variable. The first few Hermite polynomials
are Hy(x) = 1, Hi(x) = x, Hy(x) = x> — 1 and Hs(x) = x> — 3x.
Every function G € G can be expanded in terms of the Hermite polynomials

— J (k
6 =3 L i),

— k!
where J(k) = E (G(£)H(£)),VYk > 0, and the above series converges in L2
(R, \/%7 e_%>. It is clear from (9) that EG*(§) = Y ;o % < o0.
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For every G € G, the Hermite rank of G is defined by
m, =min{k > 0: J(k) # 0}.

Since J(0) = EG(¢) = 0, we have m, > 1forall G € G. When no confusion can
arise, we will omit the subscript G and simply write the Hermite rank of G as m.
As examples, we mention that for every integer k > 0, G(x) = x*7! has
Hermite rank 1; and the function G(x) = x> — E (&%) has Hermite rank 2. The
Hermite polynomial H;(x) has Hermite rank k.
We will need the class of functions

Gn = {G € G : Ghas Hermit rank m} .

For every G € G,, and {§,,n > 1} € (m)(a, Cp), let g, = G(§,) forn > 1. Then
{e,, n > 1} is a stationary sequence. In order to verify its long-range dependence,
we make use of the following formula

E [Hi(EDH(E110)] = Sk k! r(m) (10)

(see Rozanov, 1967, p. 183) to get

J2
E (e161a) = Z q(” r(n)

q=m

Jz(m) o
(n), asn — oo, an

where the last statement follows from (8); see also Taqqu (1975, p. 293). Hence
{e,,n > 1} is long-range dependent with index ma. Note that in this paper, we
assume 0 < mo < 1. The case of ma > 1 requires different methods and will be
dealt elsewhere.

3 Main results

Throughout this paper, we will assume the following conditions [denoted by (SP)]
are satisfied

(1) The errors {ex, k > 1} in (1) are given by & = G (&), where G € G,, and
{&k. k = 1} € (m) (e, Cp).

(2) The smoothing parameters p, g, and §; are functions of n. We assume that
p—> 00, g > ocoasn — oo, and foreveryi =1,2,...,qg — 1,

Ci(4e)™(In n)"*!

l—-ma
mymo
mmn™m® p,

2r+1¢2
i 8[

pis; =0, pItls > o0, 8>

where

cﬂ
C = =2 (’") f/| YIm ) (y) dx dy. (12)
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Observe that, since 0 < ma < 1, the Fourier transform of the function s +— |s|™"™¢
and the Plancherel’s theorem yield

1 —~
// ¥ = Y17 Y ()Y () dxdy = Cpo / i [P0 du >0
R

where C,,, > 0is a constant depending on mo only and 1’//\ is the Fourier transform
of . Hence C is a positive and finite constant.

Theorem 3.1 [f, in addition to the conditions on ¢ and s stated in Sect. 2 and the
condition (SP), we assume that the r-th derivative g\ is continuous and bounded.
Then, as n — 00,

E ‘/(é -8’ — {Cz (n )"+ p T (1—27)" / g<r>2}

=0 ((nflp)mot + p72r> , (13)
where k = (r)"'v, and C, is a positive and finite constant defined by
C J2(m) s
Cr=— f / |x $(X)$(y) dx dy. (14)

Remark 3.1 Because of the long-range dependence, our choice of the thresholds
must be level-dependent and depend on the unknown long memory parameter o
and Hermite rank m. Hence, our result is mainly of theoretical significance and
these parameters are assumed to be known constants. In practice, we need first to
estimate these parameters. Wang (1996, p480) and Johnstone and Silverman (1997,
p340) provide simple methods to estimate the long memory parameter «. Delbeke
and Van Assche (1998) and Abry and Veitch (1998) also provide wavelet-based,
statistically and computationally efficient estimators of o based on the wavelet
coefficients and show they are unbiased, consistent and has asymptotically a nor-
mal distribution. Thus, we assume that the parameter « is estimated and treated as
known. An alternative way of choosing the threshold is the following: from Lemma
4.2 in the next section, the threshold in (SP) satisfy 87 > o?(2¢)" (In n)"'m =",

2

where 0" = var (bi_,> = Cyn™" p ™" This noise variance o at each level i

can be estimated from the data, for example, the robust median absolute deviation

estimator 6; = MAD{IQU, j=0,1,..., p; —1}/0.6745. Hence, we can also treat
O'iz as known (see Johnstone and Silverman, 1997 for more details).

In Theorem 3.1, we have assumed that the mean regression function g is r-
times continuously differentiable for simplicity and convenience of the exposition.
However, if g is only piecewise continuous, Theorem 3.1 still holds, as given in
the following:

Theorem 3.2 [n addition to the conditions on ¢ and  stated in Sect. 2, we assume
that the r-th derivative g is only piecewise smooth, i.e., there exist points xo =
0 <x) <x < -+ <xy < 1 = xyy1 such that the first r derivatives of g
exist and are bounded and continuous on (x;, x;y) for 0 < i < N, with left- and
right-hand limits. In particular, g itself may be only piecewise continuous. Also
assume that condition (SP) holds and pé’*’""‘n‘zr’""‘ — 0. Then (13) still holds.
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Remark 3.2 Truong and Patil (2001) have considered wavelet estimation of mean
regression function p(x) = E (Yy|Xo = x) based on stationary sequences of ran-
dom variables (X;, Y;),i =0, £1, £2,.... They constructed wavelet estimator

of u through i = 3/ f, where f and g are wavelet estimators of density func-
tion of X and g(x) = f yh(y, x)dy, where h(y, x) is the joint density function
of (Yo, Xo). One of results in Truong and Patil (2001) is that they derived esti-
mator’s MISE formulae [ E (i — M)z ~ kyn~'p + ky p~%, where ky, ky are
constants. Since these stationary sequences are short range dependent, its MISE is
analogous to those of Hall and Patil (1995, 1996a,b) for the independent case.
However, in our case for long range dependence data, the MISE formulae is
JE(§ - g)2 ~ k3 (n~'p)"* + ko p~, which depends on long memory param-
eter o and Hermite rank of G, and thus it is different from those of Hall and Patil
(1995, 1996a,b). Wang (1996) and Johnstone and Silverman (1997) considered
wavelet estimator of mean regression function with long memory Gaussian error
and derived the minimax convergence rate n~>"%/"+® In our paper, we consid-
ered that random error is a nonlinear function of Gaussian error. For the Gaussian
error special case, the Hermite rank of G is 1 (i.e., m = 1). In this case, if our
smoothing parameter p is chosen of size n%/?"+) then the convergence rate of
our MISE is n=2%/@r+® 'which is the same as those in Wang (1996) and Johnstone
and Silverman (1997).

Remark 3.3 Hall and Hart (1990) considered kernel estimator in fixed-design non-
parametric regression when error is Gaussian long memory process, giving a similar
asymptotic expansion for MISE. Robinson (1997) considered kernel nonparametric
regression estimator when error is long memory moving average, providing a cen-
tral limit theorem and a similar asymptotic expansion for MISE as well. However,
they all assume that the regression function g is continuously differentiable. Our
result is stronger than the traditional asymptotic expansion for MISE. In particular,
(13) implies a wavelet version of the MISE expansion:

E/ @—9>~Co(n'p)" +p k(1 =27)" / g"’, asn — oc.

For kernel estimators, the above expansion usually fails without the assumption
that g is r-times continuously differentiable.

4 Proofs

Observing that the orthogonality (3) implies

p—1 q—1 pi—1
/@— 9r=> (b;—b) + (Bij — biy)" 1 (1Bis] > &)
j=0 i=0 j=0
q—1 pi—1 oo pi—l
ISR (bl < 8)+ D> b (15)
i=0 j=0 i=q j=0

we will break the proofs of Theorem 3.1 into several parts. The basic ideas of our
proofs are similar to those of Theorems 2.1 and 2.2 in Hall and Patil (1995). The
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difference is that we consider the errors {€;, k > 1} to be long memory stationary
noise here, instead of i.i.d. random variables in their paper. As is always the case of
going from i.i.d. to long-range dependence, several technical difficulties have to be
overcome. We will use different methods than those in Hall and Patil (1995). The
importance of the results and techniques of Taqqu (1975, 1977), Fox and Taqqu
(1985) to our proofs will be clear.

We start by collecting and proving some lemmas. Denote

~ 1 «
d;=E (bj) = > g(x)e; (),

k=1
and
R 1 o
dij = E (byj) = — ,; g (x0).
The following lemma will be used for proving Lemmas 4.4 and 4.5.

Lemma 4.1 Suppose the function g in (1) is continuously differentiable on [0, 1]
and the wavelets ¢ and  satisfy the uniform Holder conditions (4). Then

supld; — b;| = O (n™'/?) (16)
J

and

supld;; — bijl = O (n'?). (17)
J

Proof We only prove (16). The proof of (17) is similar.

First we write
12 n k k
p p .
di=—— E - —_— = .
I n g<n>¢< n J)

k=1
For fixed n, p and j, we note that
nj

pk

i+ 1
0<PX_ ;<1 ifandontyit M <k <"UTD
n

-

Letm; = L"Fjj, where | x| denotes the smallest integer that is at least x. Since ¢
has its support in [0, 1], we see that

12 ™M+ k k
p p .

k=m;+1

172 n/p] ) . ) )
p J p p
—_— E -+ = — letty, = —
n g<”+p>¢<”> (eli ”)

=1

n/p] .

1 te +

FD. g(zp’>¢(m £ (18)
=1
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Similarly, by a simple change of variables, we have

1

b; = /g(x)¢j(X)dx
0
G+b/p

=p'/? / g(xX)p(px — j)dx  (lett = px — j)
Jjlp
1

1 .
= ng (HFTJ) (1) dr. (19)
0

Combining (18) and (19), we have

P+

ln/p) 4 P4
|dj_ j = 1/22 / [ ( )d’(té)_ (T) ¢(t):| dt

=Ji+ Jo, (20)

where

and

P+

ln/pl 4

VE 1/22/ ( )[¢(n>—¢(r)1dz.

For Ji, we use the differentiability of g (in fact, it is enough if g is a Lipschitz
function on [0, 1]) and the boundedness of ¢ to get

C
n

Ji < <cn ', 1)

= pi2 '
where C is a constant. For J,, we use the boundedness of g and the uniform
1/2-Hélder condition (4) for ¢ to derive

1 172
hs—mc(B) =cn (22)
pY n
It is clear that (16) follows from (21) and (22).
The key lemma for the proof of Theorem 3.1 is the following Lemmas 4.3 and

4.4. To prove Lemma 4.3, we will make use of the following maximal inequality
from Ko6no (1983); see also Moéricz (1976). m|
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Lemma 4.2 Let {X,, n > 1} be a sequence of random variables. Assume that for
integers ¢ > Qqnd n > 1, the partial sums S, , = Z;:Z 11 X satisfy the following
moment conditions:

(i) Fory > 1, there exist nonnegative numbers {h(,,n, c>0,n> 1} such that
E [|SC,,,|V] <he, forallcandn.
(ii) For all integersc > 0,k, j > 1,
he j+heyjk < he jrk.
Then

E |:max |Se. | } < (log 2n)” he_,. (23)

1<k<

Forevery j =0, 1,2,..., denote

$iaZb;— E (b)) = ZG(w (¥0)

J
Sjn = ('") ZH(Sk)qb (),

A
>

o Z’\ij — E (bij) = . ZG(Ek)Wij(Xk),

J
Sijn = (’") ZH EW (o).

Consider their second moments:

/*zﬂ_E('S |)’ jzn_E(|Sjn|)
lj n = E(|Sl/ n| )7 U _E(lslj nl )

Using again the formula (10) for E [ H(&1) He (§142) ], we can derive

J? 1
o}, = (m) ZZr(k—@ b (xi) b (xe)

J.n
k=1 (=1
n/p—1n/p-1
m pk pl
m, nzZZ r(k — z)qb( >¢( )
mo
~C2p_l (£> asn — oo, 24)
n

where C, is the constant in (14).
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On the other hand, it follows from (30) below that we also have

2222M Ok = €165 ) b3 (r0)

k=1 ¢=1 g=m
~ C, p_1 (5) asn — oo. (25)

Similar relations hold for a , and al nas well. For example, we mention that for
fixed i, j,

n

J? 1
Ul%',” (m) Z Z rk — Z)m Wu (xx) wlj (xp)

k=1 =1
1 pl. mo
~ Cy p; (—) asn — 00, (26)
n
where C| is the constant in (12).

The following lemma is more than we actually need in this paper. We believe
it will be useful elsewhere.

Lemma 4.3 [Reduction Principal] Let G € G, and {§,,n > 1} € (m)(«a, Cp).
Then for all integers i, j > 0,

. |s7,k =Skl

lim max ——— =0 a.s. 27
n—oo 1<k<n Uj, n

lim max M -0 as (28)
n—oo 1<k<n Uij,n o

Proof We only prove (27), the proof of (28) follows from the same argument. Note
that the orthogonality of { H;(x)} implies that

E(Is*, —s;.a%) = E (I, |2) — E (5.0 P)

I & X
=;ZZ > ﬂ k= 079, (5) 5 (x0).
=1 =1 g=m+1 !

(29)

Define

c+j  ctj e8]

J
iz Z > ﬁ| (k= O |¢; (x| @) (xo)] -

k c+1 b=c+1 g=m+1

Then for all integers k, n > 1 we have ho x + hr.n, < ho, k+n. Moreover, (29)
implies that

E (s}, —sj.nl’) < ho.n-

Thus the two assumptions of Lemma 4.2 are satisfied with ¢ = 0.
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Let 0 < ¢ < & < 1 be fixed and small. Then (8) implies that for n large and
all |k| > n®', we have |r(k)| < n—. It follows that

1 S
=32 Y % ﬁ| (k = 0)1%]¢; (50| |9

n
k=1 |k—¢|<n¢’ g=m+1

> J
+Z DS ﬂ| (k— 07 |¢; (x| |¢;(x0)|

k=1 |k—¢|>n g=m+1

n n

Cl v, -
ﬁ |:I’l & aSZ

k=1 (=1

J? (m)

IA

= 0" |p;x0)| |¢; (xe)‘:|
(30)

Similar to (24), we derive that

1 o J2(m) ., - mer
S = k=01 ¢, o0 ~ Cp (B)T 6D

k=1 (=1

as n — 0o, where Cj is the positive and finite constant defined by

Cy J?
Cy =2 (m)/flx Y"1 ()16 (y)

This and (24) imply that the left hand side of (31) is comparable with o2 o i.e.,

dx dy.

J2
- ZZ (m) Ik = O1" ¢ (x| b5 (x0)| < o7 (32)

k=1 £=1

here a, =< b, means that a, /b, is bounded above and below by positive and finite
constants as n — 00. It follows from (30) and (32) that for n large enough

ho.n < Cn"c? (33)

J,n’

where n = min {ae, 1 — ma — ¢} > 0. Hence by Lemma 4.2 with ¢ = 0, we see
that for any g > 1

E < max |s% Sj,n|2) < (g +D’hop < Cq*27M 6},

1<n<24
Hence,
2
e maxi<p<2q S;(’n — Sjn
E 5 < 00

q:l Ujv 24

This implies that
maxj<p<2q S;-k’n —Sin

lim
q—00 0j 2

=0 a.s. 34)
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Since the sequence {G(&;)} is stationary, we also have

* *
© o MAXoe<u<patt |87, = 8500 — Sjin + 8,24
lim =0 as. (35)

q—00 0j 2

Therefore, (27) follows from (32), (34), (35) and a standard monotonicity argument.
O

Lemma 4.4 Under the assumptions of Theorem 3.1,

.
E|Y (6 =b,) = Ca(n'p)" | = o((r™ ™).
J

<

>

S

Il
S

Proof We first consider the behavior of Y7~} (b, — Eb;).

Note that

S)

~ Ig
i = Ebj =3 G600 =5,
k=1

It follows from the triangle inequality and the Cauchy—Schwarz inequality that

~1
2) 5_72‘," —C; (n’l p)ma
Jj=

_1/\

Y (b;—EB;) =Cy (n7'p)"™
j=0

2|% B, N pilE(* )2 I/2+'§E(* )2
S S —Sin S Sjin .
= J.n Jj.n Js ) J» J

j=0

E <E

(36)

By (the proof of) Lemma 4.3, the last two terms in (36) are of the order o ((n’ 1 p)’""‘) .
We claim that

p—1
E ZS]Zn —C, (n—lp)moz —0 ((n—lp)ma) ) 37)
=0

To prove this, put Q, = Zf;é sjz.,n and u, = E(Q,). Then by (24) we have

pn=Ca(n7'p)"™ +o (™' p)™).
Thus, the left hand side of (37) is at most

Si=EV(Qn — ) +o ("' p)"). (38)

Note that Q, is a quadratic form of the stationary sequence {G(&;), kK > 1} with
long-range dependence. In order to evaluate its variance, we apply the “diagram
formula” for multiple Wiener-It6-Dobrushin integrals, which gives a convenient
way to calculate the expectation of the products of Gaussian random variables or
multiple Wiener-Itd-Dobrushin integrals. See Major (1981, Sect. 5), or (Fox and
Taqqu, 1985, Sect. 3) for more information.
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Since {&, k > 1} is a stationary Gaussian process with mean 0 and variance
1, it follows from the S. Bochner theorem that its covariance function r (k) has the
following spectral representation

r(k) = / eV Fdy), VkeZ,
[—m,7]
where F is a Borel probability measure on [—, 7] which is called the spectral
measure of {&;, k > 1}. Let Z be the corresponding random spectral measure, i.e.

the complex-valued Gaussian scattered measure such that E(Zy(A))?> = F(A) for
all Borel set A C [—m, w]. Then forall k > 1

£ = / edZr(y).

[—m,7]

It follows from Theorem 4.2 of Major (1981) that

4

H, (&) = / MOt A7 (1) - dZE (V) (39)

[—m, m]m

where [ " is the multiple Wiener-Itd-Dobrushin integral. Such a representation
and multiple Wiener-It6-Dobrushin integrals played important réles in Fox and

Taqqu (1985), who investigated the limiting processes of the quadratic forms

,E":tf E'Zf H,, (&) H,, (&). In particular, by applying the “Diagram Formula”,

(Fox and Taqqu, 1985, Lemma 3.4) showed
H, (&) Hy (&) = m!r(k — )"

m 2
+> |:(m—h)!<’;:> r(k—0)"" K (k, 5)} . (40)
h=1

where
4
Kk, £) = / e/ KOttt ) 47 (yy) - - dZF (o).
[—7{, ”]Zh

(41)

In order to express O, — u, in terms of the multiple Wiener-It6-Dobrushin
integrals K, (k, £), we denote

*(m)
(m!)?

ke =

p—1
pn Y ¢ (pxi — b (pxe — ).
j=0
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Similar to the proof of Lemma 3.5 in Fox and Taqqu (1985), we see that (40)
implies

Qun—ttn = > e [Hu(&) Hu (&) — E (Hyy (&) Hy(£0))]

k=1 (=1
n n m 2

=> > ey (m- i)!(?) rtk — O™ K, (k, £)
k=1 (=1 i=1

—Z(m—t)'( ) ZZakgr(k—E)’" iKi(k, 0).

k=1 (=1

By the Cauchy—Schwarz inequality, we have

m 4 n n 2
E(Qu—py)’ <my_ ((m— i)’ (’:’) E [ZZak,u(k—m"”K,- (k, Z)} :
i=1 k=1 (=1

(42)

Let 1 <i < m be fixed. We note that

n n 2
E |:Z Zau r(k — 0" K;(k, Z)i|

k=1 (=1

= Z Z Z Z k.0, Gty 0y 7 (k1 — €)" " (ky — )" E [K; (k1, €Ki (ka, €2)]. (43)

=10,=1ky=1 £,=1

Lemma 3.6 of Fox and Taqqu (1985) states that

E[K; (ki, £1) Ki(k2, £2)]

i .\ 2
=D !)2(’> ki — k) r (6 =€) r (6 — k)" r (k= £2)" 7
—~ " \q
9=
It follows that (43) is a sum of the terms (i !)2(;)2 T,(g =0,...,i), where

non n n
Tq = Z Z Z Z Aky, 0y Qky, 0, T (k1 — el)m_i r (ks — ez)m_i

ki=10,=1ky=11tr=1
xr (ki —ka)? r (L1 =€) r (L1—ka)" ™ r (ki —£2)' 9. (44)
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Some elementary calculations similar to those in Lemmas 4.4 show that 7, can be
written as

J4m) p* = 2 pki | ptr
Dt E E E E ¢(— —J1>¢<—n _Jl)
J1=0j b ke 6O

=0 ki

L i i
x¢ (p— - 'z) ¢ (% - J‘z) xr(ky — )" r (ky — €)™

xr (ki — ko) r €y — €))7 r (61 — ko)™ r (ky — £2)" 74

2ma p—1 p—1
<C( ) _ZZZ/[//|xl_y1| (m— l)()l|x2_y2| (m—ia

J1=0 j>=0
X |xp = x2 = (i = J)I™ " Iyt = y2 = (G — 77
X |y1 = x2 = (ji = j2)| 77
X i = y2 = (i = )7 ()P (71)d (x2) (y2)dxidyidxadys
(45)

for all n large enough.
Let k = j; — j». We will make use of the following inequality:

/// 1 — 31 [T sy — 3Ty — K9y yy — k|

X |y — xp — k| 7D xy — yy — k[T
X (x1)¢ (y1)P (x2)¢ (y2)dx1dyrdxady,
<Ck™, Vk=>1. (46)

We only need to verify this for k > 2. Itfollows from the easy fact that |y, —y, —k| >
k—1=>k/2forall y;, y; € [0,1] and all k > 2.
By changing the order of summation in (45) and applying (46), we derive

ma p-l .
T=c(2)" 0 Y- pre
k=1

2m .
<C (2) * p—ZLa. (47)
n

Combining (38), (42)-(47), we have established (37).
The rest of the proof of Lemma 4.4 is quite standard. Using the triangle inequal-
ity and the Cauchy—Schwarz inequality, we can obtain

p—1
Sl = El/z (Qn - Mn)2 + Z (dj

172

p—1 p—1
+2 | E(b;—d; ZZ di=b;)" | +o(n'p™)
— =
=S+ S+ Siz+o (' p)"). (48)
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It follows from (16) in Lemma 4.1 that

supld; — b;| = o).
J

Thus,

Sp=0@"p)=0((n""p™),

Si3= 0 (' p)'2p,?) = o (™' p)™). (49)
The proof of Lemma 4.4 is finished. O

Now we turn to the second sum in (15).

Lemma 4.5 Under the assumption of Theorem 3.1,

q—1 pi—
= E{ By = by) 105yl > 80} =0 (07 ™=+ p7¥).
i=0 j=0

Proof The way of breaking S, into several parts is analogous to that in the proof of
Theorem 2.1 of Hall and Patil (1995, p. 916-918). However, we have to overcome
some complications caused by the fact that the errors {G (§;), k > 1} are long-range
dependent and are, in general, non-Gaussian. Let A and 8 denote positive numbers
satisfying 2A + 8 = 1, and set

q—1 pi—1

sﬂ_ZZE{ }1(|b,,|>w)

i=0 j=0
q—1 pi—1

Shy=y_ 3 E{(Bi —bip)’1 (1bij —bijl > 0.+ B)5)}

i=0 j=0

The triangle inequality implies S, < S5, 4+ S5,. Replacing b;; in the above expres-
sions with d;; = E(b;;), we define

q—1 pi—1

Sy _ZZE{ } (1bij] > 28;) (50)
i=0 j=0
g—1 pi—1 R 5 -

S = Z Z E {(bij —dij)" 1 (1bij — dij| > (n +,3)3i)} . (51)
i—0 j=0

Using (17) in Lemma 4.1 and the fact n8i2 — oo we can show that S»; and Sy, are
the leading terms of S5, and S/, and S5, = O(Sy;) and S}, = O(Sy) [the argu-
ments are the same as (36) and (48) above]. Hence, in order to prove the Lemma,
it suffices to prove

Si=o(('p)" +p7) and Sp=o0(("'p)"). (52)
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respectively. Since the mean regression function g is r-times continuously differen-
tiable, by using the Taylor expansion of g and the moment condition on the mother
wavelet, we have

r—1 v .
2 e ()
2 fwy) [2_% i) €
1
1 l ' =1, (J + ty)
+(V— D! (Pi) O/(l Ve Di drf dy

TOTY (g i) (53)

= [(p
where

J
8ij = g <;> and  SUpy_;-, 1. 0<i<g—11Mij1 = 0.

1

Hence, we have |b;;| < Cp;(rﬂ/z). Similar to (26), we have that for all i, j,

mo

E (b — diy)* < Cp;t (n' 1) (54)
It follows from (50) and (54) that
q—1
So1 < ZC("_IPI')MI (Pi < C5,~72/(2r+1))
i=0
g—1
=C(n'p)" Y 2" (p,- < Cai‘z/(z’*”) . (55)
i=0

Note that p; < C5i_2/(2r+l) implies (p2/)?+! < Cn™* p!=me(In p)=m 20 =m0 e
have

—(2r+
2(2r+mo¢)i <c nmap Q2r+ma)

- (In n)m
There are only finitely many i’s satisfying this inequality. We denote the largest
such i by ¢. Since by (SP), n/(p29) — o0, it follows from (55) that

t

Sy < C (n—lp)’""‘ szai
i=0
S C (l’lilp)ma 2tmo¢
nmap—(2r+ma) %
<Cm'p)" | ———
<C(n'p) T
2rma m2a
= Cn™ 2tme (In )~ 2rtma

2rma
=0 (n_ 2r+ma >

—0 ((n—‘p)’"" n p_2r> . (56)
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In order to estimate S,,, we have to use a different truncation than that in
Lemma 4.4. Recall that the condition of smoothing parameters p and g implies
q = O(In n). Thus, there exists a constant C4 > 0 such that ¢ < C4log, n. We
choose an integer T > 2 such that Ty > Cy [recall n = min{ae, | —ma — ¢}] and
split b;; — d;; as:

n m+t— 1](6]) n 0 J(q)
Z > g HaE0vy 0 + Z Y S H G ()
g g=m g g=m+t q:
=t tijn +l‘l~j7n. (57)
The triangle inequality implies
q— lpl_]
S =23 3 B[+ (6.0)°] 108y = dil > G+ pr5)|
i=0 j=0
g—1 pi—1
<2 N AE[] 0 (Itijnl > B8)] + E [, (1855, > 28:)]
i=0 j=0

2
+E (15.,)°)
= 2(823 + a4 + 525).
Applying the Cauchy—Schwarz inequality to S»3, we derive

q—1pi—1

S <Y D EV(th ) PV (Itijal > BS:). (58)

i=0 j=0

By using (39), we write ;;, , as a sum of the g-tuple Wiener-It6-Dobrushin integrals:

14

m+t—1 J(C]) 1 n
ljn =) / T ) Oy (00 Ze () - AZE (3,)-
g=m =77 k=1
(59)
Denote the above integrands by f; (yi,...,¥) (g =m,...,m+7 —1). Itis
clear that every f, satisfies the following conditions:
(1) fq (_yla ey _yq) = fq(ylv sy yq) 7
Q) I fqlly = [1faOn. o 3P dF (1) ... dF (yg) < 003
(3) For every permutation & of {1, 2, ..., g},

fo Oz oo Vri@) = FaOn oo Yg)-

In the notation of Major (1981, p. 22-23), we have f, € H}. Hence, by apply-
ing Corollary 5.6 in Major (1981, p. 53) together with an estimate of the constant
C(q, N) in Major (1981, p. 69) to each g-tuple Wiener-Ito-Dobrushin integral
Ir(f,) in (59), we deduce that for all integer N > 1,

E[Ir(f)™] < @V [1:(f)*]" . (60)
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It follows Jensen’s inequality and (60) that

m+t—1 2N
E[@;)N] =E ( > Ip(fq))

g=m

m+t—1

<7 ZN 1 Z IF(fq 2N

m+t—1
2NN e (1]
g=m
m+t—1

i\ 99 N
~ CINIZN_I Z (2N)IN [pfl (‘%) ] , as n— 0o,
g=m

IA

where the last inequality follows from (26). Hence for all positive integers N such
that
V(%) =
) =

E [(tij,n)ZN] < @N)"™NgN [Uij,n

(61

I

we have
]21\/ (62)

Let A = |t ul/0ij n, then by (62), we derive that for all integers NV satisfying
(61),

E(A™) < @Ny"™N 2V,
For any u > 0, we take
1 suN\2/m
O

A simple argument using Chebyshev’s inequality shows that, as long as the N
defined in (63) satisfies (61), we have

(2N)mN .L,ZN

P(A>u) < N

~ exp (—g ()" ) . (64)

B3i

Oijn

Now let

u =

Then it is easy to verify that for all n large enough, the N defined in (63) satisfies
(61). It follows from (64) that

m o (B8
P (Itij,n] > BS;) < exp (_Zaij,i/ (T) ‘
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By the choice of §;, we derive that for some ¢ > 0,
P (Itij.n] > B&;) < exp (=28%"™ 1n n) = n~ 2", (65)
Combining (58), (61) and (65), we obtain

g—1 pi—1

S23 < C Z Z pl n pl ma n_ﬁ(z/m)

i=0 j=0
C (n_lpq)
=0 (n_zizl;:u>
=o((n'p)" + 7). (66)

the third equality follows from n~!' p, — 0 and choose 8 < 1 so close to 1.
To estimate S,4, we note that

mo _g@2/m)
nP

q—
ZZ E2 (e} ) P2 (It 1 > 28) . (67)

i=0 j=

The same argument as in proof of Lemma 4.3 [cf. (33)] gives that

E [(t* )2] <Cn ™.02

ij,n ij,n°
Thus, Chebyshev’s inequality implies that
P (|t .| > A&) < Cn™™".

Hence, similar to (66), we have

S0 = C (ntp)™ ,,WZW,

<C (n— p) mo LT 2qmot
=0 ((nflp)ma) , (63)

the last equality follows from our choice of T which implies n=*" - 29" — (.
In the same way, we have

o

st < C (nflp)m n*“? . 2L]mo¢
=o((n"'pm). (69)
Combining the estimates on S| and $,; together, we obtain (52). This finishes the
proof of Lemma 4.5. O

Lemma 4.6 Under the assumption of Theorem 3.1,

q—1 pi—1

=E Z Z bl (Ibijl < &) — p~>1> (1 - 2—2r)‘l /g(r)2 —o(p7¥).

i=0 j=0
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Proof Let € > 0, and define

q—1 pi—1

&o=§j§j%guaﬂs&y

i=0 j=0
q—1 pi—1

Ssi= Y BLI (bl < (1+€)8),

i=0 j=0

Sy = Z bizjl (|bij| <1- E)Si),

A= : Zblzjl(rb\,} —bij| > E(S,’).

Then the triangle inequality implies

S — A = 83 < 831+ A. (70)
Using the Eq. (53) for b;; and the assumption pierSl.z — oo in (SP), we see that
H|bij| < (14 €)8;} = I{|bij| < (1 —€)§;} = 1 for n sufficiently large, and

—2r 7r_1 r —2r
&=&=wﬁmdz)/w#mﬂy (71)

For more details, see Hall and Patil (1995, p. 920). On the other hand, applying the
argument analogous to that for Sy,, we have

q—1 pi—1 q—1 pi—1
—~  m Y
EA:ZZbiZjP(w,‘j—bijl>68i)§CI’l6 ZZbIZJZO(pz)
i=0 j=0 i=0 j=0
Combining (70) and (71), we have proved the lemma. m|

Lemma 4.7 Under the assumption of Theorem 3.1,

oo pi—l1

Se=)_ Y bj=o(p™).

i=q j=0

Proof The proof follows from the b;;’s Taylor expansion (53) and g — oo.
We are now in the position to give the proof of the Theorems 3.1 and 3.2. O

Proof of the Theorem 3.1 By using (15), we have

E ‘/(?_g)z _ {Cz(n—lp)mot +p—2r’K_2(1 _2—2r)—1/g(r)2}
<S4+ 8+ S5+ 8.

Hence the proof follows from Lemmas 4.2 to 4.5.
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Proof of the Theorem 3.2 We use the same notation as in Hall and Patil (1995).
Notice that, by the orthogonality properties of ¢ and v,

/(§_3)2 = Iq(Zs Z9 )9

where Z denotes the corresponding set of integers (for instance, ¥; = {0, 1, ... , p;
— 1}) and

LW W, ¥, .. = Y (b —b;)’ +ZZC, bi;)" 1 (Ibij| > &)

jev i=0 je¥;
q—1 . oo
+2_ > byl (Bl =8:)+ ) ) by
i=0 je¥; i=q je¥;
=Y (b —d;)" + > (d - bj)'+2 > (b —d;) (dj — b))
jevw jevw jevw
+ZZ(AU u |b,j|>8)
i=0 jey;
+ZZ i = biy) " 1 (Ibi| > 8)
i= 0]611/
+22 > " (Bij — dij) (dij — bip)I (Ibyj| > 8:)
i=0 jey¥;
q—1 . 00
YD TR (bl <)+ YD b
i=0 jey; i=q je¥;

= h+Lh+L+1L+1s+1+ 1+ 1g

From Lemma 4.1, it is easy to see [, = o ((n~'p)™*) and E(Is) = O (E(l4)).
We will show below that E(I}) = O ((n~! p)™*) and E(I3) = o (n~2me/CGrima),
whether g is smooth or only piecewise smooth. Hence, applying the Cauchy-Sch-
warz inequality, we can show E(I3) and E (I5) are of the order o ((n~' p)™") and

o (n=2rme/@rme)) "which is negligible compared to the main terms of MISE.

So, we focus on terms I, 14, I; and Ig. When g is only piecewise smooth, let
[T denotes the finite set of points where g(s) has discontinuities forsome 0 < s < r.
Suppose supp ¢ < (0, 1), supp ¢ < (0, 1) and let

K={k:ke (px,px+1) forsome x €I},
K; =1{k:k e (pix, pix+1) forsome x €Il}.

Also let K¢, K{ denote their complements. Then, unless j € K;, b;; and 75, j are con-
structed entirely from an integral over or an average of data values from an interval
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where g(’) exists and is bounded. Also, unless j € K, b; and /l;j are constructed
solely from such regions. Thus we may write
I, W, Y, Y,..) ) =LK + L+ I+ 1, (Ky, K, Ky, ...)+ I5s+ I¢
+I7 (K07 KhKZ’ . ) + 18 (K07K17K27 . )
+1; (Kc) +I4( (C),Kﬁ, 5, )
+1; (K§, K, KS, ...) + Is (K§, K§, KS, ... ),
(72)

where

L) =Y (b, —d) . LK) =) (b —d).

jekK jeke
g—1
I (Ko, Ki. Ko, o) = ) 21 (Iby| > 6:),
1=0]€K,
qg—1
L (K§. K§ K, ... ) = Y Y (b —dyy) 1 (Iby] > 81)
i=0 jeK{

the rest of the terms are defined similarly. However, for our compactly supported
wavelets ¢ and ¥, both K and K; have no more than 3 (#I1) elements for eachi. Con-
sidering ¢ = O(In n), we can show I, (K), I4 (Ko, K;, Ky, ...), and I7 (Ko, K,

Ky, ...) are of the lower order o((n~" p)™®). Thus it is negligible compared to the

main terms of MISE. Although b;; is only of the order p, 2 when g is not r-times

smooth, based on theorem’s additional assumption pﬁ’*’"“n*”””" — 00, we read-

ily see that Iy (Ko, Ky, Ky, ...) = o (n~2me/@rtm®) By tracing the whole proof
of Theorem 3.1 carefully, noticing that when the error €, = H,, (&), there is no
need to have terms S»4 and Sps in Lemma 4.5 (Hence we don’t need assumption
g = o(In n), which is contradicted with assumption p>*"*p =% _ o0). There-
fore, we will see the rest of the terms of the right hand side of (72) have precisely
the asymptotic properties claimed for [(g — g)? in Theorem 3.2.
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