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Abstract
Let X(t) (t € RY) be a fractional Brownian motion in R? of index . Let
GrX (|0, 1]V) be the graph of X and let
1
b1(s) = s/ log log —
s

and

ad/N
Pa(s) = ™ HITS <log log S) .
It is proved that if N < ad, then almost surely
K < ¢-m(GrX([0,1]Y)) < K>
and if N > ad, then almost surely
Ky < ¢o-m(Gr X ([0,1]V)) < K,

where ¢-m is the ¢-Hausdorff measure and K, K, are positive finite constants. The
exact Hausdorff measure of the image and graph of certain Gaussian random fields
with independent fractional Brownian motion components are also obtained.

————

1. Introduction

Given 0 < a < 1, let Y = {Y(t), t € RY} be the real-valued, centred gaussian
random field with covariance function

E(Y ()Y (s) = 5(Is]** + [t]** — [t — s[**),
where || denotes the Euclidean norm. Consider the gaussian random field X =

{X(t), t € RV} in R? defined by
X () = (Xq(t),...,Xq(t),

where X, ..., Xy are independent copies of Y. Then X is called the (N, d, o) gaussian
process or the d-dimensional fractional Brownian motion (FBM) of index « (see [K],
chapter 18). If N =1, o = %, it is the ordinary d-dimensional Brownian motion; if
o= %, d =1, it is the multiparameter Lévy Brownian motion. It is easy to see that
X is a self-similar process of exponent o, i.e. for any a > 0,

X(a') % a“X("),
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where X £ Y means that the two processes X and Y have the same finite dimensional
distributions.

The Hausdorff dimension of the image and graph of X and more general gaussian
random fields were obtained by Adler ([A]). See Kahane ([K]) for more geometric
properties of the image, graph and level sets of fractional Brownian motion. The
exact Hausdorff measure of the image set X ([0, 1]%V) of transient fractional Brownian
motion (thatis N < ad) was obtained by Goldman (|G]) for a = 57 and by Talagrand
(|T]) forall 0 < a < 1. Their results were generalized by the author (| X2]) to strongly
locally nondeterministic gaussian random fields.

In this paper, we consider the exact Hausdorff measure of the graph of fractional
Brownian motion X. Let

GrX (10, 1Y) = {(t, X (1) : t €[0,1]V} .
Alder ([A]) proved that

N/« if N <ad

dim GrX ([0, 1]") = { N+(1—a)d if N>ad

where dim denotes Hausdorff dimension. Let

1
o1(s) = g/ log log — ,

V)

ad/N
1
P2(8) = glVHil—ayd <10g log > .
s

We shall show that there exist positive and finite constants K; and K, such that
almost surely

K < ¢-m(GrX([0,1]Y) < K, if N<ad, (1-1)

and

K < ¢om(GrX([0,1]1V) < K> if N >ad, (1-2)

where ¢-m is the ¢-Hausdorff measure.
In the critical case of N = ad, except for the planar Brownian motion (i.e. N =
1, a =1, d=2) for which Pruitt and Taylor ([PT]) showed that

; 1 1
o(s) = s log S log log log 3

is the correct Hausdorff measure function for the graph, the Hausdorff measure of
the graph Gr X ([0, 1]V) is not known.

The Hausdorff measure of the graph of Brownian motion and Lévy stable pro-
cesses were evaluated by Jain and Pruitt ([JP]) in the transient case, by Pruitt and
Taylor ([PT]) in the recurrent cases. In the case of Brownian motion, their results
are recovered by (1-1) and (1-2). Since their proofs depend on the specific properties
of Brownian motion such as the strong Markov property, we can not prove (1-1) and
(1-2) by modifying their arguments.

Another important example of gaussian random fields is the Brownian sheet or V-
parameter Wiener process W (t) (t € RY), see Orey and Pruitt ((OP]). The Hausdorff
measure of the image and graph of the Brownian sheet in R? were obtained by
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Ehm (]E]). Since the dependence structure of fractional Brownian motion is more
complicated than that of the Brownian sheet, we can not apply his method either.
Let X; = {X;(t), t € RN} (i = 1,2,...,d) be d independent fractional Brownian
motion in R of index a; with

O=apy <oy <a<--<ag<l1.

Let Z(t) = (X((t),...,Xq(t)). Then Z = {Z(t), t € R"} is a gaussian random field
in RY with stationary increments. If o; (i = 1,...,d) are not all equal, then Z is
not self-similar. Sample path properties of Z have been studied by Cuzick (|C]), Pitt
(|P]) and the author (|X1]). It follows from theorem 2-1 in [X1] that almost surely

_l’_
dimZ([O,lJN):min{d O %) izl,...,d}
Qj

N+SF (o —a
— im0 — 1) if Zz 0 @ <N < Zfzo Q;

= oy

d if N > Zi:l a;

dim Z([0,1]Y)  if N < Z L

- Ny —
dim GrZ([0, 1]™) = { N + Z?:l(l —a;) if N> Zi:] Q; .

In Section 4, we consider the exact Hausdorff measure for the image Z([0, 1]V) and
the graph GrZ([0,1]V).

We shall use K to denote unspecified positive finite constant, it may be different
in each appearance.

2. Preliminaries

Let @ be the class of functions ¢: (0,6) — (0, 1) which are right continuous, mono-
tone increasing with ¢(0+) = 0 and such that there exists a finite constant K > 0
for which

2
625) _ o
(s)

For ¢ € @, the ¢-Hausdorff measure of E C RY is defined by

for 0 < s < %6

_ = C .
¢-m(E) = lim inf {an E UBmZ,n m<e},

where B(z,r) denotes the open ball of radius r centred at x € R™. The Hausdorff
dimension of E is defined by
dim E =inf {a>0: s*m(E) =0}
=sup{a>0: s*-m(E)=o0}.
We refer to [F| for more properties of Hausdorff measure and Hausdorff dimension.

Lemma 2-1 is derived from a density theorem for Hausdorff measure ([RT]), which
gives a way to get a lower bound for ¢-m(E). For any Borel measure  on RY and
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¢ € @, the upper ¢-density of u at z € R is defined by
79 , (B, )
D (x)=1 —_
R e

Lemma 2-1. For a given ¢ € @ there exists a positive constant K such that for any
Borel measure on RN and every Borel set E C RN | we have

¢-m(E) > Kp(E) inf {Dy(x)} " .

The following lemma will be useful in our study on the sojourn time of frac-
tional Brownian motion and other strongly locally nondeterministic gaussian ran-
dom fields.

LeMMA 2:2. Let 0 < 8 < N and r > 0. Then for any distinct ty, ..., t, € B(0,r), we
have

/ dt
B(0,7) min {|t — |8, i=1,...,n}

where K is a positive finite constant depending on N and 3 only.

< KnP/NpN=0 (2-1)

Proof. Let
[i={teB0,r): t—t;|=min{|t—t;|, j=1,...,n}}.
Then
B(0 Ur and Ly (B ZLN , (2:2)
i=1

where Ly is the Lebesgue measure in RY. For any t € I';, we write t = t; + pf, where
0 € Sy_; the unit sphere in RY and 0 < p < p;(0). Then

pi(0)
La(Ty) = C / v(d6) / PN dp
SN_1 0

_Cn N .
=N [ e, 23)

where v is the normalized surface area in Sy_; and Cy is a positive finite constant
depending on N only. Hence by (2:-3), Jensen’s inequality and (2-2), we have

/ dt
Bo,» Min {|t —t;%, i=1,...,n}
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1 & (N-B)/N
< K”<n Z}me)
p
= KnP/NpN-0
This proves (2-1).

We also need some specific facts about fractional Brownian motion. In the fol-
lowing, Lemma 2-3 and Lemma 2-4 were proved by Pitt (|P]) and Talagrand (|T])
respectively.

LemMA 2-3. There exists a positive finite constant K, depending on N and o only,
such that for any t € RY and any 0 < r < |t

Var (Y (t)|Y (s),|s — t| = r) = Kr*® .

>

LEMMA 2-4. There exists a constant 6 > 0 such that for any 0 < ry < 6, we have

—a/N
P {37" €|r3, ro] suchthat sup |X(t)] < Kr® (log log ) }
,

[t|<r
N
> 1—exp (— <log ) ) . (24)
To

3. Hausdorff measure of the graph of F'BM
Let X(t) (t € RY) be the fractional Brownian motion of index a (0 < a < 1) in
R? and let

GrX ([0, 1Y) = {(t. X(1): ¢ € [0, 1]V}
be the graph of X. In this section, we consider the exact Hausdorff measure of

GrX ([0, 1]V).
Forany 0 <r <1,t€1=[0,1]" and y € R, let

T, (rr) = / o)yl <r (s - (3:1)
B(t,r)

If (t,y) = (0,0), we write T} ,(r,7) as T'(r).
LemmA 3-1. If N > ad, then there exists a positive finite constant K, depending on
N, a, and d only, such that for any integer n = 1 we have

E(T(r)") < K" (n))*/NpN*=e)dn (3-2)

Proof. Let 0 <r < 1. By a change of variable, we have
BTy = [ P{X(0] <)
B(0,7)

g/ min {1, K (r/|t|*)*}dt
B(0,r)

=K [ min {1, K(r/p”‘)d}prldp
0
< KTNJr(lfa)d (33)

)
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since N > ad. For n > 2,

E(T(r)") = /B( P{X@t)| <7y | X (E0)| < rYdty - dt, . (3-4)
0,r)"

Consider t,...,t, € B(0,r) satisfying
t;£0 for j=1,....,n, t;Ft, for j+k.
Let n = min {|t,,], [t, —t;], j =1, ...,n—1}. Then by Lemma 2-3 we have
Var (X;(6)| Xo(t), -y Xitno)) = Kn®® for i=1,....d. (35)

Since conditional distributions in gaussian processes are still gaussian, it follows from
(3-5) that

P{‘X(tn” < T‘X(tl) = T1y.-. ,X(tn_l) = xn—l}
1 Juf* )
<K — exp <— — |du
Jul<r nad ana
< Krtped (3-6)
By (3-6) and (2-1), we have

/ P{|X(tn)|<T|X(t1):xla"'7X<tn—l):xn—l}dtn
B(0,r)

Td

< K/ . .
= B(0,r) min {|t,], [t, —t], =1, ...,n—1}od
< Knad/NT,NJr(lfa)d . (37)

dt,

Finally, by (3-4), (3-7) and and an easy argument of conditioning, we obtain
E(T(T))n < K?’Lad/N’I“N+<]_a)dE(T(T))n_] )
Hence (3-2) is proved by induction.

Tt follows from (3-2) and Jensen’s inequality that there exists 0 < b < 1/K such
that

Eexp (b(r~NHImdp(p))Ned)) < o0 | (3-8)
see, e.g. Ehm [E]|.
Prorosition 3-1. If N > ad, then with probability 1,

i T(r) 1
im sup —.
7-—>()I rN*(i=a)d(log log 1 /r)2d/N = b

Proof. This can be proved by using (3-8) and the Borel-Cantelli lemma in a stan-
dard way (see e.g. [ X2]).

Since X (t) (t € RY) has stationary increments, the same arguments as above yield
the following result.

ProposiTioN 3-2. If N > ad, then for any ty € I we have almost surely

: T, X(t )(7") 1
1 . 05 0 < - 39
m;:s(lylp rN+i=a)d(log log 1/r)*d/N = p (3-9)
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Now we prove the main result in this section.

TuEOREM 3-1. Let X (t) (t € RY) be the fractional Brownian motion in R of index
a0 < a < 1)and N > ad. Then there exist positive finite constants K, and Ky such
that with probability 1

Ky < ¢o-m(GrX([0,1]Y)) < Ky, (3-10)

N+(1—o¢)d( ad/N.

where ¢a(s) = s log log 1/s)
Proof. We define a random Borel measure z on GrX ([0, 1]V) C RN* by
wB)=Ly{tel: (t,X(t)) € B} forany BCRN*.
Then p(RN*) = p(GrX ([0, 1]Y)) = 1. Tt follows from Proposition 3-2 that for any
fixed ¢y € I, almost surely

. pw(B((to, X (Lo)), 7)) 1

lim s < - 311

P PN+1=a)d(log log 1/r)ed/N = b (3-11)
Let E(w) = {(to, X(to)): to € I and (3-11) holds}. Then E(w) C GrX([0,1]") and
a Fubini argument shows that y(E(w)) = 1 almost surely. By Lemma 2-1, we have
almost surely

Bo-m(GrX([0,1]V)) > Kb . (3-12)
To prove the upper bound, we shall make use of Lemma 2-4. For any integer k > 1,
let
Ry={tel:3re[277F 27F
such that
sup | X(s) — X (t)| < K27**(log log 2¥)~/N}

|s—t|<r
Then it follows from Lemma 2-4 that

P{t € Ry} > 1 —exp (—/(5K)) . (3-13)

2
By Fubini Theorem, this implies that P(€) = 1, where

Q) ={w: Ly(Rg) =1 —exp (—\/(ikz)) infinitely often} .

On the other hand, it is well known that (see e.g. section IV, theorem 1-3 in Jain and
Marcus [JM]) there exists an event € such that P(Q) = 1 and for all w € Q, there
exists n; = ny(w) large enough such that for all n > n; and any dyadic cube C of
order n in I, we have

sup | X(t) — X(s)| < K27"%/n . (3-14)
s, teC

Now fix an w € QyNQ, we show that ¢,-m(Gr X ([0, 1]V)) < oo. Consider k > 1 such
that

Ly(Ry) 2 1= exp(=v/(5F)) -
For any x € Ry, we can find n with k < n < 2k + ky (where k; depends on N only)
such that

sup | X (1) — X (s)| < K27"%(log log 2")~%/N (3-15)
s,teCy(x)
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where C,,(x) is the unique dyadic cube of order n containing . Thus we have

2+
R, CV=|JV,
n=2k
where V,, (n =k, ..., 2k + k) are disjoint and each V,, is a union of dyadic cubes Cy,

of order n for which (3-15) holds. Clearly Gr X (C.,;) C Cy; X Dy, where D,y is a ball
of radius

pn = K27 (log log 2M)~/N
Hence Gr X (Cy;) can be covered by

9—na(| 1 on —a/N\ ¢
Mn — K( (OgQ(_)f ) > — K2(1—o¢)dn(log log Qn)—ad/N (316)
cubes {E™} of side 27" in RV Now
2k+ky M,
ax®yc |J JUYER
n=2k | m=1

and

DD Mugo(J(N+d)27") <D Y KLn(Cu) = KLy(V) <00 (317)
n l n l

On the other hand, I\V is contained in a union of dyadic cubes of order ¢ = 2k + k,
none of which meets Ry. There can be at most

2MIL N ([0,1]M\V) < K2V7exp (—/(1k))

i
of such cubes. For each C' of these cubes, it follows from (3:-14) that GrX(C) is
contained in the union of at most K 2(!—dagd/?
> G2V +d)27)
< K2N9exp (—/(Lk))2!1 - 0dagd/2 2= (NVr=a)da (o (o 27)ad/N
K exp (—v/(1K))q"* (log ¢)* ¥/~
1 (3-18)

cubes of side 277 and

NN

for k large enough. Since k can be arbitrarily large, the upper bound in (3-10) follows
from (3-17) and (3-18). This completes the proof of Theorem 3-1.

Now we consider the transient case N < ad.

TuEOREM 3-2. Let X (t) (t € RY) be the fractional Brownian motion in R of index
o0 < a < 1)and N < ad. Then there exist positive finite constants K| and K, such
that with probability 1

Ky < ¢-m(GrX([0,1]Y)) < Ky, (3-19)
where ¢y (s) = s/ log log 1/s.
Proof. The lower bound in (3-19) follows from

G1-m(X ([0, 1]V)) < pr-m(Gr X ([0, 1]V)) (3-20)
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and a theorem of Talagrand ([T]). The proof of the upper bound is similar to that of
Theorem 3-1 except that we cover Gr X (C,,;) by cubes of side 27"*(log log 2")~*/N
if the dyadic cube Cy; of order n intersects Ry, by cubes of side 27"%/n otherwise.

Remark. With a little more effort, the above results can be extended to more
general strongly locally nondeterministic gaussian random fields. Since the main
ingredients have been obtained in [X2] and in the above, we will not give all the
details.

4. Random fields with F'BM components

Let X; = {X;(t), t € RN} (i = 1,2,...,d) be d independent fractional Brownian
motions in R. We assume that X; has index «; and

O:Od()<061<0é2<"‘<04d<1.

Let Z(t) = (Xi(t),...,X4(t)). Then Z = {Z(t), te R } isa gaussian random field
in R? with stationary increments. If o; (i = 1,...,d) are not all equal, then Z is not
self-similar. It follows from theorem 2-1 in [X1] that almost surely

N+ (a; —a
<hnlzqo,qN):1nn1{¢ i (05 — ). i:‘L.“,d}
Qj
N+ (o — oy N
- 21_01[(041@ o) if Zf:ol a; <N < Zf:n @i
k
d itN >

dim Z([0,1]¥)  if N<YL

. . Ny —
dim GrZ([0, 1]7) {N+Zﬁuw it N> ar

In this section we evaluate the exact Hausdorff measure of the image set Z (|0, 1]%)
and the graph Gr Z(|0, 1]V).

THEOREM 4-1. If for some 1 <k < d

k—1 k k—1
Zai<N<Zozi or N:Zai and op_; = oy . (4-1)
i=0 i=1 i=0
Then there exist positive finite constants K, and Ky such that with probability 1
Ko < $pe-m(Z(10,1]Y) < K, (42)
where
P(s) = sVFELek—oD/ak |60 Jog 1 /5 | (4-3)

To prove the lower bound, we need to make use of Lemma 2-1. For any r > 0 and
any y € R?, let

Ty(r) :/ L{z(t)—y|<r} (t)dt
RN

be the sojourn time of Z(t) (t € RY) in the open ball B(y,r) in R
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ProrositioN 4-1. If (4-1) holds for some 1 < k < d, then there exists a positive finite
constant vy such that almost surely

To(r) <

lim su < 4.4
T—>0p wk(r) 7 ( )
Proof. Tt is sufficient to show that for any integern > 1 and 0 <r < 1
E(Ty(r)™) < K™nlrP™ | (4-5)
where 3= (N + 35 (), — ay)) /.
For n = 1, by simple calculation we have
BT = [ PUX0] <1} di
RN
< / [[PUx0) < o} ae
RN %oy
d
:/ Hpﬁxu }ﬁ
e L e
<K/ pN! HP{|Xi(1)| < } dp
_ p*i
PN = rd PNt
=K }: z - dp + S P dp
i1 p J1 J 1/ag P
Krﬂ if (4-1) holdq (46)
Krflogt if N=Y""a; and az_i <oy,

where the last inequality follows from the easily verified fact that if (4-1) holds, then

N + i._ o; — O
ﬁ:mm{¢ 2l ”, i:L”ﬂd}.

Q;

For n > 2, by using Lemma 2-3 and modifying the argument of Goldman [G] we
have

KnrPE(Ty(r)"~") if (4-1) ho]d§
E(Ty(r)") < s n—t

KnrPlog fE(T(,(r) ) N = Z o "o and o <y,
see e.g. [X2]. Hence (4-5) follows from (4-6), (4-7) and induction. This finishes the
proof of (4-4).

(4-7)

Remark. By using (4-6) and (4-7), we can prove that if N = ZZ o o and ag_ < ay,
then almost surely
. Ty(r)
lim su <7,
b0 G(r)
where ¢5(r) = r*~'log 1/rlog log 1/r. But (4.8) is not the best possible (see [PT]).
In this case, the exact Hausdorff measure functions for the image and graph of Z
remain unknown.

(4:8)

By the stationarity of the increments of X and Proposition 4-1 we have
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CoroLLARY 4-1. If (4.1) holds for some 1 < k < d, then there exists a positive finite
constant y such that for every ty € I almost surely

T
lim sup M <7. (4-9)

r—0 wk(r>
In order to prove the upper bound in (4-2), we need the following lemma, which

can be proved in the same way as that of proposition 4-1 in [T].

LEMMA 4-1. There exists a constant 6 > 0 such that for any 0 < ry < 6, we have
P{EIT € [r2, ro| such that sup |X;(t)| < Kr%(log log 1/r)~®/N —i=1,... ,d}
[t]<r
> 1 —exp (—(log 1/rg)?) . (4-10)

Proof of Theorem 4-1. The lower bound in (4-2) follows from Lemma 2-1 and (4-9).
To prove the upper bound in (4-2), we let

R,={tel:3Ire[27"27"],

sup | Xi(s) — X;(t)| < K27 (log log 2™) /N 1 <i<d} .
|s—t|<r

Then by Lemma 4-1, we have
P{t e R,} >1—exp(—/3in) .

The rest of the proof'is quite similar to that of Theorem 3-1. We only remark that for
each dyadic cube C' of order [ that intersects R,,, X(C) can be covered by a super-

rectangle of sides K27"% (log log 2")~*/N (; = 1,...,d), and hence can be covered
by

K9l E_’;’:.(ak-faj)<10g log 21)2_’;:, (ar—aj)/N

cubes of side K27 (log log 2")~*/N_ For each dyadic cube C of order [ that does
not meet R,,, X(C) can be covered by K2 X5k =05) cubes of side K270/l

The following theorem gives the exact Hausdorff measure for the graph of Z.

THEOREM 4-2. [f (4-1) holds, then there exist positive finite constants K and Ks such
that with probability 1

Ky < ¥p-m(GrZ([0,1]Y))) < Ks (4-11)

where V() is given is (4-3).
If N> a; and

P(s) = sNJrE?:](l*ai)(log log 1/3)27:| a;/N
Then there exist positive finite constants Ky and Ky such that with probability 1
K < d-m(GrZ([0,1]V) < K. . (#12)

Proof. The upper bounds in (4-11) and (4-12) can be proved by using Lemma 4-1.
The lower bound in (4-11) follows from (3-20) and (4-2). The proof of the lower bound
in (4-12) is similar to that of Theorem 3-1.
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