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Abstract

Let X(t) (t ∈ RN ) be a fractional Brownian motion in Rd of index α. Let
GrX([0, 1]N ) be the graph of X and let

φ1(s) = sN/α log log
1
s

and

φ2(s) = sN+(1−α)s

(
log log

1
s

)αd/N
.

It is proved that if N < αd, then almost surely

K1 6 φ1-m
(
GrX([0, 1]N )

)
6 K2

and if N > αd, then almost surely

K1 6 φ2-m
(
GrX([0, 1]N )

)
6 K2 ,

where φ-m is the φ-Hausdorff measure and K1, K2 are positive finite constants. The
exact Hausdorff measure of the image and graph of certain Gaussian random fields
with independent fractional Brownian motion components are also obtained.

1. Introduction

Given 0 < α < 1, let Y = {Y (t), t ∈ RN} be the real-valued, centred gaussian
random field with covariance function

E(Y (t)Y (s)) = 1
2 (|s|2α + |t|2α − |t− s|2α),

where |:| denotes the Euclidean norm. Consider the gaussian random field X =
{X(t), t ∈ RN} in Rd defined by

X(t) = (X1(t), . . . , Xd(t)) ,

whereX1, . . . , Xd are independent copies of Y . ThenX is called the (N, d, α) gaussian
process or the d-dimensional fractional Brownian motion (FBM) of index α (see [K],
chapter 18). If N = 1, α = 1

2 , it is the ordinary d-dimensional Brownian motion; if
α = 1

2 , d = 1, it is the multiparameter Lévy Brownian motion. It is easy to see that
X is a self-similar process of exponent α, i.e. for any a > 0,

X(a:)
d
= aαX(:) ,
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whereX
d
= Y means that the two processesX and Y have the same finite dimensional

distributions.
The Hausdorff dimension of the image and graph of X and more general gaussian

random fields were obtained by Adler ([A]). See Kahane ([K]) for more geometric
properties of the image, graph and level sets of fractional Brownian motion. The
exact Hausdorff measure of the image setX([0, 1]N ) of transient fractional Brownian
motion (that isN < αd) was obtained by Goldman ([G]) for α = 1

2 , and by Talagrand
([T]) for all 0 < α < 1. Their results were generalized by the author ([X2]) to strongly
locally nondeterministic gaussian random fields.

In this paper, we consider the exact Hausdorff measure of the graph of fractional
Brownian motion X. Let

GrX([0, 1]N ) = {(t,X(t)) : t ∈ [0, 1]N} .

Alder ([A]) proved that

dim GrX([0, 1]N ) =
{
N/α if N 6 αd
N + (1− α)d if N > αd,

where dim denotes Hausdorff dimension. Let

φ1(s) = sN/α log log
1
s
,

φ2(s) = sN+(1−α)d

(
log log

1
s

)αd/N
.

We shall show that there exist positive and finite constants K1 and K2 such that
almost surely

K1 6 φ1-m(GrX([0, 1]N )) 6 K2 if N < αd , (1·1)

and

K1 6 φ2-m(GrX([0, 1]N )) 6 K2 if N > αd , (1·2)

where φ-m is the φ-Hausdorff measure.
In the critical case of N = αd, except for the planar Brownian motion (i.e. N =

1, α = 1
2 , d = 2) for which Pruitt and Taylor ([PT]) showed that

φ(s) = s2 log
1
s

log log log
1
s

is the correct Hausdorff measure function for the graph, the Hausdorff measure of
the graph GrX([0, 1]N ) is not known.

The Hausdorff measure of the graph of Brownian motion and Lévy stable pro-
cesses were evaluated by Jain and Pruitt ([JP]) in the transient case, by Pruitt and
Taylor ([PT]) in the recurrent cases. In the case of Brownian motion, their results
are recovered by (1·1) and (1·2). Since their proofs depend on the specific properties
of Brownian motion such as the strong Markov property, we can not prove (1·1) and
(1·2) by modifying their arguments.

Another important example of gaussian random fields is the Brownian sheet or N -
parameter Wiener process W (t) (t ∈ RN

+ ), see Orey and Pruitt ([OP]). The Hausdorff
measure of the image and graph of the Brownian sheet in Rd were obtained by



Hausdorff measure of the graph of fractional Brownian motion 567
Ehm ([E]). Since the dependence structure of fractional Brownian motion is more
complicated than that of the Brownian sheet, we can not apply his method either.

Let Xi = {Xi(t), t ∈ RN} (i = 1, 2, . . . , d) be d independent fractional Brownian
motion in R of index αi with

0 = α0 < α1 6 α2 6 · · · 6 αd < 1 .

Let Z(t) = (X1(t), . . . , Xd(t)). Then Z = {Z(t), t ∈ RN} is a gaussian random field
in Rd with stationary increments. If αi (i = 1, . . . , d) are not all equal, then Z is
not self-similar. Sample path properties of Z have been studied by Cuzick ([C]), Pitt
([P]) and the author ([X1]). It follows from theorem 2·1 in [X1] that almost surely

dim Z([0, 1]N ) = min
{
d;

N +
∑j

i=1(αj − αi)
αj

, i = 1, . . . , d
}

=

 N +
∑k

i=1(αk − αi)
αk

if
∑k−1

i=0 αi < N 6
∑k

i=0 αi

d if N >
∑d

i=1 αi

dim GrZ([0, 1]N ) =

{
dim Z([0, 1]N ) if N 6

∑d
i=1 αi

N +
∑d

i=1(1− αi) if N >
∑d

i=1 αi .

In Section 4, we consider the exact Hausdorff measure for the image Z([0, 1]N ) and
the graph GrZ([0, 1]N ).

We shall use K to denote unspecified positive finite constant, it may be different
in each appearance.

2. Preliminaries

Let Φ be the class of functions φ: (0, δ)→ (0, 1) which are right continuous, mono-
tone increasing with φ(0+) = 0 and such that there exists a finite constant K > 0
for which

φ(2s)
φ(s)

6 K, for 0 < s < 1
2δ.

For φ ∈ Φ, the φ-Hausdorff measure of E ⊆ RN is defined by

φ-m(E) = lim
ε→0

inf

{∑
i

φ(2ri) : E ⊆
∞⋃
i=1

B(xi, ri), ri < ε

}
,

where B(x, r) denotes the open ball of radius r centred at x ∈ RN . The Hausdorff
dimension of E is defined by

dim E = inf {α > 0: sα-m(E) = 0}
= sup {α > 0: sα-m(E) =∞} .

We refer to [F] for more properties of Hausdorff measure and Hausdorff dimension.
Lemma 2·1 is derived from a density theorem for Hausdorff measure ([RT]), which

gives a way to get a lower bound for φ-m(E). For any Borel measure µ on RN and
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φ ∈ Φ, the upper φ-density of µ at x ∈ RN is defined by

D
φ

µ(x) = lim sup
r→0

µ(B(x, r)
φ(2r)

.

Lemma 2·1. For a given φ ∈ Φ there exists a positive constant K such that for any
Borel measure µ on RN and every Borel set E ⊆ RN , we have

φ-m(E) > Kµ(E) inf
x∈E
{Dφ

µ(x)}−1 .

The following lemma will be useful in our study on the sojourn time of frac-
tional Brownian motion and other strongly locally nondeterministic gaussian ran-
dom fields.

Lemma 2·2. Let 0 < β < N and r > 0. Then for any distinct t1, . . . , tn ∈ B(0, r), we
have ∫

B(0, r)

dt

min {|t− ti|β, i = 1, . . . , n} 6 Kn
β/NrN−β , (2·1)

where K is a positive finite constant depending on N and β only.

Proof. Let

Γi = {t ∈ B(0, r) : |t− ti| = min {|t− tj |, j = 1, . . . , n}} .

Then

B(0, r) =
n⋃
i=1

Γi and LN (B(0, r)) =
n∑
i=1

LN (Γi) , (2·2)

where LN is the Lebesgue measure in RN . For any t ∈ Γi, we write t = ti+ρθ, where
θ ∈ SN−1 the unit sphere in RN and 0 6 ρ 6 ρi(θ). Then

LN (Γi) = CN

∫
SN−1

ν(dθ)
∫ ρi(θ)

0
ρN−1dρ

=
CN
N

∫
SN−1

ρi(θ)Nν(dθ) , (2·3)

where ν is the normalized surface area in SN−1 and CN is a positive finite constant
depending on N only. Hence by (2·3), Jensen’s inequality and (2·2), we have∫

B(0, r)

dt

min {|t− ti|β, i = 1, . . . , n}

=
n∑
i=1

∫
Γi

dt

|t− ti|β

=
n∑
i=1

CN

∫
SN−1

1
N − β ρi(θ)N−βν(θ)

6 K
n∑
i=1

(∫
SN−1

1
N

ρi(θ)Nν(θ)
)(N−β)/N

6 K
n∑
i=1

(LN (Γi))(N−β)/N
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6 Kn
(

1
n

n∑
i=1

LN (Γi)
)(N−β)/N

= Knβ/NrN−β .

This proves (2·1).

We also need some specific facts about fractional Brownian motion. In the fol-
lowing, Lemma 2·3 and Lemma 2·4 were proved by Pitt ([P]) and Talagrand ([T])
respectively.

Lemma 2·3. There exists a positive finite constant K, depending on N and α only,
such that for any t ∈ RN and any 0 6 r 6 |t|,

Var(Y (t)|Y (s), |s− t| > r) = Kr2α .

Lemma 2·4. There exists a constant δ > 0 such that for any 0 < r0 6 δ, we have

P

{
∃r ∈ [r2

0, r0] such that sup
|t|6r

|X(t)| 6 Krα
(

log log
1
r

)−α/N}

> 1− exp

(
−
(

log
1
r0

) 1
2

)
. (2·4)

3. Hausdorff measure of the graph of FBM

Let X(t) (t ∈ RN ) be the fractional Brownian motion of index α (0 < α < 1) in
Rd and let

GrX([0, 1]N ) = {(t,X(t)) : t ∈ [0, 1]N}

be the graph of X. In this section, we consider the exact Hausdorff measure of
GrX([0, 1]N ).

For any 0 < r < 1, t ∈ I = [0, 1]N and y ∈ Rd, let

Tt,y(r, r) =
∫
B(t,r)

1{|X(s)−y|<r}(s)ds . (3·1)

If (t, y) = (0, 0), we write Tt,y(r, r) as T (r).

Lemma 3·1. If N > αd, then there exists a positive finite constant K, depending on
N, α, and d only, such that for any integer n > 1 we have

E(T (r)n) 6 Kn(n!)αd/Nr(N+(1−α)d)n . (3·2)

Proof. Let 0 < r < 1. By a change of variable, we have

E(T (r)) =
∫
B(0,r)

P{|X(t)| < r}dt

6
∫
B(0,r)

min {1, K (r/|t|α)d}dt

= K

∫ r

0
min {1, K (r/ρα)d}ρN−1dρ

6 KrN+(1−α)d , (3·3)
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since N > αd. For n > 2,

E(T (r)n) =
∫
B(0,r)n

P{|X(t1)| < r, . . . , |X(tn)| < r}dt1 · · · dtn . (3·4)

Consider t1, . . . , tn ∈ B(0, r) satisfying

tj� 0 for j = 1, . . . , n, tj� tk for j� k .

Let η = min {|tn|, |tn − tj |, j = 1, . . . , n− 1}. Then by Lemma 2·3 we have

Var (Xi(tn)|Xi(t1), . . . , Xi(tn−1)) > Kη2α for i = 1, . . . , d . (3·5)

Since conditional distributions in gaussian processes are still gaussian, it follows from
(3·5) that

P
{
|X(tn)| < r|X(t1) = x1, . . . , X(tn−1) = xn−1

}
6 K

∫
|u|<r

1
ηαd

exp
(
− |u|

2

Kη2α

)
du

6 Krd/ηαd . (3·6)

By (3·6) and (2·1), we have∫
B(0,r)

P
{
|X(tn)| < r|X(t1) = x1, . . . , X(tn−1) = xn−1

}
dtn

6 K
∫
B(0,r)

rd

min {|tn|, |tn − ti|, i = 1, . . . , n− 1}αd dtn

6 Knαd/NrN+(1−α)d . (3·7)

Finally, by (3·4), (3·7) and and an easy argument of conditioning, we obtain

E(T (r))n 6 Knαd/NrN+(1−α)dE(T (r))n−1 .

Hence (3·2) is proved by induction.

It follows from (3·2) and Jensen’s inequality that there exists 0 < b < 1/K such
that

E exp
(
b(r−(N+(1−α)d)T (r))N/(αd)

)
<∞ , (3·8)

see, e.g. Ehm [E].

Proposition 3·1. If N > αd, then with probability 1,

lim sup
r→0

T (r)
rN+(1−α)d(log log 1/r)αd/N

6 1
b
.

Proof. This can be proved by using (3·8) and the Borel-Cantelli lemma in a stan-
dard way (see e.g. [X2]).

Since X(t) (t ∈ RN ) has stationary increments, the same arguments as above yield
the following result.

Proposition 3·2. If N > αd, then for any t0 ∈ I we have almost surely

lim sup
r→0

Tt0,X(t0)(r)
rN+(1−α)d(log log 1/r)αd/N

6 1
b
. (3·9)
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Now we prove the main result in this section.

Theorem 3·1. Let X(t) (t ∈ RN ) be the fractional Brownian motion in Rd of index
α(0 < α < 1) and N > αd. Then there exist positive finite constants K1 and K2 such
that with probability 1

K1 6 φ2-m(GrX([0, 1]N )) 6 K2 , (3·10)

where φ2(s) = sN+(1−α)d(log log 1/s)αd/N .

Proof. We define a random Borel measure µ on GrX([0, 1]N ) ⊆ RN+d by

µ(B) = LN{t ∈ I : (t,X(t)) ∈ B} for any B ⊆ RN+d .

Then µ(RN+d) = µ(GrX([0, 1]N )) = 1. It follows from Proposition 3·2 that for any
fixed t0 ∈ I, almost surely

lim sup
r→0

µ(B((t0, X(t0)), r))
rN+(1−α)d(log log 1/r)αd/N

6 1
b
. (3·11)

Let E(ω) = {(t0, X(t0)) : t0 ∈ I and (3·11) holds}. Then E(ω) ⊆ GrX([0, 1]N ) and
a Fubini argument shows that µ(E(ω)) = 1 almost surely. By Lemma 2·1, we have
almost surely

φ2-m(GrX([0, 1]N )) > Kb . (3·12)

To prove the upper bound, we shall make use of Lemma 2·4. For any integer k > 1,
let

Rk =
{
t ∈ I : ∃r ∈ [2−2k, 2−k]

such that

sup
|s−t|6r

|X(s)−X(t)| 6 K2−αk(log log 2k)−α/N
}
.

Then it follows from Lemma 2·4 that

P{t ∈ Rk} > 1− exp (−√( 1
2k)) . (3·13)

By Fubini Theorem, this implies that P (Ω0) = 1, where

Ω0 = {ω : LN (Rk) > 1− exp (−√( 1
4k)) infinitely often} .

On the other hand, it is well known that (see e.g. section IV, theorem 1·3 in Jain and
Marcus [JM]) there exists an event Ω1 such that P (Ω1) = 1 and for all ω ∈ Ω1, there
exists n1 = n1(ω) large enough such that for all n > n1 and any dyadic cube C of
order n in I, we have

sup
s, t∈C

|X(t)−X(s)| 6 K2−nα
√
n . (3·14)

Now fix an ω ∈ Ω0wΩ1, we show that φ2-m(GrX([0, 1]N )) <∞. Consider k > 1 such
that

LN (Rk) > 1− exp(−√( 1
4k)) .

For any x ∈ Rk we can find n with k 6 n 6 2k + k0 (where k0 depends on N only)
such that

sup
s, t∈Cn(x)

|X(t)−X(s)| 6 K2−nα(log log 2n)−α/N , (3·15)
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where Cn(x) is the unique dyadic cube of order n containing x. Thus we have

Rk ⊆ V =
2k+k0⋃
n=2k

Vn

where Vn (n = k, . . . , 2k + k0) are disjoint and each Vn is a union of dyadic cubes Cnl
of order n for which (3·15) holds. Clearly GrX(Cnl) ⊆ Cnl ×Dnl, where Dnl is a ball
of radius

ρn = K2−nα(log log 2n)−α/N .

Hence GrX(Cnl) can be covered by

Mn = K

(
2−nα(log log 2n)−α/N

2−n

)d
= K2(1−α)dn(log log 2n)−αd/N (3·16)

cubes {E(nl)
m } of side 2−n in RN+d. Now

GrX(Rk) ⊆
2k+k0⋃
n=2k

⋃
l

Mn⋃
m=1

E(nl)
m

and ∑
n

∑
l

Mnφ2(
√(N + d) 2−n) 6

∑
n

∑
l

KLN (Cnl) = KLN (V ) <∞ . (3·17)

On the other hand, I\V is contained in a union of dyadic cubes of order q = 2k + k0,
none of which meets Rk. There can be at most

2NqLN ([0, 1]N\V ) 6 K2Nq exp (−√( 1
4k))

of such cubes. For each C of these cubes, it follows from (3·14) that GrX(C) is
contained in the union of at most K2(1−α)dqqd/2 cubes of side 2−q and∑

φ2(
√

(N + d)2−q))

6 K2Nq exp (−√( 1
4k))2(1−α)dqqd/2 × 2−(N+(1−α)d)q(log log 2q)αd/N

6 K exp(−√( 1
4k))qd/2(log q)αd/N

6 1 (3·18)

for k large enough. Since k can be arbitrarily large, the upper bound in (3·10) follows
from (3·17) and (3·18). This completes the proof of Theorem 3·1.

Now we consider the transient case N < αd.

Theorem 3·2. Let X(t) (t ∈ RN ) be the fractional Brownian motion in Rd of index
α(0 < α < 1) and N < αd. Then there exist positive finite constants K1 and K2 such
that with probability 1

K1 6 φ1-m(GrX([0, 1]N )) 6 K2 , (3·19)

where φ1(s) = sN/α log log 1/s.

Proof. The lower bound in (3·19) follows from

φ1-m(X([0, 1]N )) 6 φ1-m(GrX([0, 1]N )) (3·20)
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and a theorem of Talagrand ([T]). The proof of the upper bound is similar to that of
Theorem 3·1 except that we cover GrX(Cnl) by cubes of side 2−nα(log log 2n)−α/N

if the dyadic cube Cnl of order n intersects Rk, by cubes of side 2−nα
√
n otherwise.

Remark. With a little more effort, the above results can be extended to more
general strongly locally nondeterministic gaussian random fields. Since the main
ingredients have been obtained in [X2] and in the above, we will not give all the
details.

4. Random fields with FBM components

Let Xi = {Xi(t), t ∈ RN} (i = 1, 2, . . . , d) be d independent fractional Brownian
motions in R. We assume that Xi has index αi and

0 = α0 < α1 6 α2 6 · · · 6 αd < 1 .

Let Z(t) = (X1(t), . . . , Xd(t)). Then Z = {Z(t), t ∈ RN} is a gaussian random field
in Rd with stationary increments. If αi (i = 1, . . . , d) are not all equal, then Z is not
self-similar. It follows from theorem 2·1 in [X1] that almost surely

dim Z([0, 1]N ) = min
{
d;

N +
∑j

i=1(αj − αi)
αj

, i = 1, . . . , d
}

=

 N +
∑k

i=1(αk − αi)
αk

if
∑k−1

i=0 αi < N 6
∑k

i=0 αi

d if N >
∑d

i=1 αi

dim GrZ([0, 1]N ) =

{
dim Z([0, 1]N ) if N 6

∑d
i=1 αi

N +
∑d

i=1(1− αi) if N >
∑d

i=1 αi .

In this section we evaluate the exact Hausdorff measure of the image set Z([0, 1]N )
and the graph GrZ([0, 1]N ).

Theorem 4·1. If for some 1 6 k 6 d
k−1∑
i=0

αi < N <
k∑
i=1

αi or N =
k−1∑
i=0

αi and αk−1 = αk . (4·1)

Then there exist positive finite constants K1 and K2 such that with probability 1

K1 6 ψk-m(Z([0, 1]N )) 6 K2 , (4·2)

where

ψk(s) = s(N+
∑k
i=1(αk−αi))/αk log log 1/s . (4·3)

To prove the lower bound, we need to make use of Lemma 2·1. For any r > 0 and
any y ∈ Rd, let

Ty(r) =
∫

RN
1{|Z(t)−y|<r}(t)dt

be the sojourn time of Z(t) (t ∈ RN ) in the open ball B(y, r) in Rd.
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Proposition 4·1. If (4·1) holds for some 1 6 k 6 d, then there exists a positive finite
constant γ such that almost surely

lim sup
r→0

T0(r)
ψk(r)

6 γ . (4·4)

Proof. It is sufficient to show that for any integer n > 1 and 0 < r < 1

E(T0(r)n) 6 Knn!rβn , (4·5)

where β = (N +
∑k

i=1(αk − αi))/αk.
For n = 1, by simple calculation we have

E(T0(r)) =
∫

RN
P{|X(t)| < r} dt

6
∫

RN

d∏
i=1

P{|Xi(t)| < r} dt

=
∫

RN

d∏
i=1

P

{
|Xi(1)| < r

|t|αi

}
dt

6 K
∫ ∞

0
ρN−1

d∏
i=1

P

{
|Xi(1)| < r

ραi

}
dρ

= K

( d∑
i=1

∫ r1/αi

r1/αi−1

ri−1

ρ
∑i−1
j=1 αj

ρN−1dρ +
∫ ∞

1/αd

rd

ρ
∑d
j=1 αj

ρN−1dρ

)
6
{
Krβ if (4·1) holds
Krβ log 1

r
if N =

∑k−1
i=0 αi and αk−1 < αk ,

(4·6)

where the last inequality follows from the easily verified fact that if (4·1) holds, then

β = min
{
d;

N +
∑i

j=1(αi − αj)
αi

, i = 1, . . . , d
}
.

For n > 2, by using Lemma 2·3 and modifying the argument of Goldman [G] we
have

E(T0(r)n) 6
{
KnrβE(T0(r)n−1) if (4·1) holds
Knrβ log 1

r
E(T0(r)n−1) if N =

∑k−1
i=0 αi and αk−1 < αk ,

(4·7)

see e.g. [X2]. Hence (4·5) follows from (4·6), (4·7) and induction. This finishes the
proof of (4·4).

Remark. By using (4·6) and (4·7), we can prove that ifN =
∑k−1

i=0 αi and αk−1 < αk,
then almost surely

lim sup
r→0

T0(r)
φ3(r)

6 γ , (4·8)

where φ3(r) = rk−1 log 1/r log log 1/r. But (4.8) is not the best possible (see [PT]).
In this case, the exact Hausdorff measure functions for the image and graph of Z
remain unknown.

By the stationarity of the increments of X and Proposition 4·1 we have
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Corollary 4·1. If (4.1) holds for some 1 6 k 6 d, then there exists a positive finite

constant γ such that for every t0 ∈ I almost surely

lim sup
r→0

TX(t0)(r)
ψk(r)

6 γ . (4·9)

In order to prove the upper bound in (4·2), we need the following lemma, which
can be proved in the same way as that of proposition 4·1 in [T].

Lemma 4·1. There exists a constant δ > 0 such that for any 0 < r0 < δ, we have

P

{
∃r ∈ [r2

0, r0] such that sup
|t|6r

|Xi(t)| 6 Krαi(log log 1/r)−αi/N , i = 1, . . . , d
}

> 1− exp (−(log 1/r0)
1
2 ) . (4·10)

Proof of Theorem 4·1. The lower bound in (4·2) follows from Lemma 2·1 and (4·9).
To prove the upper bound in (4·2), we let

Rn = {t ∈ I : ∃r ∈ [2−2n, 2−n],

sup
|s−t|6r

|Xi(s)−Xi(t)| 6 K2−nαi(log log 2n)−αi/N , 1 6 i 6 d} .

Then by Lemma 4·1, we have

P{t ∈ Rn} > 1− exp (−√ 1
2n) .

The rest of the proof is quite similar to that of Theorem 3·1. We only remark that for
each dyadic cube C of order l that intersects Rn, X(C) can be covered by a super-
rectangle of sides K2−nαi(log log 2n)−αi/N (i = 1, . . . , d), and hence can be covered
by

K2l
∑k
j=1(αk−αj )(log log 2l)

∑k
j=1(αk−αj )/N

cubes of side K2−nαk (log log 2n)−αk/N . For each dyadic cube C of order l that does
not meet Rn, X(C) can be covered by K2l

∑k
j=1(αk−αj ) cubes of side K2−lαk

√
l.

The following theorem gives the exact Hausdorff measure for the graph of Z.

Theorem 4·2. If (4·1) holds, then there exist positive finite constants K1 and K2 such
that with probability 1

K1 6 ψk-m(GrZ([0, 1]N ))) 6 K2 , (4·11)

where ψk(s) is given is (4·3).
If N >

∑d
i=1 αi and

ψ(s) = sN+
∑d
i=1(1−αi)(log log 1/s)

∑d
i=1 αi/N .

Then there exist positive finite constants K1 and K2 such that with probability 1

K1 6 ψ-m(GrZ([0, 1]N ))) 6 K2 . (4·12)

Proof. The upper bounds in (4·11) and (4·12) can be proved by using Lemma 4·1.
The lower bound in (4·11) follows from (3·20) and (4·2). The proof of the lower bound
in (4·12) is similar to that of Theorem 3·1.
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