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Weak Variation of Gaussian Processes
Yimin Xiao'-?
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Let X(1) (1reR) be a real-valued centered Gaussian process with stationary
increments. We assume that there exist positive constants é,, ¢,, and ¢, such
that for any re R and heR with |h| <4,

E[(X(t+h) — X))y’ 1< ¢ a¥(h])
and for any 0 <r <min{|s|, d,}
Var(X(6) | X(s): r<|s— 1] €3,) = c0%r)

where a: [0, J,) = [0, ¢ } is regularly varying at zero of order a (0 <a < 1). Let
7 be an inverse function of ¢ near zero such that ¢(s)=1(s) loglog(l/s) is
increasing near zero. We obtain exact estimates for the weak ¢-variation of X{(1)
on [0, «].

KEY WORDS: Weak variation; Gaussian processes; local times; symmetric
Lévy processes.

1. INTRODUCTION

The elegant result of P. Lévy on the quadratic variation of Brownian
motion has been extended in different ways (see Taylor,®!’ Kéno,!'?
Kawada and Kéno,'® Marcus and Rosen, ' '*) and references therein). Let

n={0=to<t, < - <tpn=a}

be a partition of [0, a], and let m(n) =sup, <, <s(f;— ;) denote the
length of the largest interval in = (m(=n) is called the mesh of z). Let Q,(9)
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be the family of the partitions # of [0, a] with m(n) <J. For any function
/iR, —>R? and any function ¢:[0,5]—> R, with ¢(0)=0, the weak
¢-variation of f on [0, a] is defined by

Vy (f)=lim inf V,/(f; =) (1.1)

30 meQ[(0)

where

Vilfimy= Y $(R(f; [t 1. 1]D) (12)

nen

and

R(f;[a,b])= sup |f(1)—f(s)l

sotelab]

The sum in (1.2) and all that follows is taken over all the terms in which
both ¢, , and ¢, are contained in n. The strong ¢-variation of f on [0, a]
is defined by

Vool f)=lim sup 3 (| f(2)—S(t;-0)D) (1.3)

=0 2eQ ) ren

Let B={B(t),teR,} be a Brownian motion in R Taylor®" proved the
following exact estimates for the weak and strong variation of B: with
probability 1

lim inf V,(B;n)=4, (14)

50 ne Qy0)

lim sup ) &5(|B(t)—B(1,_)|)=2 (1.5)

=0 e Q) ren

where ¢,(s) =57 log log 1/s, ¢.(s)=s*loglog 1/s and 1, is a positive finite
constant. Strong ¢-variation result similar to (1.5) has been obtained by
Kawada and Kono'® for certain Gaussian processes (see also Marcus and
Rosen''?). The main purpose of this paper is to generalize (1.4) to strongly
locally nondeterministic Gaussian processes.

Let X(z) (reR) be a real-valued, centered Gaussian process with
X(0) =0. We assume that X(z) (e R) has stationary increments and con-
tinuous covariance function R(¢, s) = EX(t) X(s) given by

R(1, 5) = jR (e — 1)(e~ ™ — 1) A(dA) (1.6)
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where 4(dA) is a nonnegative symmetric measure on R\{0} satisfying
AZ
J.R W A(dj.) < o0

Then there exists a centered complex-valued Gaussian random measure
W(dA) such that

X(z)=jR (e" —1) W(dA) (1.7)

and for any Borel sets 4, B&R

E(W(A) W(B))=A4(An B) and W(—A)=W(A4)

It follows from (1.6) that
E[(X(t+h) — X(1))?] =2j (1 —cos hi) A(dA)
R

We assume that there exist constants d,>0, 0<¢,, ¢, <o and a non-
decreasing continuous function o: [0, d,) — [0, co) which is regularly vary-
ing at zero of order a (0 <a < 1) such that for any teR and heR with
Ih| < 8,

E[(X(1+h)—X(1))* 1< c;0%(|h]) (1.8)
and for all 7eR and any 0 <r <min{|t], 5}
Var(X(t) | X(s): r < |s—t] €3p) = c,0%(r) (1.9)

If (1.8) and (1.9) hold, we shall say that X{¢) (teR) is strongly locally
g-nondeterministic. A typical example of strongly locally nondeterministic
Gaussian process is the so-called fractional Brownian motion of index «
(0 <a<1), the centered, real-valued Gaussian process X{(z) (1eR) with
covariance

EX(t) X(s) = 3(|¢]>*+ |s]** — |t —s|*)

We refer to Berman>® and Cuzick and Du Peez'® for more information
on (strongly) locally nondeterminism.

Based on an isomorphism theorem of Dynkin,'®”, Marcus and
Rosen, "> studied the sample path properties of the local times of
strongly symmetric Markov processes through their associated Gaussian
processes. In particular, they proved results similar to (1.5) for the (strong)

860/10,4-3
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p-variation of the local times of symmetric Lévy processes in the spatial
variable (see Refs. 13 and 14). It is natural to consider the weak ¢-variation
of the local times of symmetric Lévy processes. In this case, the argument
of Marcus and Rosen seems not enough and we have not been able to
prove an analogous result for the local times of symmetric Lévy processes.

Throughout the paper, we let 7(s) to be an inverse of o(s) near zero.
Then 1(s) is regularly varying at zero of order 1/a. We may and will choose
7(s) to be continuous and such that ¢(s)=1(s)loglog(l/s) is strictly
increasing near zero (see e.g., Senata,'”), p. 22).

2, 0-1 LAW

Let X(z) (eR) be a real-valued Gaussian process with stationary
mcrements and X(0)=0. We assume that X(7) satisfies {1.8), where a(s) is
regularly varying at zero of order o (0 <a < 1), and it has a representation
(1.7). Tt is well known that X{z) has continuous sample paths almost surely
[see e.g., Jain and Marcus,® (Sect. IV, Thm. 1.3)]. The following lemma
is a corollary of Proposition 2 of Wichura.??

Lemma 1. Let

z,(n=| (e — 1) W(dA)

n—1<|t|<n

Then with probability 1

Y=Y Z(1)

n=1

converges uniformly on [0, 1].

Now we prove a 0-1 law about the weak ¢-variation of X(¢) on [0, 1].
0-1 laws for other types of variation were obtained by Kéno!'? and by
Kawada and Kéno.””

Theorem 1. Let X(¢) (teR) be a real-valued Gaussian process with
stationary increments and X(0)=0 satisfying (1.8). Then there exists a
constant 0 < A< oo such that

P{lim inf VyX;n)=41}=1 (2.1)

50 neQs)

Proof. Let (£2, #, P) be a basic probability space such that for every
weQ, the series .., Z,(t, w) in Lemma 1 converges uniformly in ¢ on

n=1



Weak Variation of Gaussian Processes 853

[0, 1]. Let By be the o-algebra generated by {Z,(1),n=N,N+1, ---}. An

event which is measurable with respect to £, ={\%_, %y is called a tail

event. Since {Z,(#), n>1} is a sequence of independent random variables,

it follows from Kolmogorov’s 0-1 law that for any 4e€ 4, P(4)=0 or 1.
Let

A={lim inf V4 X;n)=constant}
50 meQy8)

We will show that A4 is a tail event and then (2.1) follows.

Let N be an arbitrary positive integer and set

Xyu(t)=

n

I PR

N—1
Zn(t)9 YN(t)= Z Zn(t)
n=1

N

Let &, | 0 be a decreasing sequence. For any 0 <» <min{l/a—1, 1/3} and
any positive integer n, let

Qi={w: R(Yy; [s,t])<n’o(|t—s|'*") for all k > n and all
[s,2]1<=[0, 1] with |1 —s| <J,}.
Clearly
Qe

Since for each we Q, Y,(¢, w) is continuously differentiable on [0, 1] and
ol +7)<1, we have

We note that ¢(s) is regularly varying at zero of order 1/a, then for any
£> 0 there exists s, > 0 such that for 0 <s<s,

),
#(s)
[see e.g., Seneta,"!”’ Thm. 1.1]. For any we 2, there exists n, such that

we Q2 for all n2n, and hence for any ne Q,(6,) and any ¢,_,, 1,€x, we
have

<e forall xe[#n, 3/2] (2.2)

R(YN;[zi—lsti])sﬂzouti;l_ti,l*—”) (2.3)
o(lt, 1 —t,1""") <s,, R(Xy; 1,1, t1)<s0 (2.4)
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and

[t;_—1t;]" log 1080_

—_— < | 2.5
(Mt =1, 7) (25)

Let
K, = {i: R(Xy;[ti_y, 1)) <nollt, _ti|1+")}
Then by (2.2)-(2.5) we have
Z HR(X; [t 1, 1,])
ie Kn

< z HR(Xys [t D HR(Y s [0, 11))

ie Ky

< Y dn+n*)yollt,_ —t,' "))

ie Ky

1
< ) o)t —t,_ | " log log ———————
iezK,,((rl " ) ! £ o(lt;—t, ')

<+ +e (2.6)

and

2 SR [, 11)

i¢ Ky

<Y ¢ (R(XN; (4o, 1] (1 +

i¢ Ky

R(Yy, [ty t:])))
R(Xyi L8215 8])

< Z N +n) R(Xns [0, 1))

i¢ Ky

ST+ +e) 2 d(R(Xy; [t t1) (2.7)

i¢ Ky

Similarly we have

Y ARt 2((1=m—e) ¥ $(R(Xn; [_1,0])  (28)

i¢ Ky i¢ Ky

Combining (2.6)—(2.8) and noticing that # >0, ¢ > 0 are arbitrary, we have

lim inf VyX;n)=lim inf Vy(Xy;n)

-0 ne Qd) n— o ne@(J,)
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for any positive integer N. Hence A is a tail event. This completes the proof
of (2.1). d

3. WEAK ¢-VARIATION FOR GAUSSIAN PROCESSES

Let X(r) (teR) be a real-valued Gaussian process with stationary
increments and X(0) =0 satisfying (1.8) and (1.9), where a(s) is regularly
varying at zero of order a (0 <a < 1). In this section, we study the weak
¢-variation of X{(¢) on [0, a].

We will need several lemmas. Lemma 2 is proved in Xiao,'?®’ which
generalizes a result of Talagrand.” Lemma 3 is from Talagrand.!'®)
Lemma 4 gives an estimate for the small ball probability of the Gaussian
processes satisfying (1.8} and (1.9), which is a modification of Theorem 2.1
in Monrad and Rootzén''® (see also Shao''®)).

We will use K to denote an unspecified positive constant, which may
be different in each appearance.

Lemma 2. There exists a constant §,>0 such that for any
0<ry<d,, we have

1\ -
P {Sre [, o] such that sup |X(¢)| < Ko <r <10g log ;> )}

lf < r

L2
>l—exp<—<log;1—> > (3.1)

Let Z(¢) (te S) be a Gaussian process. We provide S with the following
metric

dis, 1) = Z(z) — Z(1)||,

where || Z|,=(E(Z?))'?. We denote by N (S, ¢) the smallest number of
open d-balls of radius ¢ needed to cover S.

Lemma 3. Consider a function ¥ such that N,(S, &) < ¥(¢) for all
£> 0. Assume that for some constant C >0 and all ¢ >0 we have

W(e)/C< W (%) < C¥e)
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Then

P{ sup |Z(z)— Z(1)| <u} > exp( — K¥(u))

s, tes

where K depends on C only.

Lemma 4. For any 0 <r<d, and any ¢ <a(r), we have

Kr r
o (=) < s o << () 02

where K> 0 is an absolute constant.

Proof. The left-hand side follows immediately from Lemma 3. The
proof of the right-hand side by using (1.9) is the same as that of
Theorem 2.1 in Monrad and Rootzén.!>

Proposition 3. For any e R, with probability 1

m ir 20 >y (3.3)

where &(s) is the inverse function of ¢(s)=1(s) loglog(1/s) near zero and

y>0 is a finite constant.

Proof. Clearly,

RX;{t,t+h]) 2 M(X;[t,t+h])= max |X(s)— X(2)].

selt, t+ 1]

Then (3.3) follows from (3.2) and the Borel-Cantelli lemma in a standard
way.

Remark. By using an argument similar to the proof of Theorem 3.3
in Monrad and Rootzén,""> we can strengthen (3.3) to

o ing R L1 4R])

m ir 70 K a.s. (34)

for some constant K> 0. But we will not need (3.4) in the present paper.
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Proposition 2. For any ¢ R, with probability 1

R(X;[t—v, t+ul)

lim inf =y, 35
3=0  wrz0 Eu+v) 4 (3.3)
O<u+r<o

where &(s) and y >0 are as in Proposition 1.

Proof. Since the proof of (3.5) is similar to that of Lemma 3.4 in
Taylor,'?" there seems no need in reproducing it.
We are now in a position to prove the main result of this section.

Theorem 2. Let X(7) (e R) be a Gaussian process with stationary
increments and X(0) = 0 satisfying (1.8) and (1.9). Let ¢(s) =1(s) log log(1/s).
Then there exists a positive finite constant A such that for any a > 0 with
probability 1

lim inf Vi X;n)=2a (3.6)

30 7eQUd)

lm inf Vy(Xmy=a2" [ X0 de (3.7)
0

30 neQ/Ud)

Proof. For Eq. (3.6), we start by proving that with probability 1, for
6 small enough

inf VyX;n)<K<w (3.8)

7e Q)

For k = 1, consider the set

R, = {te [0,1]:3re[27%,27%] such that

—1
sup |X(S)—X(t)|<K0<r<10g1°g%> )}

ls -2l <7

By Lemma 2, we have that for £ >log 1/5,
P{te R} =1 —exp(—/k/2)

Denote by |A4| the Lebesgue measure of A. It follows from Fubini’s theorem
that P(Q,) =1, where

Q,={w:|R;| =1 —exp( —./k/4) infinitely often}
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On the other hand, it is well known [ see e.g., Jain and Marcus,®, Sect. IV,
Thm. 1.3] that there exists an event £, such that P(Q,)=1 and for all
we Q,, there exists n, =n,(w) large enough such that for all n>n, and any
dyadic cube C of order n in [0, 1], we have

sup |X(1)— X(s)| <Ko(27") /n (39)

s, 1e

Now fix an we R, 2, we show that V(X; 1)< K< .
For any x e R, we denote by C,(x) the unique dyadic interval of order
{ containing x. Consider & > 1 such that

|Ri|>1—exp(—./k/4)
For any x € R, we can find / with k& </< 2k such that
R(X; C/(x)) < Ka(2 '(loglog2/) ") (3.10)

Let ¥, be the union of such dyadic intervals C;, then {¥,} are disjoint and
R, cV=7,V, Let n be the partition of [0,1] formed by the end
points of the dyadic intervals in ¥ and the end points of the dyadic inter-
vals of order 2k that do not meet R,. Then

ViX;m) =Y ¢(R(X; C)+Y" ¢(R(X; C})) (3.11)

where 3" sums over all the intervals in ¥ and 3" sums over all the dyadic
intervals of order 2k that do not intersect R,. By (3.10) we have

Y HRX; CHLY Y K27'=K<w (3.12)

I CeV,

On the other hand, the number of the dyadic intervals of order 2k that do
not meet R, is at most

2% [0, 17\ V| < K2% exp( —\/12/4)
For each Cj of these intervals, by (3.9) we have
R(X; C)) < Ko(27%) /k

It follows that
Y $(R(X; C)) < K2%* exp( —/k/4) $(Ka(27%) /k)

SKexp(—4> ke ] (3.13)
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for k large enough. Since k& can be arbitrarily large, (3.8) follows from
(3.11)-(3.13).
To prove the opposite inequality for a =1, we set for any ¢ >0, § >0,

— L R(X;[t—v, t+u])
En‘,s—{(t,w)e[O,l]xQ. u‘151£0 St 0) > —a}

O<u+tr<d

Then E, ; is measurable in (7, w). Define I (t, w)=1 for (t,w)eE, ;s and
I(t, w) =0 otherwise. By Proposition 2, for any fixed te[0,1] almost
surely

lim Iz, w)=1
-0
It follows from Fatou’s lemma that

1 1
E<liminf j L,-(t,w)dt))E j lim inf I,(, ) dt
4]

d—-0 0 oJ-—0

1
=j E(lim inf ,(t, @) de = 1

0 -0

Hence with probability 1

t
lim j I(t, ) di=1

a—-0 Y0

This implies that for any ¢ >0, there exists almost surely ds=4ds(w) >0
such that for any 0 <d < ds, |E, s(w)| =1 —¢', where

E, fw)={te[0,1]:(t,w)€E, ;}
For any partition e 0,(8), n={0=t,<t;< - <ty =1}, let
r(w)={i:[tifl’ti]mEs.()'(w)#g}

Then we have

VoX;n)= 3 §(RX;[t;_i,1:])

LER

= Y K-t

ielmj

=K(1-¢)
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This proves that
lim inf Vi X;n)=2K>0 (3.14)

30 neQ(d)
It follows from (3.8), (3.14) and Theorem 1 that (3.6) holds for a=1.

For any a>0, let G(t)= X(at). By applying this result to G(z)
(te[0, 1]) we get (3.6).

For Eq. (3.7), we divide [0, a] into m > 1 equal subintervals /, ,(a) =
[(j—1m)a, (j/m)a], j=1,.,m and denote Q(/,,(a);d) the family
of partitions z, of I ,(a) with m(n,)<d. For any partition z={0=
Lo<t;< -+ <lym=a} of [0, a], define

a} j=1..,m

L p(m) =sup {t,\,: <
k

Consider the partitions of 7, , (a) given by
n(Ij.m(a))={tk(j_|)<tk(j_l)+1< e <t}\'(j)} j=1,...,m (3.15)

and

a} j=1L.,m (3.16)

3 |~

- —1
n(lj,m(a))={]m A<lp i <o <ty S
Thus for any ne Q,(J), we can write

V¢(X2;n)=_z Vi X* (I ()

j=1

m—1 :
VA X &1 (@) — Y ¢ <R <X2; [rj—na, tku)uD)
j=1

1 J

S (o]

2 ) VX /U, a) —2mé(w(d) sup [2X(0)])  (3.17)

Ji=1 (€0, 4]
where

w(d)= sup |X(s)— X(¢)]
s tel0,q]
ls—t=0o
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It follows from (3.17) that

inf VyX*)m)= ) inf VAX? 1) —2md(w() sup |2X(1)])
neQ,(8) =1 zzleQ(l {a);, J) 1[0, a)

' (3.18)

Since ¢ is regularly varying at zero, for any ¢ >0, v >u > 0, for s sufficiently
small, we have

d(sb) = (1 —¢) ¢(x) |b| '™ forall be[u,v] (3.19)
Since with probability 1, X(¢) is uniformly continuous on [0, a], there
exists almost surely , =d4(w) >0 such that for any 0 < <d, we have, by

(3.18) and (3.19)

inf VyiX*5n)

neQ,3)
>m inf V(X% 7)) I inf |X(0)>=
I el VXS KO 20
—2md(w(d) sup [2X(¢)])

(€0, a}

>(1-)S  inf  V,Xim) inf [2X(0)"

=1 HEQU, ey ) tel ,(a)
xI( inf |X(1)| 2u)—2md(w(8) sup [2X(1)]) (3.20)
1el, ,(a) 1e[0,a]

where I(A4) is the indicator function of the set 4. It follows from Jain and
Marcus,® [Sect. IV, Thm. 1.3] that

lim sup—-i(é)——-SK a.s.
s—0 o(d)./logl/d

for some constant K. Let 6 — 0 in (3.20), by (3.6) we have

lim inf V(X% n#)

50 neQ,8)

;(1—8),12‘/“i 2 inf XK inf  |X()|zw) (3.21)

=1 telj‘,,,(a) tel, la
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Let m — co, we see that the left-hand side of (3.21) is

>(1—e) 42" [ 1X(0)| " IX(0) > w) di
0

=(1—¢g) A2~ <r | X(2)]"™ dt—au””‘)
0
Since ¢ >0, u >0 are arbitrary, we get

lim inf V(X% )220 [ x| d (3.22)
4]

d—=0 meQ|l0)

To prove the opposite inequality, we note that for any ¢>0, v>u >0,
for s sufficiently small, we have

d(sh) < (1 +¢) ¢(s) |b|'™ forall be[u,v]

However for b small enough, ¢(sb)<¢(s)|b|"* Therefore for any
0<v< oo and any ¢>0, if s is sufficiently small we have

B(sb) <(1 +¢) ¢(s) |6 forall b<w (3.23)

Similar to (3.18), by (3.23) we have

inf V¢(X2;n)-1< sup |X(z)|<§>

ne Q) ref0, al

m

<)Y inf V¢(X2;n,)~l< sup |X(t)|<§>

=1 e QU (a), 5) 1e[0,a]

Jom

m

<(l+e) Y inf V(X;m) sup [2X(s)])"*

j=1 ”}EQ(lj,mta):(s) .\'EI/V,"(H)

Let 6 — 0, it follows from (3.6) that

lim inf V(XZ;;:)-I( sup |X(;);<12’->

-0 me @) te[0, a}

<(1+)22" Y 2 sup x|

j=1 M oer )

Jom
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Letting m — oo and noticing that ¢>0 and v>0 are arbitrary, we obtain
(3.22) but with a less than or equal to sign. This completes the proof
of (3.7). |

The argument in Taylor'*" can be applied to prove Corollary 1.
Corollary 1. Let
Uy X;[0,a])=inf Vy(X; n)

where the infimum is taken over all the partitions of [0, a]. Then with
probability 1, 0 < Uy(X; [0, 1]) <4a

Remark. If X{¢) (zeR) is the fractional Brownian motion of index o
(0<a<1)in R, then (1.8) and (1.9) are satisfied with o(¢) = ¢* It follows
from Theorem 2 and Corollary | immediately that with probability 1

lim inf VyX;n)=la (3.24)

-0 me Q 3)
and

O0<UyX;[0,1]) < Aa (3.25)
where ¢(s)=s'"log log 1/s. In the case of Brownian motion, ie.,, a=1/2,

(3.24) and (3.25) recover the result of Taylor®"’ mentioned in (1.4).

4. CONCLUSIONS

Let Y={Y(¢),teR_} be a symmetric real-valued Lévy process with
characteristic function

E exp(iAY(t)) = exp( — tyi(1))

and Lévy exponent
Y(A) =2 f% (1 —cos ud) dv(1)
0

where v is a Lévy measure, ie., [ min{l, #*} dv(u) < co. If Yy(4)=4%2,
then Y is Brownian motion. We assume that (1) is regularly varying at
infinity of order 1 <8 <2. It follows from a result of Barlow'" that Y has
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an almost surely jointly continuous local time, which is denoted by
L={L7,(t,x)eR, xR} normalized such that

E° <j°°e~'dL;‘>=u‘(x)

where

1oy 1= cosxd
”(X)“njo o) 4

is the 1-potential density of Y.
The mean zero Gaussian process G={G(x) xeR} with covariance
E(G(x) G(y)) =u'(x— y) is said to be associated with Y. Then we have

E(G(x) = G(y))?=a(Ix— y|)

where

) 2 = 1 —cosxA

Tx)=2 fo Tron “

By a result of Pitman'® we know that ¢?(x) is regularly varying at zero
of order f— 1. Marcus and Rosen''?) proved a corollary of the Dynkin
Isomorphism Theorem,®” which enables them!'* ¥ to obtain almost sure
results for the (strong) variations of the local times of symmetric Lévy
processes from analogous results about the associated Gaussian processes.
It would be interesting to study the weak variation of the local times L of
symmetric Lévy processes.

Let G(x) (xeR) be the associated Gaussian process and let (24, Pg)
be the probability space of G. Then G(x) (x € R) is strongly locally o-non-
deterministic if: (i) ¢*(x) is concave near zero and ¢*(x) — 0 as x — 0 (see
Marcus'"; or (ii) f(A) = K |4] ~# for large |A|, where

2 1 A?

MO =T T+ 2

and

Flx) = jo 1) da



Weak Variation of Gaussian Processes 865

(see Berman'?’). Hence Theorem 2 holds under the condition (i) or (ii). It
follows from Lemma 4.3 in Ref. 12, and (3.7) that for almost all we Q,,

2 HB—1)
L+ G

. . G3(- a
lim inf V¢ <L{ + of ); n):,lz”‘/"”j
4]

30 me Q) 2

(4.1)

for almost all e R almost surely. However, it is not known whether the
following weak variation result for the local time L holds or not: almost
surely

lim inf V¢(L,‘;7z)=/121/</f—1)J |LY (VB gy

d-0 me Qo) 0

for almost all reR . This can not be derived from (3.7) and (4.1) by using
the argument of Marcus and Rosen.‘!
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