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ABSTRACT. In this paper we give a detailed description of the random wavelet series representa-
tion of real-valued linear fractional stable sheet introduced in [3]. By using this representation,
in the case where the sample paths are continuous, an anisotropic uniform and quasi-optimal
modulus of continuity of these paths is obtained as well as an upper bound for their behavior at
infinity and around the coordinate axes. The Hausdorff dimensions of the range and graph of

these stable random fields are then derived.

1. INTRODUCTION AND MAIN RESULTS

Let 0 < a<2and H=(Hy,...,Hy) € (0,1) be given. We define an a-stable random field
Xo = {Xo(t),t € RN} with values in R by

Xo(t) = /RN h, (t,s) Za(ds), (1.1)

where Z, is a strictly a-stable random measure on RY with Lebesgue measure as its control
measure and (3(s) as its skewness intensity. That is, for every Lebesgue measurable set A C RY
with Lebesgue measure Ay(A) < oo, Z4(A) is a strictly a-stable random variable with scale
parameter Ay (A)Y® and skewness parameter (1/An(A)) [, B(s)ds. If B(s) = 0, then Z, is a
symmetric a-stable random measure on RY. We refer to [20, Chapter 3] for more information on

stable random measures and their integrals. Also in (1.1),
N Hy—L1 Hy—L
hults) = [T {t = s0f = = (=s0} "}, (1.2)
(=1
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where k£ > 0 is a normalizing constant such that the scale parameter of X¢(1), denoted by
| X0(1)]la, equals 1, t; = max{t,0} and 0° = 1. Observe that, if Hy = --- = Hy = 1, X is the
ordinary stable sheet studied in [9]. In general, the random field Xy is called a linear fractional a-
stable sheet defined on RY (or (N, 1)-LFSS for brevity) in R with index H. LFSS is an extension
of both linear fractional stable motion (LFSM), which corresponds to the case where N = 1, and
of ordinary fractional Brownian sheet (FBS) which corresponds to a = 2, that is, to replacing
the stable measure in (1.1) by a Gaussian random measure.

We will also consider (N, d)-LFSS, with d > 1, that is a linear fractional a-stable sheet defined
on RV and taking its values in R?. The (N,d)-LFSS that we consider is the stable field X =
{X(t),t € RN} defined by

X = (X1(8),...,Xat)), VteRY, (1.3)

where X1,..., Xy are d independent copies of X. It is easy to verify by using the representation
(L.1) that X satisfies the following scaling property: For any N x N diagonal matrix A = (a;;)
with a;; = a; > 0 for all 1 <¢ < N and a;; = 0 if ¢ # j, we have

N
{X(At), t e RN} i{Haij(t), teRN}, (1.4)
j=1

where £ denotes the equality in the sense of finite dimensional distributions, provided that the
skewness intensity satisfies 3(As) = (3(s) for almost every s € RY. Relation (1.4) means that the
(N,d)-LFSS X is an operator-self-similar [or operator-scaling] random field in the time variable
(see [0, 24]). When the indices Hji, ..., Hy are not the same, X has different scaling behavior
along different directions. This anisotropic nature of X makes it a potential model for various
spatial objects, as is already the case for anisotropic Gaussian fields ([7] and [5]). We also mention
that one can construct (IV, d)-stable random fields which are self-similar in the space variables in
the sense of [12, [14]. This will not be discussed in this paper.

Similarly to LFSM and FBS, see for instance [13} 21), 11}, 23, 2 1], there are close connections
between sample path properties of LF'SS and its parameters H and «. In this article we study

some of these connections. In all the remainder of this paper we assume that the sample paths

of X are continuous, i.e. min(Hy, ..., Hy) > 1/a. For convenience we even assume that
1/a<H1§~-§HN. (15)
Of course, there is no loss of generality in the arbitrary ordering of Hy, ..., Hy. Let us now state

our main results.
The following theorem is an improved version of Theorems 1.2 and 1.3 in [3]. Relation (1.6))
provides a sharp upper bound for the uniform modulus of continuity of LFSS, while Relation (1.7)

gives an upper bound for its asymptotic behavior at infinity and around the coordinate axes.
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Theorem 1. Let QO be the event of probability 1 that will be introduced in Corollary!5. Then for
every compact set K C RN, all w € Qp and any arbitrarily small n > 0, one has
sup | X0 (s,w) — Xo(t,w)]

s,tek Zjvzl |sj — tj|Hj—1/0‘(1 + ‘ log |s; — th)z/a—m

(1.6)

and
| Xo(t,w)]

SUIJ)\[ HN ’tAH]' 1+‘1 tH 1/a+n
teR =1 47 ( og [tj]])

(1.7)

The following result can be viewed as an inverse of (1.6) in Theorem [1.

Theorem 2. Let 23 be the event of probability 1 that will be introduced in Lemma|12. Then for
all w € Q3, all vectors uy, € RN with non-vanishing coordinates, anyn = 1,..., N and any real
numbers y; < y2 and € > 0, one has

| X0 (80, Un, w) — Xo(tn, Un,w)|

sup ——— = 00, (1.8)
snitn€ly1yz] |8y, — tp| =1/ (1 + |log |sp — tnl|) Lee

where, for every real x,, we have set (Tp,Un) = (UL, ..., Un—1,Tn, Uptly .-, UN)-

Observe that Theorems/1 and 2 have already been obtained by Takashima [21] in the particular
case of LFSM (i.e., N = 1). However, the proofs given by this author can hardly be adapted to
LFSS. To establish the above theorems we introduce a wavelet series representation of Xy and
use wavelet methods which are, more or less, inspired from [2]. It is also worth noticing that the
event 5 in Theorem 2 does not depend on . This is why the latter theorem cannot be obtained
by simply using the fact that LFSS is an LESM of Hurst parameter H,, along the direction of the
n-th axis.

The next theorem gives the Hausdorff dimensions of the range
X([0,10Y) = {X(t): t € [0,1]"}

and the graph
GrX ([0,1]V) = {(t, X)) : t € [0,1]"}
of an (N, d)-LFSS X. We refer to [10] for the definition and basic properties of Hausdorff dimen-
sion.
The following result extends Theorem 4 in [2] to the linear fractional stable sheets. Unlike
the fractional Brownian sheet case, we remark that the Hausdorft dimensions of X ([O, v ) and

GrX ([0,1)") are not determined by the uniform Hélder exponent of X on [0, 1]V.

Theorem 3. Let the assumption (1.5) hold. Then, with probability 1,
N

dim,, X ([0, 1]V) :min{d; Z}Z} (1.9)

(=1
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and
k N
dim, GrX ([0, 1Y) = min{zk +N—-k+(1—-Hyd, 1<k<N; Z}

_{Zévualr[ if Yl g <
= . - k— k
Z?:1%+N—k+(1—Hk)d if 25=11%§d<24=11{%a

where 30_, H% :=0.

Remark 4. The second equality in (1.10) can be verified by using (1.5) and some elementary

computation; see [2].

In light of Theorem 13 it is a natural question to consider the Hausdorff dimensions of the
image X (E) and graph GrX(F), where E is an arbitrary Borel set in RY. As shown by Wu
and Xiao [22] for fractional Brownian sheets, due to the anisotropic nature of X, the Hausdorff
dimension of E and the index H alone are not enough to determine dim, X (E). By combining
the methods in Wu and Xiao [22] and Xiao [24] with the moment argument in this paper we
determine dim, X (E) for every nonrandom Borel set £ C (0, 00)"; see Theorem 20.

We end the Introduction with some notation. Throughout this paper, the underlying parameter
spaces are RN, RY = [0,00)" or Z. A typical parameter, t € R is written as t = (t,...,tx) or
t = (t;) whichever is more convenient. For any s,t € RY such that s; < t; (j =1,...,N), the set
[s,t] = vazl [s;,t;] is called a closed interval (or a rectangle). Open or half-open intervals can be
defined analogously. We will use capital letters C, C, Co, ... to denote positive and finite random
variables and use ¢, c1,co,... to denote unspecified positive and finite constants. Moreover, C'

and ¢ may not be the same in each occurrence.

Acknowledgment This paper is finished while the third author (Y. Xiao) is visiting the Statis-
tical & Applied Mathematical Sciences Institute (SAMSI). He thanks Professor Jim Berger and
the staff of SAMSI for their support and the good working conditions.

2. WAVELET EXPANSION OF LFSS

The goal of this section is to give a detailed description of the wavelet representations of LF'SS

Xj. First we need to introduce some notation that will be extensively used in all the sequel.

(i) The real-valued function ¢ denotes a well chosen compactly supported Daubechies wavelet
(see [8,16]). Contrary to the Gaussian case the fact that 1 is compactly supported will
play a crucial role in the proof of Theorem 2 (see the proof of Part (b) of Proposition [14).

(ii) Forany £ = 1,..., N, the real-valued functions ¥¥* and ¢)~¢ respectively denote the left-
sided fractional primitive of order Hy + 1 — 1/« and the right-sided fractional derivative
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of order Hy + 1 — 1/« of 9, which are respectively defined for all x € R by
1/a _ d? a
¥ (x) = /R (=)0 (y) dy and v~ (@) = /R (y—a) /" Ty (21)

Observe that the functions ¢ and ¢ ~¢ are well-defined, continuously differentiable
and well-localized provided that ¢ has sufficiently many vanishing moments (and thus is

smooth enough). By saying that a function ¢ : R — R is well-localized we mean that

sup 1+]a:| {\gzﬁ \+‘¢’(m)‘}<oo. (2.2)

(iil) {€jx, (j, k) € ZN x ZN} will denote the sequence of random variables defined as

€k = /R i fv[ {2j‘/a¢(2j‘~’55 - kg)} Zo(ds). (2.3)

(=1

They are centered a-stable random variables all with the same scale parameter

lesalo = { [ W(t)!adt}N/a |

and skewness parameter

N

Gise = lejullz /R T {2 @7 = ko) Bls) ds |

=1
where <% = |z|*sgn(z) which is the number having the same sign as x and absolute
value |z|*. Moreover, if L > 0 is a constant such that the support of ¢ is included in
[—L, L], then for any integers p > 2L, any r € {0,...,p — 1}V and j € ZV, {€; r11p; k €

ZN} is a sequence of independent random variables.

A consequence of the above properties of the sequence {€; 1, (j,k) € ZN x ZN} is the following.

Corollary 5. There exists an event §} of probability 1 such that, for any n > 0, for all w € Q5
and all j,k € ZN x ZN,

N
()] < C@) TTLA+ DY+ )/ dogV (2 + hal) }
=1

where C' is a finite positive random variable.

Proof We apply Lemma [22.0]
It is worth noticing that, for every £ = 1,..., N, the functions ¥¢ and ¥ ~"¢ can be defined

equivalently to (2.1)), up to a multiplicative constant, but in the Fourier domain by (see e.g. [19])

PH(g) = Pty eV E ﬂHzf_(f)aH (24)
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and

G () = et O H1 /ot DF | o1 /o1 i) (2:5)

It follows from Parseval’s Formula, (2.4), (2.5) and the orthonormality (in L?(R)) of the sequence
{29/24p(27 - —k), j, k € Z} that ¢H¢ and o~ He satisty, for all (J, K) € Z? and (J', K') € Z2, up to

a multiplicative constant,

/ Y27 — K)yy—He(2) x — K')dx = 2776(J, K;J, K'), (2.6)
R

where 6(J,K;J',K') = 1 when (J,K) = (J',K’) and 0 otherwise. By putting together (2.4),
(2.5) and the fact that @Z(f) = 0(&?) as |¢] — 0, another useful property is obtained: for every

¢=1,...,N, the first moment of the functions ¢ and 1~ vanish, namely one has

/@ZJH‘*(U) du = / Y He(w) du = 0. (2.7)
R R
We are now in position to state the main results of this section.

Proposition 6. Let Q7 be the event of probability 1 that will be introduced in Lemma |21. For
everyn € N, M >0 and t € RN we set

N
Unn(t) = > 270He T {w"(@t — k) — ™ (—ky)} (2.8)
(G,k)ED) =1
where the random variables {€;, (j,k) € ZN x ZN} are defined by (2.3) and
DYy ={(,k) € ZN xZN : for alll=1,...,N |i| < n and |k| < M2"'} . (2.9)

Then for every w € 7 the functional sequence (U, a1 (-, w))nen is a Cauchy sequence in the Holder
space CV(K) for every v € [0, H; — 1/a) and compact set K C [-M, M|N. We denote its limit by

N
Yoo 20 T {1 @ — k) — ™ (k) }-
(j,k)EZN xZN 1=1
Proposition 7. With probability 1, the following holds for all t € RN
Xoty= Y 270 TT{w™ @t — k) - (-k)} . (2.10)
(j,k)EZN xZN 1=1

Remark 8. By the definition of Xy and by Proposition 6, the both sides of (2.10) are continuous

in t with probability 1. Hence, to prove Proposition [7, it is sufficient to show that

N
S 2 U T L@ty — k) — ™ (—ky)}, t e RY
=1

(G,k)E€ZN xZN
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is a modification of Xy. This is a natural extension of the wavelet series representations both
of LFSM and FBS (see [4, [, 2]) and will be called the random wavelet series representation of
LFSS.

Assume for a while that Proposition 6/ holds and let us prove Proposition [7.
Proof of Proposition [7! Let us fix € {1,...,N}. For any (j;,k;) € Z x Z and s; € R we set

Vjk (s1) = 2V (2005 — k). (2.11)

Since {1, j € Z,k € Z} is an unconditional basis of L*(R) (see [15]) and, for every fixed ¢; € R,
the function s; — (t; — sl)fﬁl/a - (—sl)ilnfl/a € L*(R) N L%(R), one has

(=) Y = ()Y =TS () (1) (2.12)

JIEL kEL

where the convergence of the series in the RHS of (2.12), as a function of s;, holds in L*(R). Next
by using the Holder inequality and the L?(R) orthonormality of the sequence {2jl(1/ 221D ks
s E LK € Z}, one can prove that

i (1— H;—1 H;—-1 j
() = 2V [ = ) o T it — k) d
R
9—inHi {sz(letl — k) — ¢Hz(_kl)} ] (2.13)
By inserting (2.12) into (I.1) for every I = 1,..., N, we get that for any fixed t € R, the series
(2.10) converges in probability to Xy(¢) and Proposition 7 follows from Remark [§. [
From now on our goal will be to prove Proposition 6. We need some preliminary results.

Proof of Proposition 6. For the sake of simplicity we suppose that N = 2. The proof for the

general case is similar. The space C7(K) is endowed with the norm

1l = sup | F@)| + £, with |fly= sup LD =IWI
zell r#YyeER ||1’ yH’Y

)

where || - || denotes the Euclidean norm in R2. For every n € N we set D¢ = (Z2 x Z?) \ Dfu M-
Let us define Fy(z,y) = Fu(x,y; 9" M, ¢,6,8,n) and E(z,y) = E(z,y; 6,6, 8,1) by

Fo(z,y) = An(z,y) + Bn(z,9) ,

where A, (x,y) and By, (z,y) are defined in Lemma 23/ in the Appendix, and

_ 272 — K) - 927y — K N N
By = Y om0y S Rl gy gy g
(J,K)ez? |z =yl
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Using (2.8)), the triangle inequality, Lemma 21, one has for any n,p € N and si,s9,t1,t2 €
[_M’ M]v

[Un+p,01(81,82) — Unyp ar(t1,t2) — Un ai(81,82) + Un ni(t1,12)]
(Is1 = t1|? + |s2 — t2?)8/2

i H ‘ 17y (5 (200s — ky) — P (—ky) =TTy (020 — ky) — ZZ)HZ(*k‘l))‘
: Z 200 e 2 2)8/2
(4,k)eDg, (Is1 — t1]? + |s2 — t2]?)
< Fn(rSl?tl;le;Hl’B?U)E(SQ,O; 1)[)H2;H2,0,77) + E(Sl’tl;le;Hl,ﬁ,n)Fn(S%O;Q/JHZ;HQ,OJ])
+ Fn(827t2;¢H2;H2)5777)E(t1,0;1/}H1; Hl,O,n) + E(327t2;¢H2;HQ,B,??)Fn(tl,O; lZ)Hl;Hl,O,T]).

By Lemma 23, we have that sup, i, Fn(2,y) — 0 as n — oo and sup, e m) £(2,y) <
o0; hence the last display yields that Sup,>g |Un+p7 M — Up, M|’Y — 0 as n — oco. Observing that
Up, v vanishes on the axes, the same result holds with | - |, replaced by | - ||, and Proposition |6

is proved. [

Remark 9. Proposition 6l is much easier to prove in the Gaussian case. Indeed, in this case,
using the fact that the €;;’s are independent N (0,1) Gaussian random variables one can easily
show that the sequence (U, a)nen is weakly relatively compact in the space C(K). We refer to

the proof of Proposition 3 in [2] for more details.

From now on we will always identify the LF'SS X with its random wavelet series representation
(2.10).

3. UNIFORM MODULUS OF CONTINUITY AND BEHAVIOR AS |t;| — 0 OR oo

The goal of this section is to prove Theorem [I. An immediate consequence of Proposition 6
is that Xy is locally C7 for any v € (0, H; — 1/a), almost surely. Theorem [I/ completes this
result by providing a sharper estimate on the uniform modulus of continuity, see (1.6), and the
behavior at infinity and around the axes, see (1.7). As in our note [3], these results are obtained
by using the representation (2.10). However, we improved the modulus of continuity estimate by
relying on the independence present in the coefficients {¢;x, j, k € ZN x zZN }, see Lemma 22 If
this independence is not taken into account, an alternative result (i.e., Lemma [21) may be used,
resulting in a less precise estimate. The latter result holds in a quite general framework since

they can be extended to a more general class of random wavelet series, see Remark 10 below.
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Proof of Theorem [1. It follows from (2.10), Corollary |5 and Lemma 24/ that for every w € €
and every s,t € K, the triangle inequality implies

‘XO(S,LU)—XQ(t,CU)‘ S Z‘XO tla" n 17Sn77"‘7sN;w)_XO(tlw"atnaSn-f—h‘"7SN;W)|
N n—1 N
< Cl(w)z <H TH@,I/a,n(tZ;sz)> X < H THZ,I/a,n(5€;¢HZ)>
n=1 “/¢=1 l=n+1
XSHn,l/a,n(tnysn;an) (31)
N
_ 2 2
< o) Ntn — sal™ Y (14 |Tog [t — sal[) 24
n=1

This shows (1.6).
Similarly, using (2.10), Corollary |5 and Lemma 24, we obtain, for every w € € and every
t eR,

N
| Xo(t,w)| < Cs(w HTHz,l/an(tfvaZ ) < Ca(w) [T (1 +] 10g|tz\})1/a+n\te|w- (3.2)
=1 =1

The proof of Theorem (1 is finished. [J

Remark 10. Clearly Proposition 6/ holds more generally for any process Y = {Y(t), t € RV}

having a wavelet series representation of the form

N
Yt)= > ik [ [{a@t— k) — du(—k)},
(j,k)€ZN xZN =1
where the ¢;’s are well-localized functions, {c;, j,k € ZNY} is a sequence of complex-valued
coefficients satisfying |c; x| < ¢279H) (¢ > 0 being a constant) and {\;x, j, k € ZV} is a sequence
of complex-valued random variables satisfying sup; , E[|A;x|"] < oo for all 0 < v < a. We can
also show that (1.7) holds with probability 1 for such a process Y. In contrast, for this more
general class of process, we cannot show (1.6) but a less precise estimate for the uniform modulus
of continuity. Namely, as announced in our note [3], with probability 1
sup | Xo(s,w) — Xo(t,w)|
s,tek ZJ L|sj — ty|i—1/a=n

for all compact sets K C RV,

4. OPTIMALITY OF THE MODULUS OF CONTINUITY ESTIMATE

The goal of this section is to prove Theorem 2. For every n € {1,..., N} and (jn, kn) € N X Z,
let G,k = {Gjnkn(Un), Uy € RV} be the a-stable field defined as the following wavelet
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transformation:
Gy ko () = 290 (1HH) / Xo (S, U )~ (295, — ky) dsp, (4.1)
R

where the notation (s,,u,) is introduced in Theorem 2. By using (1.7) and the fact that the
wavelet ¢~ is well-localized, the process {Gj, k,(u), u € R¥~1} is well-defined and its tra-
jectories are continuous, almost surely. The proof of Theorem [2 mainly relies on the following

Lemmas 11 and [12.

Lemma 11. Let ) be the event of probability 1 in Corollary'5 and let n € {1,...,N}. Suppose
that there exist (un,Up) € RN, p>0, € >0 and w € Q) such that
sup |X0(Snaan7w) _XO(tn;amW”

snstn€lun—punto] | Sy, — by [Hn=1/(1 4 | log | s, — tn\‘)_l/a_e

(4.2)

Then one has

limsup (jn277")"* max {|G}, &, (@n,w)| : kn € Z, Jun — 279" ky| < p/8} =0.  (4.3)
Jn—00
Lemma 12. Let 25 be the event of probability 1 defined as Q5 = Qf N Q5, where Qf and §25 are
respectively the events defined in Corollary'd and Lemmall3. For allw € Qf, n € {1,...,N}, all
integers j, € N, real numbers z1 < z9 and all 0 < 71 < 79, one has
liminf (j,277")%/® inf max {|Gjmkn(@n,w)\; Ky € [29721,27m 2] N Z} > 0. (4.4)
Jn—00 b€, m] N1
Before proving these lemmas, we show how they yield Theorem 2.
Proof of Theorem 2. For the sake of simplicity we only consider the case where u, have
positive and non-vanishing coordinates. The general case is similar. Suppose ad absurdum that
there exists w € % such that (1.8) is not satisfied. Then, for some n € {1,..., N}, there exists
Un € RV~1 with positive and non vanishing coordinates, some real number u,, p > 0 and € > 0
arbitrary small such that (4.2) holds. By Lemma [I1] this implies (4.3). Then the conclusion of
Lemma 12 leads to a contradiction. This proves Theorem [2. [
Proof of Lemma [11. Let j, € N and k, € Z be such that

[un, — 27 k| < p/8. (4.5)
It follows from (4.1) and (2.7) that Gj, r, (Un,w) can be written as
9n(14-Hn) / (Xo(sn, Un,w) — Xo(277 Ky, Up, w)>¢_H"(2j"sn — ky) dsn.
R
Hence, we have
. > ]n(1+Hn) 7 _ —Jn 7 —-H, Jn —
‘G]n,kn (uruw)‘ < 2 / ‘XO(Sru Un, w) XO(2 kna Un, w)| W (2 Sn kn)| dsn
R

2 WH) {4 b (s @) + B (s W)} (4.6)
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where
Ay o (fims0) = / | Xo (s s ) — Xo(2 9k, iy )| [0~ (25 — k) ds (4.7)
|sn—un|<p/2
and
B, ey (T, w) :/ | Xo(sns Tin, w) — Xo(277" ki, U, w)| ]¢*Hn(2fnsn — kn)| dsp.  (4.8)
|sn—un|>p/2

Let us now give a suitable upper bound for A;, . (i, w). It follows from (4.7) and (4.2) that

A i (Up,w) is at most
C5(w)/ |sn — 2797k, |V (1 4 [og s — 277k |) O 0 (20, — k)| dsn. (49)
R
We claim that

sup/R\x|H"‘1/°‘(1/jn+ | log 2 — (log |a|) /jn|) ™%~ [0~ ()| dz < o0 (4.10)

Jn21

and differ its proof after we have shown (4.3)).
By setting x = 2/rs,, — k,, in the integral in (4.9) and using (4.10), one obtains, for all j, > 1
and k,, € Z satisfying (4.5),

Ajy o (T, ) < C(w) 2 (I Hnt/e) gt face (4.11)

In order to derive an upper bound for Bj, x,. (in,w), we use the fact that ¢y~ is a well-localized

function and (4.5)) to get
: . -2
Bj, k,(Un,w) < ¢ / |X0(sn,ﬂn,w) - XO(Q_J”kn,ﬁn,w)‘ (1 + |27 s, — kn\) dsy,
[sn—1un|>p/2
<cf | X0 s ) — Xo(2 9", )|
[sn—1un|>p/2
4 . -2
X <1+23"(|sn—un| - \un—277”kn|)> dsy
< 27 Un / ’Xg(sn,ﬂn,w) - X0(2_j”k‘n,an,w)} ‘sn - un‘_2 dsp.
|sn—un|>p/2
This last inequality, together with (1.7), implies that, since w € €,
Bjnykn (aﬂ? w) S 07(w) 2_2.7'77.’

where C7 is a random variable that does not depend on the integers j, and k), satisfying (4.5).
Hence, putting together the last inequality, (4.11) and (4.6) one obtains (4.3).

Finally, to conclude the proof of the lemma, it remains to show (4.10). We separate the
integral in (4.10) into two domains, |z| > 2/%/2 and |z| < 2/%/2. We bound (1/jn + ‘logQ -
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(log |:zc])/jn‘)_1/a_E from above by j%/oﬁﬁ on the first domain, and by ((log 2)/2)_1/(1_E on the

second domain, yielding that the integral in (4.10) is at most
1/a—+te H,—1/a| , — " —1/a—e Hp,—1/« —H,
j,ll/ + /| - ‘ZL“ / W H, (ac)}dx+((log2)/2) / /R|x| / W H (x)|dac
x| >2In

Using that H, — 1/a € (0,1) and that ¢~H» is well localized, we thus get (4.10). O

In order to prove Lemma [12] we first prove a weaker result, namely the following lemma.

Lemma 13. There exists Q5, an event of probability 1, such that for allw € 5, n € {1,...,N}

and real numbers M > 1, z1 < z2, 0 < 11 < T2, one has

lim inf (j,277")Y0(n, jn; M 21, 20371, T2;w) > 0 (4.12)

jn—>OO
where

v(n, jn; M; 21, 225 T1, T2 w)
(4.13)

= min max{}Gjmkn(Mj”/k\:n,w)

- ;K 6[2j"z,2j"z}mz )
an[Mj"TLMjnTﬂN—lﬂzN_l n 1 9

In order to prove Lemma [13/ we need to show that the the random variables G, 1, (un) satisfy

some nice properties, namely the following proposition.

Proposition 14. Let 4, € RN~ be an arbitrary fived vector with non-vanishing coordinates,

then the following results hold:
(a) {Gj, k,(Un), (Jn.kn) € N X Z} is a sequence of strictly a-stable random variables with

identical scale parameters given by
~ H—1/a H—1/a
Gt @l = 1l oy T [ 0 = 17 = (=)
l#n

(b) Let L > 0 be a constant such that the support of v is included in [—L,L]. Then for all
integers p > 2L and jn, > 0, {G}, ¢.p(Un); qn € Z} is a sequence of independent random

(4.14)

L (R)

variables.

Proposition 14 is in fact a straightforward consequence of the following proposition and the

fact that any two functions s, — ¥(2/"s,, — q,p) with different values of g,, have disjoint supports.

Proposition 15. For every vector U, with non-vanishing coordinates and for every (jn,kn) €

N X Z one has almost surely

G e (Un) = /]RN {Qj"/aw(Qj"sn — kn) 1171 {(uz - sz)fl_l/a - (—sl)fl_l/a}} dZ,(s) . (4.15)
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Proof of Proposition 15. As in (3.2), we have

D (k) EZN xZN 2~ (0:H) ‘ej,kw Hl]il {wM (20t — ky) — M (k) } ‘
SuI])V N H; 1/a+4n
teR szl\tj] J(1+‘log|tj|‘)

< 00. (4.16)

It follows from Propositions [7 and 6, (4.16), the Dominated Convergence Theorem, (2.6), (2.7)
and (2.13) that for any u,, € RNY~! one has almost surely, for any increasing sequence (D,)men
of finite sets in Z x Z such that U,,D,,, = Z X Z,

Gy (i) = lim S~ 2Oy,

m—00

(4,k)eDY

/H q,z)Hl Vs — ky) — P (—ky) [~ (2075, — k) ds,, (4.17)
R

=1

=lim > [ )€, b n

(B R )eDy !
where £y j, i, (u;) is defined in (2.13). On the other hand, it follows from (2.12) that

N

Ujnen (sn) [ [ {(Ul — )it (—Sz)fﬂ/a} = > 1 Fri (w H% K (s1), (4.18)

l#n _l?n, YeZ2AN-1) l#n

where for all fixed 4, € RV~! the convergence of the series in the RHS (4.18), as a function of
s € RY holds in LY(RY). Next using (4.18) and (2.3) one has, for every fixed u, € RV~1,

o o) TT{ = s 77 = ()71} ) | dZa(s)
oo )

l#n
= > I ramae by g (419

9n YezZ2(N— 1) l#n

where the convergence of the series holds in probability. Finally, putting together (4.17), (4.19)
and (2.11), one obtains the proposition. [J

We are now in position to prove Lemma [13.
Proof of Lemma [13. For any constants M, c; > 0, n € {1,..., N}, integer j, > 0 and rational
numbers r; < rg, 0 < 01 < 03 and ¢ > 0, let I'(n, jn) = T'(n, jn; M, c1;71, 725 01, 02; ¢) be the event
defined as

U(n, jn; M, ;71,725 01, 02) = {w s v(n, gny M1, 72301, 02;0) < (e jn2_j”)_1/”‘}, (4.20)
First we will show that, there exists c¢; large enough such that

Z ]P)(F(n,jn;M, 01;7“1,7"2;91,92)) < o0. (4.21)
Jn€N



14 ANTOINE AYACHE, FRANCOIS ROUEFF, AND YIMIN XIAO

Using (A.2), (4.14) and that H(ul—-)fl_l/a—(—-)fl_l/a

for u; # 0, we have

H Lo (R) 18 Increasing with |1;| and non-zero

co:= min inf inf inf t*P(|G; up)| >1t)>0. 4.22
2 n=1,.,N t>1 (jn,kn)ENXZ b,€[0;,02]VN1! (| ]Tlvkn( n)’ ) ( )

Observe finally that

v(n, jn; Miri,re; 01, 602;w)

PN 2‘7”7" 2jn7a
> min max{‘Gjmqnp(MJ"kn,w)h qn € [ L 2] DZ}.
R, c[Mingy , Mingy)N-1nZN—1 p p

It follows from Proposition 14' and (4.22) and this inequality that

Pein) <> T1 PG E)] < (e1ju2 7))

P gue(25m om0z (4.23)
. . cq2n
<MYV (12 fer)

where the summation is taken over all En € [Mjnﬁl, MJ'"HQ]N*1 NZN=1 and the constants c2, C3
and ¢4 do not depend on j,. Using the last inequality one can prove that (4.21) holds by choosing

c1 > 0 large enough. Hence the Borel-Cantelli Lemma implies that, for such a constant ¢y,

IP( U ﬂ Fc(n,jn;M,61;7“1,7“2;91,92)) =1,

meN jn>m
where I'“(n, jn; M, c1,71,72;01,02) denotes the complement event of I'(n, jn; M, c1;71,72; 01, 02).
But this implies that the event

{w : liminf(an_j")l/ay(n,jn; M;ry,re; 01, 00;w) > 0}

In—00

has probability 1. Finally setting €25 as the intersection of such sets over {(M i1T1,72;01,02) €

Q°: M>0,r<rpand 0 < 6; < 02}, one obtains the lemma. [J
The following proposition will allow us to derive Lemma 12 starting from Lemma [13. Roughly
speaking it means that the increments of the random field {Gj, x, (Un), U, € [11,72)¥ 71} can be

bound uniformly in the indices j, and k,,

Proposition 16. Let ) be the event of probability 1 that was introduced in Corollary|5. Then
for any reals z1 < z2, 0 < 71 < 19 and n > 0 arbitrarily small, there exists an almost surely
finite random variable Cg > 0 such that for every n € {1,...,N}, jn € N, ky € [2/n21, 2Inz5],

1

Uy € [11, TQ]N_ , Un € [11, TQ]N_l and w € §, one has

|G o (i, ) = Gy (B )| < Cg(w) 2070y ™ fuay — =1/, (4.24)
l#n
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Proof. Lemma 24 applied to (3.1) shows that, for all w € Qf and any n > 0, there exists
C(w) > 0 such that, for every n € {1,...,N}, s, € R, U, € [r1, |V "1, U, € [r1, )V 71,

[ X0 (50 s ) = Xo(n, Tns )| < CC) (D fa =l 71077 sy 17 (14 Dog[ ) ) /7. (4.25)
l#n

Let ¢ > 0 be arbitrary small and consider the integral
I(jiny kn) = 27 / (1 + [sp]) < [y~ Hn (2005, — Ky,)| disi -
R
By setting « = 2/ns,, — k,, we derive that

) Hn+¢
sup max  I(jn,kn) = sup max / <1 + 27z + kn’) h/fH” (z)| da
Jn€N kn€[27m 21, 27n 23] jn€N kn€[29m 21, 20n 23] JR

(1t la + max{z ], o]}
R

The inequality (4.24)) then follows from (4.1)), (4.25) and (4.26). O
We are now in position to prove Lemma [12.
Proof of Lemma [12. We set

>Hn+<- ‘

IN

w*H”(a:)} dx < co. (4.26)

V(N Jns 21, 225 T1, Ty W) = inf max {|Gjn,kn (U, w)|; En € [27m 21,277 2] N Z}. (4.27)
bn€[7'1,T2}N71
In view of Lemma (13l it is sufficient to show that there exists v > 0 small enough and M > 0
such that, for all n € {1,..., N}, w € Q3 and reals z; < 29, 0 < 71 < 72, one has
1im Q_j"(l/“_”)‘ﬁ(n,jn;M; 21, 225 T1, T2 w) — V(N s 21,22;71,72;10)) =0. (4.28)
Jn—00

As the function f; (-) = maX{‘Gjn,kn<'7w)

a%(jn) € [m, T2]N*1 such that

0 kp € [20n2, 2j"zQ]} is continuous, there exists

Fin (@) = i0f { f, @) @ € [, 7]V . (4.29)
Moreover, when 7, is big enough, one has for some k0 (j,) € [Minry, MIng]N=1 0 ZN-1,

MK (i) — 00 (i) l|oo < M7 (4.30)

Then it follows from Proposition [16/ that there exists a constant c¢5 > 0 (independent of (j,, ky))
such that the following inequality holds

|G b (MK (), @) = G (@ (i) w) | < 5 20 pg—In (=1 omm),
The last inequality implies that

Fin (MR () < f, (@) (n)) + 5 277 A —m(Fh =1 o), (4.31)
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By using (4.29) and (4.31) one obtains that

4.32
S f]'n (u/\?L(jn)) + Cy 2jnH"M7jn(H1*1/a7n)'

Let us choose M large enough so that

Hy—1/a  logM
Hi—1/a = log2’

and then, using (1.5), we choose 1 > 0 and > 0 small enough so that 2/nfn pf=in(Hi=1/a=n) —
0(277n(1/a=7)) as j, — oo. Finally combining this with (4.31), we obtain (4.28). This proves
Lemma(12. O

5. PROOF OF THEOREM 3

As usual, the proof of Theorem [3is divided into proving the upper and lower bounds separately.
The proofs of the lower bounds rely on the standard capacity argument and the following Lemma
17. However, the proofs of the upper bounds are significantly different from that in [2], due to
the fact that both dim, X ([0,1]") and dim, GrX ([0,1]") are not determined by the exponent
for the uniform modulus of continuity of X. Our argument is based on the moment method in
[12]. Combining this argument with the methods in [24], we are able to determine the Hausdorff
dimension of the image X (E) for all nonrandom Borel sets E C (0, 00)".

We start by proving some results on the scale parameter of the stable random variable X(s) —
Xo(t) and the moments of the supremum of stable random fields. Since || Xo(s) — Xo(t)Ha can
be used as a pseudometric for characterizing the regularity properties of Xy via metric entropy
methods (cf. [20, Chapter 12]), these results will be useful for studying other properties of LFSS
X as well.

Lemma [17 is an extension of Lemma 3.4 in [2] for fractional Brownian sheets.

Lemma 17. For any constant € > 0, there exist positive and finite constants cg and c7 such that
for all s,t € [, 1]V,

N N
H H
Cg Z}Se—tg‘ ¢ < HX()(S)—X()(t)Ha §C7 Z‘Sg—td Z. (51)
=1 =1

Proof. To prove the upper bound in (5.1), we use induction on N. When N = 1, X is an
(H, a)-linear fractional stable motion and one can verify directly that (5.1) holds as an equality.
Suppose the upper bound in (5.1) holds for any linear fractional stable sheet with n parameters.

We now show that it holds for a linear fractional stable sheet Xy with n + 1 parameters.
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It follows from the representation (1.1) that, for any s,t € [e,1]"™, || Xo(s) — XO(t)HZ is a

constant multiple of the following integral:

n+1 N . — B .
/]R"+1 P { te—1y * = (_7"5)4_[ a} — g {(8@ — 7"[) a _ ( W)_’_e a}’ dr
S (R R B | (R C e I
(=1 e
X / tn+1 — "nn—i—l)frwlié - (—T‘n_’_l)f""q*é}a drnst
R
e /n [H {(35 —rey " - (_W)Jre_a}]
(=1

Hn+1_é Hn+1_é @
X (thrl - Tn+1)+ - (Sn+1 - TnJrl)Jr drpt1
R

n (03
sc {(Z |se — te!H[) + [tnt1 — 8n+1\H”+1°‘} ;

(=1

where, in deriving the last inequality, we have used the induction hypothesis, the fact that the

function ¢ — [p{(t — T)f—l/a _ (_T)H 1/

}¢dr is locally uniformly bounded for any H > 1/«
and that, by a change of variable rp11 = ty 1 + |tn+1 — Snt1|u, the last integral in the previous
display is less than |t, ;1 — s,41|*f7+1 up to a multiplicative constant. Hence we have proved the
upper bound in (5.1).

For proving the lower bound in (5.1), we define the stable field Y = {Y'(¢),t € RY} by
Y (t) :/ h,(t,r) Zo(dr), (5.2)
[0, 1]

where the function h, (¢,7) is defined in (1.2). Then by using (1.1) again we can write

[ Xo(s) = Xo(®)||,, = ||[Y () =Y (s)] (5.3)

o

To proceed, we use the same argument as in [2, pp. 428-429] to decompose Y as a sum of
independent stable random fields. For every ¢ € [g, 1]V, we decompose the rectangle [0,¢] into the

following disjoint union:

N
0, 8] = [0,e]V U | R(t;) UA(e. 1), (5-4)
j=1
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where R(t;) = {r € [0, 1]V :0<r; <eifi#j, e <rj <t;}and A(e,t) can be written as a union
of 2V — N — 1 sub-rectangles of [0,t]. It follows from (5.2) and (5.4) that for every ¢ € [¢, 1]V

Y(t) = /[07E]Nh (t,7) Zo(dr) +Z / Zo(dr) + /A - h,, (t,7) Zo(dr)

N
= Y(e,t) + > _Yj(t) + Z(e,t). (5.5)
j=1
Since the processes {Y(g,t), t € RV}, {Y;(t),t € RV} (1 < j < N) and {Z(e,t), t € RV} are
defined by the stochastic integrals with respect to Z, over disjoint sets, they are independent.
Only the Yj(t)’s will be useful for proving the lower bound in (5.1).
Now let s,t € [¢, 1]V and j € {1,..., N} be fixed. Without loss of generality, we assume
<t;. Then

HYj(t) —YJ(S)HZ :/R( ; (hH(t,r) —hH(s,r))adT+/R( ‘t.)hz(t,r) dr, (5.6)

where R(s;,t;) = {r € [0,1]V : 0 <r; <eifi#j, s; <r; <t;}. By (5.6) and some elementary

calculations we derive

o -yl [ rena

/ H ty — ri) 1/ (tj — )~ dr (5.7)
(0,e]Y 83

> C‘tj - Sj|aHJ’

where ¢ > 0 is a constant depending on e, a and Hy (1 < k < N) only. The lower bound in (5.1)
follows from (5.5), (5.6) and (5.7). O

In order to estimate E [ sup,ep | Xo(t) — Xo(a)|] for all intervals T = [a, ] C [e, 1]V, we will make
use of a general moment inequality of Méricz [17] for the maximum partial sums of multi-indexed
random variables. This approach has the advantage that it is applicable to non-stable random
fields as well. Another way for proving Lemma (19 below is to establish sharp upper bounds for
the tail probability P|sup,cr [ Xo(t) — Xo(a)| > u] by modifying the arguments in [18].

First we adapt some notation from [I7] to our setting. Let {&, k € NV} be a sequence of
random variables. For any m € Z_]\J (Z is the set of nonnegative integers) and k € NV, let
R = R(m,k) = (m,m + k] N Z, which will also be called a rectangle in Z%', and we denote

S(R) = S(m,k) = ];gp and  M(R) = max, 1S(m, q)]. (5.8)
It can be verified that M (R) < maxgcr !S (Q)| < 2NV M(R), where the maximum is taken over all

rectangles @ C R. Let f(R) be a nonnegative function of the rectangle R with left-lower vertex
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in Zf . We call f superadditive if for every rectangle R = R(m, k) the inequality

f(Rj1) + f(Rj2) < f(R) (5.9)
holds for every 1 < j < N and 1 < ¢; < kj;, where

le - R((mla cee 7mN)7 (kh .. -,'Ifj—th’kj-i-h .. )kN))

and
Rjz = R((ml,. ceyMG—1, My + q5, Mjt1, .- - ,mN), (kl, .. .,/{jfl,kj — qj,k:j+1, .. .,k‘N)).

In other words, Rj1 U Rj2 = R is a disjoint decomposition of R by a hyperplane which is perpen-
dicular to the jth axis. Together with the nonnegativity of f, (5.9) implies that, for every fixed
m € Z¥, f(R(m,k)) is nondecreasing in each variable k; (1 < j < N).

The following moment inequality for the maximum M (R) follows from Corollary 1 in [17].

Lemma 18. Let § > 1 and v > 1 be given constants. If there exists a nonnegative and su-
peradditive function f(R) of the rectangle R in Z% such that E[|S(R)["] < fO(R) for every R,
then

E[M(R)"] < (g)N(l — 20-B/M)NT 1B R) (5.10)

N
for every rectangle R in 7.

It is useful to notice that the constant in (5.10) is independent of R. Applying Lemma [18 to

the linear fractional stable sheets, we obtain

Lemma 19. Let the assumption (1.5) hold. Then there exists a positive and finite constant cg
such that for all rectangles T = [a,b] C [¢, 1],

N
E<§gIT) | Xo(t) — Xo(d)!) < cs ;(bj — ;). (5.11)

Proof. For all n € N we define a grid in [a, b] with mesh 27" by the collection of points

Ta(p) = (a5 + (pj = 1)(b — a;)27"), p€ R(0,(2") = {1,...,2"}".
We rank these points using the lexicographical order, that is, p € R(0, (2")) has rank k(p) =
p1+2"(pe— 1)+ -+ 20D (py — 1) € {1,...,2N"}. Observing that, for all p € R(0, (2")) and
all p € R(0, (p)) \ {p}, we have k(p') < k(p). Now we define a sequence {&,, p € R(0, (2")))} of
random variables by induction on the rank of p € R(0, (2")) as follows: 1y = 0 (rank 1), and for
any p € R(0, (2")) having rank k(p) € {2,...,2V"}, assuming that £, is already defined for all
p’ having rank at most k(p) — 1, we define &, by the relationship

Y & = Xo(7a(p) — Xola) . (5.12)

p'€R(0,p)
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This equation means that {{,} defines a signed measure with finite support in R(0, (2")) and
whose repartition function is given by Xo(7,(p)) — Xo(a) for p € R(0, (2™)). Hence (5.12) can be
extended to any rectangle R(m, k) C R(0, (2")) for m # 0 as follows

22—1
o &= Xo(mla®)) — Xo(ra(r(i))} , (5.13)
pER(m,k) =1
where £ € {1,..., N} is the number of non-zero coordinates of m and, for all i € {1,...,2¢1},

q(i) and r(i) are the points of ZY satisfying, for all j € {1,..., N}, |g;(i) — r;(i)| = k; if m; # 0
and ¢;(i) = r;(i) otherwise.

We are now ready to prove (5.11). By the continuity of the sample function Xy(¢) and the
monotone convergence theorem, since the set U,>1{7,(p) : p € R(0,(2"))} is dense in [a, b], it is

sufficient to show that for all integers n > 1,

N
E Xof( - X < b; —a;)Hi, 5.14
(, s Xolmato) - X(o)]) < c >t (5.14)
where cg > 0 is a finite constant independent of [a,b] C [e,1]"V and n. Because of (5.12), we see
that this can be done by applying Lemmas 17 and [18.

It follows from Lemma 22! in the Appendix that for any strictly a-stable random variable Z
with scale parameter 1 and every v < «, we have E(|Z]7) < ¢19, where ¢19 depends on a and ~

only. This fact, (5.12), (5.13) and Lemma [17 imply that for every 1 < v < a and every rectangle

R = R(m, k) C R(0, (2™)),
) e 35 (0) ]

|
<P Co T

=1

2 &

PER

Q

(5.15)

.

where the last inequality follows from Hoélder’s inequality. For every rectangle R = R(m,k)
included in R(0, (2™)), let

) = c10 Z( & _a])>Hj/H1.

Note that, under assumption (1.5), we have a € (1,2), Hia > 1 and H; > H; for every j =
., N. Hence the inequality zi/H1 4 yHi/Hu < (g 4 )P/ for all 2,5 > 0 implies that f is

superadditive.
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We take v € (1, «) such that 8 = yH; > 1 and apply Lemma [18 to derive

Z &p 7) < ci3 [i(bj - aj)Hj/Hl} "

pER(0,k) Jj=1

N v
< c13 [Z(bj - aj)Hj} :
j=1

where ¢13 > 0 is a finite constant independent of [a,b] and n. It can be seen that (5.14) follows
from (5.12)), (5.16) and Holder’s inequality. This finishes the proof of Lemma 19. O

We now proceed to prove Theorem [3.

E< sup
keR(0,(27)) (5 16)

Proof of Theorem 3. We only prove (5.28), which is done by modifying the proof of Theorem
4 in [2] and by making use of Lemmas 17/ and 19. The formula (1.10) can be proven using similar
arguments and we leave it to the interested reader.

First we prove the lower bound in (5.28). Let £ € (0, 1) be given and let I = [, 1]V. We will
prove that for every 0 < v < min{d, Zé\;l H%}, dim, X (I) > v almost surely. By Frostman’s

theorem, it is sufficient to show that we have

//I X0 OIE dsdt < oo, (5.17)

where || - || denotes the Euclidean norm in RY.

It is known that for any d-dimensional distribution function F' in R¢ with characteristic function

 and any vy > 0, we have

QW/HFG) /Rd 2]~ F(dz) = (2m) =42 /O+OO u“du/Rd exp<— ”:”2”2><p(ux) dx.  (5.18)

This equality can be verified by replacing ¢ in the right side of (5.18) by its expression as a
Fourier integral and then performing a routine calculation. Applying (5.18) to the distribution
of the stable random variable £ = (X (s) — X(t))/[| X (s) — X (t)||« and using Fubini’s theorem,

we obtain
2 o)
IE(||£||_7) < cu / exp ( — ”:U2H> dw/ u ™ exp ( — cl5|u|°‘||ac|\o‘) du
R4 0

2
= 16 / exp ( _ el > ||| T 7dx < oo,
Rd 2

where the last integral is convergent because v < d. Combining (5.19) with Lemma [17 yields

/ / TROES e / / (¥ I,SE_MHZ) dsdt < oo, (5.20)

where the finiteness of the last integral is proved in [2, p. 432]. This proves (5.17) and hence the
lower bound in (5.28).

(5.19)
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To prove the upper bound in (5.28)), we use the covering argument in [12] and [2]. Since clearly
dim, X ([0,1]) < d a.s. and Hausdorff dimension is o-stable [10], it is sufficient to show that for
every ¢ € (0,1),

N
dim, X ([, 1]V) < Zi a.s. (5.21)

j=1
This will be done by using a covering argument.
For any integer n > 2, we divide [¢, 1]V into m,, sub-rectangles {R, ;} with sides parallel to

the axes and side-lengths n=*/ (j =1,..., N), respectively. Then
1
my <cn T (5.22)

and X ([e, 1)) can be covered by X(R,;) (1 <i < m,). Denote the lower-left vertex of R,,; by
an ;. Note that the image X (R, ;) is contained in a rectangle in R? with sides parallel to the axes
and side lengths at most 2supyep, , }Xk(s) - Xk(am)‘ (k =1,...,d), respectively. Hence each
X (Ry,;) can be covered by at most

-1

ﬁ {2supseRn,i | X5 (s) — Xi(ani)| . 1]

n
k=1

cubes of side-lengths n~'. In this way, we have obtained a (v/dn~!)-covering for X([E, 1]N).
By Lemma [19, we derive that for every 1 <i<m, and 1 <k <d,

E< sup | X(s) Xk(an,i)‘) <en b (5.23)
SER, ;

It follows from (5.22)), (5.23) and the independence of Xj,..., X that for any v > Zjvzl H%,

we have

E{ o [2 SUPscR,, ; _(1) Xi(an,)| N 1} (\/gn_1>w}

i=1 k::

M

(5.24)

1
]1H

<ecn in 7 —=0 as n — oo.

This and Fatou’s lemma imply that dim, X ([e, v ) < v almost surely. By letting v | Zjvzl H%
along rational numbers, we derive (5.21). This completes the proof of Theorem 3. [J

The above method can be extended to determine the Hausdorff dimension of the image X (E)
for every nonrandom Borel set E C (0, 00)Y, thus extending the results in Wu and Xiao [22] and
Xiao [24] for anisotropic Gaussian random fields to (N, d)-LFSS.

For this purpose, let us first recall from [24] the definition of a Hausdorff-type dimension which

is more convenient to capture the anisotropic nature of X.
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For a fixed (Hy,...,Hy) € (0,1)V, let p be the metric on R defined by
N
)y=> ls; =",  VsteRY. (5.25)

For any 3 > 0 and £ C R", define the 3-dimensional Hausdorff measure [in the metric p] of E
by

6—0

HY(E) = lim inf { i(m)ﬁ L EC G B,(r0), 7 < 5}, (5.26)

n=1 n=1
where B,(r) denotes a closed (or open) ball of radius r in the metric space (RY,p). Then Hg
is a metric outer measure and all Borel sets are ’Hg—measurable. The corresponding Hausdorff

dimension of F is defined by
dim” E = inf {8 > 0: HJ(E) = 0}. (5.27)
We refer to [24] for more information on the history and basic properties of Hg and dim? .

Theorem 20. Let the assumption (1.5) hold. Then, for every nonrandom Borel set E C (0, 00)N
dim, X (E) = min {d; dim? E} a.s. (5.28)

Proof. The proof is a modification of those of Theorem 3l above and Theorem 6.11 in [24]. For
any vy > dim® E, there is a covering {B,(rn),n > 1} of E such that > (2r,)7 < 1. Note that
X(E) Cux 1X(B (rn)) and we can cover each X (B,(r,)) as in the proof of Theorem 3. The
same argument shows that dim, X (E) < v almost surely, which yields the desired upper bound
for dim, X (E).

By using the Frostman lemma for Hg (Lemma 6.10 in [24]) and the capacity argument in the
proof of Theorem 13, one can show dim, X (F) > min {d; dim? E } almost surely. We omit the
details. [J

APPENDIX A. TECHNICAL LEMMAS

The following lemma allows to control the growth of an arbitrary sequence of strictly a-stable

random variables having the same scale parameter.

Lemma 21. Let {ex, A € Z%} be an arbitrary sequence of strictly a-stable random variables
having the same scale parameter. Then, there ezists an event 1] of probability 1, such that for

any n >0 and any w € QF,
d
ex@)l < C@) JTG+npHes, (A1)
I=1

where C' > 0 is an almost surely finite random variable, only depending on 7.
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Proof This lemma simply follows from the fact that for any v € ((1/a +n)~!, a) one has

d
o —v(1/a+
E ( sup <c 34 [\ ) v etn) o o,
( H?:1(3+ |)\j‘)“(1/04+77) Z H( | JD 00

d 3
AEZ Aezd j=1

O

Lemma 22. Let a € (0,2). There exists a constant ci7 depending only on « such that for
any strictly a-stable random variable Z with scale parameter || Z||o > 0 and skewness parameter
B e[-1,1] and all t > || Z||a,

e 1215t < P(Z] > t) < e | Z]1 5 7. (A.2)

Let N > 1. Suppose now that {Zj, je > 1, kg > 2 for £ =1,...,N} is a sequence of strictly
a-stable random variables such that
(i) For all j € (N\{OD)N, {Zjx, ke > 2 for £=1,...,N} are independent;
(ii) For all j € (N\{0})Y and k € (N\ {0, 1)V, ||Z;xlla < 1.
Then, with probability 1, one has, for any ~v > 0,
N
sup{yzj,ky TT7: 7k log T (ke) = jie > 1, ke >2 for €= 1,...,N} <oo. (A3)
(=1
Proof Relation (A.2) follows from Property 1.2.15 in [20]. Let us now show (A.3) for N =1, the
proof for N > 1 is similar. By using (A.2), we obtain, for all j > 1 and n > 1,
P(max{|Zj2l,...,|Zjn|} > ujn) <1—(1—ay ui )"

1/a

where u;,, = j'/**7n log"/**t7 n. Defining n,, = [exp(m)], we obtain

E YN Lax{iZyllZom ot | = 2 D P<maX{\Zj,2!7 | Zjnl > uj,nm) <00

jzlm>1 j>1m>1

Thus the random variable 2]21 > m>1 Linax{|Z;.2]n| Zjnpy [} >tsmy, 1S @S- finite. As a consequence

there exists an a.s. finite positive random variable C' such that
max{|Z;z2|,...,|Zjnnl} < Cujp,, forall j>1,m>1.
Let m(k) is the unique integer satisfying n,,) <k < ny,(x)41. Thus for all j > 1,k > 2, we have

. 1
|Zjx| < Cujp =C M /a)ﬂ 10g"/ ™ (M y11)

m(k)+1 m(k

Observe now that we have, for all k > 2,
N(k)+1 < exp(m(k) +1) <e (e +1) <e(k+1).

Relation (A.3) follows from the last two displays. [



LINEAR FRACTIONAL STABLE SHEET 25

Lemma 23. For any M > 0, n > 0 small enough, 6 € (1/ac+n, 1), B €10, —1/a —n), any
well-localized function ¢ and z,y € R, let A, (z,y) := An(x,y; M, ¢,6, 5,7n) be the quantity defined

as
J J
An(cc,y): Z Z 27J6|¢(2 ﬂS—K)—(ﬁéQ y_K)’(?)—i—|J‘)1/O‘+n(3+|KDl/a+n (A.4)
|J|<n | K|>M2n+1 [z =yl
and let By (x,y) := Bp(x,y; ¢;0,5,n) be the quantity defined as

Jo _ Iy
Ba(z,y) = Z Z 9—Jb (272 [’i)_ y‘TéQ y — K)| (3+ ‘J’)l/a-i-n(g + |K’)1/O‘+n, (A.5)
|J|>n+1 KEZ

with the convention that A,(x,z) = By(z,x) =0 for any x € R. These quantities converge to 0,

uniformly in x,y € [-M, M], as n goes to infinity.
Proof. Let x,y € [-M, M| and Jy > —log,(2M) be the unique integer such that
2707l g —y| <2700, (A.6)

Let us first prove that A, (x,y) converges to 0, uniformly in z,y as n goes to infinity. From now
on we suppose that J is an arbitrary integer satisfying |JJ| < n. We need to derive suitable upper

bounds for the quantity

3 0(272 — K) — ¢(27y — K)|

(3 + K|t (A.7)
|K|>M2n+1

For this purpose, we consider two cases J < Jy and J > Jy + 1 separately. First we suppose that
J < Jo. (A.8)
Using the Mean Value Theorem, (2.2), (A.6) and (A.8) one obtains that
6(2'2 ~ K) = 6(2"y — )| < 2’| — y]sup(3 + [u)
u
< c2le —y|2+ (272 - K|)7?,

where I denotes the compact interval with end-points 2’2 — K and 27y — K, whose length is at
most 1 by (A.6) and (A.8). Next the last inequality and (A.7) entail that

J J 1- (34 |K[|)V/otn
|K|>M2n+1

On the other hand, using that |z| < M and |J| < n, for all |[K| > M2""! one gets
(B4 [KDVetr (3 K]Vt
2+ 272 — K|)2 — (2+ |K|— M27)?

Putting together (A.9), (A.10) and (A.6), one obtains that

< (14K, (A.10)

A%])(m,y) < ¢2/0(B-1)gJ—n(1-1/a=n) (A.11)
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Let us now study the second case where
J>Jo+ 1. (A.12)
It follows from (A.6), (A.12) and (A.7) that

APy <2 S Lp@e - B+ 07— K)o+ KDY (A1)

|K|>M2n+1

On the other hand, using (2.2) and the fact that |J| < n one has, for any real v € [-M, M] and
any K € Z satisfying | K| > M2"H!,

0(27u—K)| <c(B3+27u—K[)2<c(3+|K|—-M2")? <53+ |K|) % (A.14)
Combining (A.13)) with (A.14) one gets that
Agl‘]) (x,y) < cig 9/B—n(1-1/a—n) (A.15)

It follows from (A.4), (A.7), (A.11) and (A.15) that

Jo 00
An(z,y) < c27mI71/amm 951 §™ 9J(=0)(3 1 | gtlatn . N~ 9J(3=0)(3 4 | |)l/atn
J=—00 J=Jo+1

< 2 =1/ amn)9lo(3=0) (3 4 | gy )M/ @+

< oo 27,

where we used Lemma 26 to bound the series and then that 270 < 2M, by (A.6). Since cg
does not depend on (z,y), the last inequality proves that A, (z,y) converges to 0, uniformly in
x,y € [—M, M] as n goes to infinity.

Let us now prove that B (z,y) converges to 0, uniformly in z,y as n goes to infinity. In all
the sequel J denotes an arbitrary integer satisfying |J| > n+ 1. First, we derive a suitable upper

bound for the quantity

B (z,y)=> 92z - ﬁ)__ gTész — N3 4 i)y e, (A.16)
KeZ Yy

As above, we distinguish two cases: J < Jy and J > Jy + 1. First we suppose that (A.8) is
verified. As in (A.9), we have BéJ)(x,y) <2z -y Py k(34 K2 + 272 — K|)72
Next, using (A.6) and Lemma 25/ and the fact that |x| < M, one obtains that

B (2, ) < ¢ 2701 (1 4 97)t/atn, (A.17)
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Now let us suppose that (A.12) is verified. By using this relation, (A.6), the triangle inequality,
(2.2), Lemma 25/ and the fact that =,y € [—M, M], one gets

B (zy) < 2773 {10272 — K)|+ |62y — K)|} (3 + | K)o+
KeZ
< 273 {3120 - K2+ (3 20y - K) 2@+ [
KeZ
< 62J6{<1+2J’x‘)1/a+77_'_(1+2J’y‘)1/o¢+n}
< 2/ (B+1/adn) (A.18)

Since 277 < M, for all n > logy(2M), we have —n < Jp, and thus, by (A.17),

Z 2—]5(3+’J|)1/o¢+nB£LJ)($7y) < C2J0(ﬁ—1) Z 2J(1—5)(3+’J|)1/o¢+7]

J<—n J<—n

< 2071 4 p)letn (A.19)
where we used Lemma 26/ and 277 < M. Applying Lemma (26) with (A.17) and (A.18) yields

Y 2@+ TNV BY (@, y) < 2Tt (3 4| o)) et (A.20)
JEZ

and for any n > Jy,

> 273 4 IV BY ) (w,y) < c2n B atn=0)(3 4 p)t/etn (A.21)

J>n

Since §+ 1/a+n — & < 0, the function t — 200+1/atn=0)(3 4 ¢)l/atn i decreasing for t large
enough, and hence for n large enough, either n > Jy and we may apply (A.21), or n < Jy
and we may apply (A.20) whose right-hand side is smaller than the right-hand side of (A.21).
Hence (A.21) holds for all n large enough independently of Jy. This, with (A.19), shows that

By (z,y) converges uniformly in z,y, as n goes to infinity. [J

Lemma 24. Let ¢ be a well-localized function i.e. a function satisfying the condition (2.2). For
any 0 € (0,1), v € (0,9) and n > 0, define

Ssmm(@y;0) = > 277627z — K) = ¢(27y — K)I(3+ [J))7T(3 + |K|) " log" (2 + | K])
(J,K)ez?
(A.22)

and

Toon@id) = Y 2776272 — K) = (= K)|(3+ [J)+"(3 + | K[)7 log"™"(2 + |K]). (A.23)
(J,K)ez?
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Then, there exists a constant ¢ > 0, only depending on &, v and ¢, such that the inequalities

S (2,3 0) < cly — 2" [ly — 2" + " + |y["]
x (1+ | log [y — /)" {10g7 (2 + [a]) + log™ (2 + [y])}  (A.24)
and
T (w3 8) < c(1+ |log \xH)WJm |z|° (A.25)
hold for all z,y € R (with the convention that 0* x log® 0 = 0 for all a,b > 0).

Proof. We only prove (A.24), the proof of (A.25) is similar. By (2.2), there is a constant ¢ > 0
such that, for all J, K € Z and =,y € R,

lp(272 — K) — 927y — K)| < c {2+ 272 — K|) 2+ 2+ 27y — K[)?}. (A.26)

The quantity |¢(2/2z — K) — ¢(2’y — K)| can be bounded more sharply when the condition
27|z — y| < 1 holds, namely by using (2.2) and the Mean Value Theorem one obtains that

6(2'2 — K) = 6(2y ~ K)| < 2’|~ y|sup(3+ [2u— K|)~
ue

< 2|l —yl2+ 272 - K|)72, (A.27)

where I denotes the compact interval whose end-points are x and y. From now on we will assume

that « # y (Relation (A.24) is trivial otherwise) and let Jy € Z be the unique integer satisfying
1/2 < 200y — 2| < 1. (A.28)
The inequalities (A.26) and (A.27) entail that

Ssm(,y38) < ¢ (Aple —yl+ Byy), (A.29)

where

A= 30 3200 e — K23+ )73 + 1K) g7 (2 4K )

J<Jo KEZ

and

Br=3 % 2*J5{(2+|2Jx—m)*2+(2+szy—K|)*2}(3+|J|)W+"(3+|Kw log? (24 | K|).
J>Jog KEZ

Lemma 25 and Lemma 26| yield
Agy < 2070 (14 [2[72707) (14 [ Jo)*727 1og? (2 + |a])
and, since v — 6 < 0,

By <277 (1 (27 + [y]7)277) (1 + [ Jo] )72 {log?*"(2 + |a]) + log™ (2 + [y])} -
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Inserting these two bounds into (A.29) and using (A.28), we get (A.24) and the proof is finished.
O

Lemma 25. For any v € [0,1) and n > 0, there exists a constant ¢ > 0 such that, for all u € R,
D@+ fu— k)71 + [K) 1og"(2 + [K]) < e (1 + [ul)” log"(2+ |u]) .
keZ

Proof Put k' = [u] — k, where [u] is the integer part of u. Hence

(1+ JH])" log?(2 + k)
Z (24 |u—K|)?

= > @+ fu—[u] + K721+ [[u] = K])7 1og"(2 + [[u] — ¥])
k'eZ

< Y @D TA2 A ful + K1) Log" (2 + Ju] + [K]) -
k'eZ
The result then follows by observing that (2-+ |u|+|k'|)7 < (14|u|)Y(2+K'|)7, log" (2+ |u|+|K'|) <
clog"(2+ |u|)log"(2+ |K|)} and v —2 < —1. O

kEZ

Lemma 26. Let 0 # 0 and v € R. Set c:= 3} - 210" (1 + n)Ml < co. Then for any ng < my
in {0,+1,+2, ..., oo},

il 2m00 (1 + |ng|)Y if0 <0
S ey e LD Y (4.30)
n=ng 2n16(1 + |n1])Y if 0 > 0.

Proof. Take e.g. 8 < 0 and write

ni v
1
Z 2n0(1 + ’n’)fy < 2n00(1 + ’no‘)'y Z omb < + |m+n0|> )

n=ng m>0 1+ |n0‘

Now observe that
1 < 1+ |m + n0|

<1l4+|m
1—|—|m\_ 1+]n0\ - ’ |
1+|m+nol )7
so that sup,, 3,0 om (W) < oo for any v € R.OJ
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