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Abstract

Denote by H(t) = (Hi(t),...,Hn(t)) a function in ¢t € RY with values in (0, 1)"V. Let
{BE® (1)} = {BHE®(t), t € RY} be an (N, d)-multifractional Brownian sheet (mfBs) with
Hurst functional H(¢). Under some regularity conditions on the function H(t), we prove
the existence, joint continuity and the Holder regularity of the local times of {B7(®)(t)}.
We also determine the Hausdorff dimensions of the level sets of {B¥®)(¢)}. Our results ex-
tend the corresponding results for fractional Brownian sheets and multifractional Brownian
motion to multifractional Brownian sheets.
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1 Introduction

A 1-dimensional fractional Brownian motion (fBm) £* = {£%(¢), t € R4} with Hurst index
a € (0, 1) is a real valued, centered Gaussian process with covariance function given by

1
=+ [32a + t2o¢ _ ’t _ 8’2(1], VS, t € R+. (1'1)

B€(5)6°(0)] =

It was first introduced, as a moving average Gaussian process, by Mandelbrot and Van Ness [29].

Fractional Brownian motion has interesting properties such as self-similarity of order o €
(0, 1), stationary increments, and long range dependence which make it a good candidate in
modeling different phenomena in, for example, finance and telecommunication. However, this
model may be restrictive due to the fact that all of its regularity and fractal properties are gov-
erned by the single Hurst parameter «. To model phenomena whose regularity evolves in time,
e.g. Internet traffic or image processing, Lévy-Véhel and Peltier [26] and Benassi, Jaffard and
Roux [7] have independently introduced multifractional Brownian motion (mfBm) in terms of
moving average representation and harmonisable representation, respectively. Multifractional
Brownian motion is governed by a Hurst functional «(t) with certain regularity in place of the
constant Hurst parameter o in fBm.

Several authors have studied sample path and statistical properties of mfBm. For example,
Benassi, Jaffard and Roux [7] considered the sample path Holder regularity of mfBm and
determined the Hausdorff dimension of its graph. Ayache, Cohen and Lévy-Véhel [2] and
Herbin [21] studied the covariance structure of mfBm from its harmonisable representation.
Recently, Boufoussi, Dozzi and Guerbaz [13] [14] studied the existence, joint continuity and
the Holder regularity of the local time of mfBm and established Chung’s law of the iterated
logarithm for mfBm. The main tool they applied to derive their results is the property of
one-stded local nondeterminism of mfBm.

There are multiparameter extensions of fBm, among which two typical ones are multipa-
rameter Lévy fBm and fractional Brownian sheets, where the former is isotropic while the
latter ones are anisotropic in general. Since they were introduced by Kamont [23] [see also
Ayache, Léger and Pontier [4]], fractional Brownian sheets (fBs) have been studied extensively
as a representative of anisotropic Gaussian random fields in recent years. See, for example,
Dunker [17], Mason and Shi [30], @ksendal and Zhang [31], Xiao and Zhang [41], Ayache and
Xiao [6], Ayache, Wu and Xiao [5], Wu and Xiao [36] and the references therein for further
information. Still, the regularity of {Bs doesn’t evolve in the N-dimensional “time” parameter
teRY.

To model anisotropic Gaussian random fields whose regularity evolves in time, such as
images, Ayache and Léger [3], and Herbin [21] introduced so-called multifractional Brownian
sheets (mfBs) in terms of their moving average representations and harmonisable representa-
tions, where the constant Hurst vector of fBs is substituted by Hurst functionals. Furthermore,
they showed that mfBs has a continuous modification and determined the pointwise and local
Holder exponent of mfBs. They also proved that mfBs is locally self-similar. We refer to
Ayache and Léger [3] and Herbin [21] for the definitions of the corresponding concepts and
results.

In studying anisotropic random fields, Xiao [40] suggested that it is more convenient to use



the following metric p,. on RY:

N

Pr(s,1) ZZ’Sg—tg’Ke, Vs, t € RY, (1.2)
=1

where K = (K1,...,Ky) € (0, 1)V is a fixed vector. Denote by H(t) = (Hy(t),..., Hx(t))
a function in ¢t € RY with values in (0, 1)V. We say that H(t) satisfies Condition A if there
exist a positive number o € (0, 1) and a vector (K1,..., Ky) € (0, 1)V such that

Al Forevery £ € {1,...,N}, a < Hy(t) < K, for all t € RY;

A2. Hy(t) (¢ =1,...,N) satisfies a p, -Lipschitz condition on every compact set, that is, for
every compact subset I C Rf , there exist positive constants ¢, = ¢,(I) and § such that

|Ho(t) — He(s)| < ¢,p,(s,t), Vs, t el with |s—t| <.

Now, we are ready to define multifractional Brownian sheets via their moving average
representations.

Definition 1.1 Let H(t) = (Hi(t),...,Hn(t)) be a function in t € RY with values in (0, 1)N
satisfying Condition A. A real-valued multifractional Brownian sheet {Béq(t) (t)} = {Bgl(t)(t), t
€ ]Rf} with functional Hurst index H(t) is defined as the following moving average Wiener
integral:

N _1 _1
500 = [ TT |t - a0 wian), veerY, )
/=1

where sy = max{s,0}, and where W = {W(s), s € RN} is a standard real-valued Brownian
sheet.

Remark 1.2 Our Definition 1.1 generalizes the definition in Ayache and Léger [3] where
they define Hy(-) as a function of ¢, € Ry (¢ =1,...,N). Herbin [21] defines multifractional
Brownian sheets by using the following moving average representation [cf. Definition 2 on p.
1261, Herbin [21]]

5" - |
R

Based on Dobri¢ and Ojeda [15], see also Stoev and Taqqu [33], we know that the multifrac-
tional Brownian sheet defined by (1.3) and the multifractional Brownian sheet defined by (1.4)
have different correlation structures in general even if N = 1. Our definition is more convenient
to use than that of Herbin’s when we derive the one-sided sectorial local nondeterminism for
multifractional Brownian sheets in Section 2. The form (1.3) is preferred in some applications
in the one dimensional case because it is easier to separate the future from the past.

N
NH“tg—uAH‘(t)_%—|Ug|H"(t)_% W(du), VteRY. (1.4)
/=1



Define the Gaussian random field {B#®) ()} = {BA® (¢) : ¢ € RY} with values in R? by
BHO ) = (B Dw),....BYD®),  vierY (1.5)

where {Bf(t) )} ..., {Bf(t) (t)} are d independent copies of {Béq(t) (t)}. Then {BH®(t), t €
R¥} is called an (N, d)-multifractional Brownian sheet with functional Hurst index H (t).

Note that if N = 1, then {B”®(¢)} is a multifractional Brownian motion in R? with
Hurst index Hy(t) € (0,1); if N > 1 and Hy(t) = Hy,..., Hy(t) = Hy, then {BH®)(t)} is an
(N, d)-fractional Brownian sheet with Hurst index H = (Hy,..., Hy).

In this paper, we will study local times of multifractional Brownian sheets. Our main
technical tool is the concept of (one-sided) sectorial local nondeterminism, which was first
introduced by Khoshnevisan and Xiao [25] for the Brownian sheet and then extended by Wu
and Xiao [36] to fractional Brownian sheets, to derive the regularity results for the local times
of mfBs.

Our results show that multifractional Brownian sheets are similar to fractional Brownian
sheets in many ways. They admit jointly continuous local times, when the indices H;(t) stay
in the range for which the fractional Brownian sheet has jointly continuous local times. We
also establish a Hausdorff dimension result, and essentially, the dimension of the level set is the
same as for the constant parameter case, except that we take the supremum of the constant
parameter formula. We also show that the supremum can be taken locally, to establish that
the fractal dimension of the random field varies in space. Hence, multifractional Brownian
sheets are useful in applications such as composite materials, or porous media flow, when the
material properties vary in space. They may also find useful applications in image processing.

The rest of this paper is organized as follows. In Section 2, we prove some basic results on
mfBs that will be useful to our arguments. In Section 3, we provide a sufficient condition for
the existence of L?-local times of the (N, d) mfBs, and prove that the condition also implies
the joint continuity of the local times. We prove the Hdélder regularity of the local times in
Section 4. Finally, we derive the local Hausdorff dimensions of the level sets of {B#(®)(t)} in
Section 5. Our results extend the results of Ayache and Xiao [6] and Ayache, Wu and Xiao [5]
for fractional Brownian sheets and Boufoussi, Dozzi and Guerbaz [13] [14] for multifractional
Brownian motion to multifractional Brownian sheets.

We end the introduction with some notation. Throughout this paper, the underlying
parameter space is RV or Ri\_f = [0,00)V. A parameter t € RY is written as t = (t1,...,tn),
or as (c), if t; = --- =ty = c. For any s,t € RY such that s; <t; (j =1,...,N), denoted by
jo1
the collection of the closed intervals [s, ¢] with s, ¢ € [, T]"V for some fixed positive numbers &
and T'. For any integer m > 1, we always write A, for the Lebesgue measure on R™, and use
(-,+) and |-| to denote the ordinary scalar product and the Euclidean norm in R™ respectively.

Throughout this paper, an unspecified positive and finite constant will be denoted by c,
which may not be the same in each occurrence. More specific constants in Section i are

numbered as ¢, |, ¢

s < t, we define the closed interval (or rectangle) [s,¢] = [[._; [s;,%;]. We use A to represent

i,20° 0"



2 Preliminaries

In this section, we will provide some lemmas that are useful for proving our main results.
Lemma 2.1 is an extension of Lemma 3.1 in Boufoussi et al [13] from fractional Brownian
motion to fractional Brownian sheets.

Lemma 2.1 Let 0 < e < T and 0 < a < v < 1 be fized constants. Let {Z§(t), (t,k) €
RY x [a, v]N} be a real-valued Gaussian random field defined by Eq. (1.3) with H(t) = k
Then there exists a constant c,, = c(a,,¢,T,N) > 0 such that

E[z20) - 28 1) < e, 15— B (2.1)

for allt € [, TN and all 8,/ € [, v]V.

Proof For any 3,0 € [a, 7]V, we define x° = 3, and &/ = (ﬂi,...,ﬂ;,ﬂj+1,...,ﬁN) for
j=1,...,N. Clearly ¥ = g'. Since

N
, 2 . . 2
B[zt -2 0] <N SB[z 0 -20)] (2.2)
j=1
it suffices for us to prove that for j € {1,..., N} fixed,
— ) 2
E[25 (1) 25 ()] < ela,7.6,T,N)I8; - B, (2.3)

By using the moving average representation of {Bs [Eq. (1.3)], we have that

Bz5 0 - 25 0]

= 81 5-11° 1
:/N 1H [(té—w)f > — (—up) 2]
RY =1 ¢

=j+1 (2.4)
B4 B4 -1 Nk
) /R [(tj —ui)y P = ()Y 7 = (G — )y T ()Y 7| dyy
= Il X IQ,
where @; = (u1,...,%j—1,Ujt1,. .., UN).
A change of variables shows that
j—1 N
n=c[[e* T & (2.5)
=1 f=j+1

which is bounded for all t € [, T]" and 3,8 € [, v]V.



Next we estimate I3. Without loss of generality, we may assume (3; > ﬁ;-. Rewrite I as
the following summation

tj y 2
I = / [(tj —u) T — (1 — Uj)ﬁfﬂ du
0

* /O [((tj — ;)3 - (_uj)ﬁj_%) —((t; - uj)gé'*% - (—uj)5§’%)rduj (2.6)

—0o0

=11 + 1.

By the Mean Value Theorem, we have that for some ﬁ;- < mj1 < B; (nj1 may depend on t;)
such that

_ K ) N ) ) 2 . A2 .
II; = (tj — uy) 2In(t; —uy)| (B ﬁ]| du
0

< Ca2 |ﬁ] - ﬁ;‘g

for all t € [, T]Y and 8,3 € [a, 7]"V. In the above, the last inequality follows from a change
of variables.
Similarly, we have that for some ﬂ} < nj2 < B; such that

(2.7)

0 . a1 2 112
1, :/ [(tj —ug) 2 In(t; —uy) = (—uy)"? 72 In(—uy) | |85 — 051 du; (2.8)

< Cas WJ - ﬁ;|2
forall t € [, T]V and 3,8 € [, 7]V. Equation (2.3) is proved by combining (2.4)(2.8). This

proves Lemma 2.1. ]

Combining Lemma 2.1 and Lemma 8 of Ayache and Xiao [6], we have the following result.

Lemma 2.2 Let {Bé{ ® (t)} be a multifractional Brownian sheet in R. There exist positive
constants § > 0, ¢,, and c,; such that for all s, t € [e, T)N with |s —t| < &, for any u €

Hévz1[52 Atg, 8¢V tg], we have

N N

2
Cou 2 It = s <E B Ow) - B ()] < eps 3 Mt — s (29)
=1 =1

Proof By the elementary inequalities

3@+ b+ > (a+b+c)? > —a* —4b* — 4c?,

N

we have that

(&[5 - 5] 48 [0 - 57V 0) B [B0 - 5] )



The first term on the right hand side of (2.10) is the variance of the increment of a fractional
Brownian sheet with Hurst index H(u). By Lemma 8 of Ayache and Xiao [6], there exist

positive constants ¢, , and c, ,, depending only on «, v = max{Ky,..., Ky}, € and N, such
that
N 5 N
Cop S It — 5o < E [Bf @y — Bl (“)(s)} <eyr S [te — 5o, (2.11)
=1 =1

Meanwhile, by Condition A and Lemma 2.1, there exists § > 0 small such that for all s, ¢t €
[e, T]N with |s —t| < § we have |u — s| < §, which implies

E B (s) ~ BI(s)]" < e, [H(w) — H(s)P

N N (2.12)
=G Z | Ho(u) — H€(5)|2 < Gy Z |t — 85’2K47
(=1 (=1
and similarly
N
u 2
E [B§< )(¢) — B (“(t)} <y > Jte — sef?Ke. (2.13)
(=1

Combining (2.10) with (2.11), (2.12) and (2.13), and noting that sup;, Hy(t;) < K, (still
by Definition 1.1), we can see that there exists § > 0, which depends on «,~,e, T and N only,
such that for |s —¢| < 9, (2.9) holds. This finishes the proof of Lemma 2.2. O

Remark 2.3 It would be interesting to compute the bounds on the correlation function and
spectral density of the mfBs, based on Lemma 2.2, since those are the properties of the random
field that are usually used to model natural phenomena.

In the following, we will work on multifractional Liouville sheets (mfLs) at first and
prove that it has the property of sectorial local nondeterminism. For a function H(t) =
(Hi(t),...,Hyn(t)) satisfying Condition A, the real-valued, centered Gaussian random field

X0} = (X" @), t € RY} defined by

XH0 4 / H ty— s)H =2 W (ds), teRY (2.14)
0,4

is called a multifractional Liouville sheet with functional Hurst index H(t). One parameter
mfLs was first introduced by Lim and Muniandy [28] as an extension of {Bm, see Lim [27] for
more properties on one parameter mfLs.

It follows from (1.3) that for every t € RY,

N

(7oovt}\[07t] /=1
where Hy(t) 1 Hy(t) 1
ge(te, se) = ((te - Sz)+) - ((—3€)+) e,

7



and the two fields on the right-hand side of (2.15) are independent. We will show that in study-

ing the regularity properties of the local times of {Bé{ (t)(t)}, the Liouville sheet {Xé{ ® (t)}
plays a crucial role and the second field in (2.15) can be neglected. More precisely, we will

make use of the following property: For all integers n > 2, ¢!, ... " € [a,b] and uy, ..., u, € R,
we have
n .
Zu] tj > Var Zuj Xéq(tj)(tj) . (2.16)
j=1

Next we use an argument in Ayache and Xiao [6] to provide a useful decomposition for

{Xéq ® (t)}. For every t € [, T]", we decompose the rectangle [0,¢] into the following dis-
joint union of sub-rectangles:

N
[0,2] = [0,e] U [ Re(t) U Ae, 1), (2.17)
/=1

where Ry(t) = {r € [0, T]N : 0 < r; <eifi#/{ e <r <t} and A(e,t) can be written as
a union of 2% — N — 1 sub-rectangles of [0,#]. Denote the integrand in (2.14) by g(¢,7). It
follows from (2.17) that for every t € [¢,00)",

xH0@ = AMN(tT m~+§:/ W (dr) + b&@ﬂdtrﬂV@N

N
= X(e.t)+ > _Yi(t)+ Z(e,t). (2.18)
/=1

Since the processes X (e,t), Yy(t) (1 < ¢ < N) and Z(e,t) are defined by the stochastic integrals
w.r.t. W over disjoint sets, they are independent Gaussian fields.

The following lemma shows that every process Y;(t) has the property of strong local non-
determinism along the fth direction. It will be essential to our proofs.

Lemma 2.4 Let I € A and let ¢ € {1,2,...,N} be fized. For all integers n > 2 and
th ..., t" € I such that
tp<t2<- <ty

we have ‘
Var (Yi(t")|Ya(t) 10 < j < n— 1) > . [t — £~ [2He0), (2.19)

where t? =0 and c,,, > 0 is a constant depending on € and I only.
Proof The proof follows the same spirit as the proof of Lemma 2.1 of Ayache, Wu and
Xiao [5]. Working in the Hilbert space setting, the conditional variance in (2.19) is the square

of the L?(PP)-distance of Yy(¢") from the subspace generated by Y(#/) (0 < j < n — 1). Hence
it is sufficient to show that there exists a constant c,,, such that

<Y€ (") Z%Yz (t) ) > ¢, [t — 1 PHA) (2.20)



foralla; e R (j =1,...,n—1). However, by splitting R,(t") into two disjoint parts and using
the independence, we derive that

2
(n (t") ZGJYg () > >E / g™, r)W (dr)
Ry(t")\Ro (")

2.21
/ / / ) g (2:21)
-t 0

k=1
n—112H,(t"™
> €310 |t€ _t | )

This proves (2.20) and hence Lemma 2.4. O

Combining Lemma 2.2 and Lemma 2.4 with the proofs of Lemma 2.1 and Lemma 8.1 in
Berman [11] [see also Theorem 3.3 in Boufoussi, Dozzi and Guerbaz [13]], we have the following

Proposition 2.5 For every integer n > 2, there exist positive constants Cy, and 6 (both of
them may depend on n) such that for every £ =1,... N,

n

Var [ > u; V() - Vo] | = Cn Zn:uﬁ Var[Yo(t/) — Yo (7 1)], (2.22)
j=1 j=1

for all (u1,...,u,) € R™ and all points t, ... t" € I satisfying t% < ... <t} with t} — té < 9.

The following lemma relates the multifractional Brownian sheet {Béq ® (t)} to the indepen-
dent Gaussian random fields Yy (¢ = 1,..., N), which is a direct extension of Lemma 2.2 of
Ayache, Wu and Xiao [5].

Lemma 2.6 Let I € A. For all integersn > 2, t',....t" € I and u1,...,u, € R, we have

Var(zn;ujBf(”)(tj)> > g;\/ar<zn;um(tj)). (2.23)

Consequently, for all k € {1,..., N} and positive numbers p1,...,p, > 1 satisfying E’Zzl p[l
=1, we have

k n
1 CQ 11
<1I 2.24)
n 1 n))1/(2pe)’ (
[detCov(Béq(tl)(tl), o Bgf(t )(t”))} e [detCov (Yy(th),. .., Yy(t™))]1/(re
where detCov(Zy, -+, Z,) denotes the determinant of the covariance matriz of the Gaussian

random vector (Zy,...,Zy).

We will also make use of the following technical lemmas, among which Lemma 2.7 is from
Xiao and Zhang [41], Lemma 2.8 is proved in Ayache and Xiao [6], and Lemma 2.9 and Lemma
2.10 are from Ayache, Wu and Xiao [5].



Lemma 2.7 Let 0 < h < 1 be a constant, then for any § > 2h, M > 0 and 8 > 0, there
exists a positive and finite constant c,,,, depending on 6, €, B and M only, such that for all
O<a< M

1 1
/ dr / la+|s— r|2h] Pas < Co1s (cf(ﬂf%) +1). (2.25)
3 3

Lemma 2.8 Let o, 3 and n be positive constants. For A >0 and B > 0, let

1 dt
J::J(A,B):/O AP BT (2.26)

Then there exist finite constants c, 5 and c,,,, depending on o, (3 and n only, such that the
following hold for all reals A, B > 0 satisfying AY/* < Cy 3 B:

(i) if aB > 1, then

J <y, m; (2.27)
(ii) if af =1, then
J< ey, % log (1 + BA_l/O‘); (2.28)
(i) if 0 < af <1 and aff+n# 1, then
J< ey (% + 1). (2.29)
BaB+n—1

Lemma 2.9 For any q € [0, Zévzl ﬁ[l), let 7 € {1,...,N} be the integer such that
T—1 T
1 1
Y F<q<d) + (2.30)
— B — B

with the convention that 22:1 é := 0. Then there exists a positive constant A, < 1 depending
on (B1,...,08n) only such that for every A € (0, A;), we can find T real numbers p; > 1
(1 < ¢ < 1) satisfying the following properties:

Zl:L e Y . (2.31)
— Pt D
and . .
(1—A)Z@§ﬁfq+7'—z&. (2.32)
= P = B

Furthermore, if we denote ar ==Y ;4 é —q > 0, then for any positive number p € (0, ‘;—;),
there exists an ly € {1,...,7} such that

Beoq

%o

+264,p < 1. (2.33)

10



Lemma 2.10 For all integers n > 1, positive numbers a, v, 0 < b; < 1 and an arbitrary
s0 € [0,a/2],

n
1 n n
. 1 po 1 S g
/ | | —5j-1) bi dsy - ds, < 0721’15 (nh)n Yimrbi—ln=3j, i, (2.34)
a<sy<-- <sn<a+r

where ¢, 5 > 0 is a constant depending on a and b;’s only. In particular, if b; = « for all
j=1,...,n, then

n
/ H —sj-1) “dsy- - dsp <) (nh)ot prd=(1=3)a), (2.35)
a<s1<-<sp<a+tr : j=1

Finally, we conclude this section by briefly recalling some aspects of the theory of local
times. For excellent surveys on local times of random and deterministic vector fields, we refer
to Geman and Horowitz [19] and Dozzi [16].

Let X (t) be a Borel vector field on RY with values in R%. For any Borel set I C RY, the
occupation measure of X on I is defined as the following measure on R%:

(o) =An{tel:X(t) o).

If p, is absolutely continuous with respect to Ag, we say that X (¢) has local times on I,
and define its local times, L(e, I), as the Radon-Nikodym derivative of p, with respect to Ag,
i.e.,

L(z,I) = Z‘A‘; (z), VzeR

In the above, x is the so-called space variable, and I is the time variable. Sometimes, we write
L(z,t) in place of L(x,[0,t]). Note that if X has local times on I then for every Borel set
J C1I, L(x,J) also exists.

By standard martingale and monotone class arguments, one can deduce that the local
times have a measurable modification that satisfies the following occupation density formula
[see Geman and Horowitz ( [19], Theorem 6.4)]: For every Borel set I C R, and for every
measurable function f: R — R,

/ FX(8) dt = / fla (2.36)

Suppose we fix a rectangle I = Hf\; 1lai, a; + h;]. Then, whenever we can choose a version

of the local time, still denoted by L(z, [, [a:, a; + ti]), such that it is a continuous function
of (z,t1,--- ,tx) € R x TIX,[0,h], X is said to have a jointly continuous local time on I.
When a local time is jointly continuous, L(x,e) can be extended to be a finite Borel measure

supported on the level set
XN o)y ={tel: X(t)=ua); (2.37)

see Adler [1] for details. In other words, local times often act as a natural measure on the level
sets of X. Hence they are useful in studying the various fractal properties of level sets and
inverse images of the vector field X. In this regard, we refer to Berman [10], Ehm [18], and
Xiao [38].

11



It follows from (25.5) and (25.7) in Geman and Horowitz [19] [see Pitt [32]] that for all
z,y € R I € A and all integers n > 1,

IE[L(:I;,I)”} = (2n) ”d/n/Rndexp<—2 1<uﬂ x>)

Jj=
n

X exp <1 > <uj,X(tj)>)cm dt (2.38)

=1

and for all even integers n > 2,

E[(L(x,[) - L(y,f))”] —(2m) /n /Rndjljl [e—uu@x) _ e—iW}y)}

. (2.39)
x Eexp (iz <uj,X(tj)>>du dt,
j=1
where w = (u!,...,u"), T = (tl,'. ..,t"), and each v/ € R? #7 € T C (0,00)". In the coordinate

notation we then write v/ = (uf, ..., u?).

3 Local times: existence and joint continuity

In this section, we consider the existence and regularity of the local times of mfBs. We will
provide sufficient conditions for the existence of the local times. Then in Theorem 3.4 we
prove that, under the same condition as in Theorem 3.1, the local times of mfBs have a jointly
continuous version.

For I € A, let H = (Hy,...,Hy) be the vector defined by

Hy) = I?aIXHg() for¢=1,...,N. (3.1)
€

The index H depends on I, but for simplicity we have deleted I from the notation.

Theorem 3.1 Let I € A and H be the vector defined in (3.1). If d < Ze 1 77, then mfBs
{BH®(t)} admits an L?-integrable local time L(-,I) almost surely.

Proof Without loss of generality, we may and will assume that d=diam(/) is sufficiently
small so that (2.9) holds for all s,¢ € I. In particular, we assume 6 < 1.
To prove the existence of local time on I, by Theorem 21.9 of Geman and Horowitz [19], it

suffices to prove that
o\ —d/2
//< H(t) gl(s)(s)} > dsdt < oc. (3.2)
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It follows from (2.9) and a change of variables that

o\ —d/2 N —d/2
//(E{Bé{(t)(t)—Bé{(S)(s)} ) dﬂtﬁc//(Z]te_Sé‘?Hg(s)) dsdt
1J1 1Jr\i

N o\ —df2
<cy, //(Z \tg—sAZH@> dsdt.
1J1 \ =

Since d < Zévzl %ﬁ, we can estimate the last integral in a way similar to the proof of Theorem

3.6 of Xiao and Zhang [41]. Namely, by applying Lemma 2.7 repeatedly, we derive that the
last integral is finite. This proves (3.2) and hence Theorem 3.1. O

The following is a consequence of Theorem 3.1, which gives a more natural condition for
the existence of local times of mfBs.

Corollary 3.2 Let I € A be fized. If Y31, gy > d for all t € I, then mfBs {BH®(1)}

admits an L?-integrable local time L(-,I) almost surely.

Proof Since the functions Hi(t),..., Hy(t) are uniformly continuous on I, we can divide
I into subintervals {I,} such that for each I,, we have 2112\7:1#(1,) > d, where Hy(p) =

maxey, Hy(t). Tt follows from Theorem 3.1 that, on every I,, mfBs {BH® ()} has an L*
integrable local time L(-, I,) almost surely. This implies that {B”®)(¢)} has an L*integrable
local time on I, which concludes the proof of Corollary 3.2. U

Remark 3.3 The condition in Corollary 3.2 is almost the best possible in the sense that,

if d > Zé\]:l #(t) for some t € I, then it can be proved using Theorem 21.9 of Geman and

Horowitz [19] that {B¥®(¢)} has no L?(R? x Q)-integrable local times on I. In the case when

d < Eévzl #(t) for all t € I, but the equality only holds for ¢ in a set of Lebesgue measure
0, the existence of local times is rather subtle, and requires imposing further assumption on

(Hi(t),...,Hyn(t)). Hence it will not be discussed here.

Now we consider the joint continuity of the local times of {B#®)(t)}. For convenience, we
first prove that under the same condition as in Theorem 3.1, the local time of {B¥®)(#)} has
a version that is jointly continuous in both space and time variables. Then we apply the same
argument as in the proof of Corollary 3.2 to show that the same conclusion holds provided
Zévzl #(t) > d for all ¢ € I. Our results extend those of Ehm [18] for the Brownian sheet and
of Ayache, Wu and Xiao [5] for fractional Brownian sheets.

Theorem 3.4 Let {BH® ()} = {BHW(t), t € RY} be a multifractional Brownian sheet with
values in R?. Let I € A and let H be the vector defined in (3.1). If d < Zévzl %, then
14

{BH®(t)} has a jointly continuous local time on I.

The main idea of proving Theorem 3.4 is similar to those in Ehm [18], Xiao [38] and Ayache,
Wu and Xiao [5]. That is, we first apply the Fourier analytic arguments to derive estimates
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on the moments of the local times and then apply a multiparameter version of Kolmogorov
continuity theorem [cf. Khoshnevisan [24]]. As in Ayache, Wu and Xiao [5], the “one-sided”
sectorial local nondeterministic properties of multifractional Liouville sheets proved in Section
2 [see Lemma 2.4 and Proposition 2.5] will play important roles in deriving moment estimates
in Lemmas 3.5 and 3.7 below. However, due to the nonstationarity and the lack of two-sided
local nondeterminism of multifractional Brownian sheets we have to make several modifications
in our proofs.
For convenience, we further assume

0<ﬁ1§...SFN<1. (34)

Lemma 3.5 Assume the conditions of Theorem 3.4 hold. Let T be the unique integer in
{1,..., N} satisfying

] L
o ca<ya (3.5)
(=1 =1

Then there exists a positive constant ¢, ,, dependmg on N, d, H and I only, such that for all
x € RY, all subintervals T = [a, a + (h)] C I with h > 0 small, and for all integers n > 1,

E[L(z,T)"] < ¢, (n)N =P pror, (3.6)
where B =N —7—H.d+ > ;_, H./H,.

Proof For later use, we will start with an arbitrary closed interval T = Hévzl [ag, ag+hy] C I.

It follows from (2.38) and the fact that {BlH(t) )}, ..., {Bf(t) (t)} are independent copies of

{Bé{(t) (t)} that for all integers n > 1,
d

E[L(z,T)"] < (QW)—nd/T H{/nexp [— ;Var<

n
k=1

3 uiBéq(tj)(tj)ﬂ dUk} dE,  (3.7)
j=1

where Uy = (uj,...,u}) € R". Fix k =1,...,d and denote the inner integral in (3.7) by Ny.
Then by Lemma 2.6, we have

ngfwexp[—;i\/ar<ium(tj)>]dsz
< /nexp [—ZV&r(Zu Yo(t) >] dUy,.

Since (3.5) holds, we apply Lemma 2.9 with A = n~! and ¢ = d to obtain 7 positive numbers
Pi,...,pr > 1 satisfying (2.31) and (2.32).
Applying the generalized Holder inequality [Hardy [20], p.140] we derive that

1
T

N < H{/ﬂ exp [—?Var(iuin(tj))} dUk}pe
=1 j=1
_ c“ﬁ{detCov(Yg( £y, . ,Yé(t”))}_ﬁ’f, (3.9)
/=1
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where the last equality follows from the fact that (Y (t'),...,Y,(¢")) is a Gaussian vector with
mean 0. Hence it follows from (3.7) and (3.9) that

T 4
E[L(z,T)"] < ¢, / I1 [detcovm(tl), N .,Yg(tn))} e . (3.10)
" =1
To evaluate the integral in (3.10), we will first integrate [dt} ...dt}] for £ = 1,...,7. To

this end, we use the following fact about multivariate normal distributions: For any Gaussian
random vector (Z1,...,Zy),

n
detCov(Zy, ..., Zn) = Var(Zy) [ [ Var(Z;1 24, ..., Zj1). (3.11)
j=2
By the above fact and Lemma 2.4, we can derive that for every ¢ € {1,...,7} and for all
th,..t" e T =TIV las, ag + hy] satistying
ap < 7 <47 << T < gy 4 by (3.12)
for some permutation 7, of {1,..., N}, we have
detCov (Y, (t") ) =c, ﬁ tw - M(] 1))2H£(W(j))
e, Y > ey,
: (3.13)
H tmg 7rg (j— 1))2HZ

where tm(o) =c [Recall the decomposition (2.18)].
We choose e < sminf{ag, 1 < ¢ < N} so that Lemma 2.10 is applicable. It follows from
(3.12) and (3.13) that

__d
/ [detCov(Ye(t))..... ()] ™ at} - dt
[ag, ag+hg]

n
1
<Y / | deap (3.14)
- ar<t;? V<<t <aythy i (t?e(ﬂ) _ tzre(a—l))sz/m
<cl. (n!)Hed/pe hZ(l_(l_%)md/m).
In the above, the last inequality follows from (2.35).
Combining (3.10) and (3.14), we have
E[L(z,T)"] < ¢, (nl)izs Med/pe H =) Hedfpe) H hp. (3.15)
{=7+1
Now we consider the special case when T' = [a,a + (h)], i.e. hy =--- = hy = h with h <,

(3.15) and (2.32) with A =n~! and ¢ = d together yield

E[L(z,T)"] " (nl)Xi=1 Hed/pe pr(N=(1=n=Y) X7 Hed/pe)

| /\

@« 3 9’3

7

(3.16)
L (N0 b

IN

C
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This proves (3.6). O

Remark 3.6 In the proof of Lemma 3.5, if we apply the generalized Holder inequality to the
first integral in (3.8) with N positive numbers py,...,py defined by

~H
¢
p=S L oy,
— H;
i=1
then the above proof shows that, if 7' C I € A, then similar to (3.15), we derive the following
inequality holds
E[L(z,T)"] <y (n)V¥ An(T)" ), (3.17)

where v = d/ (Zé\;l %z) € (0,1). We will apply this inequality in the proof of Theorem 3.4
below.

Lemma 3.7 Assume the conditions of Theorem 3./ hold. Let T be the unique integer in
{1,..., N} satisfying (3.5). Then there exists a positive and finite constant ¢, depending on
N, d, H, I and n, such that for all subintervals T = [a, a+(h)] C I, z, y € R? with |z —y| < 1,
all even integers n > 1 and all v € (0,1 A §Z),

E[(L(z.T) = L(y, T))"] < el — g™ h =), (3.18)

where a; = ), % —d.
4

Proof Lety € (0,1A $Z) be a constant. Note that by the elementary inequalities
e — 1| < 217 |ul? for all u € R (3.19)

and |u 4+ v|? < |u|Y + |v]?, we see that for all u!,...,u", x, y € RY,

f[ ‘efi(uj,g:) _—i{ud,y) < 2 (1—y)n |$ |n’y Z H |uk |’y (320)
j=1

where the summation )~ is taken over all the sequences (ki,--- , k) € {1,--- ,d}"™.
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It follows from (2.39), (3.20) and Lemma 2.6 that for every even integer n > 2,

E[(L(z, T) — L(y, T))"]

<z -y /T dt/Rnd IT 1w " exp [— ;vfdr(zw, BH(tj)(tj))>] du
m=1

J=1

n d - n q
n ' n m 1 i pH(T) 5 —
= |z —y| WZ / dt/ ) H lug: | Hexp - 2Var(Zuin (¢ )(tj)) du
e IR k=1 - j=1 -
' _ n d 1 "N (3.21)
<lz -y / dt/ LTt [T exe —QZVaT<ZUiW(tJ)) du
m R m=1 k=1 - =1 j=1 -
n d - T n -
’ _ 1 ) )
< |x—y\mz / dt/ ) H lug! |7 Hexp — 2ZVar<ZuiYg(t7)> du
S R =1 k=1 L =1 j=1 ]
d n T n
/ _ . ) 1 .
~le—y Y [ @[] [ TL i exp[2zvﬂ(zum(ta)>}wk,
=1 /R =1 =1 j=1

where ni =1if k = k; and ni = 0 otherwise. Note that for every j € {1,...,n}, we have
p /
D k=1 = 1. o
We take fy = Hy (1 < ¢ < N), A=1/nand ¢ = d in Lemma 2.9, let py (¢{ = 1,...,7)
be the constants satisfying (2.31) and (2.32). Observe that, since v € (0, $%), there exists an
ly € {1,...,7} such that
Hyd  —
T oy < 1 (3.22)
Py

Combining (3.21) with the generalized Holder inequality, we have that

B[ 7) - Lo D)) <o -y Y [
T (LTt o[- o St an)™ o

k=1
X 1:[ </R" exp [— ;Var<zn;u£}/g(tj)>} dUk>plé}.
j=

00y

For any n points t!,...,t" € T, let m1,...,7n be N permutations of {1,2,...,n} such that
for every 1 </ < N,

t?e(l) < t?@) <. < t;z(n). (3.24)
Let . .
My, = / H |ui;|7’7ip‘0 exp [— ;Var<2ui Y, (tj)ﬂ dUy,. (3.25)
R™ i1 j=1
By changing the variables of the above integral by means of the following transformation
uzéo(j) = vi — vi“, ji=1,...,n; uzeo(n) = vp,
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we have that . )
S Vi (#) = 3 o] (Vi (£709)) — Yy (170050,
j:]- j:]_

where ¢™0(0) = 0.
Furthermore, by the elementary inequality that for £ > 0, |a — b|® < c¢(|al® + [b|*), where
ce = 26-1if ¢ > 1 and 1 if € < 1, we have that

n ) ] n—1 ) ) )
H ‘uzlo(])‘vni% _ H ol — viH!Wi% v |k Peo

(3.26)

< n H (|Ui|77ﬂ;mo + wi%—lpnimo) |U]T€L|vn,?pgo_

Moreover, the last product is equal to a finite sum of terms each of the form
[T5-, |vi|7’7ip‘0€j, where €; =0, 1, or 2 and > %, ZZ:1 nej = n.
Denote O’%OJ = E[(Yg, (t™ )y — Yy, (t™0 (3*1)))2]. By Proposition 2.5, we know that My,

is dominated by the sum over all possible choices of (e1,...,e,) € {0, 1, 2}" of the following
terms
Cn =,
/ H o] [P0 exp( - 2> () %]> dvy, (3.27)
j=1
where Vi, = (vi,...,v}') € R". By another change of variable wi = Jgoiji, the integral in

(3.27) can be represented by

n n

1 C '
e [ i (- G St

=1 1
= = (3.28)
—1-
= n71 H 60 j Fynkpe()aﬂ
where
C n
/ H ] [71P0% exp ( -5 D _(wh)? ) AWy
7=1
is a constant depending on n. Thus we have obtained that
—1-
) < e H g T (3.20)

The other integrals for £ # £y in (3.23) are easier and can be estimated similarly.
Combining (3.23) with Lemma 2.4 [which gives lower bounds for O'gj], (3.28), (3.29) and
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the definition of I, we have

E[(L(z, T) — L(y,T))”}

Y
<%w—|m§3{/ (R B (3.30)

ZO]I

N
1
_ dty - dt?} h? .
. H/H tzre(j—l))Hed/m ¢ ¢ H Z}

0400 7 =1 t =7+1

In the above, II, = {ag < tzl(l) <. ... < t;l(n) <ap+ hg} for every 1 </ < 7.
Now we take hy = -+ = hy = h < ¢ in (3.30). Then by Lemma 2.10 and noting that
(3.22), we have

[E[(L(jc7 T) — L(y, T))"| < cplz — y|™ hn(N7(17%)22=1 Hyd/pe—Hey)
- (3.31)
< cplz —y[™ h"(ﬁ’_H”),

where the last inequality follows from the fact that H,, < H, and Lemma 2.9. g

The proof of Theorem 3.4 is similar to the proofs of Theorem 4.1 in Xiao and Zhang [41]
and Theorem 3.1 in Ayache, Wu and Xiao [5], and we include it here for completeness.

Proof of Theorem 3.4 Let I = [a, b € A be fixed and assume that (3.5) holds. It
follows from Lemma 3.7 and the multiparameter version of Kolmogorov’s continuity theorem
[cf. Khoshnevisan [24]] that, for every T' C I, the mfBs { B} has almost surely a local time
L(z,T) that is continuous for all x € R,

To prove the joint continuity, observe that for all z,y € R? and s,t € I, we have

Ehuamﬁp—u%mﬂ»ﬂgy%%ﬁhuﬁmﬁp—u%mﬂnﬂ
(3.32)

+EUM@MJD—M%mﬂ»ﬂ}

Since the difference L(z,[a,s]) — L(x,[a,t]) can be written as a sum of finite number (only
depends on N) of terms of the form L(x,7}), where each T € A is a closed subinterval of 1
with at least one edge length < |s — t|, we can use Lemma 3.5 and Remark 3.6, to bound the
first term in (3.32). On the other hand, the second term in (3.32) can be dealt with using
Lemma 3.7 as above. Consequently, for some v € (0,1) small, the right hand side of (3.32)
is bounded by ¢ (|z —y| + [s — t[)"7, where n > 2 is an arbitrary even integer. Therefore
the joint continuity of the local times on I follows again from the multiparameter version of
Kolmogorov’s continuity theorem. This finishes the proof of Theorem 3.4. ([l

Similar to the proof of Corollary 3.2, we derive from Theorem 3.4 the following more general
result.

Corollary 3.8 Let I € A be fized. If Ee 1 H y > d for all t € I, then mfBs {BH®(t)} has
a jointly continuous local time on I almost surely
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The next corollary is a direct consequence of Corollary 3.8 and the continuity of the Hurst
functionals. We state it to emphasize that the joint continuity of the local time is a local
property depending on H(t).

Corollary 3.9 Let 1 € [¢, T|N be fized. If S0, % > d, then mfBs {BH®(t)} has a
jointly continuous local time on U(t° o) for some ro > 0 almost surely, where U(t°,rq) is the
open ball centered at t° with radius ro.

4 Holder Conditions for L(zx,e)

In this section we investigate the local and global asymptotic behavior of the local time L(z, -)
at x, as a measure. Results in this section carry information about fractal properties of the
sample functions of mfBs; see Section 5.

By applying Lemma 3.5, we can prove the following technical lemmas, which will be useful
in this section.

Lemma 4.1 Under the conditions of Lemma 3.5, there exists a positive and finite constantc, ,,
depending on N, d, H and I only, such that for all a € I and hypercubes T = [a,a + (r)] C I
with r < 6, x € R¢ and all integers n > 1,

E[L(z + BH@(g), "] < cry (n))N=Fr pnbr (4.1)

Proof The proof is similar to the proof of Lemma 3.11 in Ayache, Wu and Xiao [5] and we
include it here for completeness. For each fixed a € I, we define the Gaussian random field
Y = {Y(t),t € RY} with values in R? by Y'(t) = BH®(¢) — BH(%)(qa). Tt follows from (2.36)
that if {BP®)(¢)} has a local time L(z,S) on any Borel set S, then Y also has a local time
L(x,S) on S and, moreover, L(x + B"(@(a), S) = L(z, S). With little modification, the proof
of Lemma 3.5 goes through for the Gaussian field Y. Hence we derive that (4.1) holds. O

The following lemma is a consequence of Lemma 4.1 and Chebyshev’s inequality.

Lemma 4.2 Under the conditions of Lemma 3.5, there exist positive constants c, ,, b (depend-
ing on N, d, I and H only), such that for all a € I, T = [a,a + (r)] with r € (0,6), = € R?
and u > 1 large enough, we have

P{L(ZL‘ + B (q), T) > c,, P uN_/@T} < exp (—bu). (4.2)

Let U(t,r) be the open ball centered at ¢ with radius 7, let HY be the vector defined
by (3.1) with I = U(t,r), and let 7(U) be the positive integer satisfying the corresponding
condition (3.5). By applying Lemma 3.5 and the Borel-Cantelli lemma, one can easily derive
the following law of the iterated logarithm for the local time L(z,-): There exists a positive
constant ¢, , such that for every z € R and t € (0, 00)",

L
hm Sup (x7 U(t7 T))

<c, ., 4.3
H T e S -
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where ¢, (r) = 7@ (log log(l/r))NﬁﬂT(U) with

(U) HY,
Bry =N —7(U) T(U)d Z I_TIU :
/=1

Because of the continuity of Hy(t) (1 < ¢ < N), it can be verified that

T(U) = 7(t) and Bru)— Brp as r—0, (4.4)
where 7(t) is the unique integer satisfying

T(t)—1 T

—

)

1 1
S (4.5)
= Helt = He(t)
and
T(t
®) H (t)
61-(7&) =N — 7'( ) d —l— (46)

It follows from Fubini’s theorem that, with probablhty one, (4.3) holds for almost all
€ (0, o0)N. Now we prove a stronger version of this result, which is useful in determining the
Hausdorff dimension of the level set.
Theorem 4.3 Let I € A be a fized interval and assume that d < Zé\;l % For any fixed
4
z € R?, let L(z,-) be the local time of {BPW (1)} at x which is a random measure supported
on the level set. Then there exists a positive and finite constant c, , independent of x such that
with probability 1, the following holds for L(x,-)-almost all t € I,

hm Sup L($’ U(t7 T))

—_— 9 4.7
SR 0

where @, (r) = rPr® (log log(l/r))NfﬂT“), and where B,y is defined by (4.6).

Proof For every integer k& > 0, we consider the random measure Lj(z, ®) on the Borel subsets
C of I defined by

H(t) (4) — 2|2
Li(z,C) = / (2mk)4/2 exp < _kIB 2(t) 7| > "
C

:L@w%—W+EBHUi®%ﬁ

Then, by the occupation density formula (2.36) and the continuity of the function y — L(y, C),
one can verify that almost surely Ly (z,C) — L(z,C) as k — oo for every Borel set C' C I.

For every integer m > 1, denote f,(t) = L(z, U(t,27™)). From the proof of Theorem 3.4
we can see that almost surely the functions f,(t) are continuous and bounded. Hence we have
almost surely, for all integers m, n > 1,

(4.8)

/[ O Lz, dt) = lim [ [fn(8)]" Li(x, db). (4.9)

k—oo Jr
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It follows from (4.9), (4.8) and the proof of Proposition 3.1 of Pitt [32] that for every positive
integer n > 1,

n+1

] /I[fm(t)]" Lot~ < % ><n+nd /I /U(t;m)" /R . exp<—z’2<x,ua‘>)

j=1

_— (4.10)
x Eexp (z >, BHW)(SJ'») duds,
j=1
where @ = (u',...,u"*!) € RO+tD4 and 5 = (¢,s',...,5"). Similar to the proof of (3.6), for
sufficiently large m, we have that the right hand side of Eq. (4.10) is at most
o // ds
4,3 . R on d/2
IJue=m) [detCov(Bé{(t) (t), B (s1), ... B )(s”))} (4.11)

< (324 (n!)N*ﬂT(U) 9—mnfr ) 7

where c, , is a positive finite constant depending on N, d, H, and I only.
Let v > 0 be a constant which value will be determined later. We consider the random set

In(w)={tel: fu(t)>vp,(27™}.

Denote by p,, the restriction of the random measure L(z,-) on I, that is, u,(F) = L(z, ENI)
for all Borel sets E € RY. Now we take n = |logm |, where |y] denotes the integer part of y.
Then by applying (4.11) and by Stirling’s formula, we have

Ef[ [fm()]" L(z,dt)
Ep, (1) < w2

&y, (n))N=Brw) g=mnBrw) _2 (4.12)
provided 7 > 0 is chosen large enough, say, v > ¢, ,. This implies that
[ee]
E (Z uwum)) < oo
m=1
Therefore, with probability 1 for u, almost all t € I, we have
L(z,U(t,27™
lim sup (2, U, ) <y, (4.13)
m—0oo Pu (2—m) 7

By (4.4) we can see that for m sufficiently large, there exists a constant c, ; > 0 such that
0, (27™) < ¢, 590,(27™). Therefore, we have

L t,2—m
lim sup (2, U( _’m )
m—0o0 Pt (2 )

<6 (4.14)
Finally, for any r > 0 small enough, there exists an integer m such that 27™ < r < 27™*! and

(4.13) is applicable. Since ¢, is increasing near 0, (4.7) follows from (4.13) and a monotonicity
argument. O

22



Recall that the pointwise Holder exponent of a random field {X(¢), t € RV} at a point
t0 € RV is defined by

ax(t) = sup {a, lim X(t2+h) — X(t") = 0} : (4.15)

|h| 0 |h|

By Theorem 4.3, and noting that the fact that L(¢,-) vanishes outside some compact set U
(depending on w), we have the following corollary.

Corollary 4.4 For every x € R?, the pointwise Holder exponent ar, of L(x,t) at t satisfies

ar(t) = Bru a.s. (4.16)

5 Hausdorff dimensions of the level sets

For z € R? let T, = {t € (0,00)" : B¥®(t) = x} be the level set of the multifractional
Brownian sheet {B7®)(t)}. In this section, we determine the Hausdorff dimension of T'y. We
remark that the corresponding problem for finding the Hausdorff dimensions of the level sets
of multifractional Brownian motion has been investigated by Boufoussi et al. [13], and the
Hausdorff dimensions of the level sets of fractional Brownian sheets was studied in Ayache and
Xiao [6]. As shown by the following theorem, the fractal structure of I'; is much richer than
the level sets of multifractional Brownian motion, and is reminiscent locally to the level sets
of a fractional Brownian sheet.

Theorem 5.1 Let {BA®W(t)} = {BA®O(t), t € RY} be an (N, d)-multifractional Brownian
sheet with Hurst functionals Hy(t) (¢ =1,...,N ). For any interval I € A, let t* € I be a point

satisfying
N N 1
> i~ {2 |

/=1

and
0< Hl(t*) <. < HN(t*) < 1.

If Zévzl % < d, then for every x € R, we have T, N1 =0 a.s. If Zévzl % > d, then
for any x € R?, with positive probability

dim,, (Te N 1) = B¢y, (5.1)

where
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Remark 5.2

e It can be verified that, if (4.5) holds for ¢t = t*, then 3, (+) is the same as in (4.6) with ¢
replaced by t*. In the special case where H(t) = H is a constant, Br(t+) reduces to the
form derived in Ayache and Xiao [6] for the Hausdorff dimension of the level sets of a
fractional Brownian sheet. Hence Theorem 5.1 may be considered as an extension of [6,
Theorem 3.8].

e When Zé\[:l % = d, we believe that for every z € R%, T, NI = () a.s. However the

method of this paper is not enough for proving this statement.

Proof We will follow the proof of Theorem 5 of Ayache and Xiao [6].
First we prove

k
H *
dim,, ([, N1I) < min{ E Hkg*; +N—k—Hp(t")d, 1<k< N} a.s. (5.2)
)4
/=1

and I'; NI = 0 a.s. when the right hand side of (5.2) is negative.
Without loss of any generality, we may assume I = [a, a + (h)] and h is small so that

Lemma 2.2 is applicable. For an integer n > 1, divide the interval I into m,, > n2el (He() ™!

sub-rectangles R,, ; of side lengths n=/He)p (¢ = 1,-.. | N). Let 0 < ¢ < 1 be fixed and let
1/2
Kn,; be the lower-left vertex of Ry, ;. Define p(s,t) = (E [BHE® (1) — BH(S)(S)]Z) , denote by

N,(Ry,j,¢€) the smallest number of p-balls of radius € needed to cover R, j, and denote by D
the diameter of R, ;, that is

D :=sup{p(s,t): s,t € Ry ;}.

D
/ \/1og N,(Ry, j,€) de < en™t.
0

Combining the above inequality with Lemma 2.1 in Talagrand [34] gives us

By Lemma 2.2, we have

1@{ max |BP®)(s) — BAO (4)] > n—<1—@>} < emen’?, (5.3)
S,tERn,j
Then for n sufficiently large, we have, for any fixed x € I, that

]P’{a: e {BAW(u), u e ij}}

S ]P{ max |BH(S)(S) . BH(t)(t)‘ S n*(l*@); = {BH(U)(U)7 = Rn,]}}

S,tERy ;
+]P’{ max 1BHG)(s) — BEO (4)] > n_(l_g)} (5.4)
S,te€Ry 5

20

< IPD{|BH(”M)(/€”]) —z| < n—(l—@)} 4L eCn

),

—(1—p)d
SCrln( 0)7

9,
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In the above we have applied the fact that Var(Bé{ ® (t)) > c for all t € I to derive the last
inequality.

It S, % < d, we choose ¢ > 0 such that (1 — g)d > Y0, % Let N, be the
number of rectangles R, ; such that z € {B¥®(u), u € R, ;}. Tt follows from (5.4) that

E(Nn) < ¢, nZt (He N p=0-0d _, 0 a5 5 — oo, (5.5)

Since the random variables N,, are integer-valued, (5.5) and Fatou’s lemma imply that a.s.
N, = 0 for infinitely many n Therefore ', N1 = a.s.
Now we assume Ze ;7 ( 5y > d. For every k € {1, 2,...,N}, define

-3

(=1

*

k:

m

+N k — Hy(t")d.

$

By Lemma 7 in Ayache and Xiao [6], we have 7, > 0. Define a covering {R], ;} of I'; N [
by R;, ; = Rpjifx € {BAW(y), u € Ry} and R), ; = 0 otherwise. R, ; can be covered by

nzﬁik+1 (H’“(t*)_l_HZ(t*)_l) cubes of side length n~ )™ Thus we can cover the level set
I', NI by a sequence of cubes of side length n~HeE) T Let 0 € (0,1) be small and let

k *
10 = 3 Getid N k= H(#)(1 - o).
/=1

Clearly, n, (0) > n, > 0. In the following, we prove that the Hausdorff dimension of I';, N [ is
bounded above by 7, (0) almost surely. To this end, by (5.4), we have

E|:inZé\]—k-&-l(Hk(t*)_l_HZ(t*)_l) (n_Hk(t*)—l)’V]k(Q)]l{ E{BH(“>( ), u€Rn.;}}
X u),u n,j

< Cs o nZévzl Hé(t*)*l—i-z:év:]ﬁﬁl(Hk(t*)—l_HZ(t*)fl)_nk(Q)Hk(t*)—l_(l_g)d .

(5.6)

5,2
Fatou’s lemma implies that the 7, (0)-dimensional Hausdorff measure of I'; N I is finite a.s.
and thus dim, (I'; N 1) < n, (o) almost surely. Letting o | 0 along rational numbers, we obtain
dimy (I'y N I) < n,, and therefore (5.2).
To prove the lower bound in (5.1), we assume 7(t*) = k, that is,
k

LA
<
D T
=1 =1
By Condition A, there exists a positive number ¢ such that for all ¢ € I := [t* —(¢), t*+(¢)|N1,

we have . i
— —, (5.7)
Z it ;

where H, (1 < ¢ < N) are defined as in (3.1) with I in place of I. Note that (5.7) and Lemma
3.3 in Ayache and Xiao [6] imply that

-1

m

" H
ijJrN—k—dee(N—k,N—kJrl].
=1 1t
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Thus we can choose o > 0 such that

+N—k—Hy(1+49)d>N — k. (5.8)

Mw
#

/=1

It is sufficient to prove that there is a constant ¢, ; > 0 such that
P{dimy (T2 NI) > v} > ¢, (5.9)

Our proof of (5.9) is based on the capacity argument due to Kahane [see Kahane [22]]. Similar
methods have been used by Adler [1], Testard [35], Xiao [37].

Let /\/l;r be the space of all non-negative measures on RY with finite v-energy. It is known
[cf. Adler [1]] that M is a complete metric space under the metric

Il = [ [ (5.10)

We define a sequence of random positive measures p, on the Borel sets C' C I by

1 (C) = /C(%”)d/z exp ( B n|BH(t)2(t) - $|2>dt

R

It follows from Kahane [22] or Testard [35] that if there are positive and finite constants
¢;4 and ¢, -, which are independent of g, such that

(5.11)

E(llpnl) > ¢s0s  E(linl®) < s (5.12)
E(llpnlly) < 400, (5.13)

where ||pn|| = pn(ls), then there is a subsequence of {y,}, say {in, }, such that p,, — pin
M and p is strictly positive with probability > ci ./ (2¢, ;). Tt follows from (4.8) that u has
its support in I', N I almost surely. Hence Frostman’s theorem yields (5.9).

It remains to verify (5.12) and (5.13). Denote 02(t) = Var(B#®)(¢)). By Fubini’s theorem

we have
Bl = [ [ 6 o (- ’5‘2)Eexp (ite 500 ) as
:/Ig /Rd e~ H&2) exp(—;(nl—i-aQ(t))mz) de dt
-, (M)M exp(‘M) «

>/ _ " exp | — [2I* dt == ¢
=i T+ o2 202(1) ) T O
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Denote by I, the identity matrix of order 2d, Cov (BH(S)(S), BH®) (t)) the covariance matrix
of (BH(S)(S), BH®) ), S =n"1Iy+ Cov(BH(S)(s), BH® (t)) and (£,n)’ the transpose of the
row vector (§,7n). Then

; 1
E(|lum*) = /l /I /R ) /R e exp ( —5EMTE, 77)’> dgdn dsdt
1
/I< /Ic NS ( - i(x,x) » 1 (z, :L‘)') ds dt (5.15)
(2m)?
/Ig /Ig S) e e dsdt.

detCov (s), B! (t))]

By applying Lemma 2.4 and the regularity of the H(-), it can be proved that for s,t € I,

N J—
detCOV( (S)( ),B = 562’8f _tAQHZ = 05,62‘34 _tf‘2He- (5.16)

Combining (5.7), (5.15), (5.16) and applying Lemma 2.7 repeatedly, we obtain

1
B(lnl) < s [ / S e 610
(=1 -

Thus we have shown (5.12) holds.
Similar to (5.15), we have

dsdt i . 1
E ([ ptnlly) / [P / / e~HeHm, >exp(—(£,n)2(£,n)’> d&dn
1 Ji 18—t Jra Ja 2

1
_08// —— 5 dsdt 5.18
re i (0 [se = tal) T (200 [se — to2He) (>15)
< 1
§59/dt / e,
0 (Cetity )" (et te)

where the two inequalities follow from (5.16) and a change of variables. By using Lemma 2.8

in the same way we see that E(||un|ly) < +o0o for any ~ defined in (5.8). This proves (5.13).
Finally, by letting o | 0, the lower bound for the Hausdorff dimension in (5.1) follows, and

therefore we have proved Theorem 5.1. ]

The proof of Theorem 5.1 suggests that we can consider the Hausdorff dimension of the
level set in any neighborhood of a point ¢ € (0, 00) provided Zz wer ( y > d. However, in order

to obtain an almost sure result, we have to consider I'; at a random level z = B#®)(t). The

following corollary can be considered as a local Hausdorff dimension result for the level sets of
mfBs.

Corollary 5.3 Let {B7®(t)} = {BAW(t), t € RY} be an (N, d)-multifractional Brownian
sheet with Hurst functionals Hy(t) (¢ = 1,...,N). Ift° € (0,00) satisfies Eévzl % > d,
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then there exists rg > 0 such that
IF’{ lir% dim, (FBH(t)(t) N U(to,r)) = Brpoy for a.e. t€ U(to,ro)} =1, (5.19)

where B0y is defined by (4.6) with t% in place of t.

Proof For any t° € (0,00)" such that Zévzl m > d, there exists a positive number ry,
such that for all s € U(t°, o), we have Zévzl #(s) > d. By Corollary 3.9, mfBs {B#®(t)} has

a jointly continuous local time on U(t°, rg).
By (5.2), we have that for every 0 < r < ro and = € R?,

dim, (T, NU %)) < e Br(s),  aus. (5.20)

By (5.20) and Fubini’s theorem, we see that

P{dlmH (FCE N U(to’ ,r.)) < 861(1}8%(771) /BT(S)7 a.e. r € Rd} =1. (521)

Since { BH®)(¢)} has a local time on U(t°, q), the occupation density formula (2.36) and (5.21)
together imply that

]P){dlmH (FBH(t)(t) N U(to,r)) < 36%1(%%%7‘) ﬁ’r(s) a.e. t¢ U(t()? TO)} =1 (522)

On the other hand, by using an argument similar to the proof of Theorem 2.1 of Berman [9]
[see also the proof of Theorem 1.1 in Xiao [39]], we can show that for every ¢ > 0 and r € (0, rg)
small enough,

]P’{dimH (PBH(i)(t) N U(to, 7’)) > SGIIIJI(Z%?)%T) ﬂ.,.(s) — & a.e. t€ U(to, ’f'o)} =1 (5.23)

By letting | 0 and ¢ | 0 along rational numbers, we see that (5.19) follows from (5.22) and
(5.23). O

Remark 5.4 Corollary 5.3 shows the explicit way in which the fractal properties of the
multifractional Brownian sheet vary in space. In short, the local Hausdorff dimension derives
from the constant parameter formula. Fractional Brownian sheets are essentially fractional
integrals of Brownian sheets, compare [8, 12]. The term “multifractional” indicates that the
order of fractional integration varies in space. It would be interesting to explore the connection
between multifractional Brownian sheets and multifractals. For example, are the level sets of
the mfBs multifractals, and if so, how do their structure functions depend on the Hurst index
function H(t)?
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