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Abstract

Let X (t) (t € RY) be the d-dimensional fractional Brownian motion with index
a (0 < a < 1). The upper and lower bounds on the hitting probabilities of X ()
are obtained. Sufficient conditions for a compact set F' ¢ R\ {0} to be a polar
set for X (t) are proved. It is also proved that if N < ad, then for any compact
set £ C RV\{0},

inf{dimF . F e BRY, P{X(E)NF #0} > 0} _ g DimE ,

«

and if N > ad, then for any compact set F C R%\{0},
inf{dimE : E € BRY), P{X(E)NF #0} >0} = a(d - DimF) ,

where B(R?) denotes the Borel o-algebra in RY, and where dim and Dim are

Hausdorff dimension and packing dimension respectively.
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1 Introduction

The well known theorem of Kakutani [9] on the hitting probability of Brownian motion in
R? (d > 3) is very useful in characterizing the lower functions [4] and the polar sets ([10],
see also Kahane [8], Port and Stone [21] and Taylor [27]) for Brownian motion. There
have been a lot of efforts to extend these beautiful results to other Gaussian processes
and to processes with stationary and independent increments. We refer to Khoshnevisan
and Shi [15], and Xiao [35] for recent developments on hitting probabilities of stationary
Gaussian random fields and fractional Brownian motion, and to Pruitt and Taylor [22]
and Khoshnevisan [14] for hitting probability results for general stable processes and
Lévy processes; to Kono [16], Weber [34] and Khoshnevisan and Shi [15] for results on
the lower functions of Gaussian processes including fractional Brownian motion and the
Brownian sheet; to Testard [30] [32] and Khoshnevisan [13] for characterizations of polar
sets for fractional Brownian motion and the Brownian sheet respectively.

Let Y(t) (t € RY) be the centered, real-valued Gaussian random field with covariance

function

B(YOY () = (2 + s — |t — )

where 0 < @ < 1 and |- | is the usual Euclidean norm. We will make use of the following

fact proved by Pitt [20]: for any 0 < r < [{|
Var(Y(t)|Y(s): |s —t| > 1) > r*™ . (1.1)

This implies that the Gaussian random field Y'(¢) is strongly locally nondeterministic.
See Cuzick and Du Peez [3], Monrad and Pitt [18], Xiao [37] and the references therein
for more information on strong local nondeterminism and its applications in studying
sample path properties of Gaussian processes.
Associated with Y (¢) (t € RY), one can define a Gaussian random field X (¢) (t € RY)
in R? by
X(t) = (Xa(t), -+, Xa(t))

where X,---, X, are independent copies of Y. The Gaussian random field X (¢) is
called the d-dimensional fractional Brownian motion of index « or the (N, d, a) Gaussian

process (see Kahane [8]). When N = 1, = L, X(¢) is the ordinary d-dimensional



Brownian motion. If a = 1/2, d = 1, it is the multiparameter Lévy Brownian motion.

It is easy to see that X is a self-similar process of exponent a, i.e. for any a > 0,
d «
X(a-) =a"X(),

where X £ Y means that the two processes X and Y have the same finite dimensional
distributions.

The objective of the present paper is twofold. First we prove lower bounds on the
hitting probability and “delayed” hitting probability of fractional Brownian motion,
which were left unsolved in Xiao [35]. Together with Theorems 3.1 and 3.2 in [35],
these results generalize the classical hitting probability estimates of Kakutani [9] and
Dvoretzky and Erdos [4] to fractional Brownian motion. Secondly we study sufficient
conditions for a Borel set ' C R4\ {0} to be polar for fractional Brownian motion in R®.
We also calculate the Hausdorff dimension of the smallest set ' C R? that can be hit by
fractional Brownian motion X (¢) when ¢ is restricted to some Borel set £ C RV\{0}.
This last problem was raised by Dr. Y. Peres for planar Brownian motion. The author
has been informed by Dr. Peres that Bishop and Peres, in their forthcoming paper [2],
have solved it for planar Brownian motion and symmetric stable processes and their
method depends heavily on the independence of increments of the processes, and hence
does not apply to fractional Brownian motion. Our proof is based on a result of Testard
[32] and the construction in Xiao [36] and can be extended to more general Lévy stable
processes.

The rest of the paper is organized as follows. In Section 2 we prove lower bounds
for the hitting probabilities of X (¢). In Section 3, we study polar sets for X (¢). Our
theorem 3.1 and its corollary improve the characterizations of polar sets for X (¢) obtained
by Testard [30] [32]. As a consequence, we give a simple proof of the fact that if
N/ay + N/ag < d, then with probability one, two independent fractional Brownian
motions X1(t) and X?(¢)(t € RY) of index a;(i = 1,2) in R? do not meet each other.
Similar result can also be proved for k independent fractional Brownian motions, but we
will not pursue further in this direction, instead we refer to Talagrand [25] for a proof of
the non-existence of multiple points of multiplicity k for fractional Brownian motion in
the critical case of Nk = (k — 1)ad. Finally in Section 3, we prove the following result,

which shows that packing dimension is naturally related to the polarity of £ x F' for



random field (¢, X (¢)): if N < ad, then for any compact set £ C RV¥\{0},

inf{dimF : F € BRY), P{X(E)NF #0} >0} =d Dimfs

«

and if N > ad, then for any compact set F' C R?\{0},
inf{dimP : E € BR"), P{X(E)NF #0} > 0} = a(d — DimF) ,

where B(R?) denotes the Borel g-algebra in R¢, and where dim and Dim are Hausdorff
dimension and packing dimension respectively. We refer to Falconer [5] and Mattila [17]
for more properties of Hausdorff measure, packing measure and related dimensions.

Many of the results in this paper also hold for the Brownian sheet. We refer to Orey
and Pruitt [19] for definition and more properties of the Brownian sheet. However, since
the Brownian sheet is not locally nondeterministic, the proofs for fractional Brownian
motion can not be readily carried over. We will give the detailed proofs elsewhere.

We will use K, K7, and K> to denote positive and finite constants whose precise

values are not important and may be different in each appearance.

2 Hitting Probabilities

In Xiao [35], the probability that the d-dimensional fractional Brownian motion X (¢)(t €
R) of index a hits a ball B(y,r) in R? was studied. In the case of 1 < ad, upper bounds
for hitting probability and delayed hitting probability similar to those for Brownian
motion in R? with d > 3 were obtained. These estimates played important roles in cal-
culating the exact packing measure of the image set X ([0, 1]) in [35]. We should remark
that Lemma 3.1 and Theorem 3.1 in [35] are also true for multiparameter fractional
Brownian motion X (¢)(t € RY). In this section, we will show that the upper bounds in
Theorems 3.1 and 3.2 of Xiao [35] also serve as the lower bounds (with different constant
factors) for the hitting probabilities. These estimates generalize the classical results of
Kakutani [9] and Dvoretzky and Erdos [4] to fractional Brownian motion.

Let Zy(t) (t € RY) be a centered, real-valued Gaussian random field. We write

0¥t s) = E(Zo(t) — Zu(s))* ,  o*(t) = E(Z(t))* .



Our arguments extend to Gaussian random fields with a covariance structure somewhat
more general than fractional Brownian motion. We will suppose that the following

conditions are satisfied: for any s,t € RV
oX(t,s) <Pt —s*, O<a<l) (2.1)
and there exist positive constants ¢, ¢ and c3 such that
1022 < o2 (t) < 0t . (2.2)
and for any t, 51,59 € RY
Var(Zo(t)| Zo(s1), Zo(s2)) > es0® min{|t[**, |t — 51>, [t = 5o} . (2.3)

It is clear that fractional Brownian motion Y'(¢) satisfies these conditions with 6 = 1.

Let Z3,---, Z4 be independent copies of Z, and let
Z(t) = (Z:(t). -+, Za(1)) -
The proof of the following lemma is inspired by the argument of Khoshnevisan and
Shi [15].

Lemma 2.1 For any a > 0, let S = {t € R : a < |t| < 2a}. Consider a centered,

real-valued Gaussian random field Zy(t) (t € RYN) that satisfies (2.1), (2.2) and (2.3)
on S, where § may depend on a. Let Z(t) (t € RN) be the associated Gaussian random
field with values in R and N < ad. Then there exist positive constants K, and Ko,
depending only on o and d, such that for any 0 < r < 1 and any y € R* with |y| > r,

we have

. |y|2 N—ad r d_%
P{%gg |Z(t) —y| < r} > K, exp(—W> ‘@ : (9) : (2.4)

Proof. For any r > 0 and any y € RY, let
I(r) = /S L z(t)-yl<rydt
be the sojourn time of X (¢) (t € S) in B(y,r), where 14 is the indicator of A. Then
P{%g 1Z(8) — y| < r} > P{T(r) > 0}

(B(T(r))*
= BT (2
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by the Cauchy-Schwartz inequality. It follows from the Fubini’s theorem that

BI() = [ Pzt -yl <r)at

Juf®

N /s/ﬂuy|<r} W o <_ 20(t)?
SYERE

> Kexp(— £l ) . (g)d cglVed (2.6)

c102q2

) dudt

by (2.2) and a simple change of variables. Now we consider

BE(T(r)?) = /S/SP{|Z(5) oyl < |Z() —y| < rdsdt . (2.7)
By conditioning, we have

P2(s)—yl <mlZ2O=yl <rk= | PUZO=yl <7lZ(s) =up-ps(w)du, (28)
where p,(u) is the density function of Z(s). Since the conditional distributions in Gaus-

sian processes are still Gaussian and by (2.3), we have

Krd }

P{Z(t) —y| <r|Z(s) =u} < min{la §ili — 5|

Hence (2.8) is at most
, Krd , Krd . Krd
P{|Z(S) —y| < 7"} . mln{l, 9d|t_3|ad} S mln{l, 9d|8|ad} -mln{l, 0d|t_3|0¢d} . (29)

It follows from (2.7), (2.8) and (2.9) that

Krd Krd
2 . .
E(T(r)) < /S/Smm{l,w} 'mln{179d|t_5|ad}d‘9dt

< K(g)“% . gN-od (2.10)

Combining (2.5), (2.6) and (2.10), we obtain (2.4).
The following proposition may be of independent interests, e.g. a similar result will
be applied to characterize multiple polar sets for fractional Brownian motion in Xiao

[38]. The proof of Proposition 2.1 is a refinement of those of Kono [16] and Xiao [35].



Proposition 2.1 Let S={t e RN : a < |t| < 2a}, T = {t € RY : b < |t| < 2b} with
20+ 1 < b and let Z(t)(t € RY) be the Gaussian random field in Lemma 2.1, where 0
may depend on a orb. Then there exist positive constants Ki and Ko, depending only

on N, d and «, such that for any 0 < r <1 and any y € R with |y| > r, we have
P{inf |Z(s) —y| <, ggjﬂZ(t) -yl < r}

seS
|y|2 N r 2d—3) 511
K292a2a) ' a®d=N (b — 2q)d (9) ' (2.11)

< K, exp(—

Proof. For any bounded set £ C RY, we use N(F,r) to denote the smallest number

of open balls of radius r that are needed to cover /. Then we have

N

N(S, (g)w) < KaN(g)*?, N(T, (;)W) < KbN(2>Z . (2.12)

Let {S,} (1 < p < N(S,(5)"*)) be a family of balls of radius (5)"/ that cover S and
let {7} (1 < q < N(T,(5)*)) be a family of balls of radius (5)** that cover T'. Define

the events
A={nt12(5) —yl <7, f|2() — vl <}
and
Apg = {lélsf |Z(t) —y| <r, inf |Z(t) —y| < 7"}
Then

Ac U Apq - (2.13)

1

€n = (;)a exp(—2"*)

and let {s™, 1<i < N(S,,e,)} and {t, 1 <i < N(T,, €,)} be a set of the centers of
open balls with radius ¢, that cover S, and T} respectively. Denote

n—+1

Ty, = [B0den2 2 |
where § > 0 is a constant whose value will be determined later, and let

k=n k=n
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k=1 =1 7j=1
. N(Sp.en) N(Tq.€n) -
ACDu ) U oAl (2.14)
i=1 =1

Then by the modulus of continuity for Z(t) (see e.g. Kahane [8]), we have

(n)

P(Ap,) < lim P(A™) . (2.15)

By (2.14), we have
P(AM™) < P(A" D) 4 P(AM\ A D) (2.16)

and
N(Sp,en) N(Tq,en)
PATNAC=Dy < 3 % (A(”)\A ) (2.17)
i1 =

where i’ and j' are chosen so that |s\") — s{" ™| < €,_1 and |t - t§7_1)| < €n-1. Now

we consider

(A(” \AL 1>)

—P{|Z(s§”))—y|<r+2rk,| (s(," 1)) yl>r+ >

k=n k=n—1
\Z (t(”) |<7"—|—Z7"k, ]7 Ny >r+ > Tk}
k=n—1

< P{IZ(") —yl < car , 12(57) = 2050 V)] 2 s
(™) = y| < ear, |Z(H) — Z(E07V)] > rnl} . (2.18)

where the last inequality follows from the triangle inequality and the following elemen-

tary fact

[ee) (o)
r+Zrk§T+Zrk£c4r,
k=n k=0

where A=B means that A is denoted by B. In order to create independence, for each

t € T, we denote

and



Then the R%-valued Gaussian random field £(¢) is independent of Z(s™) and Z(s™")

and for each t € T}, we can write
Z(t) = a1 () Z(s\) + ax () Z(s7 ) + £(t) (2.19)
It follows from (2.19) and the independence of £(-) and Z(sgn)), Z(s(,n b ) that
P{|Z(t§">) —yl < e, 12(E7) = Z05 )] 2 ray | 2(8) = u, Z(s8) = v}
< P{]g(tg.”)) +ay (" )u + ag(tg."))u —y| <, [ - §(t§7_1))‘ >
~Jaa(t§) = @ (¢ Jul — |as(t”) — ag ()| o] } L (2.20)

By conditioning and (2.20), we obtain that the probability in (2.18) is at most

P{ N b ay (B + ag (B — y| < eyr,
//{|u—y|<r,\u—v|>rn1} ’f(; ) 1( J ) 2(] ) y’ 4

’5(155'”)) - f(éﬁ“”)] > T"21} - p(u, v)dudv

+// PYe™) + a1 (¢ + as (o — y| < car

) -ar (M ulzra 1 2y * P V) Uy

+// P t(-n) +a t(-n)u+a t(n)v— < ¢yr
{lu—y|<r,|Ju—v|>rn_1} {‘5(] ) 1( I ) Z(J ) y’ * }

L) e Mol 4y * P V)
=L+ L+ 15, (2.21)

where p(u,v) denotes the density function of (Z(SE")), Z(s(," 1))). In order to obtain an
upper bound for I, we fix (u,v) € R% x R? and consider first

P{‘f(tg-n)) + al(tj(-"))u - ag(tén))v — y’ < ey,

n n— Tn—
) — ™) > 1} L (2.22)
Since by (2.1) and (2.3), we have
BlEtS”) — 15 < ot — ¢

and
EIEE)? > e362(b — 2a)* .

The same argument as that of Xiao

[35], pp.3198 - 3199) gives that (2.22) is at most

Kexp( (16) 2 )(M)d (2.23)

8




Combining (2.22), (2.23) and the above mentioned argument of [35], we have

I < KeXp<_8020|2y(|22a)2a> (o) e[~ 6y ) (9@_2)) RN

By the independence of &(-) and Z(s!™), Z(s5 "), and the fact that P{|¢ — x| < r}

takes its maximum at x = 0, we have

I, < P{)Z(sgn)) — y’ <eyr,

2() = 27 )| 2 o} Pl < ear

Hence using again the proof of [35], we obtain

o) ) (-5 2) (o 2z )
< - : - — ) . :
L<k eXp( 8002202 )\ e ) P\ 16 2) o= 200 (225)
Similarly
o) ) (-5 7)o aap)
;<K — . — 2" . 2.2
5= eXp( 8¢262(2a)22 ) \gao) TP\ 16 (b — 2a)° (2.26)
Now we take (8 such that
2
CI

Then by (2.16), (2.17), (2.18), (2.21), (2.24), (2.25) and (2.26), we have

P(A(”>) < P(A(”_l)) + KN(Sp, €,)N(Ty, €,) exp(— (61(?2 2”)

(~seatar) (s —aa)
P 8202 (2a)%* ) \0%2a*(b — 2a)*

K{N(Sp, o) N(T,. €) + ’i N(Sy, ) N(T,, €x.) - eXp<_ (516(?2 21«)}

o~ agitzas) (s —zar).
P 8cy02(2a)2> ) \ 62a*(b — 2a)>

= KeXP<_8020|2y(|22a)2a) <92aa(52— 2a)a>d : (2.27)

Therefore, by (2.12), (2.13), (2.15) and (2.27), we have

IN

Plint12(s) =yl <7, f|7() — yl < v}

|y|2 N r\ 2(d—3)
80202(2a)2a> "N (b — 2g)°d (9) '

< K exp (—

This finishes the proof of (2.11).

Now we prove the main results of this section.
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Theorem 2.1 Let X(t) (t € RY) be the d-dimensional fractional Brownian motion of
index a. If N < ad, then there exist positive finite constants Ky and Ky, depending only
on N, d and o, such that for any r > 0 small enough and any y € RE with |y| > r, we

have
-~ d-¥
K1<| |> gP{ateRN such that |X () — y| <r} <K2<| |) L (2.28)
y y

Proof.  The upper bound in (2.28) is proved in [35]. To prove the lower bound, we
notice that X (¢) (¢ € RY) satisfies (2.1), (2.2) and (2.3) with § = 1. For any n > 1, let
S, ={t e RN : 2271 < |t| < 2"}, Then we have

P{EI t € RY such that [X () —y| < 7“}

v

P{EI n>1and te€ S, such that | X(t) —y| < r}
5 g w0 <1
-y Y P{ inf |X(s) —y| <7, jnf [X(6) ~y| < r}. (2.29)

m=1n=m+1

| V

It follows from Lemma 2.1 that
3P X0 -l <}
> K i exp<_ |y|2 ) . 92n(N—ad) | Td_%
- el K24om
- ly? ;
= K/ e exp(— )dw T
1

Kx2a
r N\
_ K( ) . (2.30)

By Proposition 2.1, we have

o o

S P{mE X — vl < r inf X0yl <)

2
N
Kl Z Z eXp<_K|g|4ma) . 22m(N7ad) (227),71 . 22m)N7ad7‘2(d7§)

— K- Z exp( K|ZLmQ>24m(N—ad)

10



o] 2 1
< K1r2(d_%)/ exp(—|y|>1d1’

N ria | p4(ad—N)+
r\20d=3)
— K() . (2.31)
[yl
Putting (2.29), (2.30) and (2.31) together, we obtain (2.28).

Remark. If X(t) (¢ € R;) is a Brownian motion in R? with d > 3, then it is well
known that (2.28) holds with equality and K; = Ky = 1. This result was stated by
Kakutani [9] for d = 3. For a proof of the general result, see Port and Stone [21].

The following theorem is a generalization of the well known result of Dvoretzky and
Erdos [4] about the delayed hitting probability of Brownian motion in R? (d > 3). We

have to assume N = 1 to give an ordered parameter set.

Theorem 2.2 Let X(t) (t € R) be the d-dimensional fractional Brownian motion of
index a (0 < a < 1) with 1 < ad. Then there exist positive constants Ky and Ko,
depending only on o and d, such that for any T > 0 and any 0 < r < T small enough,
we have

d—2L1
r a
— . (2.32
£ e

Proof.  The upper bound in (2.32) is proved in [35]. The proof of the lower bound is

d—2L1
K (7:1) < P{EI t € R such that |t| > T and | X (t)| < 7“} < Kg(

a combination of the proof of Theorem 3.2 in [35] and the proof of Theorem 2.1 above.
We observe that

P{EI t € R such that [t| > T and |X(¢)| < 7“}

> [ P{a t > T such that |X(¢)| < r|X(T) = y} pr(y)dy | (2.33)

R
where pr(y) is the density function of X (7),
(=) (1)31 < |x|2)
=) = -exp(— :
Pty =\ ) Taa PP\ o720

In order to estimate the conditional probability in (2.33), we write

XAT+T)= X t)+ c(t)X(T) , (2.34)

where X! is independent of X (T) and

L+t +1 -t
o) = LY ; .

11



It is clear that c(t) > $ and c(t) = 1if o = 1; c(t) is decreasing if a < 3 and c(¢) is

increasing if o > % Let

Now we verify that Z(t) satisfies the conditions in Lemma 2.1. To this end, we denote

by Zy(t) the first component of X!(¢). It is proved in [35] that for any s, € R

KTQa
02(t78) S Ta | - |2a )
c(t)e(s)
and o2(t) satisfies (2.2) on S = [a, 2a] with
Ta
0=—, where m = min{c(a), ¢(2a)} .
m

It follows from (1.1) that for any s, s2,t € Ry,

Var(Zo(t)| Zo(s1), Zo(s2))
Y (T +1T)
c(t)
Var (Y(tT LT Y (i T+ T), Y(si:T+T), Y(T))

> Var(

o1
— )

2c¢

=20

Therefore, (2.3) is satisfied. By Lemma 2.1, for S = [a, 2a] we have

P{igg X0 (t) + c(t)y] < 7“}

—Y(D)|Y(s:T +T), Y(s:T +T), Y(T))

min{ |2, [t — 51, [t — 55|*} .

. T -
> P{%Eﬁ V() + 9] < m} (7 — max{c(a), c(2a)})
|y[*n? 1—ad r\de
> Ko (= m ) (1) (2:33)

By Proposition 2.1 and using an argument similar to the proof of Theorem 2.1, we obtain

that for 7 > 0 small enough and y € R? with r < |y| < 2T

d—1
p{a £>0 such that | Xy (t) + c(t)y] < r} > K<|;|> . (2.36)

Putting (2.36) into (2.33), we see that (2.33) is at least

-1 ) o
Ty e 1 Yl r a
K (h) e b )iy = k()
{r<lyl<2re} \|y| Tod PP\ " o720 )Y = A Ta

This completes the proof of (2.32).
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3 Polar Sets for Fractional Brownian Motion

Let B(t) (t € Ry) be the d-dimensional Brownian motion and let F© C R\ {0} be a
compact set. It is well known that F' is a polar set for B(t), that is

P{3t € R, such that B(t)e F'} =0,

if and only if

Cap,_o(F)=0 if d> 3, (3.1)
Capy,e(F) =0 if d=2, (3.2)
where Cap,_,(F) is the capacity of F' with respective to the kernel
1
k - -
(a:,y) |x_y|d,2

and Cap,,,(F) is is the capacity of F' with respective to the kernel

k(x,y) = log Pl

See, e.g. Port and Stone [21] or Kahane [8] for a proof.

These results are due to Kakutani [10] and have been extended partially to more
general processes with stationary and independent increments by Hawkes [6] and Kahane
(7], to fractional Brownian motion by Testard [30] [32], and recently to the Brownian
sheet by Khoshnevisan [13]. Taylor and Watson [29] also proved similar results for the
polar sets for the heat equation.

For any 0 < a < 1, we define a metric on RN x R? by

pa((s;2), (t,y)) = max{[s —t|% [z —yl},

where |- | is the usual Euclidean norm. Let ® be the class of functions ¢ : (0,9) — (0, 1)
which are right continuous, monotone increasing with ¢(04) = 0 and such that there

exists a finite constant K > 0 for which

¢(2s)
¢(s)

For any function ¢ € ® and any set A C RN x R% we can define the ¢-Hausdorff

1
<K, for0<s<§(5.

measure of A under the metric p, by

¢-mo(E) = 11_{110 inf{sz(%z’) t B C Ej B (ui, i), Ti < 6} 5 (3.3)

=1
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where B,(u,r) is the open ball in the metric space (RY x R%, p,) centered at u with
radius 7. We will denote by B(u,r) the open ball in the Euclidean space centered at u
with radius r, and by ¢-m the ordinary ¢-Hausdorff measure.

It is known that ¢-m, is a metric outer measure in the sense of Carathéodory and
hence every Borel set in (R¥ xR, p,) is ¢-m,, measurable (see Rogers [23]). Results such
as density theorems and Frostman’s lemma analogous to those for ordinary Hausdorff
measure still hold. See Taylor and Watson [29]. The Hausdorff dimension dim,A of
A C RN x R? is defined by

dim,A = inf{y > 0: s7-m4(A) =0} . (3.4)

These type of Hausdorff measure and Hausdorff dimension have been applied by Hawkes
(6], Taylor and Watson [29] and Testard [30] [32] to characterize the polar sets for
stochastic processes and the heat equation, and by Testard [31] to study double polar
sets for Brownian motion.

Similar to the definition of packing measure given by Taylor and Tricot [28], one
can also define packing measure ¢-p, and packing dimension Dim, on the metric space

(R x R%, p,). For example, the packing dimension Dim,A is defined by
Dim,A = inf{y > 0: s7-p,(A) =0} . (3.5)

The following inequalities, which are analogous to the inequalities for the ordinary Haus-
dorff dimension and packing dimension in Tricot [33], are proved by Testard [32]. For
any Borel sets £ C RV, FF C R

imE DimE imE
dim +dimF < dim,(F x F) < min{ m + dimF, dim + DimF }
(6% (6% (6%
DimE
< Dimg(E x F) < % 4 DimF . (3.6)

a

Let X(t) (t € RY) be the d-dimensional fractional Brownian motion in R of index
a. For compact sets E C RV\{0} and F C R {0}, Testard [30] [32] proved sufficient
conditions and necessary conditions on F and F' for ' x F' to be a polar set for the

random field (¢, X (t)), or equivalently, for
P{X(E)NF #0}=0. (3.7)
In particular, he proved the following result.
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Lemma 3.1 If ¢-mo(FE x F) =0, where ¢(s) = t*(log 1/t)N/?) then (3.7) holds; if
Cap,(E x F) >0,

where
1

max{[t — s, |z — y|} ’
then P{X(E)NF # 0} > 0. In particular, if Cap,_y,(F) > 0 then P{X~'(F) # 0} >
0.

h(s,t;x,y) = (3.8)

Remark. 1.If X(¢) is Brownian motion in R, conditions which imply (3.7) and the
Hausdorff dimensions of X(FE) N F and E N X~!(F) were first considered by Kaufman
[11]. Hawkes [6] and Kahane [7] generalized these results to stable subordinators and
Lévy stable processes respectively.

2. If X (t) is Brownian motion in R, then Kaufman and Wu [12] have shown that for
EC Ry, F={ao},

P{X(E)NF # 0} >0 if and only if Cap,(E x F) >0 . (3.9)

It is not known, even for Brownian motion, whether (3.9) holds for a general F.

In this section, we will first prove a sufficient condition for £ x F' to be a polar set
for (¢, X(¢)), which improves the results of Testard mentioned above, and can be applied
to study the intersections of independent fractional Brownian motions. Then we will
apply Lemma 3.1 to calculate the Hausdorff dimension of the smallest sets F C R4
that can be hit by X(¢) when ¢ is restricted to a compact set £ C RV\{0} and the
Hausdorff dimension of the smallest sets £ C RV\{0} whose image under X (¢) can
intersect /' C R?%. See Theorems 3.3 and 3.4 below.

The following lemma is similar to Lemma 3.1 in Xiao [35], the proof is easier.

Lemma 3.2 Let X(t) (t € RY) be the fractional Brownian motion in R of index a.
For any 6 > 0, there exist positive finite constant K and ry, which depend on N, «, d

and & only, such that for any x € RN with |z| > &, any 0 <r <1y and any y € R

P{ inf | X(t)—y| < r} < Kr?.

teB(z,rt/)
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Theorem 3.1 Let X(t) (t € RY) be the d-dimensional Brownian motion in R of index
a and let E C RN\{0}, FF C R? be compact sets. If s®-my(E x F) = 0, then (3.7)
holds.

Proof. Since E C RM\{0} is compact, there exists § > 0 such that d(0, £) > 24.
Hence every open ball with radius less than ¢ intersecting E has distance from 0 greater
than 4. Since s%-m,(FE x F) = 0, it follows from Theorem 32 in Rogers [23] that there

exists a sequences of open balls
Ba((tnv yn)7 Tn) = B(tna Trll/a) X B(yna rn) (n = 11 27 o )

in the metric space (RY x R, p,) such that

E x F C limsup Bo((tn, Yn), ™) (3.10)
n—oo
and .
> <00, (3.11)
n=1
Let

D, = {X(B(tmrrl/a)) N B(ymrn) # (Z)} )

then by Lemma 3.2 we have P(D,,) < Kr?. Tt follows from (3.11) that

hE

P(D,) < .

n=1

Therefore the Borel-Cantelli lemma implies

P{limsup D, } =0.

n—so0
On the other hand, by (3.10) we have
{X(E)NF #0} C ligl_)s;ipDn .

This finishes the proof of Theorem 3.1.
Corollary 3.1 For any compact set F' C RN\{0} with

s=Nem(F) =0, (3.12)
then X7YF) =0 a. s..

16



Proof. By Theorem 3.1, it suffices to prove that for any closed cube I C RV\{0},
we have

stma,(Ix F)=0. (3.13)

Since s?N/m(F) = 0, there exists a sequences of open balls {B(y,,7,)} in R? such
that .
F C limsup B(y,,r,) and Y rd=Ne < oo (3.14)

n
n—oo n=1

For each n > 1, I can be covered by N(I, r}/®) balls of radius r/* and

K

N(I, /) € 7 - (3.15)
n
Hence
NI/
I xFC limsup( U  B(ti,rk) x B(yn,rn)>

and by (3.14) and (3.15) we have

0o N(Iry/™) © K

Z Z TfLSZ N/a-rz<oo.

n=1 i=1 n=1Tn

Using Theorem 32 in Rogers [23] again, we obtain (3.13).
If N > ad, then by a result of Monrad and Pitt [18], with probability 1 for any Borel
set FCRY, X YF)# 0 and

dimX Y (F) = N — ad + adimF .

In the case of N < ad, there is an obvious gap between (3.12) and Cap,_y/,(F) = 0.
It is natural to ask whether Cap,;_y,(F) = 0 is a necessary and sufficient condition for
XY F)=0a.s.

Now we apply Corollary 3.1 to study the existence of intersections of two indepen-
dent fractional Brownian motions. Let X1(¢) (¢t € RY) and X2(t) (t € RY) be two
independent fractional Brownian motions in R? with index 0 < o < 1. Tt is known that
if 2N < ad, then with probability 1, X! and X? do not intersect; if 2N > ad, then with
probability 1, X! and X? intersect. We can decide the critical case 2N = ad by using
Corollary 3.1 and a theorem of Talagrand [24].

17



Theorem 3.2 Let X*(t) (t € RY) and X2(t) (t € RYN) be two independent fractional

Brownian motions in R* with index ay and oy (0 < ay,ay < 1) respectively. If

N N
7 + 7 S da
(651 [6)
then with probability 1,
XHRM) N XERM\{0}) =0 . (3.16)

In particular, if o = as and 2N = ad, then (3.16) holds.
Proof. 1Tt is sufficient to prove that for any closed cube J € RN\{0},
X'BRY)YNX*)=0 a.s. (3.17)
By a theorem of Talagrand [24], we have
0 < sVez]oglog L-m (XQ(J)) < 00 .
Hence
st=Nlaim (XQ(J)> =0.

Let F = X?(J) in Corollary 3.1, by the independence of X' and X?, we obtain (3.17).
Remark. By studying multiple polar sets for X (¢), we can prove similar results for
the intersection of k independent fractional Brownian motions. Recently, Talagrand [25]
studied self-intersection of fractional Brownian motion X (¢)(t € RY) of index a in R?
and proved that if Nk = (k — 1)ad, then with probability 1, X (¢) has no multiple points
of multiplicity k.
A compact set £, C R is called a Cantor-type set if £, = N, E,, where

No hh1_4n_1
=1 in=1

is a decreasing sequence of compact sets and for eachn > 1, I;,..;, (i, =1,--+, Nyy.i )

are disjoint closed subcubes of I; . The following lemma is proved in Talagrand

1o in—1

and Xiao [26] for N = 1. The proof for the case N > 1 is the same.

Lemma 3.3 Let E C RY be compact. For every 0 < v < DimE, there ewists a Cantor-
type set £, = N7 B, with E, C E and satisfies the following properties

18



(i) By = UN I, where

11=1
1 1 1
Ny = 7} +1  (with /" log — < =) (3.18)
Mo Mo 2

[z] is the integer part of x , and {I;;} (i1 = 1,---,Ny) are closed intervals of
length 26y < %770 with gap between any two of them greater than .

(”) FOT n Z 27 En = Uzl'\lfozl Tt Uln;I nt i1 U)Zth

1
Nipos | = {7} i1, (3.19)

My o1
and
1
|I7,17,n| = 2(51‘1..-1'"_1 < 5777:1""5")1—1 ’

where |I| denotes the diameter of 1. Fach interval I; of En_1 contains

Nz’ (Zn:1a277N

P11

1 in—1

closed subintervals I; ) with gaps greater than

10 in—1 1°in

Miyevin_1 -

(11i) There exists a Borel probability measure o on R with o(E,) = 1 such that, for
each interval I;; (i1 = 1,--+, Ny),

and for each interval I;,..;, in E,,

o(liy..i,) = 0(Liyi, )N ;. (3.20)

11 in—1

(iv) For every open set V C R that intersects E., we have Dim(E, NV) > .

Remark. By the construction of £, once n;,..;, , has been chosen, we can choose

Niyoin_qin, &S small as we please. In particular, we will assume 7’s satisfying

v/d IOg 1/771'1...1‘”71 <

! (3.21)
Mir-in log 1/m;,...i,, 2 '

and

i(log ! )1 < 00 . (3.22)

n—1 My -in

Now we are in a position to prove the following theorem.
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Theorem 3.3 Let X (t)(t € RN) be the fractional Brownian motion in R of index a
with N < ad. Let E C RN\{0} be a Borel set, Then with probability 1,

nt{dimF: F e BRY, P{X(E)NF #0} >0} =d- ;DimE | (3.23)

Proof. For any Borel set ' C R? with dimF < d — 2DimFE, by (3.6) we have
dim,(E x F) < d and hence s%m,(E x F) = 0. It follows from Theorem 3.1 that
P{X(FE)NF # 0} = 0. This implies that

inf{dimF 1 F e BRY, P{IX(EYNF #0} > 0} >d— ;DimE :

To prove the reverse inequality, it suffices to show that for every 0 < v < DimF, there
exists a compact set F' C R such that

dimF <d— 7 and Cap,(Ex F) >0, (3.24)
a

where h is the function defined by (3.8). The method of construction of a Cantor-type
set F' C RY satisfying (3.24) is similar to the method in Xiao [36], but since the second
inequality in (3.24) is stronger than the conclusion in Xiao [36], several improvements
have to be made.

Fix a 0 < v < DimFE, let E, be the Cantor-type set in Lemma 3.3. Now we
construct a decreasing sequence of closed subsets F, C [0,1]¢ inductively and then
define F' = N2, F,,. Naturally, the construction of {F,} depends on the structure of
{E,} and the metric p,. To simplify the notations, from now on, we will not distinguish

a positive number from its integer part.

For n =1, let
b = (1 log 1>d : (3.25)
Mo /4 " g
where 7 is the constant in (3.18), and let Fy = U?izleI, where J;, (j1 =1,---,by) are
closed subcubes of [0, 1]¢ of side length ng with gaps at least 7, and
a—v/d
M ~ ;7(1)0;/17
1o

where a =~ b means %b < a < b. Fy is well defined since

1

1 1 d 1
———1o <~+ a>§+ o/ (lo ><1,
oo/ g o Mo T Ty Mo g o

2
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1/d

we can construct b;’" closed subintervals of length 7§ with gaps at least 7 in [0, 1] in
each coordinate direction, and then let J; be the Cartesian products of these closed

subintervals. By (3.25), we also have

b1
S U(J;)) < Ky

ji=1

where
Sd—'y/a

Y08 = (log 1/s)7
and K n is a finite constant depending on ¢ and N only.
For n = 2, by Lemma 3.3 (i), Bz = U2, U i?ll I;,i,- In order to construct F,, we
construct f5; for ¢4 =1,---, Ny, and then define £, = il:lFQVZ-l.
For each fixed 71, to construct Fj;,, let
I < mwo logl/ml)d
2 gy e/ Jog 1 /m

In each cube J;, of Fi, we construct by;, closed subcubes Jj(]g of side length nf with

gaps at least 7;, and

77‘ ~ lnlaffy/d log 1/770
U2 logl/n,
This is possible since

ng  logl/mi (. N 1 alog 1/m; o o
. 1(ml+m1>§(2+777/ 1)-77 <75

ni, “=/4 log 1/mg “ log1/mo
We set
211
i1)
FZH U U Jn;z
J1=1ja=1
for iy =1,2,---, Ny and let
No
F2 = U F27i1 .

i1=1

Then by the choices of Ny, b; and by ;,

No b1 b2,y

S S I < Ky

11=171=1ja=1

Suppose now that

NO Nil"‘infii
Foq= U s U anl,il---infg
i1=1 in—2=1
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has been constructed with

by bn—1,ij-ipy_o ’ )
11 in—2
Fotiin s = U U J]l Jn-1
j1:1 jnflzl
(i1 in— 2) .
where le i has side lengthng’;,_,ind, and
NO Nil"‘in73
Do Y bibo bt () < KN (3.26)
i1=1 in_a=1

We will construct F), in the same way as that for n = 2. By Lemma 3.3 (ii),

No Nigovigy_q
Boe U U Ty,
i1=1 in=1
For each fixed i1 - - -4,,_1, we define
i log 1/m;,...q d
bn,il"'infl - (lrlot T/Ldz . 08 /771 n_1> . (327)
ne 4 1og 1/ iy

In each cube J](f1 ]Z” 2 of F, Liyein_sy We construct by ;,.... , closed subcubes JhZl ]Z" 2

of side length nf , ~ and gaps at least 7;,..;, , with

-1

}nq—j/d log 1/mi, i,
27 og 1/ iy

~ (3.28)

Misvin—
This is possible since by (3.27), (3.28) and (3.21)

77% i —2 log 1/77i1---in—1 (~ e >
a— Ty + n; .
M, . Z/d log 1/77i1---in_2 ' ' ' '

(1+ v/d 10g1/77u g 2)_ a
2

11 In—1 11+ in—2
"og 1/ iy, "
(o7
< Miyeips
Let F), .., _, be the union of all the subcubes Jj(fl jZ” Y
b1 b277~'1 b"vil"'in—l ( )
_ 111
Fn,il---in—l - U U e U le “Jn
J1=172=1 Jn=1
As iy - - -i,—1 varies, we obtain a sequence {F},;,..;, ,} of compact sets. Let
NO Nil“‘in72
Fo=U- U Fuirein
i1=1 in_1=1
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Then by (3.26) and (3.27), we have

Ng Niyip_y
Do 2 bibaa e bngyedny Y00 ) S Ky (3.29)
11=1 in—1=1

By induction, we have constructed a decreasing sequence of closed sets {F),} satisfying
(3.28) and (3.29). Set F' = N2, F,; then F C [0, 1] is a compact set.
Now we verify that F' satisfies the two inequalities in (3.24). Since for each n >

1, F C F,, equation (3.29) implies that
dimF <d—v/a.

To prove the second inequality in (3.24), we observe that for each n > 1, E, x F,, 2 G,,
where G; = F; x F; and for n > 2,

No Niyooviy g b1 b2,i1 briy ip_q iy )
— - . L \1in—1
G” - U U U U U [Zl"'ln x J]l"']n :
i1=1 in=1 j1=17j2=1 Jn=1

Let G = Ny2,Gy; then G is compact and G C E,, x F. So it is sufficient to prove that
Cap,(G) > 0. (3.30)

To this end, we first define a Borel measure g on R¥ 1 with ;(G) = 1 as follows. Let o

be the Borel measure carried by E, in Lemma 3.3 (iii). For each rectangle [;, x J;, in

(G1, we define
o(l;) 7761d
Iil X J‘l = = .
il X 03) = =5 = (g 1)

For each rectangle I; ;, % J) i G5, we define

J1J2
(i1)\ U(Ii i )
/‘L(Iili2 X le‘;g) - blb;;l
ad—y
;
= (nomi)" S
Y g (log 1/m;,)?
_m
(log 1/m;, )
Similarly, for each rectangle I;,..;, X Jj(f,l,',}i"’l) in G,,, we define
I ..; X J(“ in-1)y iy
N( 1°"tn J1gn ) blbg’il . bn,il---in,1
ad
L (3.31)

(log 1/77'51"'7:n71 )d
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Finally, for each n > 1, we define u(R¥*9\G,,) = 0. Then by the mass distribution

principle (see Falconer [5]) 1 can be extended to a Borel measure on RV with u(G) = 1.
For every (s, x) € G, there exist two sequences i = iyig--+i,---and j = J1jo- - Jn -+,

such that

x JUrinet)

1:in J1In

D)

{(s,2)}=(14

1

3
Il

—~

For any 0 < r < g, we consider u(B,((s,z),r)). Let n be the positive integer satisfying

My ST <M, (10=0).

Consider first the case n®.;, | <1 <., . Since Ba((s,z),r) = B(s,r'/*) x B(z,r)

and the gaps between any two subcubes I are at least m;,..;,_,, B(x,rY*) can

Lovin

1/a N d
G e

intersect at most

Mir-win_1 Uﬁfl..in_l
rectangles I;,..; X J](f,l,'.}i”’l). So by (3.31), we have
d o
u(Ba((s,a:),T)) < [(77201%2_”_1 /"L(Iil"'in X J;z-l-'.};inl))
i
K g )7 (3.32)

In the second case 7;,..;, , < r <n , . an inequality similar to (3.32) does not hold

90
in general. Otherwise, (3.30) would follow from the same proof as that of Frostman’s
theorem (see Kahane [8]). For each 1 < k < b/d

Nyi1-in—1)
cubes J](IZ_I_'_']'-:L"‘I) are at least 7;,..;,_, and the gaps between any two cubes [;,..; , are

since the gaps between any two

greater than 7;,..;, ,, we see that

Ba((sa l‘), (k + 1)ﬁi1~--in71>\Ba<(37 l‘), kﬁil“'infl)

x JUin1) S0 by (3.31), we have

rectangles I; i

can intersect at most 7; !, Lo

(B ), (64 Vit )\ B (5,2). K ) )

<Lt~ (T X T5Y)
nqdiy
_ n . (3.33)
(log 1/miy..cip )
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Consider the integral

/ du(t, y)
G

max{[t — s|*?, |y — x|}

_ i du(t,y) 1
e <palGa)an<nt .Y pal(s ), (ty)? 16

i:: { /{ du(t, y)

SV <pal0) )<y, Pal(8, ), (8 1))

N dp(t,y) }
(i iy Spal(s:2)(tw)<ng ;Y Pal((8,2), (£,9))

1
— 3.34
g (3.34)

Let
Then
kn < K log

(3.35)

Ny - vin_1

By (3.32) and (3.35) we have

/ du(t,y)
{

ne i Spal(5:2),(t0) <y iy b Pa((8,2), (8 y))?

kn
<y / dp(t,y) !
2 12 S0 (5260 <y i 1274 Pa((5,2), (6,9))
< f: (i 277 1
TG G275 1081/ (i, 271
< K
= (log 1/msy iy )

It follows from (3.33) that

(3.36)

/ du(t, y)
{7ty i Spal(s2), ) <ng i} Pal(s:2), (L y))?
bt
< z’fl du(t,y)
I {7ty iy 1 k<pa((5:2),(69)) <iliy iy (k4D Pal(5,2), (£, )4

pL/d -1

LR SRR P

ad—y
Miyvvin 1

k=1 (klfh.l"'infl : log l/nil"'infl)d
K

S d
(log 1/,'77:1"'1.7172)

IN

(3.37)
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Combining (3.34), (3.36), (3.37) and (3.22), we have shown that there exists a finite
constant K > 0 such that for every (s,z) € G

¢ max{[t —s|*, |y — x|7} —

This proves (3.30) and hence Theorem 3.3.
Remark The proof of Theorem 3.3 also yields the following result analogous to
those in Xiao [36] and Bishop and Peres [1]: For any Borel set £ C RY

DimFE
«

= sup{dima(E X ') —dimF: F C R? compact } )

Theorem 3.4 Let X(t)(t € RYN) be the fractional Brownian motion in R of index o
with N > ad. Let F C RN\{0} be a Borel set. Then with probability 1,

inf{dimE . B e BRM{0)), P{X(E)NF #0} > 0} — a(d—DimF) . (3.38)

Proof. The upper bound follows easily from (3.6) and Theorem 3.1. The proof of
the lower bound is similar to the proof of Theorem 3.3. We leave the details to the

interested reader.

References

[1] C. Bishop and Y. Peres, Packing dimension and Cartesian products. Trans. Amer.

Math. Soc. 348 (1996), 4433 - 4445.
[2] C. Bishop and Y. Peres, The smallest sets hit by a Brownian image.

(3] J. Cuzick and J. Du Peez, Joint continuity of Gaussian local times. Ann. of Probab.
10 (1982), 810 - 817.

[4] A. Dvoretzky and P. Erdés, Some problems on random walk in space. Proc. Second
Berkeley Sympos., Univ. of California Press, Berkeley, 1950, 353 - 367.

5] K. J. Falconer, Fractal Geometry — Mathematical Foundations And Applications.
Wiley & Somns, 1990.

26



(6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

J. Hawkes, Measures of Hausdorff type and stable processes. Mathematika 25
(1978), 202 - 212.

J-P. Kahane, Points multiples des processus de Lévy symétriques restreints a un
ensemble de valeurs du temps. Sém. Anal. Harm. Orsay 38-02 (1983), 74 - 105.

J-P. Kahane, Some Random Series of Functions. 2nd edition, Cambridge University
Press, 1985.

S. Kakutani, On Brownian motion in n-space. Proc. Imperial Acad. Tokyo 20 (1944),
648 - 652.

S. Kakutani, Two-dimensional brownian motion and harmonic functions. Proc. Im-

perial Acad. Tokyo 20 (1944), 706 - 714.

R. Kaufman, Measures of Hausdorff type, and Brownian motion. Mathematika 19
(1972), 115 - 119.

R. Kaufman and J. M. Wu, Parabolic potential theory. J. Differential Equations 43
(1982), 204 - 234.

D. Khoshnevisan, Some polar sets for the Brownian sheet. Sém. de Prob., XXXI,
Lecture Notes in Mathematics 1655, 190 - 197, 1997.

D. Khoshnevisan, Escape rates for Lévy processes. Acta Mathematica Hungarica 33
(1997), 177 - 183.

D. Khoshnevisan and Zhan Shi, Hitting estimates for Gaussian random fields.
Preprint 1996.

N. Koéno, Sur la minoration asymptotique et le caractere transitoire des trajectoires
des fonctions aléatoires gaussiennes & valeurs dans R?. Z. Wahrsch. verw. Gebiete
33 (1975) , 95 - 112.

P. Mattila, Geometry of sets and measures in Fuclidean spaces. Cambridge Univer-
sity Press, 1995.

27



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[30]

D. Monrad and L. D. Pitt, Local nondeterminism and Hausdorff dimension. Seminar
on Stochastic Processes, 1986. Progr. Probab. Statist., 13 Birkhauser, Boston, 1987.

S. Orey and W. E. Pruitt, Sample functions of the N-parameter Wiener process.
Ann. of Probab. 1 (1973), 138 - 163.

L. D. Pitt, Local times for Gaussian random fields. Indiana Univ. Math. J. 27
(1978), 309 - 330.

S. C. Port and C. J. Stone, Brownian Motion and Classical Potential Theory. Aca-
demic Press, New York, 1978.

W. E. Pruitt and S. J. Taylor, The potential kernel and hitting probabilities for the
general stable processes in RN. Trans. Amer. Math. Soc. 146 (1969), 299 - 321.

C. A. Rogers, Hausdorff Measures. Cambridge University Press, 1970.

M. Talagrand, Hausdorff measure of the trajectories of multiparameter fractional
Brownian motion. Ann. of Probab. 23 (1995), 767 - 775.

M. Talagrand, Multiple points of trajectories of multiparameter fractional Brownian

motion. Preprint, 1996.

M. Talagrand and Yimin Xiao, Fractional Brownian motion and packing dimension.
J. Theort. Probab. 9 (1996), 579 - 593.

S. J. Taylor, The measure theory of random fractals. Math. Proc. Camb. Phil. Soc.
100 (1986), 383 - 406.

S. J. Taylor and C. Tricot, Packing measure and its evaluation for a Brownian path.
Trans. Amer. Math. Soc. 288 (1985), 679 - 699.

S. J. Taylor and N. A. Watson, A Hausdorff measure classification of polar sets for
the heat equation. Math. Proc. Camb. Philos. Soc. 97 (1985), 325 - 344.

F. Testard, Quelques propriétés géométriques de certains processus gaussiens. C.
R. Acad. Sc. Paris, 300, Série I (1985), 497 - 500.

28



[31]

32]

33]

[34]

F. Testard, Dimension asymétrique et ensembles doublement non polairs. C. R.
Acaad. Sc. Paris, 303, Série 1 (1986), 579 - 581.

F. Testard, Polarité, points multiples et géométrie de certain processus gaussiens,
Publ. du Laboratoire de Statistique et Probabilités de I’U.P.S. Toulouse, mars 1986,
01 - 86.

C. Tricot, Two definitions of fractional dimension. Math. Proc. Camb. Phil. Soc. 91
(1982), 57 - 74.

M. Weber, Analyse asymptotique des processus gaussiens stationaires. Ann. Inst.
H. Poincaré Probab. Statist. 16 (1980), 117 - 176.

Yimin Xiao, Packing measure of the sample paths of fractional Brownian motion.
Trans. Amer. Math. Soc. 348 (1996), 3193 - 3213.

Yimin Xiao, Packing dimension, Hausdorff dimension and Cartesian product sets.

Math. Proc. Camb. Phil. Soc. 120 (1996), 535 - 546.

Yimin Xiao, Holder conditions for the local times and the Hausdorff measure of the
level sets of Gaussian random fields. Prob. Th. Rel. Fields 109 (1997), 129 - 157.

Yimin Xiao, Multiple polar sets and intersection results for fractional Brownian

motion. In Preparation.

29



