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Abstract

Let X (t) (t € RY) be a fractional Brownian motion of index « in

R¢. For any compact set £ C RY, we compute the packing dimension
of X(E).
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1 Introduction

Since packing dimension was introduced in the early 1980’s, it has become
a very useful tool in analyzing fractal sets and in studying sample path
properties of stochastic preocesses ( see [ST] [TT1] [TT2] [T1] [T2] [Tr] and
references therein).

Let X(t) = (X1(t), -, X4(t)) (t € RY) be a fractional Brownian motion
in R% of index o (0 < @ < 1) ( see [K], chapter 18). If N =1, « = 3, then
X(t) (t € R) is the ordinary Brownian motion in R% If N > 1, a = 3, then
X(t) (t € RY) is Levy’s Brownian motion with N parameters.

In [K], Kahane proved that for every Borel set £ C R”,

1
dimX (E) = min(d, &dimE) a. s. (1.1)

where dimFE is the Hausdorff dimension of E. An excellent reference for
Hausdorff measure and Hausdorff dimension is [F].

It is natural to ask whether an equality similar to (1.1) holds for packing
dimension Dim. Since dim < Dim ([TT1] [ST]), it is easy to deduce from
(1.1) the following result: for every Borel set E C RY, which is a fractal in
the sense of Taylor ([T2]), i.e. dimF = DimFE,

DimX (E) = min(d, lDimE) a. s. (1.2)
o

For those sets E with dimE # DimF, (1.2) is not trivial. The first progress
in this direction was made by Perkins and Taylor ([PT]). Let X (¢) (t € R™)
be a Brownian motion in R¢ with d > 2, Perkins and Taylor proved that

with probability 1,
DimX (E) = 2DimE for every Borel set E C R'. (1.3)

This result is much stronger than (1.2) since the exceptional null set does
not depend on E. The proof of (1.3) relies on the strong Markov property
of Brownian motion and hence can not be used in the case of fractional
Brownian motion. By using an idea from [MP], which goes back to Kaufman
([Kal), Xiao ([X]) generalised (1.3) to fractional Brownian motion: if N < ad,



then with probability 1,

DimX(E) = min{d, —~DimE} (1.4)
«

1
= —DimFE for every Borel set £ C RV,
o

If N > ad, by a result of Xiao ([X]),
DimX '(0)=N—-ad. a.s.

Take E = X 1(0), it is clear that (1.4) fails. In this case, it has been open

whether for every Borel set E C RY, the following weaker result is true
1
DimX(F) = min(d; —DimFE ) a. s. (1.5)
«

The objective of this paper is to study DimX (F). In contrast to (1.1), we
show in section 3 that, if N > ad, then (1.5) does not hold in general and
Dim X (E) can be strictly smaller than the right-hand side of (1.5). In section
4, we give the best lower bound for Dim X (£) in terms of o and DimF.

2 Preliminaries

First we recall briefly the definitions of packing measure and packing dimen-
sion. Let ® be the class of functions ¢ : (0,6) — (0,1) which are right
continuous, monotone increasing with ¢(0+) = 0 and such that there exists
a finite constant K > 0 for which

¢(2s)

(s)
For ¢ € ®, Taylor and Tricot ([TT1]) defined the set function ¢-P(E) on RY
by

1
<K, for0<s<§(5.

¢-P(F) = 11_1)% sup{>_ ¢(2r;) : B(x;,r;) are disjoint, z; € E, r; < €},

where B(z,7) denotes the open ball of radius r centered at x. Observe that

¢-P is not an outer measure because it fails to be countably subadditive.



However, ¢-P is a premeasure, so one can obtain a metric outer measure ¢-p
on R" by defining

¢-p(E) = inf{z ¢-P(E,): ECUnE,}.

¢-p(E) is called the ¢-packing measure of E. If ¢(s) = s*, s*-p(FE) is some-
times called the a-dimensional packing measure of E. The packing dimension
of E' is defined by

DimE = inf{a>0: s*p(E)=0}
= sup{a>0: s*p(E)=+o0}.
It is well known that for any E C RY,
0 < dimE < DimE < N.

There is an equivalent definition for DimFE which is sometimes more con-

venient. For any € > 0 and any bounded set E C RV, let
N(E, €) = smallest number of balls of radius € needed to cover F .

Define loe N(E
A(F) = limsup log N(E, ¢) :

€0 —loge
A(E) is called the upper box-counting dimension of E ([F]) or the upper
entropy index of E. The index A is not o-stable (cf [Tr] [F]). We can obtain
a o-stable index A by letting

A(E) = inf{supA(E,): E C U,E,} .

Tricot ([Tr]) proved that DimE = A(E).
We need the following lemmas from [ST] [Tr] [TT1]. Recall from [Tr] that

A is uniform on FE if there exists a constant ¢ such that for any z € F,
ll_r)r(l)A(E N B(z,r)) =c.

Lemma 2.1 ([Tr]) If E is compact and A is uniform on E, then A(F) =
DimF.



Let u be a Borel measure on RY. For any ¢ € ® and any x € R”, the
upper and lower ¢-densities of p at = are defined by

¢(£) = limin Bz, r) O B)
Dule) = et = 5 or)

If ¢(s) = s, then we write Eﬁ and QZ as EZ and Dj respectively.

The following lemma is a special case of the density theorems for packing
measure ([ST] [TT1]).

Lemma 2.2 Let i be a probability Borel measure on RY. Consider E C RY
with p(E) > 0.

(i) If there exists a constant ca > 0 such that

sup D% (z) < ¢,
zeE

then DimFE > q.
(i1) If u(E) =1 and there exists a constant c3 > 0 such that

inf Dii(x) > cs,

then DimFE < q.

We will use ¢, ¢o, - - -, K1, K3, - - - to denote unspecified positive constants.

They may be different from line to line.

3 Packing dimension and Holder functions

In this section, we first construct a compact set ' with dimF < DimF and
then show that the packing dimension of the image of E under any Holder
function of order « is strictly smaller than 1DimE. This proves that (1.5)

does not hold in general. We start with the following lemma.



Lemma 3.1 Gwen 0 < a <1 and 0 < 8 < 1, there exist two sequences of
positive numbers {6} and {ni} satisfying

Op—1= 27711%7 (3.1)
mims...my < 5,;2_(k+1), (3.2)

where my, = [(%)ﬂ] and [z] is the integer part of x.

Proof. We choose 8; and 7, inductively. We take &, € (0,1) and 5, =
(%5O)ﬁ; then we choose 0 < &; < 7; such that

my S (51_2_2.

Suppose that 7y, -+, 7,_1; 1, -+, d0p_1 have been chosen and that they satisfy
(3.1) and (3.2). We first take

1

1 -8
77n - (5&1—1)

and then we can choose 9, < 7, such that
Mg - - -y, < 5;2*(114—1).

By induction, we obtain the two sequences {0} and {n;}. O

Let {6k}, {ne} and {my} be the sequences in Lemma 3.1. We construct
a generalized Cantor set E C [0,1] in the following way.

Let Fy = [0,1] and let E; be the union of m; closed subintervals of
[0,1] of length §;, which are arranged in such a way that the distance (or
gap) between any two of them is at least ;. This is possible since mq () +
d1) < 1. At the second stage, each interval I;; of E; contains my closed
subintervals I;;, of length d, with gaps at least 7,. This is possible since
ma(n2+902) < 61. Let By = Uj"L, U2, I 5,. Suppose now that E,_; has been

constructed, E,_1 = UL, -+ U Ly, . Since |L, .., | = 0,—1 and by
(3.1), we have m,,(n,+9,) < d,_1, so we can construct m,, closed subintervals
L., (in =1,---,m,) of length 6, and gaps at least n, in I,..; ,. We set
E, = UZ“:1 .- Uiy I .., - Continuing this process, we obtain a decreasing

sequence { F, } of compact subsets of [0,1]. Let E =N, F,; then E C [0, 1]

is compact.



Lemma 3.2 Let F be the compact set constructed above. Then
dimFE = 0, DimFE > g.

If for each n and each I;,..; ., the gap between each consecutive interval

1;,..;, equals to n,, then DimE = (3.

Proof. For any k > 1, E can be covered by myms - --my intervals of

length §;. By (3.2), for any v > 0,
my - - -myo) < 5,;2_(k+1)+7 — 0, as k — oo.

This implies that dimE < «. Since v > 0 is arbitrary, we have dimFE = 0.
On the other hand, for any 6y < € < 1, we have

N(E,G) =mimsg---Mg,

Thus by Lemma 3.1, we have

log(my - - - my)

A(E) > limsup

k—00 — log
1 R |
— limsup ogmy +1 + log my,
k—00 — 108 Tk
= .

Since A is uniform on F, it follows from Lemma 2.1 that DimFE > §.
To prove the second conclusion, we define a measure ¢ on E by distribut-
ing mass to E,. We start with n = 1. For each 4, we define o(I;;) = mi". In

general, for each interval [;,..;, in E,, we define

o(Ly.,) = (mimg - - -my,) ™"

and o(R\F,) = 0 for n > 1. Then by the mass distribution principle ([F]),
o can be extended to a Borel measure on R with ¢(E) = 1. For any z € E
and any r € (0, %), there exists an n > 1 such that 0, < r < d,_;. Consider
first the case §,, < r < n,. Then B(z,r) contains exactly one interval of E,.

By (3.1) and (3.2) we know that for any € > 0, if » > 0 is small enough (that



is, if n is large enough),

O'(B(JS, T)) = (mlmZ te mn)_l
> 0n
_ 2B
> ng-i-e
> pbte, (3.3)
Consider the second case 1, < 1 < 0, 1. Then B(z, ) contains at least nn_’; i
intervals from F,,, so that
o(B(z,r)) > r (mym. my)~"
T s,
1 _ T \1_
2 E(ml"'mnfl) 1.(_)1 /3.7"5
n
1
> pfte (3.4)

2
where the last inequality follows from (3.2). Combining (3.3) and (3.4), we

have
1
DPe(z) > (5)1+ﬂ+6 for every z € E .
By Lemma 2.2, DimFE < 3+ €. Since € > 0 is arbitrary, we have DimFE < (3.
Therefore DimFE = 3. O

Proposition 3.1 Let E be the compact set in Lemma 3.2. Let 0 < o < 1
and f :[0,1] — R? satisfy a uniform Hélder condition of order . Then

: pd
Dim/(E) < ad+ 3(1 - ad)’

(3.5)

Proof. For any € > 0, there exists an n such that J,, < e < d,,_1. Since
E C E,, by the Holder continuity of f, f(E) can be covered by mymg - --my,
balls of radius €*. On the other hand, E C E,_; and f(F,_;) is contained in

the union of m; - - -my,_; balls of radius 6%_,. Hence

On—
N(f(E),6a) S min{mlmg---mn, mq ---mn_lKl( !

)"}
1

< mp-cMpy g min{(—)ﬂ, Kle’“dm(ll’ﬂ)ad}, (3.6)

n




where K is a constant depending only on d. For any 0 < # < 1, we have

: 1 —a —B)a 1
mln{(n—)";Kl6 Ty T} < (—

n n

< KQG_(1_g)adng_g)ad—a(adwu—ad)) (3.7)

)ﬁa . (Kle—adm(ll—ﬁ)ad)l—e

If we take
(1= p)ad
 ad+ B(1 - ad)’

then by (3.7) and (3.2), (3.6) is less than

(1-8)ad

IN

K2m1 e mn_le_
—27" —(1-8)ad
Kzén—l - €

K3(€a)—((1—0)d+2—")_

VAN

IN

This proves that
Bd
ad+ B(1 — ad)’

A(f(E)) <

and hence (3.5). O

Remark. If for any € > 0, f : [0,1] — R satisfies a uniform Holder
condition of order o — ¢, (3.5) still holds. Applying this to fractional Brow-
nian motion X (¢) (¢ € R) of index a in RY, we see that, if 1 > ad, then
Dimf(E) < £DimFE. Hence (1.5) does not hold in general.

4 Packing dimension of fractional Brownian

motion

Let X(¢)(t € R) be a fractional Brownian motion in R? of index «. In this

section, we prove that, if 1 > ad, then for every compact set £ C R, we have

DimFE - d
DimX (F) > . S.
X ( )_ad+DimE-(1—ad) a9

The result can be extended to the case of N > 1.
We need the following lemma. A compact set E, is called a Cantor-type
set if F, = N>, E,, where
Fp = UNe Uyt

=1 "

(n:LQ,...)

Lewvin



is a decreasing sequence of compact sets and for each n > 1, I;,..;, (i, =
1 N,

ir.i,_, ) are disjoint closed subintervals of I;

sty 1ovin_1 -

Our next lemma may be known, but we can not locate a proof: we believe

it is of independent interest.

Lemma 4.1 Let E C R be compact. For any v < DimFE, there exists a
Cantor-type set £, = N;2 B, such that E, C E and DimE, > ~.

Proof. Fix v <+ < DimFE and let
F ={I:1 is a rational closed interval with Dim(/ N E) < +'}.
Then F is countable and by the o-stability of Dim, we have
DimF = DimF,
where F' = E\ Ujer I. Observe that for any = € F and for any r > 0,
Dim(F N[z —rx+r]) >~ (4.1)

Since A(F') > DimF > v/, there exists an 0 < 7y < (%)% such that

N(F,m) > (%)7.

Let xq,- -,z N, be Ny = [(%)7]—%1 points in F' with |z;—x| > 2n, for j # k. If
we choose 0y < 170, then the intervals I;, = [z;, — 0o, zi, + 6] (11 =1, -+, Np)
are disjoint and by (4.1)

Dim(FN1I;) >+ forevery 1<i; <N. (4.2)

Let By = U}, I;;; by (4.2), for each 4; we can choose 0 < 7;, < 7o such that

1
N(F A Tym) > (), (43)
71
Let Nil = [(%)’Y] + 1, there exist Nil points Tiqio (12 = ]_, ey, Nz1) in F'N Iil
i1
such that |x;,; — z;x| > 2n;, for j # k. For each ¢, if we choose §;, < inil,
then the intervals

Iiliz = ["Eili2 - 5i1a$i1i2 + 611]

9



are disjoint (in order to have [;;, C I;, for every 1 < iy < NV;,, we may have
to delete two intervals which intersect R\I;,. Since this ambiguity does not

affect the conclusion of Lemma 4.1, we will not clarify it) and

Dlm(F N Iiliz) > ’yl. (44)

Let Fy = Uﬁ‘;l Ugi:ll 1;,;, be the union of N, = Hﬁ(’zl N;, disjoint closed
intervals. Suppose now that F,_; has been defined as a union of N,,_; disjoint

closed intervals I;,..;,_, of length 26;,..; _, with gaps at least 7;,..;,_,, and
Dim(FNI..i,_,) >~ (4.5)

Now fix an interval I;,..; _,; by (4.5), we can choose 0 < Dy.ip_y < Moy

such that

1 Y
N(Fﬂl’il"'in—ﬁnil"'in—l) > ( ) .

My vin—1

Let
1

Niji, = [( )7] + 1

then there exist N;,..;,_, points @;,..i,_yi, (in =1, +, Njyipy_, ) in FNOIL 0,
such that for j # k,

Niy-vin_1

|xi1---in,1j — xil...in71k| 2 27']1'1...1'”71.

For each ¢y - - -4,_1, we choose d;,..;,_, < inil"'in—l so that the intervals
Iil"'inflin = [‘/Llil'"inflin - 51'1...%71, Ly bpy_1in + 51'1...1'"71]

are disjoint and
Dim(F N Iir--in—l’in) > ’)/’.
Let

_ No Nil Nil"'infl
E,=UN, U, -y L.

=1 in=1
In this way, we obtain a sequence of decreasing closed sets {E,}. Let E, =
Mo, By, then E, C E is a Cantor-type compact set.
To estimate the lower bound of DimFE,, we define a Borel measure ¢ on
R with o(F,) = 1. For each interval I;; (i; =1,---, Np), we define

U(Ii1) = N(;l

10



Supposing that o(l;..;,_,) has been defined for each interval in E,_;, we
define
O'(I“Zn) = U(Iil...in_l)N-ﬁl (Zn =1,---, Ni1--'in—1) .

Finally for each n > 1, define 0(R\E,) = 0. Then o can be extended to a
Borel measure on R with o(E,) = 1. Now for each t € E.,, there exists a

sequence i = 414y - - -4, - - - such that

{t =iy diy i,

and
OBt hin ) < 0Tt ) Wi,
Thus B T "
gt G <t T e

By Lemma 2.2, we have DimE, > . O

Remark. By the construction of E,, we can choose n's satisfying

—ad ad(1—) 1
Tlilu-i’n—l . Thlln’y m , (4.6)

IN

Now we are in a position to prove the main result of this section.

Theorem 4.1 Let X (t)(t € R) be a d-dimensional fractional Brownian mo-
tion of index o (0 < a < 1) and 1 > ad. Then for any compact set E C R,
with probability 1,

DimE - d
DimX (E) > m

. 4.
~ ad+ DimFE - (1 — ad) (4.7)

Proof. For any v < DimF, let E, C E be the Cantor-type set in Lemma
4.1 with n's satisfying (4.6). It suffices to prove that with probability 1,

. vd
DimX (E,) >
mX(Ey) 2 ad+ (1 — ad)

Let o be the Borel measure on R constructed in Lemma 4.1 with o(E,) =
1 and let p be the image of o under X (¢)(¢ € R). Then u is a random Borel
measure in R and p(X(E,)) = 1. Set § = M. For any ¢t € E,, there

exists an index i = 41ig-- -4, --- such that for any n > 1,t € I, For a

1eevip -

11



fixed n > 2, let j = j1---jn,_1 be the sequence of indices of the intervals in
the (n-1)th stage of the construction of E,. Then

p(BEW. i, ) = Lols € I 1X() = X < 0l )
J
=o{s€l;.i ,:|X(s)—X(@)| < nfl,,,in_l}
+ % olse i IX() - X0 <nh, )

J#irin—
N.

i1-rip—1

= > o{s €Ly 1 [ X () = X(OI < 0y}

Jn=1
+ Z ofs € I 1 X(s) — X(t) < nfl___inil} .
JAi1 a1
Observe now that

od

7711 Zn 1
P{|X(s) = X()| <}, } < U5 — tJod -

Hence

Eu(B(X(t), nfl...in_l))
”-1 ip—1

- X [ PUX(E) - X <1, Jo(ds)

Jn=1 Tiyin _1n
+ ) / P{X(s) = X ()] <nf,..q,_, Yo (ds)
., I
JFi1in_1 )
cinbd
Li..q,) + Z lnzruznila(ds)

Jnin * Litin_1in |8 - t‘ad

C
+ Y / Uiy o(ds) . (4.8)
i |3_t|ad

By using the lower bounds for |s — t|, we get upper bounds for the integrals
n (4.8), so that (4.8) is less than

Nigjig_q (1= d) 1
Y o
Mg ey 1 +2¢ Z 7711 ‘in-1  -ad .O-(Iil"'infljn)
jnzl ]n

ad+vy(1—ad)

o B R o(h)
j#il"'in—l 7711 “Ip—2

12



n{ld(1—7)
< iy [1 et NS e Y Sl o(T)

P11 nqd ]
Jirino1 Tin=2

v
< C3Miyeiy -

where (4.6) is used to get the last inequality. By Fatou’s Lemma, we have

L u(B(X (1))
E(lnril)lglf @) > < c3.

Hence by Fubini’s theorem, with probability 1,
Di(X(t) <o, oa.e tek,.

For k > 1, let B (w) = {t € E, : Q,% (X (t)) < k}, then with probability 1,
for k large enough, o(E,x(w)) > 0. By Lemma 2.2, we have

DIimX (E,;(w)) > % a. s.

Hence

. vd
DimX(E) > .
mX(E) > ad + (1 — ad)

Since v < DimF is arbitrary, this proves (4.7). O
Combining Proposition 3.1 and Theorem 4.1, we obtain the following

corollary.

Corollary 4.1 Let X (t)(t € R) be a d-dimensional fractional Brownian mo-
tion of index o (0 < o < 1) and 1 > ad. Let E be the compact set in Lemma
3.2. Then with probability 1,

DimE - d
DimX (E) = .
mX(E) = o DimE - (1 = ad)

Remark. It follows from (1.1) and Theorem 4.1 that if 1 > «d, then for
any Borel set £ C R, with probability 1,

DimFE - d
. 4.9
ad—i—DimE-(l—ad)} (4.9)

DimX (FE) > max{min{d, ldimE};
e

The lower bound in (4.9) reduces to (1.2) when dimF = DimFE, to Theorem
4.1 when dimFE = (. It is natural to ask whether the lower bound in (4.9)

can be improved when 0 < dimF < DimFE. The following example shows

13



that the answer is negative. Let E; be the compace set in Lemma 3.2 and
let E, be a subset of R with

DimF; - ad
ad + DimFE); - (1 — ad)
Let E = F1UF,, then dimF = dimF,, DimFE = DimFE; and with probability
L,

DimX(F) = max{DimX(F,); DimX (E;)}
DimFE - d
ad + DimE - (1 — ad)
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