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Abstract

Let X = {X(t),t > 0,P*, 2 € G} be the Brownian motion on the Sierpinski gasket G.
We prove that there exist two positive constants ¢ and C such that for every z € G,
P?-a.s. for all t € [0,00), we have ¢t < ¢-m(Gr(X]0,t])) < Ct, where GrX([0,t]) =
{(5,X(s)) : 0<s <t} is the graph set of X,

cp(s) — 81+log3/10327log3/1035(log log 1/8)1033/10g5, s € (07 1/8]

and p-m denotes Hausdorff p-measure.
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1 Introduction

In recent years, there has been an increased interest in studying diffusions on fractals,
(see Barlow [1], Kigami [16] and references therein). Initial interest in the properties of
diffusion processes and random walks on fractals came from mathematical physicists work-
ing in the theory of disordered media. Goldstein [12] and Kusuoka [19] first constructed
Brownian motion X on the Sierpinski gasket G, a connected fractal subset of R%. Barlow
and Perkins [2] have systematically investigated the properties of X. They showed that
the process X, like the standard Brownian motion, is a strong Markov process with a con-
tinuous symmetric transition density p(t,z,y) with respect to the normalized Hausdorff
measure on G. Barlow and Perkins [2] also studied the existence and joint continuity of
local time of X and proved a result for the modulus of continuity in the space variable for
the local time process.

Since X = {X(¢),t > 0,P*,z € G} is a special fractional diffusion introduced in
Barlow [1], by Lemma 3.27 of [1], dim, {X(¢) : 0 < ¢ < 1} = dim, G = log 3/ log 2, where
dim, denotes Hausdorff dimension. Furthermore, since X is point recurrent, it follows
that 0 < s°83/182 (X (#) : 0 <t <1} < oo, P*-a.s. for any = € G. This suggests that
X has a local time process. Indeed, Barlow and Perkins [2] proved that there is a version,
{L¥, t > 0,z € G}, of the local time, which is jointly continuous in (¢, z) and satisfies the
following occupation density formula: for any measurable function g on G,

/ (X (s))ds = | st rtutas),

log3/1og2_measure on G. They further established

where 4 is a multiple of the Hausdorff s
the following modulus of continuity for L} in the space variable z: for every N > 0 there

exists oy (w) > 0 such that

1
|LY — LY < Ci|z — y|5(dw7df) log

ift<N and |z —y| <dn(w),
|z =yl
where C7 > 0 is an absolute constant, d, and d, are the Hausdorff dimension and the
walk dimension of G, respectively. See Theorem 1.11 in [2]. Based on these results, Zhou
[38] evaluated the Hausdorff measure of the level sets of X.

In this paper, we consider the Hausdorff measure of the graph of X, Gr(X]0,t]) =
{(5,X(s)) : 0 <s <t} Thisis a random subset of R, x G. Our main result is the
following theorem.

Theorem 1.1 Let X = {X(t),t > 0,P*,z € G} be the Brownian motion on the Sierpiriski
gasket G, o(s) = s'H1og3/log2-log3/log5 (140 ]0g %)log 3/log5 5 ¢ (0, %] Then there exist two



positive and finite constants ¢ and C such that for every x € G, P*-a.s. for all t € (0,00),
we have
ct < p-m (GrX([0,4]) < Ct,

where p-m denotes Hausdorff p-measure.

Many authors have investigated the problem of determining the exact Hausdorff mea-
sure functions for random sets associated with Lévy processes and Gaussian processes.
While the argument for obtaining lower bounds using a density theorem of Rogers and
Taylor [28] has become quite standard, the proofs of the upper bounds are often more diffi-
cult. In the following, we list some related references. The Hausdorff measure of the range
and graph of Lévy stable processes were evaluated by Taylor [31], Jain and Pruitt [14] and
Pruitt and Taylor [27], respectively. Their arguments for proving the upper bounds rely
heavily on some special properties of Lévy processes such as stationary and independent
increments, and results on hitting probabilities. To be more precise, in order to construct
an economic covering for the range or graph of X, Taylor [31] (see also [32]) classified the
points in the state space into “good” points and “bad” points, according to the sojourn
times of the process near these points. Results on hitting probabilities are used to estimate
the number of dyadic cubes that contain bad points. See Taylor [33] for an extensive sum-
mary of related results and techniques. Corresponding problems for fractional Brownian
motion (FBM) were studied, using general Gaussian techniques, by Goldman [11], Tala-
grand [30] and Xiao [35, 36, 37]. In constructing economic coverings of the trajectories of
fractional Brownian motion, Talagrand [30] divided the points in the parameter space into
“good” times and “bad” times according to the local asymptotic behavior of FBM at these
times. The advantage of Talagrand’s approach is that no results on hitting probabilities
of fractional Brownian motion, which are difficult to establish due to the fact that FBM
is not Markovian, are needed. On the other hand, Talagrand’s argument does not apply
to processes with discontinuous sample paths such as Lévy processes.

Since Brownian motion X on the Sierpiniski gasket G has continuous sample paths,
we have found that Talagrand’s approach is more convenient to use than that for Lévy
processes. In particular, for evaluating the Hausdorff measure of the sample paths of
X, there is no need to study hitting probabilities of X first. Furthermore, the Markov
property of X makes it possible for us to adapt an argument of Taylor [31] to prove the
key estimate (i.e. Lemma 3.3) in a simpler way than that in Talagrand [30].

From Theorem 1.1, we can get the following corollary immediately.

Corollary 1.2 Let X = {X(t),t > 0,P*, z € G} be the Brownian motion on the Sierpinski
gasket G. Then for any t > 0, we have

dim,, (GrX ([0,4])) = 1 + 283 _ log3

log2 logh



Remark 1.1 In light of Theorem 1.1, it is of some interest to ask the following question:
Is there a positive and finite constant C' such that for every z € G,

o-m (GrX([0,t])) =Ct for allt € (0,00), P*-a.s.?

We have not been able answer this question. For the Hausdorff measure of the range of
Brownian motion, P. Lévy [20] suggested that the problem can be reduced to Kolmoro-
gorov’s zero-one law. Taylor and Wendel [34] gave a nice and simple argument for any
Lévy process X, using the observation that ¢-m (X ([0,t])) is again a Lévy process with
continuous and increasing sample paths. Takashima [29] considered the problem for the
Hausdorff measure of the range of an arbitrary ergodic self-similar process, but there seems
to be a gap in the last part of his proof of Proposition 5.1 on page 185'. g

Remark 1.2 Even though in this paper, we only consider Brownian motion on the
Sierpinski gasket, Theorem 1.1 can be extended to Brownian motion on the nested fractals
without difficulty. O

For the sake of convenience, one usually introduces the notations:

_ log3 _ loghb _ 2log3 1

dp = 8% g 08> , 20085 __ 1
7" log2” ™ log2’ log5’7 dy

Following physics literature, we call ds; and d,, the spectral dimension of G and the di-
mension of the walk, respectively.

We shall use C,Co,...,C51 to denote unspecified positive constants.

2 Preliminaries

In this section we recall briefly the definition of Hausdorff measure and some basic
facts about Brownian motion on the Sierpinski gasket. For more information we refer to
Barlow [1], Barlow and Perkins [2], Falconer [9] and Mattila [25].

Let @ be the class of functions ¢ : (0,d) — (0, 1) which are right continuous, monotone
increasing with ¢(0+) = 0 and such that there exists a finite constant K > 0 for which

$(2s)
b(s)

For ¢ € ®, the ¢-Hausdorff measure of E C R? is defined by

¢-m(E) = lireri)iglf{ Ei:qs(m) . EC i:LJlB(wi,ri), ry < e},

1
<K, for O<s<§5.

! This was observed by Yueyun Hu of Université de Paris VI in 1998.



where B(z,r) denotes the open or closed ball of radius r centered at z € R?. The Hausdorff
dimension of E is defined by dim, E = inf{a > 0: s*m(E) = 0}.
For any Borel measure v on R? and ¢ € ®, the upper ¢-density of v at z € R? is

defined by (Bla.7)

_ . v(B(z,r

Do) = Hmsue =gy
Lemma 2.1 below, which gives a way to obtain a lower bound for ¢-m(FE), is derived from
a density theorem for Hausdorff measure due to Rogers and Taylor([28]).

Lemma 2.1 For a given ¢ € @, there exists a positive constant K such that

¢-m(E) > Kv(E) inf {B(2)} .

In the following, we shall give the definition of the Sierpiriski gasket G. Let ey = (0,0),
e1 = (1,0) e3 = (1/2,v/3/2), Fy = {eq, e1, €2}, Jo be the closed convex equilateral triangle
with vertices eg, e1, es. Define inductively

Fn+1:FnU(2nel+Fn)U(2ne2+Fn)7 ’I’L:O,].,2,"'.

Now let G = U,,_g Fn, Gi be the reflection of Gj in the y-axis, Go = Gj|JGy. For
any n > 1, let G, = 27 "G, and denote G = |U,—(;Gn- Then G = cl(G) is called
the (unbounded) Sierpiriski gasket, where cl(A) is the closure of set A. The Hausdorff
dimension of G is equal to dy, (see [13]). Let GO be the graph with vertices Gy and with
an edge between z and y in Gy if and only if |z — y| = 1 and the line segment joining x
and y is contained in G. For any n, let G = 2—G0),

Definition 2.2 A C R? is called an n-order triangle if A is a translation of 2~ "Jy and
whose vertices are three neighboring points in G™.

Let p be the Borel measure whose support is G so that u(A) = 37" for any n-order
triangle A. Then y is a multiple of the Hausdorff s%/-measure on G; cf. Lemma 1.1 in
[2] or Remark 3.3 in [1]. Hence p has the following property: there exist two positive and
finite constants c; and co such that

c1p¥ < (G N B(z,p)) < cp¥ forall z€ G, p>0. (2.1)
Lemma 2.3 below is from Barlow and Perkins [2] and will play a key role in this paper.

Lemma 2.3 Let X = {X(t),t > 0,P*,z € G} be the Brownian motion on the Sierpiriski
gasket G, then it has a continuous symmetric transition density p(t,z,y) with respect to
. Furthermore, there exist positive constants cs,...,cg such that

— | Gw 1 — yylGw 1
63t—ds/ZeXp{_c4(|x tyl )dw-l}Sp(t’m’y)SCst_dS/zeXp{_cﬁ(lx tyl )=

for any (t,z,y) € (0,00) X G x G.



Applying Lemma 2.3, Barlow and Perkins [2] (see also Barlow [1]) derived various
sample path properties of X. We will make use of the following two lemmas. For their
proofs, see Theorem 4.3, Corollary 1.7 in [2] or Theorem 2.28 in [1].

Lemma 2.4 There are positive constants cs, . ..,cg such that for all x € G and all t,d €
(0, 00),

c5 exp{—co(5t77) 77} < PP{|X(t) — X (0)] > 6}

< W{ sup |X(s) — X(0)| > 5} < o7 exp{—c(5-1) T},
0<s<t

where v = 1/d,,.
Lemma 2.5 There are positive constants cg and cig such that for all z € G,

¢ <lim sup O =XO|_
=] 0<s<t<T h(|t - S|) - ’
[t—s|<d

for all T > 0 P®-qa.s., where h(t) = t"(log1/t)} 7.

We also need the following scaling relation of X = {X(¢),¢ > 0,P*,z € G}; see Remark
2.22 in Barlow and Perkins [2] or (2.13) in Barlow [1]. Let C([0,00),G) be the space of
all continuous functions f : [0,00) — G.

Lemma 2.6 For any z € G and all Borel sets A C C([0,0),G),
]Pﬂ{QX(%) € A} = P% [X(o) € A}

Hence the Brownian motion on the Sierpinski gasket is a semi-self-similar Markov process
with semi-self-similarity index v = log2/log5. We refer to Maejima and Sato [26] for
recent results about semi-self-similar processes.

3 Some Technical Lemmas

In this section, we establish some technical lemmas which will be useful for proving
Theorem 1.1.

For any t > 0, 0 < p < t, define
+o0
Ti(p) = /0 X{|t—s|<p, | X (t)-X(s)|<p} 5>

6



where x 4 is the indicator function of the set A. T;(p) is the sojourn time of the space-time
process {(s, X(s)), s > 0} in the closed set [t — p,t + p| x B(X (), p)-

Lemma 3.1 There ezists a constant C1 > 0 such that for all z € G and t > 0,

. Ty(p)
im sup —-
=0 pl=5 41 (loglog 1/p)

<y, P*-as.

ds —
2

Proof The proof is based on the moment argument. For any positive integer k and
z €,

. t+p k
E* [Ti(p)]" = IE””( /t_p X{|x<t)—x(s)|5p}d3)

t+p k

ok—1 E® / _x(s)<ppds) +EZ /
{ ( ] X{|X(#)—X(s)|<p} ) ( p

=: 2k_1{11+12}.

By using the Markov property and Lemma 2.3, we derive

t+p t1 te—1 k
L = k'IE””(/t dtl/t dt2---/t dtkHX{\X(tj)—X(t)\Sp})

j=1
t+p t1 te—1
= k"/ dtl/ dtQ---/ dtk/ ---/p(t,x,xl)p(tk—t,xl,xg)
t t t G G
k

Xp(te—1 — t, T2, 73) -+ P(t1 = b2, Ty Bht1) | [ X1y s1—o11<pp (A1) -+ p(dTsn)
j=1

t

AN

X{\X(t)—X(sns/a}dS)k}

k

ko ke [TF h bt ds /2
02]{2! pf / dtl/ dto - - / H(tj — t]'_|_1)_ s/ dty (tk+1 = t), (31)
t t t .
7j=1

IN

where in obtaining the last inequality, we have also used inequality (2.1) and the fact that
pr(ta'T, fl?l)ll(dxl) =1

We also need the following identity, which can be proved by using induction on k£ and
elementary calculation. For all k > 1 and 0 < b; <1,

1 t1 tp—1 K H'?_l T'(1 - b;)
dty | dty- / (ti —tiy1) Vdty = —1= (tepr == 0). (3.2)
/0 0 0 ]1;[1 7o F(1+k—2§:1 b;) *
By a change of variables and the identity (3.2), we obtain from (3.1) that

k

1 t tp—1
L < Cé“k!P(ldS/de)k/ dty dtz"'/ [ = ti) % du
0 0 0

j=1
= O R pU=ds/20dpk (D(1 — dy/2))F (D((1 — ds/2)k + 1))
< Cg p(l—ds/2+df)k (k!)ds/Q_



In the above, the last inequality follows from the Stirling’s formula.
In the same way, we have I, < Ckp(1=ds/2+ds)k(E1)ds/2 Thys, for every integer k > 1,

E” (T}(p))* < Ol =/2Ha)k (1), (3.3)

It follows that there exist positive and finite constants Cg and C; such that

Ex{eXP [CG (Tt(P)P_(l_%Serf)) i ]} < Cr.

This can be derived by expanding the exponential function, and then estimating the
individual terms by using Jensen’s inequality and (3.3). Thus for any a > 0, we have

Px{Tt(p) > pl=ds/2+d; ads/z} < C7exp(—Cga). (3.4)

Now for any fixed ¢t > 0, let b > 0 be a constant whose value will be determined later. It
follows from (3.4) that

Pw{Tt(efn) > bds/2€fn(17ds/2+df)(log log en)ds/g}
<Cy eXp{ — Cgblog n} = Cyn~C6b,

We take b > 0 such that Csb > 1, so that Y 2, n~%® < co0. The Borel-Cantelli lemma,
together with a standard monotonicity argument, yields

T;
lim sup (p) T < bds/2el—ds/2Hds  PT _ g g
p—0  pl=ds/2+ds (loglog 1/p) s/

This finishes the proof of Lemma 3.1 with C; = b%/2el=ds/2+dy O

The following lemma gives upper and lower bounds for the small ball probability of
X, which will be essential in proving Chung-type laws of the iterated logarithm for X and
the upper bound in Theorem 1.1.

Lemma 3.2 There exist constants Cg > 1, & > 0 such that for every 0 < & < & and
every ¢ € G, we have

exp{~Co¢ ™/} <P*{ sup |X(1) - X(0)] < ¢} Sexp{-C5'¢™},  (3.5)
0<t<1

log 2
log5 -

where v =



Proof We divide the proof into two parts.

(1) Lower Bound: By Lemma 2.3, we see that p(1,z,2) > c3 for every z € G and,
furthermore, there exist positive constants Cp and §; such that for all z, y, z € G with
|z — z| < 61 and |y — 2| < 01, we have p(1,z,y) > Cio. Therefore, it follows from (2.1)
that for any z, z € G such that |z — 2| < 4y,

d
PHIX(1) —2 <61} = [ p(L,7,y)u(dy) > Croerd’ = O,
{yeG:|ly—z|<d1}
On the other hand, Lemma 2.4 implies that there exists a constant r > 0 such that for
any z € G,

1
IP"”{ sup |X(t) — X(0)] > r — 51} <3Cu.
0<t<1

Hence for any z, z € G, if |z — z| < d1, we have
e sup |X(8) =2 <7, |X(1) — 2 <6 }
0<t<1

> PH{|X(1) — 2| < 61} — P‘”{ sup X (1)~ 2| > r}

1
> P{|X(1) - 2| < &1} - P sup |X (1) ] 27 o} > SCi. (3.6)

For any s > 0, let J; = o(X () : 0 <t < s) be the o field generated by the random
variables X (t), 0 <t < s. We observe that for all k > 1 and z € G,

IP’Z{ sup |X(t) — X(0)] <r}

0<t<k
ZIP’Z{ sup |X(t) —z| <ry..., sup |X(t)—z|<r,
0<t<1 k—1<t<k

IX(1) — 2| < 6,...,|X(k) — 2| <5}

= F* [pZ{ sup |X(t) —z| <r,..., sup |X(t)—z2|<m
0<t<1 k—1<t<k

(1) = 2] < 1, [ XE) — 2l < 111}

k—1
= [H 1 sup [X() =zl <r, [XG)—2] <df
e G

xIP’X(kfl){ sup |X(t) —z| <r|X(1) -2 < 51}]’
0<t<1

where 1(A) denotes the indicator random variable of event A and the last equality fol-
lows from the Markov property. Applying (3.6) to the conditional probability above and



repeating this procedure, we have

1@2{ . 1X(£) — X(0)] < 7‘}

1
> -Chy pz{ sup |X(t) —z| <r,---, sup |X(t) -2 <
2 0<t<1 k—2<t<k—1

X(1) = 2| < 61,0, [ X (k= 1) — 2| < &1 }
1 k
> > (5C0n) = exp(—log(Cui/2) k). (3.7)

Let &, = r/2. For any ¢ € (0,&1), choose n = n(¢) > 1 such that r/2"t! < ¢ < r/27.
By Lemma 2.6 and (3.7), we see that for every z € G,

&L XL r
e{ sup 1X(0) - XO)| <&} 2 B swp 1X() = X(O0)] < 7}

- p?”“w{ sup |X(t)—2“+1x|<r}
0<t<5ntl

> exp(—log(Ci11/2) 5"t1) > exp(—Cr26 /7). (3.8)
In the above, note that 2"tz € G.
(2) Upper Bound:
By Lemma 2.3, we can choose 0 < do < 1 such that for all z € G,

N = Pw{|X(1) — X(0)| < 252} <1 (3.9)

Let &y = min{¢;,d2}. Then for any & € (0,&), there exists an n = n(£) > 1 such that

2311 <é< g—i. By Lemma 2.6 and the Markov property, we have

T T 2
p{ s 1X() - XO) <€} < { swp X(0) - X(0)] < g}

:]p?”w{ sup | X(t) — 2"z <52}
0<t<5n

<P {|X(j) - X(j - )| <28, j=1,...,5"}
S ’r}5n S exp(—Clg 5—1/’)/)' (310)

Take Cy = max{C1a, C3'}, we see that (3.5) follows from (3.8) and (3.10). This completes
the proof of Lemma 3.2. O

In recent years, there has been a lot of interest in studying the small ball probabilities
of stochastic processes. More precisely, let Y = {Y'(¢), € RV} be a stochastic process
with values in R%, and let

|Y[|= sup [V(2)],
te[0,1]N

10



the small ball problem is to investigate the asymptotic behavior of log P{||Y|| < €} when
€ goes to 0. In contrast to the study of large deviations, small ball probabilities can only
be determined for a few special examples of Y such as Lévy stable processes and certain
Gaussian processes. We refer to the survey papers of Li and Shao [22] and Lifshits [24]
for more details about small ball probabilities and their applications.

Since Lemma 3.2 only gives upper and lower bounds for the small ball probability of
X, it is natural to ask the following
Question 3.1: For every z € G, does the limit

lim £/ log ]P"”{ sup |X () — X(0)] < 5} exist? (3.11)
£€—0 0<t<1

Bertoin ([6], p. 220) gives a nice proof for the existence of the limit (3.11) for Lévy
stable processes. However, that proof uses special properties of Lévy stable processes
such as the self-similarity and hitting probability estimates. For Brownian motion on the
Sierpinski gasket, the same argument and Lemma 2.6 only yield that the limit

lim 27"/71log sup ]P’I{ sup |X(t) — X(0)| < 2_”} exists.
n—oo lz| <2 0<t<1

Other possible techniques for proving the existence of limit in (3.11) include the meth-
ods using Laplace transforms (Kac [15]), subadditivity (see, for example, De Acosta [8]
and Kuelbs and Li [17]), correlation inequalities for Gaussian processes (cf. Li [21] and Li
and Shao [22], Section 6) and the renewal theorem (cf. Li, Peres and Xiao [23]). But the
last three arguments require the considered processes to have the unimodality property
and, hence, do not seem to work for Brownian motion X on the Sierpinski gasket.

We should mention that the large deviations and short time asymptotic behavior of
Brownian motions on the Sierpinski gasket or the nested fractals have been studied by
Kumagai [18], Fukushima et al [10] and Ben Arous and Kumagai [5]. In particular, Ku-
magai [18] have applied the renewal theorem in studying the short time behavior of the
transition density p;(z,y) of X as ¢ — 0. However, it is not clear to us whether these
arguments are related to the above small ball problem.

Denote v (t) = t7(loglog 1/t)™ and for any k > 1, let t;, = 27F°.

Lemma 3.3 There exists a constant C14 > 0 such that for every 7 > 0 and every x € G,

T<t<T+1

w(fi { sup | X () — X ()| > bq/)l(t,c)}) < exp(=Cran'/?)

for all n large enough, where b > 0 is a constant satisfying Co(b/4)~'/7 =1/3.

11



Proof For any n <k < 2n, define the following events

Dy = {w €Q: sup |X(to)— X(r,0)> bwl(tk)},

T<t<T+1g
b
Dp={we@: swp |X(t,0) - X(r,0)| > un(t)},

Tty <E<THEE 2

b
—{weQ: swp |X(t0) - X(1,0) >S9 () }.
T<E<T g 2
Then we have
2n 2n
Dy, C D,uD!, ﬂDk (ﬂ )U(UD;;)

k=n k=n

Thus for every z € G,
2n 2n 2n
pr{ D} <P{ N\ Di}+P{ U Di} = s + In.
k=n k=n k=n

For any n < k < 2n, choose m(k) such that 5=mk)-1 < ¢ < 57m(k) - Ag follows from
the Markov property and an argument similar to that in the proof of Lemma 3.2, we have

o< [Iswr{ s 1X0) -9l gpi00)

h—n YEC 0<t<tp—tr41
2n b tk
< supIP’y{ sup | X(t) —y| > —(7)7}
,;l:[nyeG ()Stsg,—m(k)' | 2 loglog 1/t
2l ¢ b t
= supIP’y{ sup 27K X (——) —2mk)y| > —omlk)(____K 7}
kl_InyEG 0<t<1| (57”(’“)) vl =3 (log log 1/tk)
b
< l—IsupIP’2 { sup |X(t) —2mk)y| > Z(loglogl/tk) }
e VEG 0<t<1
Setting
1= sup B sup (X(0) 27 Wy > 2oy
yeG 0<t<1 ~ 4 loglogl/ty” 1’
we see that
2n
I3 < H 1 —pg) <exp( Zpk>
k=n

12



By Lemma 3.2 and the fact that Cq(b/4)™1/7 = 1/3 we have

™ b
= inf P sup (X(8) — 270y < Z(loglog1/t,) "
Pk Inf, {03321‘ (t) Y| 4(og og1/tx) }

b _1
> exp ( —Co(3) 7 loglog 1/tk>
= (log2)_%k_%.
Thus for all n large enough,

I5 < exp(—Ci5n'/?).

On the other hand, it follows from the Markov property and Lemma 2.4 that for every
z e,

PO = B s X0 - X(0)] > ()}

T<t<T+Ek41
Y b
< swpP{ s [X(0) - X(0)] 2 () }
yeG  \0<t<ipp
b PV
< Cigexp ( — 017(§¢1(tk)tk11) 1‘7)
< Cigexp(—Cisk) ( for n large enough). (3.12)
Therefore for all n large enough,
2n
I, <Y PH{D{} < exp(—Cign). (3.13)
k=n

Combining (3.12) and (3.13), we have that for all z € G and 7 > 0,

2n
Pr((V{ sup [X() =X >bhr(t)}) < exp(~Cisn!’?) + exp(—Cion)
k=n

T<t<T+1),

< exp(—C14n1/3)

for all n large enough. The proof of Lemma 3.3 is finished. O

4 Chung’s Law of the Iterated Logarithm

Let X = {X(t),t > 0,P*, z € G} be the Brownian motion on the Sierpinski gasket G.
Our main result of this section is Theorem 4.1, which characterizes the local and uniform
oscillations of X. The inequalities (4.1) and (4.2) extend Chung’s law of the iterated log-
arithm and the Csorg6-Révész modulus of non-differentiability for the ordinary Brownian
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motion, respectively. See Csorgd and Révész [7].

Theorem 4.1 Let X = {X(t),t > 0,P*,z € G} be the Brownian motion on the Sierpiriski
gasket G. Then there exists a positive and finite constant Coy such that for any fixed 7 > 0
and for every x € G,

Xit)—X
02_01 < liminf sup [X(®) (_7'1)| < (Cy P*-qg.s. (4.1)
r—0 te[r,m+r] ('r/ log log'r )’y
and for any fired T > 0, there exists a positive and finite constant Co1 such that for every
z € G,

X)) —X
0511 <liminf inf sup M

<C P*-q.s. 4.2
r—0 TE[O:T]tE[T,T—H‘} (T/logri )7 =7 “? ( )

Remark 4.1 The Blumenthal zero-one law and (4.1) imply that for every z € G, there
exists a constant Ca(z) € [02—11’ C51] such that

liminf sup [X() = X(O)]

= Coo(z) P*-a.s.
r=0 4elor] (r/loglogr—1)7 (z)

We conjecture that Cas(z) is independent of z € G. A similar conjecture for the limsup
type law of the logarithm of X was made by Barlow and Perkens [2, p.580], and, to our
knowledge, it is still open.

We mention that the situation for the asymptotics of X near oo is known. By applying
a 0-1 law of Barlow and Bass [3], Fukushima et al [10] have proved that there is a constant
0 < Cy3 < 0o such that for every z € G,

X
liminf sup X ()

——— =C P*-a.s. 4.3
r—o% o<i<r (r/loglogr)? » as (43)

See also Bass and Kumagai [4] for more general results of this type. However, it does not
seem possible to adapt their arguments to the current problem. O

Remark 4.2 Tt would also be interesting to know whether there is a constant 0 < Cyy < o0
such that for every z € G,

X(t) - X
liminf inf sup M =Cy Pas. (4.4)
r—0 TE[OaT]tE[T,T—H‘] (T‘/lOg’f‘ )7

This question is closely related to Question 3.1, but perhaps it is simpler. O
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Proof of Theorem 4.1 The inequalities in (4.1) follow from Lemmas 3.2, 3.3 and the
Borel-Cantelli lemma in a standard way. Hence we omit the details.

The proof of (4.2) is also quite standard, cf. Csorgé and Révész ([7], Section 1.6). We
give it here for convenience of the reader. Without loss of generality, we assume 7' = 1.
Let K > 0 be a constant such that M = 1 — C9K 7 > 0. Denote 1o(r) = (r/logr1)7.
For each n > 1, we divide [0, 1] into 5™ subintervals of length 5~". Consider the events

Ay = { sup | X(t+k5 ") —X(k5 ") > Kypp(5 ") forallk=0,1,...,5" — 1}.
t€[0,5— "]

Applying the Markov property 5" times, Lemma 2.6 and Lemma 3.2, we deduce that

P} < [supPr{ sup [X() - X(0) > Kals™)}]

yeG t€[0,5-7]
n 5”
= [sup]P’2 z{ sup |X () —2"z| > K(log5”)_7}]
zeG t€[0,1]

< (1 -exp{—CoK " log 5"})5n
_ (1 . 5—09K*'Yn)5n
< exp(-5"").

The Borel-Cantelli lemma implies that P{4,, i.o. } = 0. Hence

X(t) - X
liminf inf  sup oD — X

<K DPas.
n—=00 7€[0,1] te[r,r+5-"] P2 (57") N

and the right-hand inequality in (4.2) follows.
To prove the lower bound, we let 8 > 1/ be a constant and, for each integer n > 1,
let h,, = 5" (log 5")~#. Consider the following partition of [0, 1]:

7; = ihy, 1=0,1...,m, = |_5"(log5n)/3J +1,

where |z| denotes the integer part of z. Let K > 0 be a constant whose value will be
determined later. It follows from the Markov property and Lemma 3.2 that for every
z € G,

Pr{ min sup [X()— X(n)| < Kiu(5 ")}
1<i<mn te(7; 7,457

< m, sup IP’y{ sup |X(t) — X(0)] < K1ﬁ2(5_")}
yeG t€[0,5-]

< my, exp ( —~ Cy 'K log 5"). (4.5)

We take K > 0 small such that Cg 'K~ > 1. Hence the last term in (4.5) is summable.
The Borel-Cantelli lemma, implies that there exists a constant Cy5 > 0 such that for every
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z e,

X(t) — X(7;
liminf min sup M

> T_a.s. .
N0 1<i<mn yernrisn) P2(577) Cy; P*-ass (4.6)

Now for any 7 € [0, 1], let 4 > 1 be the integer satisfying 7; < 7 < 7;41. We note that

sup  [X(t) = X(m)| = sup |X() - X(m)| -2 sup [X(s) - X(2)], (4.7)
te[r,7+5""] te[1;,Ti+57"] | t,s;[g,}ll]
S—1|Shn

and by the choice of 8 and Lemma 2.5, we derive

X(s) — X(t
limsup sup M

n—00  t,5€[0,1] ¢2(5_")
[s—t[<hn

=0 Pas. (4.8)

It is clear that the lower bound in (4.2) follows from (4.6), (4.7), (4.8) and a standard
monotonicity argument. This completes the proof. O

5 Hausdorff Measure of the Graph

Let X = {X(t),t > 0,P*, z € G} be the Brownian motion on the Sierpinski gasket G.
For any ¢t > 0, let Gr(X[0,¢]) = {(s,X(s)) : 0 < s <t} be the graph of X on [0,¢] and
denote

90(5) — 31+10g3/10g2_10g3/10g5(10g10g 1/3)10g3/log5, = (0’ 1/8].

Proof of Theorem 1.1 We divide the proof into two parts.

(i) Upper bound: In order to prove that there exists a finite constant C' such that
©-m(Gr(X[0,t])) < Ct P¥-a.s. for all ¢ > 0, we need to construct, for every e > 0,
an economical covering, say {E,, n > 1}, of Gr(X][0,t]) such that diam(E,) < e and
Yol p(diamE,) < Ct P*-a.s., where diamFE denotes the diameter of the set E. It will
be clear that the construction of such a covering is closely related to the oscillation of the
sample path of X. In particular, the idea of distinguishing between “good” and “bad”
points in the state space goes back to Taylor [32]. Our approach follows that of Talagrand
[30], who distinguishes between “good” times and “bad” times in the parameter space.

For any integers n > 1 and k > 0, let C, = [kty, (k+1)t,], where t, = 2", For any
t > 0, we set
A, = {cm,k i <m <2,k >0,Coy N [0,1] # (z)}.

Then for every Cy, ;, € Aj, and every integer m, n < m < 2n, there exists a unique subin-
terval Cp, jr € Ay, denoted by Coy, (m), such that Cop g C Cop (m). We denote the left
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endpoint of Cyy, 1,(m) by ton k(m).
For each subinterval Cy,, ; € Ay, we call Cyy, ; a “bad interval”, if

tm v
Sup X(s) = X(tonk(m))| 2 b 77— for all m =n,...,2n,
SEC2n,k(m)| (#) (t2n,(m))] (loglog 1/tm>

where b > 0 is the constant defined in Lemma 3.3.
If Cop i is not a “bad interval”, we define m, = m. (k) by

tm v
m:min{m:nSmSQn sup X(s) — X(tank(m <b(7>}
, LX) = Xt < Y(poport

and call Cyy, (M) a “good interval”. It is clear that all “good intervals” and “bad inter-
vals” in A,, constitute a non-overlapping covering of [0,¢]. In the following, we construct
an economic covering of GrX ([0, ¢]) using these “good intervals” and “bad intervals”.

If Cop k(my) is a “good interval”, then

tm ol
sup X(s) — X(tonk(ms« <b(7*) .
Sec2n,k(m*)| () ( " ( ))| loglogl/tm*

Let n; = n1(k) > 1 be the integer such that

t v
2—711—1 < b s 2—7‘&1 .
- (loglog l/tm*> <
Let
I, = {A : A is an nq-order triangle and AN X (Cop k(my)) # @}.

Then
X (Cong(ma)) € | A
AEFk

Since diam(X (Cop k(m.))) < 277! and diam(A) = 27™ for any nj-order triangle A,
it follows from the construction of (the unbounded) Sierpiniski gasket G that #I'y < 6,
where #FE is the cardinality of the set E.

m%—n
Observe that for every A € Ty, A = U§:1 '

thus X (Cap, k(ms)) can be covered by 6 - 3m:—n1 triangles with diameter 2-™:. Since

. 2 .
Aj, where A; is an mj-order triangle,

GI‘X(CQn,k (m*)) c C2n,k:(m*) X X(CQn,k (m*))’

we see that the graph of X on Cy, x(m,) can also be covered by 6- 3mI—™1 gets of the form
Con k(M) x A; and the diameters of these sets are at most 9 mitL,
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Since ydy = ds/2, we have
. q—n1+m?2 —m241
6-3 (2 )

t — —ds ds

< 026<$)7dftm(fft}ntdf > (loglog1/ty,,) 2

loglog 1/tm,
= C6tm,-

Y

Therefore, summing over the coverings of the graph of X on all the “good” intervals in
A, we have for n large enough,

Z 6 - 3—n1+mf(p(2—m3+2)
Conx(mx) is “good”

< Cg > tm. < Ot (5.1)
Can.x(my) 18 “good”

Here we have used the fact that the good intervals are non-overlapping.
By Lemma 3.3 and the Markov property, when n is large enough, for every x € G, we
have

P?{Con is “bad” } < exp{—Cpn'/3}.
Thus for n large enough,

1
P7{ #{Conk € An, Conye is “bad” } > 2tin2 exp(~Cun'/)} < -
2n

By the Borel-Cantelli lemma, P*-a.s. there exists ng(w) such that for any n > ng(w), we
have

#{Con s € Ap, Cong is “bad’} < 2ti n? exp(—Ciant). (5.2)
2n

On the other hand, Lemma 2.5 implies that, when n is large enough,

1\1-
diamX (Can ;) < 027t’gn(1og t—) "
2n

Now let no > 1 be the integer satisfying
1 \1=
g 2l < CQ(;tgn (log —) < 27",
ton

By repeating the argument above for the “good interval” case, we see that for each “bad”
interval Coy, , GrX(Cay k)) can be covered by

6 - 34n°—n2 (5.3)

18



sets of the form Cy, j, x A;-, where A;-’s are 4n?-order triangles. The diameters of such sets

2
are at most 274" *1,

Summing over the coverings of the graph of X on all the “bad” intervals in A, and
using (5.2) and (5.3), we obtain

Z 6 - 34n27n2 (p(274n2—|—1)
Cony 18 “bad”

t 1\ (-7 I\%
< Cog— n? exp(—Cuni) - th(log —> R (log log —) ’
t2n t2n t2n
=e€pt, (5.4)

where €, — 0 whenn — co. It follows from (5.1) and (5.4) that P*-a.s., o-m(GrX([0,1])) <
Cagt. By the continuity of measures, we see that there exists a finite constant C > 0 such
that for every z € G, P*-a.s., ¢-m(GrX([0,t])) < Ct for all ¢> 0.

(ii) Lower Bound.
For any ¢ > 0, we define a random Borel measure v on GrX ([0, ¢]) by

v(B) =A{s €[0,t] : (s,X(s)) €e B} forany BCR; xG.

Then v(R! x G) = v(GrX([0,t])) = t. It follows from Lemma 3.1 that there exists a
constant Cyg such that for any fixed s € [0, 1], P*-a.s.,

v(B((s, X (s)),p))
ds
=0 pl—%“‘df <loglog %) ’

< Cso. (5.5)

Let
E(w) ={(s,X(s)) : s €[0,t] and (5.1) holds}.

Then E(w) C GrX([0,7]) and a Fubini argument shows that v(E(w)) = ¢t P¥-a.s.. By
Lemma 2.1, we have P*-a.s. ¢ — m(GrX([0,%])) > Csit. It follows from the continu-
ity of measures that there exists a constant ¢ > 0 such that for every x € G, P*-a.s.,
©-m(GrX ([0,%])) > ct for all ¢ > 0. The proof of Theorem 1.1 is completed. O
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