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Abstract The best breakdown point robustness is one of the most outstanding features of the
univariate median. For this robustness property, the median, however, has to pay the price of a low
efficiency at normal and other light-tailed models. Affine equivariant multivariate analogues of the
univariate median with high breakdown points were constructed in the past two decades. For the high
breakdown robustness, most of them also have to sacrifice their efficiency at normal and other models,
nevertheless. The affine equivariant maximum depth estimator proposed and studied in this paper
turns out to be an exception. Like the univariate median, it also possesses a highest breakdown point
among all its multivariate competitors. Unlike the univariate median, it is also highly efficient relative
to the sample mean at normal and various other distributions, overcoming the vital low-efficiency
shortcoming of the univariate and other multivariate generalized medians. The paper also studies the
asymptotics of the estimator and establishes its limit distribution without symmetry and other strong

assumptions that are typically imposed on the underlying distribution.
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1 Introduction

The univariate median is well known for its robustness. Indeed, it is a valid location (center)
estimator even if up to half of data points are “bad” (contaminated). It is said to have the
highest breakdown point. The notion of breakdown point, introduced by Donoho and Huber!!,
has become the most prevailing quantitative assessment of robustness of estimators. Roughly
speaking, the breakdown point of an estimator is the minimum fraction of bad points in a data
set that could render the estimator useless. Since one bad point in a data set of size n can force
the sample mean to be unbounded (hence useless), its breakdown point then is 1/n, the lowest
possible value. On the other hand, to make the univariate median useless, 50% of original data
points need to be contaminated. That is, the breakdown point of the univariate median is

[(n+1)/2]|/n, which turns out to be the best possible value for any reasonable estimators of
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2 Zuo Y J & Lai S'Y

location parameters. Here || denotes the largest integer no larger than x.

Multivariate analogues of the univariate median are desirable and the L; (or spatial) and
the coordinate-wise medians are two that have the same breakdown point as that of the uni-
variate counterpart (see [2]). Unlike the univariate median, the two, however, lack the affine
equivariance property, which, just like robustness, is also highly desirable. Roughly speaking,
affine equivariance of an estimator implies that the estimator is coordinate system free and
measurement scale free. Constructing affine equivariant multivariate location estimators with
a high breakdown point has been one of the primary goals of researches in robust statistics for

two decades. Important results were obtained by Stahell®, Donohol¥, Daviesl®!, Tylerl!, and
Hettmansperger and Randles!”), for example. Related estimators can have breakdown points

as high as (but no higher than) |(n —d +1)/2]/n in R9.
Recently “data depth” has been utilized to serve the above goal. The primary purpose of data

depth is to provide a center-outward order for multi-dimensional data based on their depth; see
[8-10] for example. Points deep inside a data cloud get high depth and those on the outskirts
get lower depth. The point with maximum depth is then defined as a multi-dimensional location
estimator (or median). Maximum depth estimators (or medians) are usually affine equivariant
and can have high breakdown points. Indeed, the half-space depth median (see [11]) can have
a breakdown point about 1/3 in R?. The projection depth median?!, on the other hand, can
have an unprecedentedly high breakdown point | (n—d+2)/2|/n (d > 1) (the best result before
this one is [(n —d +1)/2]/n in R9).

Unfortunately, most affine equivariant multivariate estimators (medians), just like the uni-
variate median, have to pay the price of a low efficiency at normal models for their high break-
down robustness. This is also true for above depth medians. A natural question raised is: Is
there any affine equivariant multivariate median-type estimator that has the highest breakdown

point | (n —d + 2)/2]/n while enjoying a very high efficiency at normal and other models?

This paper provides a positive answer to the question by conducting a thorough study of
a maximum depth estimator defined in Section 2. It investigates the large sample properties
of the estimator, establishing its \/n- (and strong) consistency and limiting distribution; it
examines the finite sample properties of the estimator, studying its finite sample breakdown
point robustness and finite (as well as large) sample efficiency. Developing the asymptotic
theory for the maximum depth estimator is rather challenging. Empirical process theory turns
out to be vital. In pioneer studies such as He and Portnoy!*?!, Nolan'¥, Bai and Hel*®! and
Zuol'?l| a symmetry as well as other strong (e.g., everywhere differentiable density and finite
moments) assumptions are imposed on the underlying distribution. Without these assumptions,
the task turns out to be much more challenging and technically demanding and is fulfilled in
this current paper. Unlike the univariate median and multivariate competitors, the maximum
depth estimator can enjoy the highest breakdown point robustness without having to pay the
price of a low efficiency. Indeed, it is highly efficient at a variety of light- and heavy-tailed
distributions in one and higher dimensions.

The rest of the paper is organized as follows: Section 2 defines a maximum depth estimator
and discusses its primary properties. Asymptotic properties of the estimator are thoroughly

investigated in Section 3. Section 4 is devoted to the study of finite sample properties of the
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estimator where its breakdown point robustness and relative efficiency are examined. Real data

examples are presented in Section 5. Selected proofs are reserved for the Appendix.

2 A maximum depth estimator and its primary properties

2.1 Outlyingness, projection depth, and maximum depth estimators

In R!, the outlyingness of a point x with respect to (w.r.t.) a univariate data set (sample)
X" = {Xy,..., Xy} is simply | — w(X™)|/o(X™), the deviation of x to the center of X™
standardized by the scale of X™. Here p and o are univariate location and scale estimators
with typical choices including (mean, standard deviation), (median, median absolute deviation)
and, more generally, (M-estimator of location, M-estimator of scale). Mosteller and Tukey see
[16, p. 205] introduced and discussed an outlyingness weighted mean in the univariate setting.
Stahel™ and Donohol* considered a multivariate analog and defined the outlyingness of a
point z w.r.t. X" in R? (d > 1) as

e /Xn
O(z,X™) = sup gromes ) 'lf(un ),
{u: ueSd-1} U(U X )

(1)

where S9! = {wu : |jul| = 1} and ' X" = {u/Xy,..., v/ X, }. f v’z — p(v' X™) = o(u/X™) = 0,
then we define (v'z — u(v' X™))/o(u'X™) = 0. Along with other notions of data depth, Liul*8l,
Zuo and Serfling!'?! and Zuol'? defined and discussed “projection depth” (PD) of a point
w.r.t. X" in R?

PD(z,X")=1/(14 O(z,X™)), (2)

and treated the maximum depth (deepest) point (w.r.t. a general depth notion) as a multi-
dimensional location estimator (median). With u and o being general m-estimators of location

and scale, Zuol'? defined and thoroughly studied

T, :=T(X") = arg sup PD(z, X"), (3)
z€Rd

the maximum projection depth estimator (taking average if there is more than one maximizer).
For p and o being the median (Med) and the median absolute deviation (MAD), T, is very
robust with a breakdown point highest among all competitors. It is also quite efficient with this
w and o. Indeed, T,, is about 78% efficient relative to the mean at bivariate normal models.
This relative efficiency, albeit higher than that of Med (64%) and comparable with those of
multivariate competitors, is still low. The low efficiency of Med seems to be the main source.
A remedial measure is to replace Med with an efficient location estimator u. To keep the high
breakdown point robustness of T;,, i should be as robust as Med. We introduce and study such

a u next.

2.2 A maximum projection depth estimator and its primary properties

Though properties in this subsection hold for many general p and o, hereafter u is taken to be
the special univariate “projection depth weighted mean” (PWM) for X" in R! (see [19] for a
multi-dimensional PWM)

H(X) = PWA (x7) = 2 e (@)
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where w; = w(PD(X;, X™)), w is a weight function on [0, 1], and PD(X;, X™) =1/(1 + | X, —
Med(X™)|/MAD(X™)); o is taken to be MAD (though any other robust scale estimator can
serve the same purpose). We now confine attention to the corresponding maximum projection
depth estimator with this 4 and 0. Note that p is not an M-estimator but an outlyingness
(depth) weighted mean. Hence many results in [2] are not applicable to T;, in this paper.

It is readily seen that the p and the o are affine equivariant, that is, p(sX™+b) = su(X"™)+b
and o(sX™ + b) = |s|o(X™) for any X™ and scalars s and b in R, where sX™ +b = {sX; +
b,...,sX,+b}. With (any) affine equivariant x and o, we see that O(z, X™) is affine invariant,
that is, O(Ax +b, AX" +b) = O(z, X™) for any nonsingular d x d matrix A and vector b € R%.
Consequently, T, is affine equivariant, that is, T(AX"™ + b) = AT(X™) + b since PD is also
affine invariant.

If the distribution of X; is symmetric about a point # € R?, that is, +(X; — ) have the same
distribution, then it is seen that 7T), is also symmetric about §. Furthermore, if E(X;) exists,
then T, is unbiased for 0, that is, E(T,,) = 6.

Let F,, (F,,) be the empirical distribution based on X™ (u’X™) which places mass 1/n at
points X; (u'X;). We sometimes write F;, (F,,) for X" (u'X™) for convenience. Let F (F,)
be the distribution of X; (u/X;). Replacing X™ (or F,,) and /X" (or F,) with F' and F, in
the above definitions, we obtain the population versions. For example, the popular version of
PWM for F € R is

J w(PD(z, F))zdF (z)

uE) = PWM(E) = T on 0 P dF () (5)

It can be seen that the above affine invariance or equivariance properties in the sample case
hold true in the population case. For example, T'(F') is affine equivariant, that is, T(Fax+p) =
AT(Fx) + b for any nonsingular d x d matrix A and any b € RY where F denotes the
distribution of Z. Furthermore, if F' is symmetric about 6, then T'(F) = 6. That is, T(-) is
Fisher consistent.

3 Asymptotics for the maximum depth estimator

3.1 Preliminary lemmas

To ensure that u (PWM) is well defined, we assume that w(r) > 0 on (0, 1] and w(0) = 0 (and
the derivative w() (r) is continuous on [0, 1] for the technical sake). Such a w is exemplified in
Subsection 4.2. To ensure the scale 0 (MAD) is > 0 at F),, we assume P(v'X = a) < 1/2 for
any u € S9! and a € R!. Further to ensure that Med and MAD are unique at F, for any
u e S we assume

Assumption Al. Fyx and Flyx_Med(F,)| are non-flat in a small right neighborhood of
Med(F,) and MAD(F,), respectively, for any u € S471.

Assumption Al guarantees the continuity of Med(F,) and MAD(F,) in u € S9! and hence
0 <inf,cgs-1 MAD(F,). Clearly, sup,cgs—1 MAD(F,) < co. This boundedness property turns
out to be true for u as well. We have
Lemma 1. Under Assumption Al, 0 < inf,cgs—1 0(F,) < sup,cga-1 0(Fy,) < 00, and —oo <
inf,cga-1 p(Fy) < sup,ega—1 p(Fy) < oo.

Assumption Al also ensures the uniform strong consistency of p and o.
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Lemma 2. Under Assumption Al and assume F is continuous at Med(Fy,)£0(F,), sup,cgi-—1
[(Fpu) — p(Fu)| = o(1) and supyega-1 |o(Fou) — o(Fyu)| = o(1), as.

This lemma implies that Lemma 1 holds a.s. in the sample case for large n. The lemmas
also ensure the (Lipschitz) continuity of PD(-, G), which in turn implies the existence of T'(G)
since PD(z,G) — 0 as ||z|| — oo, for G = F, F,, and for large n. Further, the set of maximum
depth points for G = F has an empty interior (see Theorem 2.3 of [12]) and is a singleton in
many cases. For example, if F' is symmetric about 6, or even just p-symmetric about 6 (i.e.
w(F,) =40, Yu € S971; see [12]), then T(F) = 6 is unique. Throughout we assume that T'(F)
is unique. The lemmas also lead to the SLL for T'(F,).

Lemma 3. Under the conditions of Lemma 2, T(F,) —T(F) = o(1), a.s.

To discuss the limit distribution of 7T;,, we need uniform Bahadur type representations of
Med and MAD and especially of p at F,,,,. To this end, assume
Assumption A2. F\? exists at w(F,) with FY = f., inf,cga—1 fou(Med(F,)) > 0, and
inf, e s0-1 (fu(Med(F,) + MAD(F,)) + f,(Med(F,) — MAD(F,))) > 0

Remark 1. Assumption A2 is standard for the asymptotic representation of the sample Med
and MAD for a fixed u (see, for example, [20,21]). The differentiability requirement guarantees
the expansion of the functionals near u(F,) and o(F,), and the positivity requirement guaran-
tees the existence of the variances of the functionals (with a non-zero denominators) and the

uniqueness of the functionals at u(F,) and o(F,).

Note that Assumptions Al and A2 are nested Assumption A2 implies Al. Indeed we have

Med(F,,) — Med(F,) = % > AKX, u) + o, (\/lﬁ> (6)
MAD(F,,) — MAD(F,) = %Zfz(Xi,U) +op(¢lﬁ), (7)

uniformly inu € S471. Let a, = Med(F,,), b, = MAD(F,). If F is symmetric (or if F(a,+b,) =
1 — F(ay —by), fulay +by) = fu(ay — by) only), then

12— Iz < ay)
B fulaw)

These representations, proved in Appendix, lead to the following result.

12— I(Ju'z — au| < by)

iz, ) 2fu(ay + by)

(8)

) fQ(CL',’LL)

Lemma 4. Under Assumption A2, we have uniformly in v € ST,

maw—magz/mawam—Fww+%m*”» (9)
where

ﬂ%@(/@MEﬁM”@M%EMM%w@ﬂMM

(v'z — p(Fy))w(PD(u'z, Fu))>

fw(PD(yaFu))dFu(y) ’
PDZ(y,Fu)
MAD(F,)

h(y,u,x) = (Sigﬂ(y —ay) fi(z,u) + PD(yFu)fQ(x’u))
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Remark 2. (i) When F is symmetric about a point, say 0, then g, with [ |y|w™® (PD(y, F,))
(PD?(y, Fy) f1(x, 1) /by)dF,(y) + v'zw(PD(u'z, F,)) as its numerator, is greatly simplified. (i)
The lemma provides a Bahadur representation of T'(F,,) in R! since T(F,,) = u(F,) and T(F) =
w(F) (uw=1) in this case. Hence /n (T(F,) — T(F)) <, N(0,v) with v = E(g%*(z,1)) in RL.
Equipped with results above, we now discuss the y/n-consistency and asymptotic distribution

of the sample maximum projection depth estimator T}, in R<.

3.2 /n-comsistency and limiting distribution

The strong consistency of T,, above raises a natural question: how fast does T, converge to
T(F)? We answer this question with a \/n-consistency result below. Under Assumption Al,
Med(-) and MAD(-) and consequently u(-) at F,, are continuous in v € S9~1. Hence we have a

non-empty set defined as follows:
V(T)={ve S ': O, F)= (T — u(F,))/o(F,)}. (10)

It is seen that F is p-symmetric if and only if V(T) = S?!, which holds if and only if
{v,—v} € V(T) for some v € S%!. Instead of imposing a p-symmetry constraint on F (i.e.
requiring V(7) = S971) in the discussion below, we assume

Assumption A3. sup,cy () u'v > ¢, for some fixed ¢ € (0,1] and any u € Sd-1,

Clearly, 1 is a choice for ¢ if F is y-symmetric. Assumption A3 means that any cap of S9!

with hight ¢ always contains at least one member of V(T'). We have
Theorem 1.  Under Assumptions A2 and A3, n'/?(T(F,) — T(F)) = O,(1).

The theorem extends a corresponding result of Zuol'? where the \/n-consistency of general
maximum projection depth estimators is established under a (p-) symmetry assumption, which
is vital in the proof there.

With a y/n-consistency result, an immediate question raised is: does T}, possess any limit
distribution? The answer is positive. Lemma 4, in conjunction with results in empirical process
theory, implies the weak convergence of /n (u(Fn,) — u(Fy)), as a process indexed in u €
S89=1 to a centered Gaussian process Z(u), u € S, with Z(u) = —Z(—u) and a covariance

structure:
Cov(Z(u1), Z(u2)) = E(Z(u1)Z(uz)) = E(g(X, u1)g(X, u2)). (11)

This, in conjunction with Assumptions A2 and A3, leads to the following result:

Theorem 2. Under Assumptions A2 and A3, we have

vn (T(F,) —T(F)) L, arg inf  sup (W'z —Z(u))/o(F,).
z€R? yev(T)

The theorem is proved via an Argmax continuous mapping theorem (see, e.g., [22]). The main
idea and the key steps of the proof are as follows. First, in virtue of the uniform representation
in Lemma 4 and empirical process theory, we show that v/n (u(Fp,) — u(F,)) converges weakly
to the Gaussian process Z(u). Second, we show that the arg inf in the theorem is unique. Third,
we show that sup,e ga—1 (u't—v/n (W(Fnu) —p(Fy))) /0 (Fpu) converges weakly to sup,ey (o (u't—
Z(u))/o(F,) in £*°(K) for any compact K C R%. Finally, the uniform tightness in Theorem 1

completes the proof.



Mazimum depth estimator 7

Remark 3. (i) The theorem indicates that the (standardized) sample maximum depth es-
timator converges weakly to a random variable. It is Z(1) (the same one as N(0,v) discussed
in Remark 1 in R! and a minimizer of a random function involving a Gaussian process in R¢
(d > 2). (ii) The limiting distribution depends largely on the choice of p (via Z(u)) less on
0. Indeed, any Fisher consistent scale o at F,, leads to the same result. (iii) We note that
Zuol'? also studied the limiting distribution of maximum depth estimators. However, (u, o)
there are simultaneous M-estimators of location and scale, which do not cover more involved
cases such as (PWM, MAD) here. Furthermore p-symmetry as well as many other very restric-
tive conditions are imposed on F' in [12]. The theorem here is established without these strong

assumptions on F'.
4 Robustness and efficiency of the maximum depth estimator

4.1 Finite sample breakdown point robustness
Following Donoho and Huber[!, we define the finite sample replacement breakdown point (BP)
of a location estimator L at X" = {X1,..., X, } in R? as

BP(L, X") = min {ZL : su(p) |IL(X™(m)) — L(X)|| = oo}, (12)
X" (m

where X™(m) denotes a contaminated sample resulting from replacing m original points of X™

with arbitrary m points in R?. For a scale estimator S, the same definition can be used with L

replaced by log (S) on the right hand side.

Clearly, the breakdown point of the maximum depth estimator depends on those of y and
0. More precisely, it depends mainly on the BP of p and the implosion breakdown point of o
(and less on the explosion breakdown point of o). As a scale estimator, o breaks down if it
becomes 0 or oo, corresponding to implosion or explosion. It can be shown that p (PWM), like
the univariate median, also has the best possible BP, |(n + 1)/2]/n, of any affine equivariant
location estimator. The BP of T),, thus depends essentially on that of o (MAD). Since it is
easier to implode MAD with the projected data u'X™ of X™ in high dimension along a special
direction w, a modified version, MAD; (1 < k < n), has been utilized in the literature to
enhance the implosion BP of MAD; see, e.g., [6,12,23]. Tt is the average of the | (n+k)/2]th and
[(n+k +1)/2]th absolute deviations among the n absolute deviations |x; —Med(2")|,..., |z, —
Med(z™)| for data 2™ in R!. Note that MAD; is just the standard MAD. A data set X™ is in
general position if no more than d data points lie in any (d — 1)-dimensional hyperplane. If F

of X; is absolute continuous, then X™ is in general position almost surely.

Theorem 3. Let w(r) be continuous and 0 < w(r) < Cr forr € [0,1] and some C > 0 and
w(r) >0 forr € [1/2,1]. Let (u,0) = (PWM, MADy). Then

[(n+1)/2]/n, d=1,
BP (T, X") =
[(n—2d+k+3)/2|/n, d=>2,
for X™ in general position andn > 2(d —1)? +k + 1, where k < (d — 1) if d > 2.
Remark 4. The theorem indicates that (i) in R!, T}, has the best possible breakdown point

of any affine equivariant location estimator; and (ii) in higher dimension R¢, it has a BP
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[(n—d+2)/2]/n for 0 =MADg4_1, which again is the best for any affine equivariant location
estimators constructed in the past two decades. Thus T,, has the best breakdown robustness

among existing estimators.

4.2 Finite and large sample relative efficiency

It is well known that the univariate median pays the price of a low efficiency at normal and light-
tailed models for its best breakdown robustness. Now T, also possesses the best breakdown
point among any existing affine equivariant competitors in one and higher dimensions. Does it
have to pay the same price?

The asymptotic normality of T, in R! established in Section 3 allows one to calculate the
asymptotic relative efficiency and absolute efficiency directly (the latter notion is the relative
efficiency with respect to Cramér-Rao lower bound (crlb); see, e.g., [24,p. 363] for definition
and related discussions). Indeed, we have these efficiency results listed in Table 1. In this

subsection, the weight function w is taken to be the continuously differentiable function
W(r,e k) =I(r=c)+ (e F0-/ _e=ky /(1 — e F)I(r < ¢), (13)

where 0 < ¢ < 1 and k > 0 are two parameters. The main idea behind this weight function w is
as follows. For deep data points, we simply average them to gain high efficiency. For less depth
points or points on the outskirts, we exponentially down-weight them to alleviate their influence
and consequently to gain robustness. In general, a small c¢ is favorable at light-tailer F’s and
a large ¢ at heavy-tailer ones. The same is true for k. A weight function similar to W above
was first used and discussed in [19]. We consider here normal, logistic, double exponential and
cauchy distributions, representing very light- to very heavy-tailed distributions. For simplicity,

we take k = 3 and ¢ to be 0.2 and 0.8 for light- and heavy-tailed distributions, respectively.

Table 1 Asymptotic and absolute efficiency of T3, with w(r) = W (r, ¢, 3)

F N(0,1) LG(0,1) DE(0,1) CAU(0,1)
c=0.2 c=0.2 c=0.8 c=0.8
0%, /9%, 0.9595 1.0340 1.9563 00
crlb/o7. 0.9595 0.9409 0.9782 0.8960

In R!, T,, has astonishingly high efficiencies, uniformly across a number of light- and heavy-
tailed distributions. Indeed, it is about 90% (or higher) efficient relative to the most efficient
estimator at each model. It is about 96% efficient relative X,, at normal models and is more
efficient than X,, at other models. By appropriately tuning ¢ and k, one can get even better
results in practice.

In R? (d > 1), the complex limiting distribution of 7}, makes it difficult to calculate the
asymptotic relative efficiency directly. In the following, we consider the finite sample efficiency
of T, relative to X,, at normal and other ¢+ models for d = 2, 3, and 4. We assume that
both 7, and X, aim at estimating a location parameter #. We generate m samples, each
with size n, from each model and calculate the “empirical mean squared error” (EMSE) of T,,:
S ITE — 6]]2/m, where T} is the estimate obtained based on the i-th sample. The relative
efficiency of T}, with respect to X,, is obtained by dividing the EMSE of X,, by that of T},. In

our simulation, m = 1000, n = 50, and 8 is the origin.
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The efficiency results of T}, relative to X,, are given in Table 2, where the EMSE’s of X,
and T}, are given in the parentheses with those of X,, on the numerators. For simplicity, we
take kK = 3 and let ¢ = 0.8 for #(3) and Cauchy distribution cases. At normal models, we take
¢ = 1/(1 4 2v/2d — 3) which decrease at a rate O(1/v/d) so that the relative efficiency of T,

increases.

Table 2 Finite sample efficiency of Tj, relative to X,, with w(r) = W(r,c, 3)

F Na(0,1) ta(3) CAU,4(0,1)
€= 1+2\/12d—3 c=08 c=08
_ 0.03950 0.11637 1552.02
d=2 0.959 (goins) 1.962 (§o5051) 18157.730 (5gss547)
_ 0.06309 0.17487 99147.37
d=3 0.964 (ggeess) 2.076 (g os193) 845324.01 (F37759 )
d=1 0.970 (07971 2.070 ($:2417) 56943678 (‘T13555)

Inspecting the table entries reveals that (i) like in the univariate case, the maximum depth
estimator is highly efficient relative to the mean at normal and other heavy-tailed distributions
in the high dimensional cases; (ii) the relative efficiency increases as the dimension d increases;
and (iii) the maximum depth estimator is highly robust against heavy-tailed ¢ distributions.
Indeed T,,, unlike the sample mean X,,, possesses a sample covariance matrix that has finite
entries at multi-dimensional cauchy distributions and that is approximately 0.04 * I;.

The efficiency results in Table 2 do not depend much on the sample size n, Indeed, our
extensive simulation studies confirm this. For example, the relative efficiency of T, at bivariate
normal models for a variety of sample sizes including 100,200, ...,1000 ranges from 95% to
97%. The high efficiency of T}, relative to X,, at bivariate normal models is illustrated in the

scatter plots of 400 sample means and sample maximum depth estimators in Figure 1 below.

0.2 1 0.2
0.17 0.1
“ .

0.0 . 0.01
0.1 -0.1
-0.21, : . i A -024 i . i .

-0.2 -0.1 0.0 0.1 0.2 -0.2 0.1 0.0 0.1 0.2
means maximum depth estimators

Figure 1 400 bivariate means and 400 maximum projection depth estimators based on N2(0, I2) samples of

size 500 are scattered roughly in the same pattern.

The results in Table 2 depend on the choices of ¢ and k. Appropriately tuning these param-
eters, one can get better results. For example, with ¢ = 0 at normal models, the efficiencies of
T, relative to X,, increase to 100%. But T, (= )_(n) is no longer robust and conditions on w in
Theorem 3 are violated.

There are many competitors of T,, in the literature. The breakdown points of these esti-
mators, however, are not as high as that of T;,. Furthermore, most leading competitors are
less efficient. For example, at bivariate normal models, the efficiency relative to X,, is 72% for

transformation-retransformation median (see [25]), 76% for Tukey halfspace median (see [26]),
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78.5% for Hettmansperger-Randles median (see [7]), 78% for the projection median (see [12]),
but 96% for T,.

We also studied the efficiency of T,, at contaminated (or mixed) normal and other distribu-
tions. Simulation results indicate, as we expect, that the robust T, is overwhelmingly more

efficient than the sample mean in all those cases.

5 Real data examples

We apply the maximum projection depth estimator to the real data sets to illustrate its (i) high
robustness, (ii) high efficiency, and (iii) computability.

5.1 Gilgai survey data
This data set is generated from a line transect survey in gilgai territory in New South Wales,
Australia. Gilgais are natural gentle depressions in otherwise flat land, and sometimes seem to
be regularly distributed. The data collection was stimulated by the question: are these patterns
reflected in soil properties?

At each of 365 sampling locations on a linear grid of 4 meters spacing, samples were taken at
depths 0-10 cm, 30—40 cm and 80-90 cm below the surface. pH, electrical conductivity (EC)
and chloride content (CC) were measured on a 1:5 soil:water extract from each sample. Further

details may be found in [27]. This data set was also analyzed in [28].
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Figure 2 Pair-wise scatter plot of gilgai soil datal27> 28],
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A pair-wise scatter plot of this data set (365 x 9) is given in Figure 2. Inspecting the plot
reveals that there are quite a lot variation and unusual points in the data. Histograms of the
individual variables confirm this observation. It seems that the measurements of the electrical
conductivity and chloride content at 0 — 10 cm and 30 —40 cm depths have extremely high vari-
ability whereas those at 80 — 90 cm depth are quite stable except some extreme measurements.
The measurements of pH have much less variability except some extreme measurements at the
deepest level. The coordinate-wise minimum, the sample mean, the coordinate-wise median,
T,, and the coordinate-wise maximum, of this data set are obtained (in less than 3 minutes)

with a program in Fortran and listed below respectively

(5.6 7.5 4.9 5.0 6.0 15.0  20.0 20.0 50.0),

(7.406 8.787 8.585 20.56  95.77 184.3 171.7 894.3  1450.0),
(7.3 8.9 8.7 13.0 54.0 170.0 38.0 355.0  1400.0),
(8.578 8.128 9.225 18564 76.14 164.3 98.91  698.4  1327.0),
(9.0 9.7 9.6 240.0  510.0 530.0 3350.0 4770.0 4725.0).

The three location estimates in the middle are quite different from each other. This is due
to the high variability of the data as well as the robustness and efficiency properties of the
estimators. The 7th and 8th components of the sample mean are especially different from those
of the other two. A scatter plot of 7th and 8th components (CC1 and CC2) is given in Figure
3(a) which displays the strong abnormality of these two variables. A histogram of CC1 in
Figure 3(b) indicates that the majority of CC1 values are less than 100. Indeed there are 264
out of 365 (72.3%) of CC1 values no greater than 100. The 7th component of both 7T, and
the coordinate-wise median is less than 100 while that of the sample mean is 171.7425. On
the other hand, there are only about 21.6% of CC1 values that are greater than 171.7425. All
the evidence manifests the strong robustness of T, (and the coordinate-wise median) and the
vulnerability of the sample mean with respect to unusual observations. Geometrically, T,, is
closer to the sample mean than the coordinate-wise median (and the coordinate-wise minimum

and maximum). This reflects that T, can be very efficient while enjoying the high breakdown

robustness.
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gl . , 200+
g 30001 - ' 1501
E 2000
=] 1 - ]
g go 100
2 £
E 1000 f» 50
=
Tk 04, . . S
0 1000 2000 3000 0 1000 2000 3000
chloride content (0—10 cm) chloride content (0—10 cm)

Figure 3 (a) Scatter plot of CC1 and CC2. (b) Histogram of CC1.



12 Zuo Y J & Lai S'Y

6 Concluding remarks

Univariate median possesses the highest breakdown point robustness among all affine equivari-
ant location estimators. It has long served as a very robust measure of the center of univariate
data. Constructing its affine equivariant analogues in R% (d > 1) is very desirable but turns out
to be non-trivial. Among all constructed, except the projection median in [12], none possesses
a breakdown point higher than |(n — d + 1)/2]/n. Furthermore, like the univariate median,
most of these estimators (including the projection median) have to sacrifice their efficiency for
achieving their high breakdown point robustness.

The maximum depth estimator proposed and studied in this paper not only breaks the
breakdown-point barrier |(n — d 4+ 1)/2]/n that lasted two decades in the literature but also
possesses simultaneously very high efficiencies at a variety of light- and heavy-tailed distribu-
tions in one and higher dimensions.

The limiting distribution of the maximum depth estimator in R? (d > 1) is somewhat uncom-
mon. It is the minimizer of a random function that involves a Gaussian process. Establishing
such a limiting distribution without the usual symmetry and other strong assumptions on the
underlying distribution is rather challenging and is one of major objectives and contributions
of this paper. In practical inference, bootstrapping techniques can be invoked to estimate the
variance-covariance structure of the estimator. Details will be pursed elsewhere.

Although the maximum depth estimator can possess both the affine equivariance and the
high breakdown point robustness without sacrificing its extremely high efficiency, for these
gains it does pay a high price in the computing. Just like all other affine equivariant loca-
tion estimators that have really high breakdown points, the maximum depth estimator, with
no exception, is computationally intensive. The key difficulty here lies in the calculation of
the outlyingness that is defined based on projections to all unit directions. The related com-
puting is very involved, if not impossible. Recent studies of this author indicate, however,
that the outlyingness function can actually be computed exactly in two and higher dimen-
sions. An implementable algorithm in R? (d > 2), however, is yet to be developed. In the
simulation studies of this paper, we employed an approximate algorithm that can compute
the depth of a point in R? (d > 2) quite fast. For the global minimum (maximum), a down-
hill simplex algorithm is also utilized in our calculation. (For the related program, please
see http://www.stt.msu.edu/ zuo/pmsdmadrdRE.f.htm). A detailed account of the computing
issue of the depth estimator will be pursued elsewhere.

Finally, we remark that the general definition of the location estimator in (3) is not new and
was suggested in [6] under the outlyingness framework. Zuo['? defined and studies the estimator
(called projection median) under the data depth framework. In those studied u, however, is
either Med!! or a general M-estimator('?l. The choice of u = PWM, with a primary version
suggested first in [12] but defined with a different weight w and with the parameter tuning here,
is first studied in this current paper.

Appendix
Proof of Lemma 1. The assertion on o is trivial. This assertion and the continuity of w") on
[0,1] imply that uniformly in z € R! and in u € §9-!

|2|w(PD(z, 1)) = |z|w™ (n(z, Fu)) /(1 + & = Med(F,)|/MAD(F,)) < oo,
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where n(x, F,) is between 0 and PD(z, F},). Hence
sup sup (|z| + 1)w(PD(z, F,)) < 0. (14)
ueSd—1 geRt

Clearly [w(PD(z,F,))dF, > 0 uniformly in u € $?~! since w(PD(z, F,)) > 0 uniformly in
u € S971 for any ||z|| < M < oco. This, in conjunction with the last display and the fact that
—u(F_y) = u(Fy), gives the desired result.

Proof of Lemma 2.  The continuity of F,, and Med(F,) in u € S?!, the compactness of S%~1,
and Assumption Al implies that for any € > 0

5. = min{ inf (Fu(Med(F,) +¢) —1/2), inf (1/2 — F,(Med(F,) — e))}

ueSd—1 u€Sd—1

— min{ Fy1 (Med(Fyur) + €) — 1/2, 1/2 — Fup(Med(Fua) — €)} > 0,
for some fixed ul,u2 € S%~!. By Theorem 2.3.2 of [3],
P(|Med(F,,,) — Med(F,)| > €) < 2e7 2% W,

which, together with Borel-Cantelli lemma, ensures the strong consistency of Med(F,,,,) with
Med(F,) uniformly in u € S9°'. The same argument leads to the same conclusion for
MAD(F,,,) (with MAD(F,)). That is, almost surely

sup |Med(F),)—Med(F,)|=o0(1), sup |[MAD(F,,)—MAD(F,)|=o0(1). (15)

= Sd—1 uesd— 1
We now show the uniform strong consistency of p(Fy,,) with u(F,). Write

f(x — p(Fy))w(PD(z, Fry))dFy(z)

M(Fnu) - M(Fu) = fw(PD(I,Fnu))anu(x)

The numerator can be decomposed into
Iip + 1oy, = /(33 — w(Fu)(w(PD(x, Fry)) — w(PD(x, Fy,)))dFp,(x)

+ / (& — j(Fu))w(PD(x, Fu))d(Fuu — F,)(x).

By Lemma 1 and its proof, we see that the integrand of I, is bounded uniformly in u €
S9=1. Tt is readily seen that u(F,) is continuous in u € S%~! and so is Iy, consequently.
Employing this continuity and the compactness of S9!, and invoking Hoeffding’s inequality
(see Proposition 2.3.2 of [3], for example) and Borel-Cantelli lemma, we see that Io, converges
to 0 a.s. and uniformly in u € S, If we can now show the same is true for I;,,, then with
the same (slightly less involved) argument we can show that the denominator converges a.s. to
J w®PD(x, F,))dF,(z) and uniformly in u. The result follows.

To treat Iy, we observe that the continuity of w(® on [0, 1] implies
] [ = WF)@PD G, Fo)) = w(PD e, F))dF ()

< / & = p(F)|lw™ (g (2, w)[IPD(z, Fow) = PD(x, F,)| dFpu ()

< C sup |z — p(F,)||PD(z, Fry) — PD(z, Fy)|,
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for some C' > 0, where 7, (z,u) is a point between PD(zx, Fy,) and PD(z, F,). In virtue
of Lemma 1, the uniform boundedness of Med(F,) and MAD(F,) in wu, Display (15) and
Theorem 2.2 and Remark 2.5 of [12], we have that

Sélﬂg)l(|a:| + |pw(Fu)))IPD(z, Frw) — PD(z, )| = o(1), a.s. (17)

uniformly in v € S¢~1. We thus complete the proof of the lemma.

Proof of Lemma 3. Lemmas 1 and 2 imply that there is a C' > 0 such that

0z, F) = Oy, F)| < Cllz — yll, sup|O(@, Fn) = Oz, F)| = (1), as. (18)
EAS

for any bounded subset S of R?. Further, for § = T(F), G = F, F,, we have
09, F) < o0, O(z,G) — o0, as. as || — oo. (19)
This, in conjunction with the continuity of O(z, F') in x, implies that

e = | i%ﬁ> O(z,F) > O(6,F), forany e >0, (20)
since otherwise there exist x,, (n > 1) and zo in R? such that ||z, — 0| > ¢, ||zo0 — 0] > ¢, and
O(0,F) = limy .00 O(zp, F) = O(xg, F), which, however, is a contradiction. Now in the light
of Displays (18)—(20), there exists an M > 0 such that ||T,, — 0] < M a.s. and for n sufficiently

large

ae_O(gaF)i +O(0,F)—Oz€

0(9,F,)<O(0,F) + 5 Qe 5
= inf O(z,F) + 0, F)
ellz—0lI<M 2
< inf O(z,F,) = inf O(z,F,), as,
e<llz—0ll<M llz—6]>e

which implies the strong consistency of T,.

Proof of Displays (6) and (7). Assumption A2 permits an asymptotic representation of the
sample Med for any u € S?~!; see Theorem 2.5.1 of [3], for example. A careful examination of
the proof of that theorem reveals that such representation actually can be uniform in u € %!

by virtue of Assumption A2. Hence

Med(F,) — Med(F,) = %i 1/2 = Iw'X; < Med(F,)) + R}, (21)

2 RMed(E,)

where R. = O(n=3/*(logn)3/*) uniformly in « € S, A similar but more involved argument

leads to the asymptotic representation of the sample MAD

1/2 — I(|W'X; — ay
MAD(F,,) — MAD(F, Z qu aﬁl}“ o fu‘(‘alb % +R2, (22)

where R2 = O(n=3/*(logn)?/*) uniformly in v € S~ if F is symmetric. The proof for non-

symmetric F' is the same with more complicated fo(z,u).
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Proof of Lemma 4. By Display (16) and the proof of Lemma 2, the denominator of p(Fp,,) —
w(Fy) = [w(PD(x, F,))dF,(z) 4+ o(1), a.s. and uniformly in v € S¢~! and its numerator can
be decomposed into I, + I, with

Iy = /(x - N(Fu))w(l)(nn(xa u))(PD(x, Fnu) - PD(Z‘, Fu))anu(x))

where n,(z, u) is a point between Pz, F,,,) and PD(z, F,,). By Displays (21) and (22), Lemma 1,
and Theorem 2.2 and Remark 2.5 of [12], we have

sup sup (o] + () )PD(@, Fuu) — PD(, Fy)| = Op(n™'/2). (23)

ueSd—1 geR!
This, together with the continuity of w(!) and Display (17), implies that

= xTr — w(l) X T — i X o) i
i = [ & = W(ED) W (PD (e, F))PD(z, Fo) ~ PD(r, Fu))dFo(2) + ( ﬁ)

uniformly in v € S¢!. Now we appeal empirical process theory to show that
fin = /(x = u(Fu))w (PD(z, F,))(PD(x, Fpu) — PD(x, Fy))dF, () + 0,(n~"/%), (24)

uniformly in v € S, Adopt Pollard??! notation system and define

_ W —p(F)wD(PD(, Fy)) d—1
}'_{ 1+ | —al/B e ’aEI‘“ﬂEIb}’

where I, = (a1 — d,a2 +6), Iy = (b1 — 0,ba + ), a1 = inf,cga-1 a,, and ag = sup,cga—1 a, are

bounded, b; = inf, ¢ ga-1 b, > 0 and by = sup,cga-1 by, < 00, and 0 < § < by is a fixed number.
Let v = (u, @, 3). Then the space I' formed by all 4’s is a bounded subspace of R4*1. Define

fo(@) = Wz — w(F))w(PDW z, F,))PD(u'z, Fyy),
f(z) = W'z — u(F,)w™ (PD(u'z, F,))PD(vz, F,),

for x € R Then f € F and f, € F as. for large n. A straightforward but tedious analysis
reveals that for any f; € F corresponding to ;, i = 1,2,

|fi(x) = fa(@)| < M ||y1 —2ll, V7,72 €T,

where v; = (u;, o, 5;), © = 1,2, and the constant M does not depend on ~;, ¢ = 1,2. In the
light of empirical process theory, F is a Donsker class; see Theorem 2.7.11 of [22] or Example
19.7 of [30], for example. By Display (23) and the boundedness of w")(PD(z, F,,)) we have

/((1‘ — u(F))wD (PD(, F,))(PD(x, Fy) — PD(x, F,)))*dFy(2) = 0y(1),

uniformly in u € S%~!. Now invoking Equicontinuity lemma VII.4.15 of [29] or Proposition
29.24 of [30], we obtain Display (24).

A tedious (technically not very challenging) derivation yields that for z # a,
PD2%(x, F,) 1 —PD(z, F,)

PD(z, Fpy) — PD(x, F,) = n
(%, Fru) (@ Fu) = SiaD(Fy) PD(z, F,) =™

[sign(:z: —ay) lnu +

1
+op (ﬁ)’ uniformly in z € R! and in u € %1,
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where 1,,,, := Med(F,,.,) — Med(Fy), and s, := MAD(F,,,,) — MAD(F,,). Thus,
1
P Fo) = PP, F) = [ i), =)o) + 0y =) (25)

uniformly in u € S for x # a,. By Display (24) and the boundedness of (z — pu(F,))w™
(PD(z, F,))h(z,u,y), and invoking Fubini’s theorem, we have

=[] [ 0= 1ED) 0 @D )bl v )], = P + 0y (2 ).

uniformly in u € S%~1. This and I, lead to the desired result.

Proof of Theorem 1.  Assume, w.l.o.g., that T'(F) = 0. It is seen that

O(Tn, Fn) < 0(0, F,) = O(0, F) + (0(0, F) = O(0, F)) = O(0, F) + Op(n"/?).
where the last equality follows from Assumption A2, Lemma 4, and the proof of Theorem 2.2
of [12]. On the other hand, for any v € V(0),

', — M(an) V',
T, F,) > = F
O(Ty, Fr) o (Fon) () +0(0,F) +

which, combining with Lemma 4 and the last display, gives

/ 1/2T
sup 71} (n n)

o (F) < Op(1). (26)

Assumption A3 implies there are v,, € V(0) such that v/, (n'/2T;,) > ¢|n'/?T,||, which, the last
display, and Lemmas 1 and 2, yield the desired result.

Proof of Theorem 2. We invoke an Argmax continuous mapping theorem (Theorem 3.2.2
of [22]) to fulfill our task here. Assume, w.l.o.g., that T(F) = 0. Define M(¢t,v) := (v't —
Z(v))/o(Fy), M(t) == supyey o) M (t,v), Mn(t) := sup,ega—1 (u't—v/n (u(Fpu) —p(Fu)) /o (Fu)
with Z specified before the theorem. It takes several steps to complete the proof.

Firstly, we show that /n (u(Fpny) — 1(Fy)), a process indexed by u € S971, converges weakly
to the gaussian process Z(u). This is done if we can show the functions of g(z,u) with u € S9!

form a Donsker class (see [22] or [30] for definition and discussions). Define

{(u’ -—a)w(PD(u'-, F,))
Cu '

%z{ﬁbm&+hhw&nmS“HWA<sw mwni=L4

ueSd-1

G={g(-,u):ues'}, Gi=

uesd%|au<n}

where 7] = SUPycgd-1 N(Fu)a Cu = fw(PD(ya Fu))dFu(y)a and

— F sign —1\/Ied.lu ’LU(l)ID 7-Zu ID2 7lu
7“[' w(l)[D lu PD 71u ID2 alu

Following the argument given in the proofs of Theorem 3.3 and Remark 2.4 of [12], we see that

all functions f;(-,u) for u € S9! form a Donsker class for i = 1,2, respectively. Note that
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gi(u) are bounded for u € S?~! and so are the functions in G. Now invoking Theorem 2.10.6
of [22], we conclude that Gy is Donsker. Employing the same argument for F in the proof
of Lemma 4 and invoking Theorem 2.7.11 of [22], we see that Gy is also Donsker. Obviously
G C Gy + Go. The latter is the pairwise sums of functions from the two classes. Now in virtue
of Theorems 2.10.1 and 2.10.6 and Example 2.10.7 of [22], we conclude that G is Donsker.
By Lemma 4, we conclude (in virtue of Theorem VII. 21 of [29] or Section 2.1 of [22]) that
{Vn ((Fow) — p(Fy)) - u € St} converges weakly to {Z(u) : u € S9!}, where the Brownian
bridge Z is a tight Borel measurable element in [*°(G) and Z(—u) = —Z(u) with the covariance
specified before the theorem.

Secondly, we show that M (t) has continuous sample paths and unique minimum points t
almost surely and £ is tight. The continuity is trivial. The tightness is equivalent to the
measurability which is straightforward (see [29], for example) if there exists a minimum. We
now focus on the existence and the uniqueness of #. Clearly, M (t) — oo as ||t|| — co and it is
readily seen that M (-) is convex. The existence of ¢ thus follows. To show the uniqueness, we
follow the line of Massé®!. Let d > 1. Define M(f) := {v € V(0) : M(f) = M(f,v)}. Clearly,
it is non-empty. Further, if § is another minimizer, then so is a4 (1 — a)t for any a € [0, 1]
by the convexity of M (t). Following [14], we can show in a straightforward fashion that

sup v'u >0, Yue ST M(as+ (1—a)t) = M{E)NM(3), Yaec(0,1). (27)
veM(E)

) for any a € (0,1) has dimension r > 1.

The linear space spanned by M(aé + (1 — a)t
t) = {v,—v} C V(0) for some v, which implies

Otherwise, by the last display M(as + (1 — «)
that V(0) = S9~1. Since M(t,u) is odd in u,

M(t) = M(t,v) = sup M(t,u) > inf M(t,u) = M(i,—v) = M(i),

wegd—1 uggd-1
which implies r = d since 0 = M (#) = M(t,u) = M(5,u) for any u € V(0). Let vy,...,v, be
linearly independent members of M(as + (1 — a)f) and G be any r-dimensional linear space
containing £ and 4. Then Display (27) implies that both points # and § meet the linear system
vis = Z(v;) — M(t)o(F,,), s € G,i=1,...,r, which implies that § = .

Thirdly, we show that M, converges weakly to M in £*(K) for every compact K € R
First, employing an argument similar to that in the proof of Theorem 3.5 of [31], we can
show that asymptotically for weak convergence in ¢*°(K), M,(t) is equivalent to M} (t) :=
Supyev (o) (Wt — v (W(Fpu) — (Fu)))/0(Fnu). Now invoking continuous mapping theorem and
following the proof of lemma A.5 of [12], we can show that M converges weakly to M in £*°(K)
and hence so does M,,.

Finally, the uniform tightness of \/n (T'(F,,) — T(F')) based on Theorem 1 and the Argmax
theorem complete the proof.

Proof of Theorem 3. Recall (see Definition (1)) that if |z — u(z™)| = o(z™) = 0, then the
outlyingness O(z,2™) = 0 for 2™ in R! since x is at the “center”.

First, considering the case d = 1, we note that T(X™) = p(X™). Since |[(n + 1)/2]|/n

is the upper bound of BP of any affine equivariant estimators*, we need only show that if
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m = [(n+1)/2] — 1, then m contaminating points can not break down T,,. Clearly for this m

sup |[Med(X"(m))| < 00, sup MAD(X"(m) < occ.
X (m) X (m)
Let X(1y(m) < --- < X(p)(m) be the ordered value of {X;(m),..., X, (m)} = X™(m). Then it
is not difficult to see that O(X(|(n11)/2))(m), X" (m)) = 0 or 1 for n odd or even respectively.
Hence the denominator of T,, (PWM) is bounded away from 0 uniformly in X™(m). On the
other hand, we observe

w(PD(X;(m), X" (m)))|Xi(m)|
< w(PD(X;(m), X™(m)))(MAD(X"(m))O(X;(m), X" (m)) + [Med(X"(m))|)
< C(MAD(X™(m)) + [Med(X™(m))]) < oo,

in virtue of 0 < w(r) < Cr for r € [0,1]. This implies that the numerator of T;, is bounded
uniformly in X™(m). The proof for the case d = 1 is completed.

Second, consider the case d = 2. We first show that if m = |(n — 2d + k + 3)/2], then m
contaminating points are enough to break down T,,. Let l15 be a line determined by X;, X5 €
X™. Move m points from {Xy,..., X, } to the same site y on l;2 far away from the original
convex hull formed by X™. Denote the resulting data set X™(m). Let l3, be the line connecting y
and Xs3. Let ui2(L li2) and ugy (L l3,) be two unit vectors. Since m+d—1 = [(n+k+1)/2], then
o(up X" (m)) = o(us, X" (m)) = 0. Thus O(z, X" (m)) = oo for x # y and O(y, X" (m)) < oo.
Hence T,,(X™(m)) = y, which breaks down as ||y|| — oo.

Now we show that if m = |(n — 2d + k + 3)/2| — 1, then m contaminating points are not
enough to break down T;,. Since m < [(n+1)/2| and n—m > [(n+k+1)/2], this, combining
with the result above for the case d = 1, yields

sup sup |u(u'X™(m))] <oo, sup sup o(u'X"(m)) < oo. (28)
X7 (m) ueSd—1 X7 (m) ueSd—1

Consequently, O(z, X™(m)) — oo as ||z| — oco. Hence it suffices to show that

sup inf O(z, X™(m)) < oo, 29
X7 (m) Izl <M ( (m)) (29)

for some large M > 0. Suppose that this is not true, then for any large M > 0, there is a

sequence of contaminated data set X™!(m), X"2(m), ..., such that
inf O(x, X™(m)) — oo, as s — oo. 30
it 0, X" ) (30

Let M be a fixed large number so that any intersecting points of two lines determined by the
original data points of X™ are in the ball with a radius M. Displays (28) and (30) imply that

there is a sequence u, € S9! such that
o(u, X" (m)) — 0, as s — oo. (31)

Since m+d—1=[(n+ k —1)/2], thus there must be lines I; L us containing d points from

X", say, Xs1,...,Xs4, and all other m contaminating points of X"#(m) are approaching (as
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s — o0) or on l,. Now since Xg;, ¢ = 1,...,d, are on [, to have O(X;, X"*(m)) — oo as
s — oo there must be another sequence of u? € S9=1 that are perpendicular to lines ¥ that
do not contain any X, ¢ = 1,...,d. Furthermore, I} must contains some other d points of
X™ and all the m contaminating points of X™*(m) must be approaching (as s — c0) or at the
intersecting point ys of l; and [¥.

By the compactness of S~!, there must be subsequences, {u,,} and {uf,}, of us and u}
respectively such that us, — v and uj, — u* ast — oo. Let [;, — l and [j, — [*. Then u L
and v* L [*. Since there are only finitely many ys,’s, we can assume without loss of generality
that for sufficiently large t, ys, = y, ls, = I, I, = ", us, = u, and uj, = u* and y is the
intersecting point of I and [* (we can take subsequences if necessarily to achieve this). Note
that o(u'X™(m)) is continuous in u for any given X™(m). So is u(u'X™(m)) by the continuity
of w. This and Display (30) imply that there is a sequence vs, € S4~1 such that

0, X7 (m) = P

We now seek a contradiction. Since there is a subsequence of v,, that converges to v, assume

— 00, ast— oo. (32)

for simplicity that vy, — v as t — oo. We first show that
Claim 1. v cannot be u, u* or any unit vector perpendicular to a line through y that contains
d points of X™ which also belong to infinitely many X™t(m)’s.

It suffices to show that v # w. Suppose that v = u. Assume for convenience that X "**(m),
i=1,...,m+d, are the points on the line [ or approaching y and X,,;,j=1,...,n—m —d,
are the point of X™ N X" (m). Then it is seen that

[V (X (m) —y)| < 20(v" X" (m)), i=1,2,...,m+d, fort large.

By the proof above for the case d = 1 we see that uniformly in X"t (m)

1 XS () o X5t (m, 1 o
iw(PD(UXi (m),v" X™%( )))gmin{w(l/Q),w(l)}' N.

The last two displays and the conditions w imply that for ¢ sufficiently large
o'y — (' X7 (m)
o(v' X"t (m))
| i o (X7 (m) — y)w(PD (v X[ (m), o' X" (m)))]
o(v' X (m)) 325 wPD (' X[ (m), v/ X7 (m))
| S5 (X5 — ) w(PD(0 X, 0/ X5t ()]
o(v'Xnse(m)) 325y w(PD (W X (m), o' X75 (m)))
i (Jv' Xs,; — Med(v' Xt (m))| + [v'y — Med(v' X"t (m))|)CN
<2+ Z
(X0 () + [0/ X, = Med (0 X7 )|
<201+ (n —m —d)CN),

which implies that O(y, X™t(m)) is bounded for large ¢, a contradiction to (30).
In the above discussion, we have assumed that o (v/ X" (m)) > 0. Ifit is 0, then |v' (X" (m)—
y)| = 0. Hence Med(v' X™t(m)) = v’y and MAD(v' X% (m)) = 0. We have that p(v' X"t (m))
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= v'y and consequently O(y, X™*t(m)) = 0, again a contradiction to (30). Hence v # u and we
have proved the claim.

Let |vi, X;1* — Med(v, X"t (m))| < --- < |v, X7 — Med(v, X" (m))|. Since m +d =
[(n+k+1)/2], among X", j = 1,...,|[(n+k+1)/2], there are at least d points of X",
say, Xs,1,...,Xs,a- Let s, be the line determined by these d points. Then by the claim
above it can not be the line through y and perpendicular to v for ¢ sufficiently large. Let
D, = maxigj<q [V (Xs,; —y)|- Then Dy, > 0. Since there are at most finitely many such [, ,
thus

D= H;in D,, >0, for t sufficiently large. (33)

Let X, (m) be any one of m contaminating points in X" (m). Then
!/ ns D 3
vy, (y — Xigt (m))| < 1 for ¢ sufficiently large. (34)

If there are exactly d points of X™ among Xi"jst7 j=1,...,m+d, then, for a contaminating
point X i’ (m) of X" (m) that is among the m + d points, by (33) and (34) it is seen that for
t sufficiently large

L (X, — Xt
O'(’UthnSt(m)) > max ‘Uét( t] 20 (m))‘

1<j<d 2
S max v, Xss =)l i, (y — Xig™" (m))]
7 1<j<d 2 2
v'(Xsj—y)l D _ D
> Phrtseg 790 2 5 2 5.
Z o8 A 535 "

If there are at least d + 1 points, Xy,1,..., X, (4+1), among Xi”j‘”7 j=1,...,m+d, then
infs,y s apn) MAX1<, k< (dt1) [V (Xs,j — Xs,k)| > 0 since X™ is in general position. Hence for ¢

sufficiently large

|Uf9t (XStj - XStk?)|

cr(v;tX"St (m)) > max

1<, k<(d+1) 2
/
V( X, — X
2 max | ( St] stk)|
1<g, k<(d+1) 4
!
. vV (Xg, — X E
> inf max V(X k)| = —=>0.
St1,e08¢(a+1) 1<4, k<(d+1) 4 8

Both cases above lead to a bounded O(y, X™**(m)) for ¢ sufficiently large, a contradiction
with Display (32). This completes the proof for the case d = 2.

Third, consider the case d > 2. This can be done by mimicking the proof above for d = 2,
replacing lines with hyper-planes and 2 with d.
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