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A depth-based rank sum statistic for multivariate data introduced by
Liu and Singh (1993) as an extension of the Wilcoxon rank sum statistic for
univariate data has been used in multivariate rank tests in quality control
and in experimental studies. Those applications, however, are based on
a conjectured limiting distribution given in Liu and Singh (1993). The
present paper proves the conjecture under general regularity conditions
and therefore validates various applications of the rank sum statistic in
the literature. The paper also shows that the corresponding rank sum tests
can be more powerful than Hotelling’s T2 test and some commonly used
multivariate rank tests in detecting location-scale changes in multivariate

distributions.

1. Introduction. The key idea of data depth is to provide a center-outward
ordering of multivariate observations. Points deep inside a data cloud get high depth

and those on the outskirts get lower depth. The depth of a point decreases when
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the point moves away from the center of the data cloud. Applications of depth-
induced ordering are numerous. For example, Liu and Singh (1993) generalized, via
data depth, the Wilcoxon rank sum statistic to the multivariate setting. Earlier
generalizations of the statistic are due to, e.g., Puri and Sen (1971), Brown and
Hettmansperger (1987) and Randles and Peters (1990). More recent ones include
Choi and Marden (1997), Hettmansperger et al (1998), and Topchii et al (2003).
A special version of the Liu-Singh depth-based rank sum statistic (with a reference
sample) inherits the distribution-free property of the Wilcoxon rank sum statistic.
The statistic discussed in this paper, like most other generalizations, is only asymp-
totically distribution-free under the null hypothesis. For its applications in quality
control and experimental studies to detect quality deterioration and treatment ef-
fects, we refer to Liu and Singh (1993) and Liu (1992, 1995). These applications
relied on a conjectured limiting distribution, provided by Liu and Singh (1993), of
the depth-based rank sum statistic. Rousson (2002) made an attempt to prove the
conjecture but did not handle the differentiability of the depth functionals for a rig-
orous treatment. The first objective of the present paper is to fill this mathematical
gap by providing regularity conditions for the limiting distribution to hold, and by
verifying those conditions for some commonly used depth functions. The empirical
process theory, and in particular, a generalized Dvoretzk-Kiefer-Wolfowitz theorem

in the multivariate setting turns out to be very useful here.

Our second objective is to investigate the power behavior of the test based on
the Liu-Singh rank sum statistic. The test can outperform Hotelling’s 72 test and
some other existing multivariate tests in detecting location-scale changes for a wide
range of distributions. In particular, it is very powerful for detecting scale changes

in the alternative, for which Hotelling’s T? test is not even consistent.
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Section 2 presents the Liu-Singh depth-based rank sum statistic and a theorem of
asymptotic normality. Technical proofs of the main theorem and auxiliary lemmas
are given in Section 3. The theorem is applied to several commonly used depth func-
tions in Section 4, whereas Section 5 is devoted to a study of the power properties

of the rank sum test. Concluding remarks in Section 6 ends the paper.

2. Liu-Singh statistic and its limiting distribution Let X ~ F and Y ~
G be two independent random variables in R%. Let D(y; H) be a depth function of
a given distribution H in R? evaluated at point y. Liu and Singh (1993) introduced
R(y; F) = Pp(X : D(X;F) < D(y; F)) to measure the relative outlyingness of y

with respect to F' and defined a quality index
(1) QUEG) = [ RusFIGW) = P(D(X:F) < DIVSF)|X ~ FY ~ G,

Since R(y; F') is the fraction of F population that is “not as deep” as the point
y, Q(F, Q) is the average fraction over all y € G. As pointed out by Proposition 3.1
of Liu and Singh (1993), R(Y; F) ~ U|0,1] and consequently Q(F,G) = 1/2 when
Y ~ G = F and D(X; F) has a continuous distribution. Thus, the index Q(F,G)
can be used to detect a treatment effect or quality deterioration. The Liu-Singh

depth-based rank sum statistic

n

LS R(Y; B

n -
Jj=1

(2.2) Q(F, G) = / Rly: F,)dGn(y) =

is a two sample estimator of Q(F, ) based on the empirical distributions F,,, and
Gp,. Under the null hypothesis F' = G (e.g., no treatment effect or quality deterio-

ration), Liu and Singh (1993) proved in one dimension d = 1
~1/2 4
(2.3) (/m+1/m)/12) " (QFw, Ga) = 1/2) = N(0, 1),

and in higher dimensions, they proved the same for the Mahalanobis depth under

the existence of the fourth moments, and conjectured that the same limiting dis-
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tribution holds for general depth functions and in the general multivariate setting.
In the next section we prove this conjecture under some regularity conditions, and
generalize the result to the case of F' # G in order to perform a power study.

We first list assumptions that are needed for the main result. They will be verified
in this and later sections for some commonly used depth functions. Assume without
loss of generality that m < n hereafter. Let F,, be the empirical version of F'
and D(+;-) be a given depth function with 0 < D(z; H) < 1 for any point z and
distribution H in R

Al: P{y; < D(Y;F) <ys} < Clys — 41| for some C and any y;,y2 € [0, 1].

A2: sup, g |D(z; F) — D(x; F)| = o(1), almost surely as m — oo.

A3: E (sup,cga |D(2; Fy) — D(x; F)|) = O(m~1/2).

A4: E( ZipiX(Fm)piy(Fm)) = o(m~1/2) if there exist ¢; such that p;x (F,,) >
0 and p;y (Fy,) > 0 for piz(Fp,) := P(D(Z; Fp) = ¢i | Fin), i = 1,2, -.

Assumption (A1) is the Lipschitz continuity of the distribution of D(Y’; F') and
can be extended to a more general case with |xo — 1| replaced by |xe — 21| for some
a >0, if (A3) is also replaced by E (sup,ega |D(2; Fr) — D(g; F)|)a = O(m~°/?).

The following main result of the paper still holds true.

THEOREM 1. Let X ~ F and Y ~ G be independent, and X1, -+, X,, and

Yy, Y, be independent samples from F and G, respectively. Under (A1)—(A4),
2 2 —1/2 d
(Br/m+oba/n) " (QUEm, Go) ~ QUEG)) -5 N(0,1), as m — o,

where

tha = [ PDIXF) < Dy, F)AG() - Q¥(F.),

oty = [ PO F) < DI, F)AF(@) - QF.G).
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Assumption (A2) in the theorem is satisfied by most depth functions such as the
Mahalenobis, projection, simplicial, and halfspace depth functions; see Zuo (2003),
Liu (1990), and Massé (1999) for related discussions. Assumptions (A3)-(A4) also
hold true for many of the commonly used depth functions. Verifications can be

technically challenging and are deferred to Section 4.

REMARK 1 Under the null hypothesis F' = G, it is readily seen that Q(F,G) =
1/2 and 0% = 0% = 1/12 in the theorem.

REMARK 2 Note that (A1)-(A4) and consequently the theorem hold true for
not only common depth functions that induce a center-outward ordering in R?
but also other functions that can induce a general (not necessarily center-outward)
ordering in R?. For example, if we define a function D(z, F) = F(z) in R!, then the

corresponding Liu-Singh statistic is equivalent to the Wilcoxon rank sum statistic.

3. Proofs of the main result and auxiliary lemmas To prove the main
theorem, we need the following auxiliary lemmas. Some proofs are skipped. For the
sake of convenience, we write, for any distribution functions H, F, and I, in R,

points z and y in R?, and a given (affine invariant) depth function D(-; ),
I(.’E,y,H) :I{D(QJ,H) < D(yaH)}7 I(xaval,FQ) :I(xaval) _I(xay,FQ)'

LEMMA 1.  Let F,, and G,, be the empirical distributions based on independent

samples of sizes m and n from distributions F' and G, respectively. Then
0) [ [ 1. PG W) ~ G () - F(a)) = 0,1/ vimm),
(i) //I(x, Y, Fin, F)d(Fy,(z) — F(2))dG(y) = 0,(1/v/m) under (A1)-(A2), and

(i) / / I(2,y, Frn, F)dFp(2)d(Gn—G)(y) = Op(m~4n=1/2) under (A1) and (A3).



PrOOF OF LEMMA 1. We prove (iii). The proofs of (i)-(ii) are skipped. Let

Ly = [[1(z,y, Fin, F)dF,,(2)d(Gy, — G)(y). Then

Bl)? < E{/ [/I(x,y,FWF)d(Gn _ G)(y)rdFm(x)}

E[/I(Xl,y,Fm,F)d(Gn - G)(y)}2

- B[B{ (l Xn:(f(xl,yi, Fp. F) — ByI(X},Y, Fm,F))>2’X1, e Xon ]

n -
Jj=1
1
< —B[ By { (I(X1, Y1, Py F)? X1+, X
n
1
= BBy {|[(X1, Y1, F, F)|| X1, -+, X .
n

One can verify that

1@y, Fon, F) < 1(1D(w; F) = Dy F)| < 2 sup |D(w; ) = D(w; F) ).
z€RC

By (A1) and (A3), we have
E(Imn)* < %E ( sup | D(; Fm) — D(x;F)|) — 0(1/(m'/?n)).

The desired result follows from Markov’s inequality. a

LEMMA 2.  Assume that X ~ F andY ~ G are independent. Then under (A4),

we have [[1(D(x; Fy) = D(y; F))dF (2)dG(y) = o(m™1/?).

PROOF OF LEMMA 2. Let I(F,,) = [[I(D(z; Fyn) = D(y; Fi))dF(z)dG(y).

Conditionally on X, -+, X,, (or equivalently on F,), we have
15,) = [ P(D(X; Fn) = Dly: En) | Fn)dG)
{y: P(D(X; F)=D(y; Frm) | Fin)>0}
-y P(D(X:F) = ¢ | B)dG()
i {y: P(D(X; Fi)=D(y; Frn)=c; | Frn,)>0}

=S P(DOXG o) =i | ) P(DOVi F) = i | B ) = D pix (En)piv (F),

[ %
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where 0 < ¢; < 1 such that P(D(X; F,) = ¢; | Fn) = P(D(Y; Fp) = ¢; | Fi) > 0.
(Note that there are at most countably many such ¢;’s.) Taking expectation with

respect to X1, -+, X,,, the desired result follows immediately from (A4). O

LEMMA 3. let X ~ F and ' Y ~ G be independent and Xy, ---,X,, and

Yy, -+, Y, be independent samples from F and G, respectively. Under (A1)-(A4)

Q(F, Gr) — Q(F, Gy) = / / I(z,y, F)dG(y)d(Fo () — F(z)) + 0p(m~12),

and consequently v/m (Q(Fn, Grn) — Q(F,Gy,)) <, N(0,0% ).

PROOF OF LEMMA 3. It suffices to consider the case F' = (G. First we observe

QFns G }-QUE,Go)= [ Rys Fo)dGo(w) - / R(y; F)dG(y)
// 2.y, P )dF (2)dG // 2,y F)AF(2)dG, (y)
- / /W,y,Fm) — I(w,y, F)]dFy (2)dGy(y)
+ / / I(x,y, F)d(Gn(y) — G(y))d(Fn () — F(x))

+//](aj,y7F)dG(y)d(Fm($) — F(z)).

Call the last three terms I,;,n1, Imn2, and I,,3, respectively. From Lemma 1 it follows

immediately that /m I,n2 = 0,(1). By a standard central limit theorem, we have
(3.4) Vi Iz 5 N(0,0%p).
We now show that /m Ip,n1 = 0p(1). Observe that
ot = [ [16.9 B FYiFw@)d(G = G)w) + [ [T, B, F)AF ()4G0
— [ [ 1629, B FYiF @G () + 0,1/ v/m)
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by Lemma 1 and the given condition. It is readily seen that
[[ 1@ Foprar @)

// (z,y, Fin)dF (2)dG(y // (z,y, F)dF(z)dG(y)

! / / (D(2, F) < Dy F)) + I(D (@, F) > D(y; Fo)JdF (2)dG(y) — -

by Lemma 2. The desired result follows immediately. a

PrROOF OF THEOREM 1. By Lemma 3 we have

Q(meGn) - Q(F, G) = (Q(FmaGn) - Q(Fa Gn)) + (Q(F7 Gn) - Q(F, G))

/ / 21y, FYAG ()d(Fo( / / 2y, F)AF(2)d(Gn(y) — G (1))

+op(m~1/?).

The independence of F,,, and G,, and the central limit theorem give the result. O

4. Applications and Examples This section verifies (A3)-(A4) (and (A2))
for several common depth functions. Mahalanobis, halfspace, and projection depth
functions are selected for illustration. The findings here and in Section 2 ensure the

validity of Theorem 1 for these depth functions.

ExXAMPLE 1 — Mahalanobis depth (MHD). The depth of a point «x is defined as
MHD (a5 F) = 1/(1 + (¢ — p(F))'S™ (F)(a — u(F))), = € RY,

where p(F) and X(F) are location and covariance measures of a given distribution
F'; see Liu and Singh (1993) and Zuo and Serfling (2000a). Clearly both MHD(x; F')

and MHD(x; F,,) vanish at infinity as ||x|| — oo, where F, is the empirical version
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of F based on X, -+, X,, and u(F,,) and X(F,,) are strongly consistent estimators
of u(F) and X(F), respectively. Hence

sup |MHD(x; F,,,) — MHD(x; F)| = |MHD(2; Fr) — MHD(z,,; F)|,

zER
by the continuity of MHD(z; F) and MHD(z; F,;,) in « for some z,, = x(F,,, F) €
R? and ||z,,]| < M < oo for some M > 0 and all large m. Write for simplicity u and

Y for pu(F) and X(F) and p,, and 3, for p(Fy,,) and X(F,,), respectively. Then

|MHD(2; Fr) — MHD(2; F)|

_ |(m = 10)' S (o + 1= 223) + (2 — ) (55" = 271 (@ — p) '
(L 120 (@ = ) I2) (L + [£72 (@ — )]1?)

This, in conjunction with the strong consistency of u,, and ¥,,, yields (A2).
Holder’s inequality and expectations of quadratic forms (p.13 of Seber (1977))

yield (A3) if conditions (i) and (ii) below are met. (A4) holds trivially if (iii) holds.

(i) um and X, are strongly consistent estimators of x4 and X, respectively,

(ii) E (m — )i = O(m=2), E(S;1 =81 = O(m~12),1 <, j, k < d, where

the subscripts ¢ and jk denote the elements of a vector and a matrix respectively,

(iii) The probability mass of X over any ellipsoid is 0.

COROLLARY 1. Assume that conditions (i), (ii) and (iii) hold and the distribu-

tion of MHD(Y'; F') is Lipschitz continuous. Then Theorem 1 holds for MHD. O

ExXAMPLE 2 — Halfspace depth (HD). Tukey (1975) suggested this depth as
HD (z; F) = inf{P(H,) : H, closed halfspace with = on its boundary}, = € R?,

where P is the probability measure corresponding to F. (A2) follows immediately

[see, e.g., pages 1816-1817 of Donoho and Gasko (1992)]. Let H be the set of all
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closed halfspaces and P,, be the empirical probability measure of P. Define
Dy (H) := m"?||P,, — Py := sup m"/?|P,,(H) — P(H)|.
HeH

Note that H is a permissible class of sets with polynomial discrimination [see Section
II. 4 of Pollard (1984) for definitions and arguments|. Let S(H) be the degree of
the corresponding polynomial. Then by a generalized Dvoretzk-Kiefer-Wolfowitz
theorem [see Alexander (1984) and Massart (1983, 1986); also see Section 6.5 of
Dudley (1999)], we have for any ¢ > 0 that P(D,,(H) > M) < Ke=(2=9M for
some large enough constant K = K (e, S(H)). This yields immediately (A3).

To verify (A4), we consider the case F' = G for simplicity. We first note that
HD(X; Fy,) for given F,, is discrete and can take at most O(m) values ¢; = i/m

fori=0,1,---,m. Let F' be continuous. We first consider the univariate case. Let
Ao =R'—NH,,, Aj=NHpm—iz1 — NHpoi, Agyr = NHpop — N0,

with 1 < i <k and k = |(m —1)/2], where H; is any closed half-line containing

exactly some 7 points of X7, -+, X,,,. It follows that for 0 < i < k,
P(HD(X; Fr) = ¢ | Fin) = P(4)
= [F(X(i1) — F(Xa@)] + [F(Xn—ir1) = F(Xm—))]
P(HD(X;Fm) = Ck+1 | Fm) = P(AkJrl) = [F(X(m—k)) - F(X(k+1))]a

where —oo =: X(O) <Xy < LX) < X(my1) = 0o are order statistics.

On the other hand, X(;y and F‘l(U(Z-)) are equal in distribution (i), where
0=Up) <Un) < <Upn) < Uiny1) = 1 are order statistics based on a sample
from the uniform distribution on [0,1]. Let D; = F(X(i11)) —F(X()), i =0,---,m.
The D;s have the same distribution and

1 ) 2 1

bi) = (m+ 1) (m+2)’ E(D:iD;) = (m+ 1) (m+2)
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Hence for 0 < i < k, E(P(HD(X; F,,) = ¢; | Fn))?) = 6/((m + 1)(m + 2)), and
E((P(HD(X; Fy) = ciy1 | Fm))?) = O(m~2). Thus (A4) follows immediately.

Now let us treat the multivariate case. Let X1, -, X,, be given. Denote by H;

any closed halfspace containing exactly ¢ points of X, -, X,,,. Define sets

Ag=R4—NH,,, Ay =NHp—NHp1,- - Aty = NHpp1 —NHy, Apy_ i1 = NH,

with (m — k 4+ 1)/m = max,cge HD(z; F,;) < 1. Then it is not difficult to see that
HD(z; Fn,) =i/m, forx e A;,i=0,1,--- m—km—k+1.

Now let p;, = P(HD(X; F,,) = ¢; | Fy) with ¢; = i/m. Then for any 0 < i < m—k+1
pi = P(X € A;)) = P(NH,,,—i41) — P(NH,,_;), with H,,41 = R? and Hy_; = 0.
Now treating p; as random variables based on the random variables X1, -, X,,,
by symmetry and the uniform spacings results used for the univariate case above

we conclude that the p;’s have the same distribution for ¢ = 0,---,m — k and
E(p) =0(m™), E@p))=0m™2), i=0,---,m—k+1.
Assumption (A4) follows in a straightforward fashion. Thus we have

COROLLARY 2. Assume that F is continuous and the distribution of HD(Y'; F')

is Lipschitz continuous. Then Theorem 1 holds true for HD. O

EXAMPLE 3 — Projection depth (PD). Stahel (1981) and Donoho (1982) defined

the outlyingness of a point z € R? with respect to F' in R? as

O(x; F) = sup |u'z — u(F,)|/o(F,),

ueSd—1t
where S9! = {u : |lu| = 1}, u(-) and o(-) are univariate location and scale

estimators such that p(aZ +b) = ap(Z)+b and o(aZ +b) = |a|o(Z) for any scalars
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a,b € R! and random variable Z € R', and /X ~ F, with X ~ F. The projection

depth of 2 with respect to F is then defined as [see Liu (1992) and Zuo (2003)]
PD(z; F) =1/(1+ O(z; F)).
Under the following conditions on y and o,

(C1): sup,ega—1 p(Fy) < oo, 0<inf,cgi10(F,) <sup,cga o(F,) < oo;

(C2): sup,ega—1 |p(Fmu) —p(Fu)| = 0o(1), sup,ega—1 |0(Fmy) —o(Fy)| = o(1), a.s.

(C3): E sup |u(Fnu) — w(F)|=0(m™3%), E sup |0(Fmu) — 0(F,)|=0(m™?),

flull=1 flull=1

where F),, is the empirical distribution based on v’ X1, --,v'X,, and Xy, -, X,
is a sample from F', Assumption (A2) holds true by Theorem 2.3 of Zuo (2003) and

(A3) follows from (C3) and the fact that for any x € R% and some constant C' > 0

. _ 2 su O(z; F)|o(Finu) — o (Fu)| + [1(Fmu) — p(Fu)|
[PD(: Fn) = PR E) <. sup =5 s B} (1 + Oa; F))or (Fo)

< C sup {|o(Fnu) — o(Fu)| + |n(Fpu) — n(Fu)|}-

ueSd—1

(C1)-(C3) is true for general smooth M-estimators of i and o [see Huber (1981)] and
rather general distribution functions F'. If we consider the median (Med) and the

median absolute deviation (MAD), then (C3) holds under the following condition

(C4): F, has a continuous density f,, around points pu(F,)+{0, £o(F,)} such that

infy) =1 fu(p(Fu)) > 0, infjjy =1 (fu(p(Fu) + 0(Fu)) + fu(u(Fu) — o(Fu))) > 0,
To verify this, it suffices to establish just the first part of (C3) for u=Med. Observe
F 7 (1/2 = 1 = Fulloo) = Fi71(1/2) < p(Fina) — p(Fu)

< F /24 | Fou = Fullee) = Fi'(1/2),
for any u and sufficiently large m. Hence

[1(Fnw) — p(Fu)| < 2| Fp — F“||°°/u€i§£1 fu(p(Fy)) = Cl|Frnu — Fulloo,
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by (C4). Clearly, u(F,y,,,) is continuous in u. From (C4) and Lemma 5.1 and Theorem

3.3 of Zuo (2003), it follows that u(F,) is also continuous in w. Therefore

PV sup () = )| > ) < Py = Fuglle > (2/(mC)"?)

< 26_2t2/c2, for any t > 0,

where unit vector uy may depend on m. Hence the first part of (C3) follows.
Assumption (A4) holds for PD since P(PD(X;F,,) = ¢ | Fy,) = 0 for most

commonly used (u, o) and F. First the continuity of p(Fy,.,) and o(F,,,) in u gives
P(PD(X; F,,) =c| Fn) = P(ux X = p(Fyu, ))/0(Fu, ) = (1 = ¢)/c| Fn),

for some unit vector ux depending on X. This probability is 0 for most F' and

(1, 0). For example, if (p, o) =(mean, standard deviation), then
P(PD(X;Fy,) =c| Fy) = P(|S3(X — Xn)l = (1 —¢)/c| Fn),
where S, = 5 3" (X; — X,,,)(X; — X;,)’, which is 0 as long as the mass of F

on any ellipsoids is 0. Thus

COROLLARY 3. Assume that (C1)-(C3) hold, P(PD(X; F,,) =c | F,) = 0 for

any ¢ > 0, and PD(Y'; F) satisfies (Al). Then Theorem 1 holds for PD. O

5. Power properties of the Liu-Singh multivariate rank sum test
LARGE SAMPLE PROPERTIES A main application of the Liu-Singh multivariate

rank-sum statistic is to test the following hypotheses:
(5.5) Hy:F =G, versus Hy: F #G.

By Theorem 1, a large sample test based on the Liu-Singh rank sum statistic

Q(F,,,G,) rejects Hy at (an asymptotic) significance level « when

(5.6) |Q(Fpy Gn) — 1/2 > 21_ 02 ((1/m +1/n)/12)"/2,
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where ®(z,) = r for 0 < r < 1 and normal c.d.f ®(-). The test is affine invariant, and
is distribution-free in the asymptotic sense under the null hypothesis. Here we focus
on the asymptotic power properties of the test. By Theorem 1, the (asymptotic)
power function of the depth-based rank sum test with an asymptotic significance

level « is

1/2 = Q(F,G) + z1—a/2 v/ (1/m +1/n) /12 )
VoGr/m+ ok /n
Y2 QUG s eys VI I
VoGp/m+ ohg/n '

(5.7)  Bo(F.G)=1-a(

+ o

The asymptotic power function indicates that the test is consistent for all alter-
native distributions G such that Q(F,G) # 1/2. Before studying the behavior of
Ba(F,G), let’s take a look at its key component Q(F, G), the so-called quality index
in Liu and Singh (1993). For convenience, consider a normal family and d = 2.
Assume without loss of generality (w.l.o.g.) that F' = N5((0,0)’,I5) and consider

G = Ny(u,Y), where I is a 2 x 2 identity matrix. It can be shown
1/2 _ _ _
QE.G) = (IS1/1ZN) " exp (— p/(S7 - 718 B 7Y)u/2),

for any affine invariant depth functions, where S = (I + £71)71. In the case

= (u,u) and ¥ = 02 I, write Q(u,0?) for Q(F,G). Then
Q(u,0?) := Q(F,G) = exp(—u?/(1 + %)) /(1 + o?).

Its behavior is revealed in Figure 1. It increases to its maximum value (1 + 02)~!
(or exp(—u?)) as u — 0 for a fixed o2 (or as 02 — 0 for a fixed u). When u = 0 and
0?2 =1, Q(F,G), as expected, is 1/2, and it is < 1/2 when there is a dilution in the
distribution (02 > 1). Note that Liu and Singh (1993) also discussed Q(u,c?). The

results here are more accurate than their Table 1.
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Fic. 1. The behavior of Q(F,G) with F = No((0,0)’, I2) and G = Nao((u,u)’, 0 I3).

A popular large sample test for hypotheses (5.5) is based on Hotelling’s T2

statistic that rejects Hy if
(5.8) (X = Y0) ((1/m + l/n)Spooled)_l(Xm —-Y,) > X%—a(d)

where Spootea = (M —1)Sx + (n —1)Sy)/(m +n — 2), X,, and Y,, and Sx and
Sy are sample means and covariance matrices, and x2(d) is the rth quantile of the

chi-square distribution with d degrees of freedom. The power function of the test is
(5'9) ﬂT2 (F7 G) = P((Xm - Yn)/((l/m + l/n)Spooled)il(Xm - Yn) > X%—a(d))

We also consider a multivariate rank sum test based on the Oja objective function
in Hettmansperger et al (1998). The Oja test statistic, O, has the following null

distribution with N = m 4+ n and A =n/N,
(5.10) 0 := (NA(1 = \) "' T By T -% x2(d),

where Ty = S5y ar Ry (21), Rn(2) = S5 S cp Sp()np, ax = (1 — NI (k >

m) — )\I(k‘ < m), Zr € {Xl,"'7Xm7}/a7"'aYn}7 BN = ﬁZk RN(Zk)RIIV(Zk)7
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P={p=_(i1,---,1q): 1 <i1 <--- <ig < N}, Sp(z) = sign(ng, + 2'n,), and

det(L 1 1 1) —ng, 42/,
11 12 1d

where ng, and njp,j = 1,---,d, are the co-factors according to the column (1, 2’)".

The power function of this rank test with an asymptotic significance level « is
(5.11) Bo(F,G) = P((NA(L = N) ' T4 By T > x2_(d)).

The asymptotic relative efficiency (ARE) of this test in Pitman’s sense is discussed
in the literature; see, e.g., Mottonen et al (1998). At the bivariate normal model, it
is 0.937 relative to T2.

In the following we study the behavior of 8g, Bo, and (2. To facilitate our
discussion, we assume that o« = 0.05, m = n, d = 2, and G is normal or mixed
(contaminated) normal, shrinking to the null distribution F' = N5((0,0)’, I5). Note
that the asymptotic power of the depth-based rank sum test, called the Q test from
now on, is invariant in the choice of the depth function.

For pure location shift models Y ~ G = Ny((u,u)’, I3), Hotelling’s T based test,
called T2 from now on, is the most powerful, followed by the Oja rank test, to be
called the O test, and then followed by the @ test. All these tests are consistent at
any fixed alternative. Furthermore, we note that when the dimension d gets larger,
the asymptotic powers of these tests move closer.

On the other hand, for pure scale change models G = N5((0,0)",0%15), the Q
test is much more powerful than the other test. In fact, for these models, the T2
test has trivial asymptotic power a at all alternatives. Figure 2, a plot of the power
functions B2, Bo and B, clearly reveals the superiority of the @) test. The O test
performs just slightly better than T2.

In the following we consider a location shift with contamination, a scale change

with contamination, and a simultaneous location and scale change as alternatives.
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Fie. 2. Br2(F,G) and Bo(F,G) with F = N5((0,0)’,I2), G = N2((0,0), 0*I2).
The contamination amount € is set to be 10%. The asymptotic power calculations
for T? and Q are based on the limiting distributions of the test statistics under the
alternatives. Since the limiting distribution is not available for the O test (except

for pure location shift models), we use Monte Carlo to estimate the powers.

For G = (1 — €)No((u,u)’, Is) + eN2((0,0), (1 + 10uc?)I), the contaminated
location shift models with v — 0, the (asymptotic) power function Orz(F,G) is
P(Zyq > X2 95(2)), where Z, has a non-central chi-square distribution with 2
degrees of freedom and non-centrality parameter n(1—e)?u?/(1+5euo?+e(1—e)u?).
Since the derivation of this result is quite tedious, we skip the details. Comparisons
of Br2, Bo, and (g are listed in Table 1, which clearly reveals that 7 becomes less
powerful than () when a pure location shift model is 10% contaminated. For large

1, O is more powerful than @ since the underlying model is mainly a location shift.

For G = 0.9N2((0,0)',0%I3) + 0.1Na((u, u)’, Is), the contaminated scale change

models with 02 — 1 and u — 0, the (asymptotic) power function 372 is equal to
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P(Zay, > x295(2)), where Z, has the non-central chi-square distribution with 2
degrees of freedom and the non-centrality parameter 2ne?u?/(1 + € + (1 — €)o? +
2¢(1 — €)u?). Table 2 reveals the superiority of @ in detecting scale changes over T2

and O, even when the model has a 10% contamination.

TABLE 1. The (asymptotic) power of tests based on T2, O, and Q

u 0.0 0.15 020 025 030 035

G= 09Ny ((u,u)', Iy) + 0.1N5((0,0), (1 + 10uc?)Iy),0 = 4
n=100 fBr= 0.050 0.117 0.155 0.196 0.239 0.284
Bo 0.051 0245 0.286 0.307 0.381 0.443
Bo 0046 0.157 0.296 0.423 0.558 0.687

n=200 B> 0.050 0.193 0273 0.357 0441 0.521
Bo 0.051 0430 0.508 0.549 0.659 0.746

Bo 0.056 0.342 0.546 0.712 0.881 0.941

TABLE 2. The (asymptotic) power of tests based on T2, O, and Q

o? 1.0 1.2 14 1.6 1.8 2.0

G=0.9N2((0,0)',0%I5) + 0.1N2((u,u), Iz),u =0 — 1
n=100 Brz 0.0500 0.0505 0.0522 0.0540 0.0565 0.0589
Bo 0.0510 0.1807 0.4300 0.7343 0.8911 0.9627
Bo 0.0480 0.0540 0.0570 0.0640 0.0680 0.0700
n=200 Br: 0.0500 0.0513 0.0543 0.0583 0.0631 0.0679
Bo 0.0515 0.2986 0.7405 0.9505 0.9944 0.9996

Bo 0.0520 0.0590 0.0630 0.0850 0.1120 0.1390

For G = Na((u,u)’,02%I3), the simultaneous location and scale change models
with (u,0?) — (0,1), the (asymptotic) power function fBrz is P(Zae > xZ.95(2)),

where Zs. has the non-central chi-square distribution with 2 degrees of freedom and
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the non-centrality parameter 2nu?/(1 + o2). Table 3 reveals that @ can be more
powerful than 72 and O when there are simultaneous location and scale changes.
Here we selected (0—1)/u = 1. Our empirical evidence indicates that the superiority
of @ holds as long as (0 — 1)/u is close to or greater than 1, that is, as long as the
change in scale is not much less than that in location. Also note that T2 in this

model is more powerful than O.

TABLE 3. The (asymptotic) power of tests based on T2, Q and O

u 0.0 0.15 0.20 0.25 0.30 0.35

G = No((u,u),0%L), o =u+1
n=100 Brz 0.0500 0.2194 0.3482 0.4931 0.6345 0.7547
Bo 0.0506 0.4368 0.6622 0.8394 0.9409 0.9827
Bo 0.0460 0.2180 0.3240 0.4300 0.5730 0.7080
n=200 QOrz 0.0500 0.4039 0.6249 0.8050 0.9161 0.9698
Bo 0.0488 0.7247 0.9219 0.9875 0.9989 0.9999

Bo 0.0560 0.3570 0.5690 0.7550 0.8820 0.9440

SMALL SAMPLE PROPERTIES To check the small sample power behavior of (), we
now examine the empirical behavior of the test based on Q(F,,, G, ) and compare it
with those of T? and O. We focus on the relative frequencies of rejecting Hy of (5.5)
at a = 0.05 based on the tests (5.6), (5.8) and (5.10) and 1000 samples from F and
G at the sample size m = n = 25. The projection depth with (u, o) = (Med, MAD)
is selected in our simulation studies, and some results are given in Table 4. Again
we skip the pure location shift or scale change models, in which cases, T2 and Q
perform best, respectively. Our Monte Carlo studies confirm the validity of the

(asymptotic) power properties of @ at small samples.
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TABLE 4. Observed relative frequency of rejecting Hy

u 0.0 0.15 020 025 030 0.35

G=0.9Ny((u,u)’, Iy) + 0.1N5((0,0), (1 + 10uc?)I5),0 = 4
n=25 fBro 0058 0.083 0.108 0.142 0.151 0.189
Bo 0.057 0154 0.156 0.170 0.203 0.216

Bo 0.047 0.084 0.116 0.152 0.201 0.254

o? 1.0 1.2 14 1.6 1.8 2.0

G= 0.9]\[2((07 O)I, 0‘212> + 0.1N2((u, u)’, 12), u=0-—1
n=25 Br: 0.059 0.063 0.059 0.073 0.061 0.067
Bo 0.063 0.145 0.243 0.377 0.469 0.581

Bo 0.061 0.058 0.041 0.053 0.043 0.055

u 0.0 015 020 025 030 0.35

G = No((u,u),02%L), c =u+1
n=25 pfBpr2 0.069 0.113 0.147 0.183 0.220 0.269
Bg 0.060 0.245 0.324 0.418 0.498 0.587

Bo 0.044 0.082 0.089 0.127 0.197 0.221

6. Concluding remarks This paper proves the conjectured limiting distri-
bution of the Liu-Singh multivariate rank sum statistic under some regularity condi-
tions, which are verified for several commonly used depth functions. The asymptotic
results in the paper are established for general depth structures and for general dis-
tributions F' and G. The @ test requires neither the existence of a covariance matrix
nor the symmetry of F' and G. This is not always the case for Hotelling’s 7 test
and other multivariate generalizations of Wilcoxon’s rank sum test.

The paper also studies the power behavior of the rank sum test at large and small

samples. Although the discussion focuses on the normal and mixed normal models
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and d = 2, what we learned from these investigations are typical for d > 2 and for
many non-Gaussian models. Our investigations also indicate that the conclusions
drawn from our two-sample problems are valid for one-sample problems.

The Liu-Singh rank sum statistic plays an important role in detecting scale
changes similar to what Hotelling’s 72 does in detecting location shifts of distri-
butions. When there is a scale change in F', the depths of almost all points y from
G decrease or increase together, and consequently Q(F,G) is very sensitive to the
change. This explains why @ is so powerful in detecting small scale changes. On
the other hand, when there is a small shift in location, the depths of some points y
from G increase whereas those of the others decrease, and consequently Q(F, G) will
not be so sensitive to a small shift in location. Unlike the 72 test for scale change
alternatives, the () test is consistent for location shift alternatives, nevertheless.

Finally, we briefly address the computing issue. Hotelling’s T2 statistic is clearly
the easiest to compute. The computational complexity for the O test is O(n4t1),
while the complexity for the @ test based on the projection depth (PD) is O(n9+2).
Indeed, the projection depth can be computed exactly by considering O(n?) di-
rections that are perpendicular to a hyperplane determined by d data points;
see Zuo (2004) for a related discussion. The exact computing is of course time-
consuming. In our simulation study, we employed approximate algorithms (see
www.stt.msu.edu/ zuo/tabled.txt), which consider a large number (but not all n

choosing d) directions in computing @ and O.
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