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GENERAL NOTIONS OF STATISTICAL DEPTH FUNCTION

BY YIJUN ZUO AND ROBERT SERFLING!

Arizona State University and University of Texas

Statistical depth functions are being formulated ad hoc with increas-
ing popularity in nonparametric inference for multivariate data. Here we
introduce several general structures for depth functions, classify many ex-
isting examples as special cases, and establish results on the possession, or
lack thereof, of four key properties desirable for depth functions in general.
Roughly speaking, these properties may be described as: affine invariance,
maximality at center, monotonicity relative to deepest point, and vanishing
at infinity. This provides a more systematic basis for selection of a depth
function. In particular, from these and other considerations it is found that
the halfspace depth behaves very well overall in comparison with various
competitors.

1. Introduction. Statistical depth functions have become increasingly
pursued as a useful tool in nonparametric inference for multivariate data.
Roughly speaking, for a distribution P in R?, a corresponding depth function
is any function D(x; P) which provides a P-based center-outward ordering of
points x € R%. Tukey (1975) proposed a “halfspace” depth and suggested its
role in defining multivariate analogues of univariate rank and order statistics
via depth-induced “contours.” The halfspace depth (HD) of a point x in R¢
with respect to a probability measure P on R? is defined as the minimum
probability mass carried by any closed halfspace containing x, that is,

HD(x; P) =inf{P(H) : H a closed halfspace, x € H}, x e R?.

Based on this depth, Donoho and Gasko (1992) studied multivariate location
estimators and Yeh and Singh (1997) developed confidence regions. Properties
of the corresponding contours have been studied by various authors including
Eddy (1985), Nolan (1992), Donoho and Gasko (1992) and Massé and Theodor-
escu (1994). See Carrizosa (1996) for a characterization of halfspace depth
relating to problems of facility location analysis in the operations research
literature.

The “center-outward ordering” interpretation of a depth function suggests
that (i) a relevant notion of “center” is available, and (ii) points near the cen-
ter should have higher depth. From this standpoint, the “center” consists of
the set of points globally maximizing depth, in which case a depth function
should tend to ignore multimodality features of the underlying distribution
P. If, on the other hand, sensitivity to multimodality is desirable, then the
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462 Y. ZUO AND R. SERFLING

“center” should include local maxima as well, in which case the notion of
center-outward ordering becomes compromised and “inner” points can have
low depth. It is thus important, in considering depth functions, to make a
choice on this issue. In the present paper we opt for the center to be given
by global maxima, with low depth corresponding to large distance from the
center. For further discussion, see Remark A.1 in Appendix A.

Liu (1990) introduced a notion of “simplicial” depth and corresponding mul-
tivariate location estimators. Namely, the simplicial depth (SD) of a point x
in R? with respect to a probability measure P on R? is defined to be the
probability that x belongs to a random simplex in R?, that is,

SD(x; P) = P(x € S[X4,..., X4.1]), xeRY,

where X{,..., X4, is a random sample from P and S[x,,..., x4,,] denotes
the d-dimensional simplex with vertices x;,..., x4, that is, the set of all
points in R? that are convex combinations of x, ..., x4, ;.

Liu and Singh (1993) considered the above two depth functions and two
more, “Mahalanobis” depth and “majority” depth, which they applied in for-
mulating a “quality index” for use in connection with manufacturing processes.
Rousseeuw and Hubert (1999) introduced “regression depth” and Rousseeuw
and Ruts (1996), Ruts and Rousseeuw (1996) and Rousseeuw and Struyf (1998)
studied computing issues concerning depth functions and contours. Liu, Pare-
lius and Singh (1999) considered seven examples of depth function, including a
“convex hull peeling” version and a “likelihood” type, and developed methodol-
ogy for their practical use in exploratory statistical analysis. Likelihood-based
depth functions have also been considered by Fraiman and Meloche (1996) and
Fraiman, Liu and Meloche (1997). Koshevoy and Mosler (1997) introduced a
“zonoid” depth function based on “zonoid trimming.” Bartoszynski, Pearl and
Lawrence (1997) introduced a depth function based on interpoint distances in
the context of a multivariate goodness-of-fit test. Depth functions also arise
in the theory of social choice [see Caplin and Nalebuff (1988, 1991a, b)]. Non-
parametric notions of multivariate “scatter measure” and “more scattered”
based on general depth functions have been formulated and studied by Zuo
and Serfling (2000a). Mizera (1998) has introduced a differential calculus for
depth functions. Finally, Vardi and Zhang (1999) have introduced a method
for constructing depth functions from notions of multivariate median.

Depth functions thus have been introduced ad hoc in great variety, without
regard to whether they meet any particular set of criteria that ought to be
satisfied. Consequently, there is no systematic basis for preferring one such
function over another. In the present paper, we address this issue by asking:

(i) What desirable properties should a statistical depth function possess?
(il)) What constructive approaches lead to attractive depth functions?
(ii1) Do existing depth functions possess all desired properties?

In Section 2 we list several desirable properties first introduced by Liu
(1990), on the basis of which we formulate a general definition of “statisti-
cal depth function”. Roughly speaking, these properties may be described as:
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affine invariance, maximality at center, monotonicity relative to deepest point,
and vanishing at infinity. Also, several distinct structures for construction of
depth functions are introduced and investigated with respect to possession
of these properties, and a number of presently popular depth functions are
classified with respect to these different structural types.

In Section 3 we evaluate and critically compare, from the above perspectives
as well as from robustness considerations, a number of existing depth func-
tions and some new ones introduced via the above-mentioned constructions. It
is found that the half-space depth and a closely related “projection depth,” both
of which reflect projection pursuit methodology, are distinctly more attractive
than popular competitors.

Various supplementary notes are provided in Appendix A, including dis-
cussion of almost sure uniform convergence of sample depth functions to their
population counterparts. Finally, proofs of the results in Section 2 are provided
in Appendix B.

2. General notions of statistical depth. Here we consider general no-
tions of depth function on R?, defined with respect to arbitrary distributions
which may be either continuous or discrete. In the spirit of Liu (1990), Sec-
tion 2.1 presents four desirable properties that an ideal depth function should
possess. In Section 2.2 the halfspace and simplicial depth functions are exam-
ined with respect to these criteria, and it is found that the halfspace depth
possesses all four properties (see Theorem 2.1), whereas the simplicial depth
lacks certain properties in some cases (see Remark 2.1). In Section 2.3, sev-
eral general structures for depth functions are introduced and investigated
with respect to the four properties (see Theorems 2.2-2.11). Also, familiar ex-
isting versions of depth function as well as some new ones are reviewed in the
context of these structures.

2.1. Desirable properties and a general definition. We confine attention
to depth functions that are nonnegative and bounded. In order that a depth
function serve most effectively as a tool providing a center-outward ordering
of points in R%, it should ideally satisfy the following further properties, which
we state informally first and then more precisely in Definition 2.1.

P1. Affine invariance. The depth of a point x € R? should not depend on the
underlying coordinate system or, in particular, on the scales of the underlying
measurements.

P2. Maximality at center. For a distribution having a uniquely defined “center”
(e.g., the point of symmetry with respect to some notion of symmetry), the
depth function should attain maximum value at this center.

P3. Monotonicity relative to deepest point. As a point x € R? moves away from
the “deepest point” (the point at which the depth function attains maximum
value; in particular, for a symmetric distribution, the center) along any fixed
ray through the center, the depth at x should decrease monotonically.
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P4. Vanishing at infinity. The depth of a point x should approach zero as ||x||
approaches infinity.

We note that P1-P4 are introduced and investigated for the simplicial depth
in Liu (1990).

We now formally define “statistical depth function”. Denote by & the class
of distributions on the Borel sets of R% and by F ¢ the distribution of a given
random vector £.

DEFINITION 2.1. Let the mapping D(-;-) : R x & — R! be bounded, non-
negative, and satisfy P1-P4. That is, assume:

(i) D(Ax + b; F 4x.p) = D(x; Fx) holds for any random vector X in R?,
any d x d nonsingular matrix A, and any d-vector b;
(ii) D(6; F) = sup,cge D(x; F) holds for any F € & having center 6;
(iii) for any F € & having deepest point 6, D(x; F) < D(0 + a(x — 0); F)
holds for « € [0, 1]; and
(iv) D(x; F) — 0 as |x|| — oo, for each F € &.
Then D(-; F) is called a statistical depth function.

A sample version of D(x; P), denoted by D ,(x) = D(x; ﬁn), may be defined
by replacing P by a suitable empirical measure ﬁn

In the above we have used the term “center” to denote a point of symmetry.
Various notions of multivariate symmetry are possible. In particular, a stan-
dard notion widely used in the literature is that a random vector X in R is

centrally symmetric about 0 if X — 6 29X , Where «L» denotes “equal in
distribution.” A broader notion due to Liu (1990) defines X to be angularly
symmetric about 6 if (X — 6)/|| X — 6| is centrally symmetric about the origin.
A still broader notion, which we here introduce, defines X to be halfspace
symmetric about 6 if P(X € H) > 1/2 for every closed halfspace H contain-
ing 0. In an obvious terminology, it is easily established that C-symmetry —
A-symmetry — H-symmetry. For characterizations of H-symmetry motivat-
ing its relevance in nonparametric multivariate location inference, see Zuo and
Serfling (2000c¢). Thus the most favorable manifestation of property P2 for a
depth function D(:;-) is that maximality at center should hold for D(:; F) as
generally as possible, that is, for every H-symmetric F. A similar remark
holds with respect to property P3. [For further comparison of angular and
halfspace symmetry, and of these with notions in Beran and Millar (1997), see
Remark A.2 in Appendix A.]

One might view property P4 as rather too strict and thus instead consider
some weaker variant. If, for example, the depth function has a lower limit
L > 0, one might normalize the depth function by subtracting L. But when L
depends on F (as for the majority depth when d > 2), this is computationally
and technically very burdensome.

Or one might require merely that R(x; F') — 0 as | x| — oo, where R(x; F)=
Pr({y : D(y; F) < D(x;F)}), the proportion of the distribution F' having
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depth < the depth of x. [This quantity is used by Liu and Singh (1993) in
defining their “quality index.”] Under P2 and P3, however, convergence of
R(x; F) to 0is seen to hold already and thus does not offer anything productive
in addition to P2 and P3.

In Zuo and Serfling [(2000b), Theorem 3.1(iv)], the present form of P4 is use-
ful in establishing compactness of depth-trimmed regions. Further, it plays a
role in using truncation arguments to establish almost sure uniform conver-
gence of sample depth functions to population versions.

2.2. A further look at the halfspace and simplicial depth functions. We
now investigate whether the halfspace depth function HD(x; P) and the sim-
plicial depth function SD(x; P) are “statistical depth functions” in the sense
of Definition 2.1. These are treated, respectively, in the following theorem and
remark.

THEOREM 2.1. The halfspace depth function HD(x; P) is a statistical depth
function in the sense of Definition 2.1.

REMARK 2.1.  For continuous angularly symmetric distributions, it follows
from results of Liu (1990) that the simplicial depth function SD(-; P) is a sta-
tistical depth function in the sense of Definition 2.1. For discrete distributions,
however, SD(x; P) can for H-symmetric distributions fail to satisfy the “maxi-
mality” property P2 and even for C-symmetric distributions fail to satisfy the
“monotonicity” property P3. This is seen from the following counterexamples.

COUNTEREXAMPLE 1. Let d =1and P(X =0) =1/5, P(X = 1) = 1/5,
and P(X = +2) = 1/5. Then clearly X is centrally symmetric about 0. It is not
difficult to show that SD(1/2; P) = 12/25 and SD(1; P) = 15/25, violating
P3.

COUNTEREXAMPLE 2. Let d =2 and P(X = (£1,0)) = P(X = (+2,0)) =

P(X =(0,+£1)) = 1/6. Then X is centrally symmetric about (0, 0) and
SD((1,0); P) — SD((1/2,0); P)=3!-2.(1/6)3 =1/18 > 0,
again violating P3.

COUNTEREXAMPLE 3. Let d = 2 and P(X = 6 = (0,0)) = 19/40, P(X =
A=(-1,1)) =3/40,and P(X = B=(-1,-1)) = P(X =C =(1,0)) = 1/40.
Let B 0 intersect AC at D, x be a point inside the triangle A A 8D, and P(X =
x) = 16/40. Then it is not difficult to verify, based on results established in

Zuo and Serfling (2000c¢), that X is H-symmetric about 0, which is thus the
center of the distribution. However, we have

!
SD(x;P)—SD(G;P):43—0’3(2x16><1><3—(3><1><19+1><1><19))>0,

that is, the “maximality” property P2 fails to hold.
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For the above two well-known notions of depth function, we thus have found
that one behaves well overall, while in some discrete cases the other is not
completely satisfactory. This leads one to investigate whether other attractive
statistical depth functions can be defined, indeed to explore general structures
for such functions and to seek to identify the more favorable types.

2.3. General structures for statistical depth functions. Four general struc-
tures for construction of statistical depth functions are introduced and inves-
tigated with respect to properties P1-P4. Various existing depth functions are
classified according to these types.

2.3.1. Type A depth functions. Let h(x;xq,...,x,) be any bounded non-
negative function which in some sense measures the closeness of x to the
points xq, ..., x,. A corresponding Type A depth function is then defined by
the average closeness of x to a random sample of size r:

(1) D(x; P) = Eh(x; X4, ..., X,),

where X,,..., X, is a random sample from P. For such depth functions
the corresponding sample versions D(x; ﬁn) turn out to be U-statistics or V-
statistics.

Taking r = d + 1 and A(x;xq,...,%4541) = I{x € S[xy,..., x4,1]}, We ob-
tain the simplicial depth, whose properties have been covered in Section 2.2.
Another example is the following.

ExaMPLE 2.1. [Majority depth (Singh, 1991)] For given points x4, ..., x4
in R? which determine a unique hyperplane containing themselves, there cor-
respond two closed halfspaces with this hyperplane as boundary. Denote by
H fl ..... «, the one which carries probability mass > 1/2 under the distribution

P on R?. Then the majority depth function is defined by
2 MJD(x; P)=P(x € Hy ), xeR%,

where X,..., X is a random sample from P. Clearly, the majority depth
function is of Type A with r = d and A(x;x4,...,%5) =I{xe H.  }.

Let us explore the majority depth function with respect to properties P1—
P4. Clearly P1 is satisfied. Also, as remarked by Liu and Singh (1993), for any
A-symmetric distribution P, MJD(x; P) decreases monotonically as x moves
away from the center along any fixed ray originating from the center, that is,
P2 and P3 hold. Indeed, the following result establishes this more generally.

THEOREM 2.2. For H-symmetric distributions P, MJD(x; P) satisfies P2
and P3.

The majority depth fails to satisfy property P4, however. As a counterex-
ample, take d = 2 and define P by P(X = (£1,0)) = 1/3 and P(X =
(0,1)) = 1/3. Then it is easy to see that lim,_,., MJD(x; P) = 2/3. As an-
other counter example, for d = 1 one can show for any P that MJD(x; P) =
1/2 + min{P(x),1 — P(x)} — 1/2 as x — oo.
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2.3.2. Type B depth functions. Let h(x;xq,...,x,) be an unbounded non-
negative function which measures in some sense the distance of x from the
points x;, ..., x,. A corresponding Type B depth function is then defined by

(3) D(x;F)=(1+Eh(x; X,,..., X))},

for X,,..., X, arandom sample from F'. Closely related to (3), but not equiv-
alent, is the structure E[1 + h(x; X1, ..., X,)]~}, which is a further example
of the Type A structure. For the sake of tractability, we prefer the form (3).
As a measure of dispersion of a point cloud {x;x,...,x,}, the function
h(x;xq,...,x,) possibly may not possess the affine invariance property P1,
but in many such cases it satisfies at least rigid-body invariance, that is,
h(Ax +b;Ax  +0b, ..., Ax, + b) = h(x; x4, ..., x,), for any d x d orthogonal
matrix A and any vector b € R?. For example, see the L? depth treated
below. Or, a suitable modification of the function 4 sometimes yields an affine
invariant version, as in the case of the “simplicial volume depth” as well as the
L2 depth treated below. Regarding properties P2-P4, Type B depth functions
are rather well behaved, as shown by the following examples and theorems.

EXAMPLE 2.2 (Simplicial volume depth). Take
h(x;xq,...,%q9) = A*(S[x, 21, ..., x4]),

where A(S[x;x1,...,xy4]) denotes the volume of the d-dimensional simplex
S[x, x1,...,x4] and « > 0. This is a measure of the dispersion of the point
cloud {x, x4, ..., x;} and accordingly

(4) (1+ E[A%(S[x, X1, ..., X,DD 7!

defines a Type B depth function. This depth function usually is not affine
invariant, however, since

AY(S[Ax + b, Axy + b, ..., Axy +b]) = | det(A) [*A%(S[x, xq, ..., x4]),

where b is any vector in R?, and the determinant det(A) of the nonsingular
matrix A is not always equal to 1. This problem can be rectified by a modifi-
cation. Rather than (4), we define the simplicial volume depth function by

@ -1
o A(S[x, X1, ..., X4])
(5) SVD*(x; F) = <1+E[< T ) ]) ,

where 3, is the covariance matrix of F. This version is affine invariant.

REMARK 2.2. Oja (1983) introduced for C-symmetric distributions a family
of location measures utilizing simplicial volume, as follows. For each a > 0, a
location measure u,: 7 — R? is defined by

E[A(S[no(F), Xy, ., Xg)] = inf, E[A"(S[u, X1, Xa]) |

However, he did not develop it into a depth function, nor did he consider the
affine invariant version (5).
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EXAMPLE 2.3. [LP? depth (p > 0.)] Another way to measure distance is via
the L? norm |- || ,. Taking A(x; ) = [Jx — x4]| ,, a corresponding Type B depth
function is given by
(6) LPD(x;F)= (1+ E|x - X| ;).

Note that L? D(x; F') generally does not possess the affine invariance property,
however, since

E|Ax +b — (AX +b)[, = E[A(x — X)|,,

which is not equal to E|x — X, for every nonsingular matrix A. On the other
hand, taking p = 2, it is easy to see that L2D(x; F) is rigid-body invariant.
Moreover, a modification of the L? norm yields an affine invariant version.
Following Rao (1988), for a positive definite d x d matrix M, define a norm

I 1l as
(7) x|l = Vo' Mx Vx e RY

Then, for p = 2, the depth function defined in (6) may be modified to an affine
invariant version,

® LD(x; F)=(1+ E[||lx — X[s2 D7,
where 3 is the covariance matrix of F.

Under some conditions on A(x;x,...,x,), Type B depth functions neces-
sarily satisfy P2 and P3, as shown in the following two results.

THEOREM 2.3. Suppose 0 is the point of symmetry of a distribution F with
respect to a given notion of symmetry. Then Type B depth functions D(x; F)
possess the “maximality at center” property P2 if:

1) A(x+b;21+0b,..., %, +b)=h(x;x1,...,%,.);

() A(—x;—2xy,..., —x,) = h(x; 24, ..., %,.);
(i) A(x;xq,...,x,) IS convex in the argument x; and
(iv) for x,band x4, ..., x, arbitrary vectors in R* and X4, ..., X, a random

sample from F, the set
<arginfEh(x;X1 -6,...,X,— 0)) N (arginf Eh(x;0 — X4,...,0— X,))
xeR4 xeR4
is nonempty.

REMARK 2.3. For any distribution C-symmetric about a point 6 in R?, there
is always a point y € R? satisfying condition (iv) above.

THEOREM 2.4. If h(x;xq,...,x,) is convex in x, then the corresponding
Type B depth function D(x; F') decreases monotonically as x moves outward
along any ray starting at a deepest point of F.
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Equipped with the above two results, we now take a further look at
SVD*(x; F') and L?D(x; F).

COROLLARY 2.1. For a > 1, SVD*(x; F) satisfies P3 and P4.

Since A*(S[x, x4, ..., x4]) is convex and rigid-body invariant, according to
Theorem 2.3 we obtain

COROLLARY 2.2. For C-symmetric distributions and « > 1, SVD*(x; F) sat-
isfies P2.

The affine invariance and Corollaries 2.1 and 2.2 thus yield:

THEOREM 2.5. For C-symmetric distributions and o« > 1, SVD*(x; F) is a
statistical depth function in the sense of Definition 2.1.

The next three results treat P2—P4 for L?D(x; F'), p > 1 and f/QD(x; F).

Convexity of h(x;x,) = [[x — x4]|, in the argument x follows in straight-
forward fashion from Minkowski’s inequality. Thus Theorem 2.4 yields P3 for
LPD(x; F), while P4 is obvious. Thus we have

COROLLARY 2.3. For p > 1, L?D(x; F) satisfies P3 and P4.

Since h(x;x,) is location invariant and even, that is, A(x + b, x; + b) =
h(x, x,) for any vector b € R? and h(—x, —x;) = h(x, x;), by the convexity
just established and Theorem 2.3 we obtain:

COROLLARY 2.4. For C-symmetric distributions and for p > 1, LPD(x; F)
satisfies P2.

For L2D(x; F) we have:

THEOREM 2.6. For any distribution F A-symmetric about a unique point
9 € R?, L2D(x; F) defined in (8) is a statistical depth function in the sense of
Definition 2.1.

REMARK 2.4. In the foregoing proof, condition (iv) of Theorem 2.3 was es-

tablished for L2(x; F) for all A-symmetric F. For the depth function L2(x; F),
it follows from results established in Zuo and Serfling (2000c¢) that this condi-
tion holds for all H-symmetric F.

2.3.3. Type C depth functions. Let O(x; F') be a measure of the outlying-
ness of the point x in R? with respect to the center or the deepest point of the
distribution F. Usually O(x; F') is unbounded, but a corresponding bounded
depth function is defined by
©)) D(x;F)= (14 O(x; F))™".

We call these Type C depth functions.
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REMARK 2.5. Although Type B and Type C depth functions are clearly sim-
ilar in form, it is convenient to treat them separately, as they arise from some-
what different conceptual points of view.

EXAMPLE 2.4. Projection depth. Define the outlyingness of a point x to be
the worst case outlyingness of x with respect to the one-dimensional median
in any one-dimensional projection, that is,

| w'x — Med(u' X) |
(10) O(x; F) = su s
(@ F) = sup B wx)

where X has distribution F, Med denotes the univariate median, MAD de-
notes the univariate median absolute deviation defined for univariate Y as
MAD(Y) = Med(]Y — Med(Y)|), and | - || is the Euclidean norm. We call
the corresponding Type C depth function projection depth and denote it by
PD(x; F), x € R%.

REMARK 2.6. For one-dimensional datasets X = {X;,..., X},
O, (x) = |x —Med; ;o {X;}|/ MAD ;. {X;}

has long been used as a robust measure of outlyingness of x € R with respect
to the center (median) of the dataset. See Mosteller and Tukey [(1977), pages
205-208]. Here

Med; ;- {X;} = 3 (Xu"T“J) T X(L#J)) g

MAD15i5n{Xi} = Med; ;. {|X; - Medlsjsn{XjH}’

and X(l) <o < X(n) are the ordered X, ..., X,. Donoho and Gasko (1992)
generalized this to arbitrary dimension d, defining O,(x) to be the worst case
outlyingness of x € R? in any one-dimensional projection of x and the dataset
X. A sample version of the projection depth function PD(x; F') is thus given
by

(11) PD,(x) = (14 0,(x))".

Liu (1992) suggested the use of (11) as a data depth function, but did not
provide any treatment of it.

ExampLE 2.5 (Mahalanobis depth). Mahalanobis (1936) introduced a dis-
tance between two points x and y in R?, with respect to a positive definite
d x d matrix M, as

d3(x, y) = (x — yY M~ (x — ).
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Based on this Mahalanobis distance, one can define a Mahalanobis depth as
the corresponding Type C depth function,

(12) MHD(x; F) = (1 +d5p)(2, p«(F)))_1 ;

where F' is a given distribution and w(F) and 3(F) are any corresponding
location and covariance measures, respectively. The case that u(F) and %(F)
are the mean and covariance matrix of F was suggested by Liu (1992). For
these choices, however, MHD(-; F') is not “robust” [since w(F') = mean is not
robust, as noted by Liu and Singh (1993)], and it can fail to achieve maximum
value at the center of A-symmetric distributions.

For Type C depth functions, the following analogues of Theorems 2.3 and
2.4 hold and can be proved similarly. It is convenient to write O(x; X) for
O(x; Fx).

THEOREM 2.7. Suppose 0 in R? is the point of symmetry of a distribution F
with respect to a given notion of symmetry. The Type C depth functions D(x; F)
pczssess the “maximality at center” property P2 if for arbitrary vectors x, b in
Re:

1) O(x+b; X +b) = O(x; X);

(i) O(-x;—X) = O(x; X);
(i) O(x; X) is convex in the argument x; and
(iv) the set

yeE (arg inf O(x; X — 0) N (arg inf O(x;6— X))
xeR4 xeR4
is nonempty.

THEOREM 2.8. If O(x; F) is convex in the argument x, then the correspond-
ing Type C depth function D(x; F') decreases monotonically as x moves outward
along any ray starting at a deepest point of F.

The following two theorems establish that PD(x; F) and MHD(x; F) are
proper statistical depth functions.

THEOREM 2.9. The projection depth function PD(x; F) is a statistical depth
function in the sense of Definition 2.1.

A location measure u is affine equivariant if w(AX +b6) = Au(X) + b for
any affine transformation AX + b of X. A covariance measure 3 is affine
equivariant if 2(AX +b) = AZ(X)A’ for any affine transformation AX + b
of X.

THEOREM 2.10. Let F be symmetric. Then the Mahalanobis depth function
MHD(x; F) is a statistical depth function in the sense of Definition 2.1 if u and
3 are affine equivariant and u(F') agrees with the point of symmetry of F.
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The proof is straightforward.

2.3.4. Type D depth functions. One can interpret the “tailedness” of a point
with respect to a given distribution as an index related to its relative depth
with respect to the center or deepest point of the distribution. Let € be a class
of closed subsets of R? and P a probability measure on R%. A corresponding
Type D depth function is defined by

(13) D(x; P, €)=inf { P(C)|xeCe € }.

Thus the €-depth of a point x with respect to a probability measure P on R¢
is defined to be the minimum probability mass carried by a set C in € that
contains x. In essence, this form of depth function is equivalent, via D = 1—-1,
to the “index function” I[x, P, €] introduced by Small (1987) for measuring
the “tailedness” of points x in some space. Such functions have antecedents in
game theoretical work of Hotelling (1929) and Chamberlin (1937).

We confine attention to classes € satisfying the following conditions:

Cl. IfC € €, then C¢ € ¢.
C2. For C € € and x € C°, there exists C; € € with x € 9C¢, C; C C°,

where dC, C¢, C° and C denote, respectively, the boundary, complement, inte-
rior and closure of C.

The class of all closed halfspaces # on R¢ satisfies C1 and C2 and thus
the halfspace depth is a typical example of Type D depth function. As shown
in Theorem 2.1, HD(x; P) is a statistical depth function. Useful further prop-
erties of HD(x; P) that in fact hold more generally are given in the following
result.

THEOREM 2.11. Let € be a class of closed Borel sets satisfying C1 and C2.
Further, for a given probability measure P on R?, assume that if x € C € €
and P(C) < a, then there is a C, € € such that x € C] and P(C;) < a. Then:

(i) D(x; P, €) is upper semicontinuous;
(i) D% = {x € R? | D(x; P, €) > a}, a € (0, 1], are compact and nested
(i.e., D, C D,, if a; > ay); and
(iii) D* is convex if every C € € is convex.

REMARK 2.7. If C2 is replaced by
C2. P(9C)=0, VC e ¥,
the above theorem remains true.

3. Concluding remarks. Here we examine and compare a number of
depth functions with respect to the criteria given by properties P1-P4.

We begin with four cases having central importance because the correspond-
ing versions of multidimensional median generated by their points of maximal
depth are among the most popular competitors for nonparametric and robust
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estimation of multidimensional location. These are the halfspace depth (Type
D, Example 2.7), the simplicial depth (Type A, Example 2.1), the simplicial
volume depth (Type B, Example 2.3), and the L? depth (Type B, Example
2.4), which generate, respectively, the so-called Tukey/Donoho halfspace me-
dian (H), the Liu simplicial depth median (S), the Oja median (O) and the
spatial or L? median. [See Small (1990) for an overview of these and other
multidimensional medians.] With respect to affine invariance P1, all but the
L? version are fully satisfactory, the L? depth function being invariant only
under rotational and rigid-body transformations. The “maximality at center”
property P2 is satisfied by the halfspace depth function for H-symmetric dis-
tributions (see the proof of Theorem 2.1) and can be shown to be satisfied
by the L? depth function for all H-symmetric distributions (see Remark 2.4)
and the simplicial volume depth function for C-symmetric distributions (see
Corollary 2.2). Also, P2 is satisfied by the simplicial depth function for contin-
uous A-symmetric distributions but not necessarily for discrete H-symmetric
distributions (see Remark 2.1). The “monotonicity relative to deepest point”
P3 is satisfied arbitrarily by the halfspace, simplicial volume, and L? depth
functions, and also by the simplicial depth function except in some discrete
cases (see Theorem 2.1, Remark 2.1, and Corollaries 2.1 and 2.3). Finally,
“vanishing at infinity” P4 is satisfied by all four of these depth functions (see
Theorem 2.1 and Corollaries 2.1 and 2.3). Thus, from consideration of P1-P4,
the halfspace and simplicial volume depth functions appear to be the most
comprehensively attractive among these four competitors. If, however, we in
addition consider breakdown points of the corresponding location estimators
[for details, see Small (1990), Niinimaa, Oja and Tableman (1990), Donoho
and Gasko (1992) and Chen (1995)], we find that the estimator based on the
simplicial volume depth, unlike the others, has breakdown point 0, while that
based on the halfspace depth has breakdown point 1/3 for typical data sets,
leading us to prefer the halfspace depth function more exclusively.

Let us now consider the projection depth and the Mahalanobis depth. By
Theorems 2.9 and 2.10, these both satisfy properties P1-P4. Regarding robust-
ness, however, the multidimensional median corresponding to sample projec-
tion depth has large-sample breakdown point 1/2 [see Tyler (1994), page 1033,
and Zuo (1999)] as does the closely related Donoho-Stahel estimator [Stahel
(1981), Donoho (1982) and Donoho and Gasko (1992)], whereas the robustness
of the median generated by the Mahalanobis depth depends critically on the
choice of location and covariance measures in defining this depth. We antici-
pate that suitable choices exist which yield high breakdown point. Therefore,
we consider both of these depth functions to be competitive.

Another approach toward construction of depth functions consists of “peel-
ing” methods, such as convex hull peeling. This latter approach, however, not
only lacks a population analogue but also exhibits very unfavorable robust-
ness properties. See discussion of Donoho and Gasko (1992), Nolan (1992) and
Liu, Parelius and Singh (1999).

Likelihood-based depth functions have also been considered. See Fraiman
and Meloche (1996), Fraiman, Liu and Meloche (1997) and Liu, Parelius and
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Singh (1999). These, however, fail to satisfy in general any of P1-P4, and
their effectiveness appears to be confined primarily to models with ellipsoidal
densities, or to situations where sensitivity to multimodality is paramount.
For further discussion, see Remark A.1 in Appendix A.

The zonoid depth function of Koshevoy and Mosler (1997) has some nice
properties but can fail to satisfy “maximality at center” P2 for A- or H-sym-
metric distributions, because it attains maximum value always at the expec-
tation E(X) for any random variable X in R?. Also, the sample zonoid depth
function is not robust, as a single corrupted data point can move the “center
point of zonoid data depth” to infinity.

In conclusion, the halfspace and projection depth functions appear to repre-
sent very favorable choices. Both are implementations of the “projection pur-
suit” method, which utilizes all of the one-dimensional views of a dataset as a
foundation for data analysis, thus producing the advantage of great power at
extraction of information, although at the expense of a substantial computa-
tional burden. Also, competitively, the L? and Mahahalanobis depth functions
appear to have strong potential for development.

APPENDIX A: SUPPLEMENTARY NOTES

REMARK A.1. As pointed out and pictorially illustrated in Baggerly and
Scott (1999), the near convexity of the simplicial depth contours limits their
interpretability for multimodal data, whereas the likelihood depth contours
follow the multimodality structure. In the usual sense of “center-outward or-
dering,” and from the common standpoint of desiring connectedness of depth-
trimmed regions, the likelihood “depth” has less of a role as a depth function
than as simply what it is by definition: a density function, which keeps the
information on multimodality structure when present.

REMARK A.2. As broadenings of central symmetry, angular and halfspace
symmetry are opposite in character and purpose to several notions of nonpara-
metric multivariate symmetry introduced by Beran and Millar (1997) which
in fact are narrowings — see their formula (17). Also, their use of halfspaces
is essentially for the purpose of indexing the empirical measure, rather than
as a fundamental element in defining symmetry.

As shown in Zuo and Serfling (2000c), halfspace symmetry of P about 6
reduces to angular symmetry about 6 except when P is discrete with posi-
tive mass at 6. These exceptions are of practical relevance, since underlying
distributions for actually observed phenomena are invariably discrete (and
asymmetric), and it is reasonable to permit an approximating symmetric dis-
tribution to have mass at the center of symmetry.

REMARK A.3. An important aspect of any depth function is whether its
sample version converges to the population counterpart. In particular, we de-
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sire that almost surely [ P]
(A1) sup |D,(x) — D(x; P)] > 0, n — oo.
X

Besides carrying intrinsic interest, (A.1) plays a supporting role for other pur-
poses. For example, it underlies the convergence of sample depth contours to
their population counterparts, as in He and Wang (1997) especially for ellip-
tical models and in Zuo and Serfling (2000b) for more general models. In Liu
and Singh (1993), it is basic to the convergence of a certain “quality index”,
while in Liu, Parelius and Singh (1999) it supports various practical methods
such as “DD-plots.”

Results on (A.1) are now available for several cases of depth function.
Donoho and Gasko (1992) proved it for the sample halfspace depth,

HD,(x) = inf{ﬁn(H) : H a closed halfspace, x € H}, xeR,

where 1’5,1 denotes the usual empirical measure, and Liu (1990), Diimbgen
(1990), and Arcones and Giné (1993) for the sample simplicial depth

-1
SD,(x) = (di 1) Y  HxeS[X,,...X;, I}, xeR%

1<ij<--<igy1<n

For the sample majority and Mahalanobis depths, under suitable conditions
on F, (A1) is established by Liu and Singh (1993). For sample versions of
the “projection” depth function and the “Type D” depth functions introduced
above, (A.1) is established in Appendix B of Zuo and Serfling (2000b).

APPENDIX B: PROOFS

PrROOF OF THEOREM 2.1. Clearly, HD(x; P) is bounded and nonnegative.
We need only check P1-P4.

(a) Affine invariance. Straightforward.

(b) Maximality at center. Suppose that P is H-symmetric about a unique
point 6 € R?. By the definition of H-symmetry, we have P(H,) > 1/2, for any
closed halfspace H with 6 € ¢H. It follows that HD(6; P) > 1/2. Now suppose
that there is a point x, € R?, x, # 6, such that HD(x,; P) > 1/2. Then P(H) >
1/2 for any closed halfspace H with x, € dH, which implies that P is also
H-symmetric about x,, contradicting the assumption that P is H-symmetric
about a unique point 6 € R, Therefore, HD(0; P) = sup,.g« HD(x; P).

(¢) Monotonicity relative to deepest point. Suppose 0 is a deepest point with
respect to the underlying distribution. To compare HD(x; P) and HD(6+ a(x —
0); P), we need only consider the infimum in the definition of HD over all closed
halfspaces which do not contain 6. For any Hg, 4 [closed halfspace with
(6+a(x—0)) € dH], by the separating hyperplane theorem there always exists
a closed halfspace H, such that H, C Hg, g It follows that HD(x; P) <
HD(6 + a(x — 6); P), Va € (0, 1).
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(d) Vanishing at infinity. It is easy to see that P(|| X|| > |x|) — 0 as || —
oo and that for each x and X there exists a closed halfspace H, such that
H, c{|X| = ||x||}- Thus HD(x; P) - 0 as |x| — oo, completing the proof.

0O

PROOF OF THEOREM 2.2. (a) Let 6 be the center of an H-symmetric dis-
tribution P and x an arbitrary point in R?. Then, by the definition of H-

,,,,,

.....

,,,,,

PrOOF OF THEOREM 2.3. By (i) and (ii) we have
Eh(x;X,1—-0,....,X,—0)=Eh(0+x;X4,...,X,),
Eh(x;0 - X4,...,0—X,)=Eh(60—x;X4,..., X,).

Let y be a point in the set in (iv). It follows that
y € (arginfEh(G—l— L3, CTIN X,)) N (arginf Eh(0—x;X4,..., X,)) .
xeRd xeR?

The convexity of A(x; x4, ..., x,) in x now yields
RO X1, X)) < 30+ ¥ Xys o, X,) 4 500 — 33 Xy, 0, X)),
It follows that

En(6;Xy,...,X,) <3ER(0+ y;X;,..., X, )]+ 2ER(0— y; Xq,..., X,)
= inf ER(0+x; X4,..., X,)

xeR4

inf Eh(x; X4, ..., X,).

xeRd

Hence D(6; F') = sup,.ge D(x; F), completing the proof. O

PROOF OF THEOREM 2.4. Let 6 in R? be a deepest point with respect to
the underlying distribution F, that is, D(6; F) = sup,cge D(x; F). Let x # 6
be an arbitrary point in R?, let A € (0,1) and set x, = 6 + A(x — ). Then
D(x; F) < D(6; F). The convexity of A(x;x,...,x,) in x yields

h(xg; Xqy..or X,) < A(x; X4, ..., X))+ (1= DA(6; X4, ..., X,).
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Thus
Eh(xg; X1,..., X,) <max{Eh(x;X4,...,X,), ER(6; X{,..., X )}
=Eh(x;X4,...,X,),
and hence D(xq; F) > D(x; F), completing the proof. O
PROOF OF COROLLARY 2.1. (a) By Theorem 2.4, to show P3 we check con-

vexity of A*(S[x, x, ..., x4]) in the argument x for a € [1, o). Let x, y be two
points in R?, take A € (0, 1), and put x, = Ax + (1 — A)y. Then

1 1 ..-1
1 Xo1 X11 " Xd1
A(S[anx15-~"xd])= ?det: . :
Xod X1d " Xdd
A+(1-21) 1 -1
AZy+(1=A)F1 %91 - Xg1
= —det, . .
d! : RN
Mg+ (1= A)Jg X1 -+ Xgq

< AA(S[x, %9, ..., 2g4]) + (1 = VDA(S[y, x4, - - -, X4])s

where x = (X1,...,%4), y=(F1,...,4) and x; = (x;1,...,%;4) for 0 <i <
d. Now the convexity of the function x* for 0 < x < co and « > 1 yields

A*(S[xg, %15 -5 xq]) < AA(S[x, %1, - -+ 24]) + (1 = VDA*(S[y, x1, .- .5 24])-
(b) It is obvious that A*(S[x;x{,...,%4]) — oo as|x|| — oo. Thus
SVD*(x; F) — 0 as | x| — oo, completing the proof. O

PrROOF OF THEOREM 2.6. Since zzD(x; F) defined in (8) is affine invariant,
and P4 is evident, we check P2 and P3.

(a) We first show that || - |7 is convex for any positive definite d x d matrix
M. Since M is positive definite, there is a nonsingular matrix S such that
M = 8'S. Let x, y be two points in R? and A € (0, 1). Then

1A% + (1= D)y llf = (x + (1= 2)y) M(Ax + (1= A)y)
=A%’ Mx + 201 — A)x'My + (1 — A2y’ My
=22’ Mx 4 20(1 — A)(Sx) (Sy) + (1 — A)2y'My.
The Schwarz inequality implies that
A% + (1 = V) ylf < A2’ Mx + 201 = V)| Sx|[Syl + (1 - 1)*y' My
= 22[|x[13; + 2201 = Dllxll eyl + Q= VP l5
= (Mxlla + @ = Mllylla)
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It follows that

A+ (1 = Nyl = M=l + 1= Dl yllae

(b) Now we show that there is a point y € R? satisfying condition (4) of
Theorem 2.3. Equivalently, we need to show that

(B.1) Oearg inf E[ ||lx — X|s-1 ],
xeRd

where 2, is the covariance matrix of F.
We first show that

00— X
() E[—}:O.
i 1X — 05

Since F is angularly symmetric about 6, it can be shown [see Zuo and Serfling
(2000c)] that P(X € Hy) = P(X € —Hy), for any closed halfspace H, with
6 on the boundary, where —H, is the reflection of H, about 6. Since 37! is
positive definite, there is a nonsingular matrix R such that 3~! = R'R. Thus

P(RX € RHy) = P(RX € —RH,),
for any closed halfspace H, with 6 on the boundary. By nonsingularity and

results established in Zuo and Serfling (2000c), we conclude that RX is angu-
larly symmetric about R6. Hence

R(X-0) a4 R(O-X)

IR(X -0l — [R(6-X)|

which is equivalent to
R(X-6) a4 R(6-X)

X =0)ls (60— X)s

This implies ().
Now we show that (B.1) holds true. Consider the derivative of E[ ||u— X ||s-1]
with respect to u € R?. By vector differentiation, we have

d(E [l =Xz D) _ d(fpe I — x]51 dF(x))
du - du

_( a(lm—=xls-1)
= AP

R Uk ) 0%

IR [l — %3

- X
_31g [ —“—}
lw — X5

Then by convexity and (x) we conclude that (B.1) holds.
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The result now follows from Theorems 2.3 and 2.4. O

PROOF OF THEOREM 2.9. Since PD(x; F') is nonnegative and bounded, we
need only check P1-P4.

(a) Affine invariance. Straightforward.

(b) Maximality at center. Suppose that F' is H-symmetric about a unique
point 8 € R?. Then [see Zuo and Serfling (2000c)] we have Med(u'X) = u'6,
for any unit vector u € R? and it follows that PD(6; F) = sup, g« PD(x; F).

(c) Monotonicity relative to deepest point. We show that O(x; X) is convex
in its first argument. Let 6 and x be two arbitrary points in R?, 0 < a < 1,
and put xg = (1 — )0 + ax. Then we have

|u'xg—Med(e'X) | =] u'((1 — )0+ ax) — Med(u'X) |
=|(1-a)(u'0 —Med(u'X)) + a(u'x — Med(u' X)) |
<(1l-a)|(u0—Med(u'X))|+a|(ux—Med(u' X)) |.
It follows that

| w'xy — Med(u'X) |
O(xy; X) = sup
( 0 ) flull=1 MAD(LL/X)

< su (1-a)|(w6—Med(wX))|+a|(uwx—Med(uX)) |
B ||u||£1 MAD(u’' X)

< (1-a)0(6; F) + aO(x; F).

“Monotonicity” now follows from Theorem 2.8.
(d) Vanishing at infinity. Straightforward. O

PROOF OF THEOREM 2.11. (i) We first show that

(%) {x eRY | D(x; P, €)>a}=n{C | P(C) > 1—a,C e €}

(a) If x € {x e R? | D(x; P, €) > a} and there exists a C € € such that
P(C)>1—-a, x & C, then x € C°, P(C°) < a. By C1 and C2, there is a
C, € ¢ such that x € 9C;, C; C C°. It follows that P(C;) < «, and hence
D(x; P, €) < a, which is a contradiction to the assumption that x € {x € R |
D(x; P, €) > a}. This implies

{xeR? | D(x;P, €)>a}cn{C|P(C)>1—-a,Cc¢)}.

(b) If x e n{C | P(C) > 1—0a,C € €}, and there is a C € € such that
x € C, P(C) < a, then by the condition given, there exists a C; € € such that
x € Cy, P(Cy) < a, and thus x ¢ C$, P(CS) > 1 — a, which contradicts the
assumption that x € N{C | P(C) > 1 — a, C € €¢}. This implies

{xeR? | D(x;P, €)>a}>n{C| P(C)>1-a,Cec€)}.
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Now (a) and (b) yield (*), which implies that D* is closed, and thus D(x; P, €)
is upper semicontinuous.

(ii) The nestedness of D* is trival. The boundedness of D* follows from the
fact that D(x; P, €) — 0 as ||| — oo. The compactness of D* now follows
from its being bounded and closed.

(iii) The convexity follows from (x), since the intersection of convex sets is
convex. O
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