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For years people have sought ways to order multivariate statistical data. Statistical
depth functions are proving to be one of the most promising methods. They provide
a center-outward ordering of multivariate observations and allow one to define reason-
able analogues of univariate order statistics and rank statistics. The latter, in turn,
lead to generalizations of classical univariate L-statistics and R-statistics in the multi-
variate setting. Consequently, statistical depth functions play key roles in multivariate
nonparametric and robust statistical procedures (e. g. multivariate location estimation),
multivariate outlier detection, multivariate discriminant analysis and classification, test-
ing of multivariate symmetry, quality control and system reliability, etc.

In this dissertation, desirable properties that depth functions should possess are for-
mulated. A general definition of “statistical depth function” is introduced, which unifies
ad hoc definitions. Two existing well-known notions of depth function are examined and

it is found that one performs well but that the other lacks some favorable properties
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of “statistical depth functions” and consequently should not be treated in general as a
statistical depth function.

General structures for depth functions are also constructed and studied, and some new
attractive statistical depth functions are introduced. Applications of statistical depth
functions in multivariate nonparametric and robust statistical procedures are explored.
In particular, statistical depth function concepts are applied to introduce multivariate
quantile contours, multivariate location measures, and multivariate scatter measures, and
the resulting entities are investigated in detail.

Closely related to multivariate data ordering is the notion of multivariate symmetry.
In this dissertation, a new notion of symmetry, called “halfspace symmetry’, is intro-
duced. Characterizations of this notion of symmetry as well as of other existing notions
of symmetry, and interrelationships among these notions of symmetry, are developed.

It turns out that halfspace symmetry is a reasonable symmetry assumption on mul-
tivariate distributions for the discussion of nonparametric location inference and related
statistical procedures. This new notion of symmetry not only supports more general
approximations to actual distributions in modeling but also plays important roles in

discussion of statistical depth functions and multivariate location measures.
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Chapter 1

INTRODUCTION

No statisticians would doubt today that univariate order statistics have not only
theoretical interest but also practical significance. They have played key roles in many
areas such as nonparametric statistical procedures (e.g., robust location estimation),
outlier detection, discriminant analysis and classification, testing of symmetry, censored
sampling, quality control, etc. Univariate order statistics and rank statistics have been
extensively studied by many authors; see David (1981), Hettmansperger (1984), and

Arnold, Balakrishnan and Nagaraja (1993).

The extension to higher dimension of areas of application and methodological ad-
vantages, or general properties, of univariate order statistics, however, turns out to be
complicated because of the lack of any obvious and unambiguous means of fully or-
dering, or ranking multivariate observations. Despite this fact, statisticians have made
substantial efforts in defining various types of higher dimensional analogues of univari-
ate order concepts. For extensive treatment of the techniques for ordering multivariate
observations, see Barnett (1976) and Reiss (1989). Among existing methods of ordering

multivariate data, depth functions are proving to be one of the most promising.

The main idea of depth functions is to provide an ordering of all points from a “center”



of a given multivariate distribution outward. Depth functions thus allow one to define
reasonable analogues of univariate order statistics and rank statistics, which, in turn, lead
to generalizations of classical univariate L-statistics and R-statistics in the multivariate
setting. Consequently, depth functions play key roles in multivariate extensions of the

statistical methods listed above.

Tukey (1974) put forward a “halfspace” depth function for points in R¢ with respect
to given multivariate distributions. Liu (1988, 1990) introduced a “simplicial’ depth
function in RY. Recent studies of data depth and applications include Donoho and Gasko
(1992), Nolan (1992), Liu and Singh (1993), Massé and Theodorescu (1994), Rousseeuw
and Hubert (1996), Ruts ans Rousseeuw (1996), Rousseeuw and Struyf (1997), Yeh and
Singh (1997), Koshevoy and Mosler (1997), He and Wang (1997), Liu, Parelius and Singh

(1997).

Although ad hoc depth functions have attracted considerable attention in the litera-
ture, some basic issues about depth functions have not been addressed. For example, (i)
What desirable properties should depth functions have? (ii) Do existing depth functions

possess all of the properties? (iii) If not, can one build more attractive depth functions?

In this dissertation, desirable properties that depth functions should possess are for-
mulated. A general definition of “statistical depth function” is thus introduced, which
unifies ad hoc definitions. Some existing well-known depth functions are examined. It
is found, for example, that the halfspace depth function performs well but that the sim-

plicial depth function, on the other hand, lacks some favorable properties of “statistical



depth functions” and consequently should not be treated in full generality as a statistical

depth function.

Some general structures for depth functions are also constructed and studied, and
some new attractive statistical depth functions are introduced. Applications of statis-
tical depth functions in multivariate nonparametric and robust statistical procedures
are explored. In particular, statistical depth function concepts are applied to introduce
multivariate quantile contours, multivariate location measures, and multivariate scatter

measures, and the resulting entities are investigated in detail.

The work here provides general foundations for center-outward ordering of multivari-
ate data based on depth functions and for development of analogues of univariate order

statistics and rank statistics in the multivariate setting.

Closely related to multivariate data ordering is the notion of multivariate symmetry.
Symmetry arises as major assumption on distributions in multivariate nonparametric
location inference. It is understood, however, that actual distributions are typically
not symmetric in any strict sense. Rather, symmetric distributions are used only as
approximations to actual distributions in modeling. From this point of view, the weaker
the assumption on symmetry, the more general the approximation that can be achieved.
Central symmetry, as the weakest among traditional notions of symmetry, is the most
typical assumption on distributions in multivariate nonparametric location inference. In
1990, Liu introduced a new notion of symmetry, called “angular symmetry’, which is

weaker than central symmetry. Since then, angular symmetry has received considerable



attention; see Randles (1989), Liu (1990), Small (1990), Arcones, Chen and Giné (1994),
Chen (1995) and Liu, Parelius and Singh (1997). However, characterizations of angular

symmetry have not yet been studied formally.

Here, angular symmetry is examined and some useful characterizations are developed.
Further, a new and even weaker notion of symmetry, called “halfspace symmetry’, is
introduced and studied. It turns out that halfspace symmetry is a reasonable symmetry
assumption on multivariate distributions for the discussion of nonparametric location
inference and related statistical procedures. This new notion not only supports more
general approximations to actual distributions in modeling but also plays important

roles in discussion of statistical depth functions and multivariate location measures.

The remainder of this dissertation is organized as follows. Chapter 2 is devoted
to the discussion of multivariate symmetry. A new notion of symmetry, the halfspace
symmetry, is introduced. Characterizations of this notion as well as other existing notions

of symmetry, and interrelationships among these notions of symmetry, are developed.

Chapter 3 deals with statistical depth functions. Desirable properties of statistical
depth functions are presented, and a general definition of statistical depth function is
introduced. Two existing well-known notions of depth function, the halfspace depth
function and the simplicial depth function, are examined. It turns out that the halfspace
depth function performs well in general but that the simplicial depth function does not in
some cases. General structures for statistical depth functions are introduced and studied

in detail. The behavior of some sample depth functions is explored.



Chapter 4 concerns multivariate depth contours or multivariate quantile contours.
Properties of depth contours, and the behavior of sample depth contours are thoroughly
studied. Results are obtained which improve and generalize previous results in the liter-
ature.

Chapter 5 treats depth-based multivariate nonparametric location measures. A desir-
able property for such measures, called the “center locating” condition, is introduced as
a new criterion. Depth-based multivariate medians, as multivariate nonparametric loca-
tion measures, are introduced. The performance of these and some other multivariate
nonparametric location measures is studied. It turns out that an existing well-known
measure fails to satisfy the “center locating” condition and, consequently, should be used
with caution in practice.

Chapter 6 discusses depth-based multivariate nonparametric scatter measures. Statis-
tical depth functions are employed to introduce a notion of “more scattered’ for compar-
ison of one multivariate distribution with another. Relationships among this new notion
and other existing notions of “more scattered”, such as those of Bickel and Lehmann
(1976) in R, and of Eaton (1982) and Oja (1983) in R? , are explored. It turns out that
this notion is a generalization of that of Bickel and Lehmann (1976) in R, and is more
general than those of Eaton (1982) and Oja (1983) in R% under some typical conditions.
The properties of this depth-based notion are studied thoroughly. Finally, depth-based
multivariate nonparametric scatter measures are defined, and some examples are pre-

sented and studied.



Chapter 2

SYMMETRY OF MULTIVARIATE DISTRIBUTIONS

2.1 Introduction

Symmetry of multivariate distributions plays so important a role in multivariate
statistical inference, and in our discussions in later chapters, that we devote this chapter
to its study.

Spherical symmetry, elliptical symmetry and central symmetry are the traditional
notions of symmetry for statistical distributions. For definitions of these, see Muirhead
(1982) and Eaton (1983). Spherical symmetry is the strongest notion among these three,
whereas central symmetry is the weakest. Various characterizations of these symmetries
have already been given in the literature. Other ad hoc notions of symmetry for statistical
distributions exist; see Fang, Kotz and Ng (1990) for detailed discussion.

Liu (1988) introduced a new notion of symmetry, called angular symmetry, which
is weaker than central symmetry. Since then it has received considerable attention;
see Randles (1989), Liu (1990), Small (1990), Arcones, Chen and Giné (1994), Chen
(1995) and Liu, Parelius and Singh (1997). However, formal characterizations of angular
symmetry have not yet been studied carefully.

In this chapter, angular symmetry is examined and characterizations are developed.



Further, a new and even weaker notion of symmetry, called “halfspace symmetry’, is in-
troduced and studied. It turns out that halfspace symmetry is a reasonable assumption
on multivariate distributions for the discussion of nonparametric multivariate location
inference, including “multivariate medians”, and of other multivariate statistical proce-
dures. Since halfspace symmetry is the weakest among the above notions of symmetry,
it provides the broadest foundation for approximating actual distributions, which are

typically not symmetric in any strict sense, by “symmetric” ones.

2.2 Angular Symmetry
We begin with the notion of central symmetry of multivariate distributions.

Definition 2.2.1 A random vector X € R?is centrally symmetric about a point § € R¢

if X — 6 and # — X are identically distributed.

It is often convenient to denote “X has the same distribution as Y” by the notation
“X £ Y7, Note that < is an equivalence relation.
We first give characterizations of central symmetry of multivariate distributions.

These will be used in later discussion of this section.

Theorem 2.2.1  The following statements are equivalent:
(1) X € R? is centrally symmetric about a point € RY;
(2) W(X —0)ZLu(0—X), forany unit vector u in RY:

(3) P(X—-0€ H)=P(X—0¢€—H), forany closed halfspace H € R?.



PROOF: The equivalence of (2) and (3) is straightforward. The implication (1) = (2)
is immediate. Thus we need only show that (2) = (1). Consider, for t € R?, the

characteristic functions ¥ x_¢(t) and 1y_x(t) of X —60 and 6 — X. By (2) we deduce that
bx—o(t) = Bl X = Bt @] = gy (1) 2.1)

Thus, X —0 26— X. 0

Now we present the notion of angular symmetry of multivariate distributions, which

was introduced by Liu (1988, 1990).

Definition 2.2.2 A random vector X € R? is angularly symmetric about a point
6 € R? if and only if (X —0)/||X — 0]| and (0 — X)/|| X — 0| are identically distributed,

where || - || stands for Euclidean norm.

Remarks 2.2.1 (1) It is easy to see that central symmetry implies angular symmetry,
because X =Y implies f(X) 4 f(Y) for any measurable function f. Angular symmetry,
however, does not necessarily imply central symmetry.

(2) The point (or the center) of angular symmetry of a random vector X € R4, if it
exists, is unique unless the distribution in R has all its probability mass on a line and
its probability distribution on that line has more than one median. See Liu (1988, 1990)
for proof, which is straightforward. We will assume in subsequent discussion that the
point of angular symmetry (if any) of a multivariate distribution is unique unless stated

otherwise. O



Definition 2.2.3 A set of NV vectors in Euclidean R? is said to be in general position
if every d-element subset is linearly independent, and a set of N hyperplanes through
the origin is said to be in general position if the corresponding set of normal vectors is
in general position. The
/N1
2 ; ( . ) (2.2)
regions generated by N hyperplanes in general position through the origin are said to be

(proper, nondegenerate) convex cones with the origin as vertices.

We now present characterizations of angular symmetry of multivariate distributions.

Theorem 2.2.2  The following statements are equivalent:

(1) X € R? is angularly symmetric about a point 6 € RY;

(2) P(X—-0€C)=PX —0¢€ —C), for any circular cone C € R? with the origin as
vertex;

(3) P(X-0€eC)=P(X —0¢e—C), for any convex cone C € R? with the origin as
verter;

(4) P(X—-0e€ H)=P(X—0¢c —H), for any closed halfspace H with the origin on the
boundary;

(5) P/(X —0)>0)=P@/(0—X) >0), for any unit vector u € R%.

PROOF: Assume, without loss of generality, that § = 0 and define Y = ‘é—” for X #0

and Y = 0 for X = 0. Then, by definition, X is angularly symmetric about the origin iff

Y is centrally symmetric about the origin.



(i) (1) < (2). As just noted, X is angularly symmetric about the origin iff ¥ is
centrally symmetric about the origin. By Theorem 2.2.1, Y is centrally symmetric iff
P(Y € H) = P(Y € —H) for any closed halfspace H in R?. Since Y is distributed on

the unit hypersphere S¢~! and 0 in R¢, P(Y € H) = P(Y € —H) iff

PYec HNS™ ) =P € —HN S,

for any closed halfspace H in R%. But P(Y € HN S4 1Y) = P(Y € —H N S4Y) for any
closed halfspace H in R iff P(X € C) = P(X € —C) for any closed circular cone C
with the origin as vertex, since Y € H N S%! for some closed halfspace H iff X € C for

a corresponding closed circular cone C' with the origin as the vertex. Hence (1) < (2).

(ii)) (1) & (3). Again we use the equivalence that X is angularly symmetric about
the origin iff YV is centrally symmetric about the origin. Now Y is centrally symmetric
about the origin iff P(Y € B) = P(Y € —B), for any Borel set B in R%. Since Y is
distributed on the unit hypersphere S?! and 0, Y is centrally symmetric about the origin
iff P(Y € BNS4 ) = P(Y € —BNS?1) for any Borel set B in R%. Since X € C for some
convex cone C with the origin as vertex iff Y € BN .S?! for a correspondinglz Borel set
B in R% Y centrally symmetric about the origin implies that P(X € C) = P(X € —C)
for any closed convex cone C' with the origin as vertex, proving that (1) = (3).

To prove (3) = (1), note that if P(X € C') = P(X € —C) for any closed convex cone

C with the origin as vertex, then

PYeCnS™™) =P € -Cngsi ).

10



Since any ellipsoid can be approximated by convex hulls, and since P(A,) T P(A) if

A, T A, we have that if
PYeCnS ) =P € -Cngsh

for any closed convex cone C' with the origin as the vertex, then P(Y € H N S 1) =
P(Y € —H N S%71) for any closed halfspace H € R?, that is, Y is centrally symmetric

about the origin, by Theorem 2.2.1. Hence (3) = (1).

(iii) (1) < (4). Now, from the proof of (1) < (2), we have that X is angularly symmetric
about the origin iff

P(Ye HNS"™) =P(Y € —HN S,
for any closed halfspace H € R®. Since P(X € H) = P(—X € H) iff

P(YeHNS" Y)Y =P e —HN S 1),

for any closed halfspace H with the origin on the boundary, (1) = (4).

To prove (4) = (1), take d = 2 for the sake of simplicity. First we show that if
P(X € H) = P(X € —H) for any closed halfspace H with the origin on the boundary,
then

P(X € H N H,) = P(X € —H, N —H,), (2.3)
for any continuous or discrete random vector X € R? and any closed halfspaces H; and
H, with the origin on their boundaries.

(a) Suppose that X is continuous. In this case we have that
P(X S HlﬂHg)—i‘P(X € (Hlm_HQ))

11



= P(X € —H,N—Hy)+ P(X € (H N —H,))

for any closed halfspaces H; and H, with the origin on the boundaries. Thus (2.3) holds.
(b) Suppose that X is discrete. Assume (2.3) is violated. Then there exist closed

halfspaces H; and Hy with the origin on their boundaries and € > 0 such that
P(XGHlﬂHQ)>P(X€—H1H—H2)+€. (24)

Now it is not very difficult to see that there are closed halfspaces H3 and H* through

the origin such that P(X € H?) = P(X € H*), and

P(X € H) > P(X € H NH)+P(X e (H N—H*°)— %

P(X e HY) < P(e —H,N—H,)+ P(X € (H' N —H?)°) + %

where A° denotes the interior of set A C R?. The above two inequalities imply that
P(X € HH N Hy) < P(X € —H; N —Hy) + ¢, contradicting (2.4). Hence (2.3) holds.

Now by (2.3), we have that
P(YY € (H NHy)NSY =P € (—H, N—Hy,) NS,

for any closed halfspace H; and Hy with the origin on the boundary. Thus P(Y € C) =
P(Y € —C), for any closed arc C' on the unit circle. But the set of all closed arcs on the
unit circle forms a m-system (see Billingsley (1986) p. 34 for the definition of 7-system)
and generates all Borel sets on the unit circle. By the unique extension theorem of -
system (Theorem 3.3 of Billingsley (1986)), Y £ —Y on the unit circle. Hence X is

angularly symmetric about the origin, proving that (4) = (1).

12



(iv) (4) < (5). This is straightforward. O

For any random variable Y € R, define a median of its distribution to be a number
c such that

PY<c)>—-, P(Y>c)>

N | —
| =

Therefore, based on the Theorem 2.2.2, we obtain

Corollary 2.2.1 Suppose that the random vector X € R® is angularly symmetric about
a point € RY. Then

(1) P(X € H+0)=P(X € —H+0) > % for any closed halfspace H with the origin on
the boundary, and furthermore, if X is continuous, then P(X € H + 0) = %;

(2) Med(u'X) = u'0 for any unit vector u € R.

PROOF: (1) By Theorem 2.2.2, we immediately have that P(X € H +6) = P(X €
—H + 0) for any closed halfspace H with the origin on the boundary. Since P(X €
H+0)+P(X € —H+0) > 1, it follows that P(X € H+0) = P(X € —H +6) > % and
P(X € H+0)=1if X is continuous.

(2) By Theorem 2.2.2, we obtain that P(u/(X —6) > 0) = P(u/(f — X) > 0) for any
unit vector v € R?, which immediately implies that Med(u/X) = u'6 for any unit vector
u € R%

The proof is complete. O

Remark 2.2.1  The converse of (2) in Corollary 2.2.1 does not hold. That is, the

condition that Med(u'X) = /6 for any unit vector u € R? does not necessarily imply

13



that X is angularly symmetric about 6.

Counterexamples: (1) Let P(X =0) =1, P(X = —-1) =4 and P(X =1) =

1 1
3 6"
Then Med(X) = 0. By Theorem 2.2.2, however, it is easy to see that X is not angularly

symmetric about 0.

(2) Let P(X = (0,0)) = 2, P(X = (1,£1)) = £ and P(X = (—1,%1)) = 75. Then,
it is not difficult to verify that Med(uv'X) = 4/(0,0) for any u € R? However, by

Theorem 2.2.2, it is easy to see that X is not angularly symmetric about (0,0). O

In the discrete case, we have a simple characterization of angular symmetry, which
could be very useful in practice for the purpose of checking whether a given multivariate

distribution is angularly symmetric.

Theorem 2.2.3 Suppose X € R? is discrete. Then the following statements are equiv-
alent:
(1) X € R? is angularly symmetric about a point 6 € RY;

(2) P(X—-0€L)=P(X—0¢€—L) for any ray L passing through the origin.

PROOF: (1) = (2). By Theorem 2.2.2, we have that P(X—0 € C') = P(X—0 € —C)
for any circular cone C' with the origin as vertex. Consider the limit situation as the cone
shrinks to a ray; we thus obtain (2). Hence (1) = (2).

To show that (2) = (1), note that (2) implies that P(X —0 € C) = P(X —0 € —C)

for any circular cone C' with the origin as vertex, since

P(X—@eC’):ZP(Xel"JrG)

14



and

P(X —0¢€ -C) :ZP(XE —I' 4+ 0)

for some rays {I’} (at most countably many) passing through the origin. By (2) of

Theorem 2.2.2, we obtain that (2) = (1). O

2.3 Halfspace Symmetry

Remark 2.2.1 indicates that a point #, which is the median of the projected distribution
of an underlying distribution in any direction (i.e., Med(u'X) = 4/ for a random vector
X and any unit vector u in R?), is not necessarily the point of angular symmetry of the
underlying distribution. On the other hand, it is clear that such a point 6 is indeed a

point of symmetry relative to an extended notion of symmetry defined as follows.

Definition 2.3.1 A random vector X € R%is halfspace symmetric about a point § € R¢

if and only if P(X € Hy) > = for any closed halfspace Hy with 6 on the boundary.

1
2

Remarks 2.3.1 (1) By Corollary 2.2.1, it is easy to see that angular symmetry implies
halfspace symmetry. However, the converse does not hold. See the counterexamples in
Remark 2.2.1 and also the following.

Counterexample Let P(X = (0.2,0.1)) = 2, P(X = (1,£1)) = & and P(X =

(—1,41)) = £. Then it is easy to check that X is halfspace symmetric about the point

(0.2,0.1) € R?, but X is not angularly symmetric about any point in R2.

(2) There are multivariate distributions which are not halfspace symmetric about any

15



point in R?. For example, let P(X = (+1,0)) = 3 and P(X = (0,1)) = 5. Then it is

easy to see that X is not halfspace symmetric about any point in R2. O

The uniqueness result about the point of angular symmetry of multivariate distribu-

tions also holds true for halfspace symmetry.

Theorem 2.3.1  The point (or the center) of halfspace symmetry 0 of the distribution
of a random vector X € R, if it exists, is unique unless the distribution of X € R? has
all its probability mass on a line and its probability distribution on that line has more

than one median.

PROOF: Suppose that ; and 6, are two points of symmetry of the halfspace symmetric
distribution of a random vector X. Let Hy, be an arbitrary closed halfspace with 6; on
the boundary and containing 62, and Hy, be the closed halfspace with 65 on the boundary
and containing #; such that its boundary is parallel to the boundary of Hy,. Then, by
the definition of halfspace symmetry, P(X € (Hy, N Hy,)’) = 0. Thus P(X € RY) =
P(X € Lg,), where Ly, is the line in R? passing through 6; and . Clearly, 6; and
0, are two medians of the distribution of X on Lg,g,. The proof is complete. a

We will assume in the subsequent discussion that the point of halfspace symmetry of
multivariate distributions is unique (if any).

Denote a closed halfspace with 6 on its boundary by Hy, and its reflection about 6
by Hp. Similarly, denote a ray stemming from 6 by Ly, and its reflection about @ by L.

Now we present several characterizations of halfspace symmetry.

16



Theorem 2.3.2  The following statements are equivalent:

1) X € R? is halfspace symmetric about a point € R%;

( y

(2) Med(u'X) = u'6 for any unit vector u € R%

(3) P(uW/(X —0)>0)> 3 for any unit vector u € R%;

(4) P(X € (HYNH})°)+P(X € n'nn?) > P(X € (HyNH})°) for any closed halfspace
H c R with 0 on its boundary 7 (i = 1,2);

5) P(X € (HINH2))+P(X entnna?) > P(X € (H} N H2)) for any closed halfspace

0 0 0 7

Hi < RY with 6 € R on its boundary 7 (i = 1,2).

PROOF: (i) (1) & (3). X is halfspace symmetric about 0 iff P(X € H + ) > = for

1
any closed halfspace H € R? with the origin on its boundary. But X € (H + ) for
some closed halfspace H € R? with the origin on its boundary iff /(X —6) > 0 for a
corresponding unit vector u € R¢ which is a normal vector of H. Thus X is halfspace
symmetric about 6 iff P(u/(X —6) > 0) >

3 for any unit vector u € R%. Thus (1) < (3).

(ii) (2) < (3). This is trivial.

(iii) (1) < (4). Suppose that X is halfspace symmetric about § € R?. Let H{ be a
closed halfspace with 6§ on its boundary 7° (z = 1,2). It is not difficult to see that there

are closed halfspaces Hy and Hj such that
(Hinr®)u (H N7 C H) for (i = 3,4),
and for any € > 0

P@e%)gpaewﬁWWHpae%m%H;
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P(X € (H})°) > P(X e (H)nH})°) + P(X € Hyn I}
~-P(X en'nz?) - %
Since X is halfspace symmetric about # € R?, we have

P(X € (H)’) < 5 < P(X € Hy).

N | —

Thus

P(X € (HINH2®) +P(X en'nn?) > P(X e (H} N H2)°) — e,

for any € > 0. Since € is arbitrary, (1) = (4) now follows.

To show (4) = (1), take Hy = Hj. Then
P(X € (H)’) + P(X € 0(Hy)) > P(X € (Hy)°).

Thus, P(X € H}) > & for any closed halfspace Hj with § € R? on its boundary, proving

1
2

that X is halfspace symmetric about 6.
(iv) (1) < (5). Similar to the proof of (1) < (4). O

Remarks 2.3.2 (1) Statement (2) of Theorem 2.3.2 indicates that it is reasonable to
treat the point of halfspace symmetry as the “center” or the “multidimensional median”

of any halfspace symmetric multivariate distribution.

(2) Thus halfspace symmetry, as a broader relaxation of the normality assumption on
multivariate distributions than central symmetry and angular symmetry, is a reason-
able symmetry assumption on multivariate distributions in nonparametric multivariate

location inference and related statistical procedures.
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(3) It is then desirable that any notion of multidimensional median resulting from a
notion of multidimensional symmetry should agree with the point of halfspace symmetry

when the underlying distributions are halfspace symmetric. O

When d < 2, Theorem 2.3.2 yields the following result, which could be useful in

practice.

Corollary 2.3.1 Ford < 2, X € R? is halfspace symmetric about a unique point

0 € R if and only if
P(X € HYNH}) + P(X =6) > P(X € H} N HY),
for any closed halfspaces H} and H? in R with 6 on their boundaries.

PROOF: This follows in straightforward fashion from (5) of Theorem 2.3.2; because
7t N 72 in Theorem 2.3.2 now equals 6. O
When X is discrete, the following necessary conditions could be utilized to check

halfspace symmetry of the underlying distribution.

Theorem 2.3.3  Suppose that X € R? is discrete and halfspace symmetric about a
unique point 0 € RY. Then

(1) P(XeH)+PX=0)>P (X € (]:Ig)o) for any closed halfspace Hy C RY with 0
on the boundary,

(2) P(X € Lg) + P(X =6) > P(X € Ly) for any ray Ly C R%.

PROOF: The proof of the case d =1 is trivial. Now we consider the case d > 2.

(1) Let Hy C RY be a closed halfspace with §# € R? on its boundary (hyperplane 7).
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Since X is discrete, for any small € > 0, it is not difficult to see that there is a closed
halfspace H} C R? with a boundary hyperplane 7; such that P(X € 7Nm) = P(X = 0)
and

P(X € Hy)) < P(X € H)) +P(X=0)+P(X € (H;Nnm—{0})) +e,

and a closed halfspace HZ C R¢ with a boundary hyperplane 7, such that 7Ny = 7Ny
and
P(X € (H3)°) > P(X € (Hy)°) + P(X € (Hy N —{0})) —e.
Since X is halfspace symmetric about 6, P(X € Hj) > 5 and P(X € (Hj)°) < 3, thus
P(X € H)) + P(X =0) > P(X € (Hy)°) — 2e.
Since the above inequality holds true for any sufficiently small e, therefore
P(X € HY) + P(X =0) > P(X € (Hy)°),

for any closed halfspace Hy C R? with # on the boundary.

(2) Let Ly € R? be a ray stemming from # with Ly as its reflection about 6. Since
X is discrete, it is not difficult to see that there is a closed halfspace Hy C R? with a

boundary (hyperplane 7) containing the ray Ly such that
P(X €)= P(X € Ly).

For any € > 0, it is not difficult to see that there is a closed halfspace H} C R¢ containing

Ly and with 6 on its boundary such that
P(X € Hy) < P(X € Ly) + P(X € HY) +e,
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and a closed halfspace Hy C R® containing Ly and with 6 on its boundary such that

P(X € (H})°) > P(X € Ly) — P(X =0) + P(X € HY) — .

Since X is halfspace symmetric about §, P(X € Hy) > 1 and P(X € (Hj)°) < 3, and
thus
P(X € Lg) + P(X =0) > P(X € Lg) — 2.
Hence
P(X € Ly) + P(X =0) > P(X € L),
for any ray Ly C R? stemming from 6. a

Remarks 2.3.1 have shown that angular symmetry implies halfspace symmetry, and
that the converse does not hold. A natural question now is: Under what conditions
does halfspace symmetry imply angular symmetry? The answer is given in the following

result.

Theorem 2.3.4  Suppose a random vector X 1is halfspace symmetric about a point
0 € R?, and either

(1) X is continuous, or

(2) X is discrete and P(X =6) = 0.

Then X s angularly symmetric about 6.

PROOF: (1) By Definition 2.3.1 and the continuity of X, we have that
1
P(XeH+0)=P(Xe—-H+0)= 2
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for any closed halfspace H with the origin on the boundary. Angular symmetry of X

now follows from Theorem 2.2.2.

(2) Suppose that X is not angularly symmetric about the point # € RY. By The-
orem 2.2.3, there is a line L through 6 with rays Lj and L, on either side of 6,
such that P(X € Lj) # P(X € L;). Assume, without loss of generality, that
P(X € Lj) > P(X € Ly) + ¢ for some ¢ > 0. Since X is discrete, it is clear that
there is a closed halfspace Hy containing L such that P(X € 9(Hy)) = P(X € L). Also,
there exists Hy C RY, a closed halfspace which just includes Lj and excludes L, , such

that P(X € 9(H)) =0 and

P(X € Hf) > P(X € (Hy)°) + P(X € L) —

| ™

Similarly, there exists H, C RY, a closed halfspace which just includes L, and excludes

Lg, such that P(X € 9(H,)) =0 and
P(X € Hy) < P(X € (Hy)°) + P(X € L) + %
By Definition 2.3.1 and the properties of H, and H, ,
P(X € Hf) = P(X € Hy) — ;
Hence
1

P(X € (Hy)°) + P(X € Lj) — % <3

< P(X € (Hy)’) +P(XeLy)+ %
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which contradicts the assumption about P(X € Lj) and P(X € L;). Thus P(X €
Ly) = P(X € L) for any line L through 6 with rays L, and L, on either side of 6.

Angular symmetry of X about § now follows from Theorem 2.2.3. O

Remark 2.3.1 Halfspace symmetry and angular symmetry thus coincide under some
typical conditions. What, then, is the point of introducing the new notion, halfspace
symmetry? The relevance of halfspace symmetry is based on the following points:

(1) Actual distributions are invariably discrete.

(2) In the discrete case, the center 6 typically can be anticipated to carry some probability
mass.

(3) Actual distributions typically are not symmetric in any sense. Halfspace symmetry,
as the weakest among existing notions of symmetry, provides a more general foundation
for approximating actual distributions by symmetric ones.

(4) Halfspace symmetry is useful in the performance evaluation of depth functionals and
multivariate location measures, which will be introduced and discussed in later chapters.

O

2.4 Summary

In this chapter, a new notion of multivariate symmetry, halfspace symmetry, has been
introduced. Characterizations of it as well as other existing notions of multivariate sym-
metry, and interrelationships among these notions have been studied. Halfspace symme-

try not only supports more general approximations to actual distributions in modeling,

23



but also plays important roles in discussions of later chapters.
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Chapter 3

STATISTICAL DEPTH FUNCTIONS

3.1 Introduction

By assigning to each point x € R? a value based on a suitable unimodal function
constructed with respect to a given underlying dataset, one can obtain a center-outward
ordering of all points in R?. The value assigned to = by this “depth function” is called the
“depth” of x with respect to the underlying dataset. Such a depth function allows one
to define reasonable analogues of univariate order statistics and rank statistics, which
then may lead to generalizations of classical univariate L-statistics and R-statistics in
the multivariate setting. (See Serfling (1980) for discussion of classical L-statistics and
R-statistics.) Consequently, depth functions can play key roles in multivariate nonpara-
metric robust statistical procedures, multivariate outlier detection, testing of symmetry

for multivariate distributions, etc. .

Tukey (1974, 1977) introduced the first notion of statistical depth of a point in a
multivariate dataset, as follows. In a one-dimensional dataset X = {X;, X5,..., X},
the depth of a point z is the minimum number of data points lying on either side of z.

For a d-dimensional dataset, the depth of a point € R? is the smallest depth of z in
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any one-dimensional projection of the dataset. That is,

HD,(z;P,) = inf Y H{u'X; <u'z}
= i%f{Pn(H) | H is a closed halfspace

with = on the boundary}, (3.1)

where “I” is an indicator function, u is any unit vector in R?, P, is the empirical
measure of the underlying probability measure P, defined as P,(H) = % "X, e H}

and “HD” stands for “halfspace depth”.
The population version of the halfspace depth (HD), with respect to a underlying

probability measure P on RY, can be defined as follows:

HD(xz; P) = i%f{P(H) | H is a closed halfspace

with = on the boundary}, 2 € R%. (3.2)

Liu (1988, 1990) introduced a “simplicial” depth (SD) function on R? with respect

to a underlying probability measure P. Namely,

SD(xz; P)=P(x € S[Xy,...,Xa41]) (3.3)
where X1, ..., X411 is a random sample from P and S[X7, ..., X4.1] is the d-dimensional
simplex with vertices X7, ..., X411. The sample version of SD(x; P) is defined as follows.

1
SD,(z; P) = ——— Z I(z € S[X;,,..., Xi,]) (3.4)
n 1<iy <...<igp1<n
d+1
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where X3,..., X, is a random sample from P. Note that, for each fixed =, SD,(z; P) is
a U-statistic.

In this chapter, properties which a depth function should possess are first explored
and then a general definition of statistical depth function is presented, which unifies
various ad hoc definitions of data depth. Surprisingly, the simplicial depth of Liu (1988,
1990, 1993), which has received considerable study and attention in recent years, fails
to satisfy some basic properties desired of statistical depth functions. A special type of
depth function, called E-depth function, is introduced and examples are given. Depth
“contours” and multivariate “quantile contours” are also defined and their properties and

applications discussed.

3.2 Statistical Depth Functions

Before giving a general definition of statistical depth function, we first examine several
properties that are desirable for depth functions. In the following we consider depth

functions on R? defined with respect to distributions that may be continuous or discrete.

e (P1) Affine Invariance The depth of a point # € R? should not depend on the

underlying coordinate system and the scales of the underlying measurements.

e (P2) Maximality at Center For a distribution having a uniquely defined “center”
(e.g., the point of symmetry with respect to some notion of symmetry, as discussed

in Chapter 2), the depth function should attain maximum value at this center.
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e (P3) Monotonicity Relative to the Deepest Point As a point z € R? moves
away from the deepest point (the point at which the depth function attains max-
imum value, for a symmetric distribution, the center should be the deepest point)
along with any fixed ray through the center, the depth function should decrease

monotonically and approach zero as ||z|| approaches infinity.

Besides the above three properties, we will also confine attention to depth functions
that are nonnegative and bounded. Any functions possessing these properties may be

regarded as a measure of depth of points with respect to the underlying distribution.

Definition 3.2.1 Let P be a distribution function on RY. Let the mapping D(-; P) :
R? — R! be bounded, nonnegative and satisfy (P1), (P2) and (P3). That is,

(1) D(z; P) = D(Az + b; Pax+s).

Further, if P has a center 6,

(2) D(6; P) = sup,ega D(z; P).

Further, if (2) holds for any 0, then

(3) D(z;P) < DO+ a(x—0);P), and D(z;P) — 0 as ||z|| — co.

Here A is any d x d nonsingular matriz, x and b are any vectors in R¢, a € [0,1], X has
distribution P, and Pax .y is the distribution function of AX +0b. Then D(-; P) is said
to be a statistical depth function with respect to P, i.e., D(-; P) measures the depth of x

with pespect to P, v € R,

~

Remark 3.2.1 A sample version of D(x; P), denoted by D,(x) = D(x; F,), may be

defined by replacing P by the empirical measure B,.
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Let us now investigate whether Tukey’s halfspace depth function HD(z; P) and Liu’s
simplicial depth function SD(z; P) are really statistical depth functions according to the

above definition.

Theorem 3.2.1  The halfspace depth function HD(x; P) is a statistical depth function

in the sense of Definition 3.2.1.

PROOF: Clearly, HD(z; P) is bounded and nonnegative. We only need to check (P1),
(P2) and (P3).
(1). Affine Invariance.  For any d x d nonsingular matrix A, vector b, and closed

halfspace H,

XeH < AX+be AH +,

r€0H <= Ax+bed(AH +D),

where H denotes the boundary of H.

Thus

HD(z; Px) = i%f{P(X € H) | H is a closed halfspace, z € 0H }
= i%f{P(AX +be AH +b)| AH + b is a closed halfspace,
Ax+be 0(AH +b)}

= HD(AZL"{'ZL PAX—HJ)-

(2). Maximality at Center.

(i) Suppose that P is HS-symmetric about a unique point § € R%. Then by the definition
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of HS-symmetry, we have that

P(Hy) >

for any closed halfspace H with § € 9 H (such an H is always denoted by Hy), and thus

HD(; P) >

DN | —

Now suppose that there is a point xy € R?, xy # 6, such that

Then

for any closed halfspace H with xqg € OH. Hence, according to the definition of HS-
symmetry, P is also HS-symmetric about xy, which contradicts the assumption that P

is HS-symmetric about a unique point # € R?. Therefore, we have

HD(0; P) = sup HD(z; P).

zeR4
(ii) Suppose that P is not HS-symmetric about any point. Then we simply define the
center of the distribution to be the point where D(x; P) attains maximum value.
(3). Monotonicity Relative to the Deepest Point.
(i) Suppose 6 is the deepest point with respect to the underlying distribution, that is,

HD(0; P) = sup,cgrae HD(x; P). suppose 0 < a < 1. We are going to show that

HD(ax; P) < HD(O + a(x — 0); P), Va € (0,1).
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To compare HD(z; P) and HD(0+ a(x —6); P) we need only to consider the infimum over
all closed halfspaces which do not contain 6, since HD(0; P) = sup, g« HD(x; P). For
any Hya(z—o) (closed halfspace with (6 4 a(x —0)) € OH), by the separating hyperplane

theorem there exists a closed halfspace H, such that

H, C Hyya(z—0)-
Thus we have that

HD(z; P) < HD(0 + a(x — 6); P), Va € (0,1).
(ii) It is obvious that
PX] = l=]]) =0 as [[zf] — oo,
and that for each x there exists a closed halfspace H, such that
Hy C{IX = [f]}

Thus

HD(z; P) — 0 as |z|| — oc.
We are done. O

Remark 3.2.2 For continuous angularly symmetric distributions, the simplicial depth
function SD(-; P) is a statistical depth function in the sense of Definition 3.2.1. This is
proved by Liu (1990). For discrete distributions, however, SD(x; P) does not always pos-
sess the monotonicity property and also can fail to satisfy maximality at center property

with respect to HS-symmetric distributions.
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Counterexamples.

1. Taked =1. Let P(X =0) =1, P(X = +1) =, P(X = +2) = . Then clearly X

is centrally symmetric about 0, and

1 | R —

12
25

where X, X, is a random sample from X. Similarly we have that

SD(1; P) = P(1€ X, X)

16
25

Since SD(1; P) > SD(%; P), the monotonicity property fails to hold.

2. Let d = 2. Let P(X = (£1,0)) = ¢, P(X = (£2,0)) =, P(X = (0,£1)) = ¢.

Then it is not difficult to see that X is centrally symmetric about (0, 0), and

1 1 11

D((1,0): P) — SD((=,0):P) = 3!1.2.-.>. 1
1
- 18
> 0,
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which also violates the monotonicity property.

3. Letd =2 Let P(X =0(0,0) =2 P(X=A(-1,1)) =2, P(X=B(-1,-1)) =

+, P(X =C(1,0)) = . Let BO intersect AC'at D, x be a point inside the triangle AA
0D, and P(X = x) = 2. Then it is not difficult to verify based on the results established
in Chapter 2 that X is HS-symmetric about €, thus 6 is the center of the distribution.

However, we have

|
SD(x: P) — SD(6; P) — 430'3(2>< 16x1x3—(3x1x19+1x1x19))
3!
> 0,
that is, the maximality at center property fails to hold. a

3.3 Some General Structures for Depth Functions

Four types of general structures that could be used to construct statistical depth functions

with respect to any given distributions on R? will be described here.

3.3.1 Type-A depth functions

Let Xi,...,X, be independent observations on a distribution F. Let h(x; Xy,..., X,)
be any bounded and nonnegative functions which measures the relative position of z
with respect to the random sample Xi,...,X,. Then by taking the expectation of

h(z; Xq,...,X,) , one can measure the depth of = with respect to the center or the
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deepest point of the underlying distribution. The resulting depth functions will be called

type-A depth functions. Thus, the type-A depth functions may be represented as
D(@; F) = E[h(w; Xi,..., X,) . (3.5)
where h(z; Xq,...,X,) is a function as described above.

Theorem 3.3.1  Suppose 0 in R? is the point of symmetry of distribution F with respect
to some notion of symmetry, as discussed in Chapter 2. Then the type-A depth functions
D(z; F) defined in (3.5) possess the mazimality at center property if

(1) h(x +b;z1 +b,..., 2, +b) = h(z; 21, ..., 2,),

(2) h(—x; —x1,...,—x,) = h(x; 21, ..., 2,),

(8) h(z; 1, ..., x,) is concave in its argument .,

(4) there is a point y in R such that

y€ (argsup Elh(x; X1 —0,..., X, — 0)]) N (argsup E[h(z;0 — X1,...,0 — X,)]),

zeR4 rzeR4

where z, b and x1,...,x, are arbitrary vectors in R, Xi,..., X, is a random sample

from F.
PROOF: By (1) and (2) we have
Elh(z: X, —0,....X,—0)] = E[h(0+:X1,...,X,)],
Elh(z;0 —Xy,....,0 —X,)] = E[h(0—2;X4,...,X,)]
Let y be the point in (4). Then

y € (argsup E [h(0 + z; Xq,..., X,)]) N (argsup E [h(0 — x; X4, ..., X,)]).

zcR4 rzcR4
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The concavity of h(z;xq,...,x,) now shows that

1 1
h(gquavXT)Zih(G_}_anlvJXT)+§h<0_y7X177XT)
Thus
1 1
En@: Xy, X)) = SEO 4y Xy Xo)] 4 SE[AO =y Xoy o X))

= sup Eh(0 +2;Xy,...,X,)]

zeR4
= sup E[h(z; Xq,...,X,)].
zeR4
Hence
D(6; F) = sup D(x; F).
zeR4
We are done. O

Note that when given distributions are centrally symmetric about a point 6 in RY,

there is always a point y € R? such that

y€ (argsup Elh(z; X, — 0, ..., X, —0)]) N (argsup E[h(z;0 — X1,...,0 — X,)]).

zeR? z€R4
As long as h(z;x1,...,x,) is concave in its argument x, we also have
Theorem 3.3.2  If h(z;x1,...,x,) is concave in its argument z, then the type-A depth
functions D(z; F') defined in (3.5) monotonically decrease as x moves outward along with

the ray starting at the deepest point of F.

PROOF: Let 6 be the deepest point in R? with respect to the underlying distribution
F', that is,

D(0; F) = sup D(z; F).

z€R4
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Let x # 6 be an arbitrary point in R% A € (0,1) and z9 = 6 + A(x — 6), then
D(x; F) < D(6; F).
The concavity of h(z;xq,...,x,) now shows that
h(zo; X1,..., X)) > Mz Xy, ..., X))+ (1= Nh(0; X1,..., X,).
Thus
E[hxo; X1,...,X,)] > min{E[h(x; Xy,..., X)), E[h(6; Xy,...,X,) ]}
= E[h(z;Xy,...,X,)],

hence
D(z¢; F) > D(z; F).
We are done. O

Example 3.3.1 Liu’s simplicial depth function SD(z; P) is a typical example of type-A
depth functions. Since
SD(z;P) = Pz e S[Xi,..., Xa])

= E[I[zeS[Xy,...,Xa1]]

E[h(x§X1,---,XT)]7

where r = d + 1 and h(z;zq,...,2,) = I[x € S[z1,...,za41]]. It is not difficult to
see that h(z;xq,...,z,) here is not a concave function in its first argument. Acturally,
SD(z; P) does not always satisfy the monotonicity and maximality properties for discrete

distributions, as shown in Section 3.2.
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Example 3.3.2 Majority depth MJD(z; P) (Singh (1991), Liu and Singh (1993),
Liu et al. (1997)). For a given random sample X;,..., X, from P on R? a unique
hyperplane containing these points is obtained and consequently two closed halfspaces

with this hyperplane as common boundary are obtained. Denote the one which carries

1

probability mass greater than or equal to 5 by HY . Then the majority depth

function MJD(z; P)is defined as follows:
MJD(z; P)= P(x € HY,  x.). (3.6)

Clearly, the majority depth function MJD(x; P)is a type-A depth function with r = d
and h(z;xy,...,0) =[xz e HY ]

Liu and Singh (1993) remarked that the majority depth function MJD(z; P) is affine
invariant and decreases monotonically as x moves away from the center # of any angularly
symmetric distributions along any fixed ray originating from the center 6.

The following result is new in two aspects: a) it generalizes the remark in Liu and
Singh (1993) about the majority depth function MJD(xz; P) to any HS-symmetric dis-
tributions. b) it shows that the majority depth function MJD(z; P) does not approach

zero as ||z|| approachs infinity for some distributions.

Theorem 3.3.3  The majority depth function MJD(z; P) defined in (3.6)

(1) attains mazimum value at the center of any HS-symmetric distributions and decreases
monotonically as x moves away from the center along any fixed ray originating from the
center ;

(2) fails to approach zero as ||x|| approachs infinity for some distributions.
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PROOF:
(1) a) Let 6 be the center of a HS-symmetric distribution ' and x be an arbitrary point
in R%. Then by the definition of HS-symmetry, for any random sample X, ..., X  from

F we have

.....

Thus

MJD(0; P) = sup MJD(x; P).
zeRY

b) Let A € (0,1) and zg = A0 + (1 — N)x. Then

MJD(xo; P) — MJD(z; P) = P(x, € HY,

----------

v
o

(2) We now give a conuterezample which shows that MJD(z; P) does not approach zero

as ||z approachs infinity. Let d = 2, P(X = (£1,0)) = 5, P(X = (0,1)) = . Then it

1
3

is easy to see that

2
lim MJD(z; P) = 3

[lz]|—00
In fact, in the univariate case, one can show that
1
MJD(z; P) — 5 as xr — 0.
We are done. a
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Remark 3.3.1 For the type-A depth functions defined in (3.5), the corresponding

sample versions are U-statistics.

3.3.2 Type-B depth functions

Let X1,..., X, be a random sample from F on R¢. Let h(z; X,,...,X,) be a unbounded
and nonegative function which measures the dispersion of the point cloud {z, X1, ..., X, }.
Then by taking the expectation of h(x; X1, ..., X,), one can measure the relative distance
between x and the center or the deepest point of the underlying distribution. Thus, a

corresponding bounded depth function can be constructed as follows:
D(x;F)=(1+E[h(z: X1,..., X)) 7", (3.7)

where h(z; Xy,...,X,) is a function as described above. This type of depth functions

will be called type-B depth functions.
Remark 3.3.2 We could have defined type-B depth functions as
D(x;F)=E[(1+h(z; Xy,..., X)) 7], (3.8)

which then fit into the type-A category. But for the sake of tractability we list them

independently here as a new type of depth functions.

Remark 3.3.3 As a measure of the dispersion of the point cloud {z;zi,..., .},
h(x;zy,...,x,) does not always possess affine invariance property, although in many

cases it does possess rigid-body invariance property, that is,
h(Ax + b; Azy + b, ..., Az, +b) = h(z; 24, ..., 2,), (3.9)
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for any d x d orthogonal matrix A and any vector b € R?. Type-B depth functions possess
the maximality at center and the monotonicity relative to the deepest point properties

for suitable h(z;xy,...,z,)'s.

Theorem 3.3.4  Suppose 0 in R? is the point of symmetry of distribution F with respect
to some notion of symmetry, as discussed in Chapter 2. The type-B depth functions
D(z; F) defined in (3.7) possess the mazimality at center property if

(1) h(z +byz1+0b,...,2,+b) =h(x;21,...,2,),

(2) h(—x; —x1,...,—x,) = h(x; 21, ..., ),

(3) h(z; 1, ... ,x,) is convex in its argument x,

(4) there is a point y € R such that

ye (arg inf Elh(z; X, —0,..., X, —0)]) N (arg inf E[h(z;0 — X4,...,0 — X,)])

z€R4 zeR4

where z, b and x1,...,x, are arbitrary vectors in R, Xi,..., X, is a random sample
from F.
PROOF: Similer to that for Theorem 3.3.1. a

Theorem 3.3.5 If h(x;xy,...,2,) is convex in its argument x, then the type-B depth
functions D(z; F') defined in (3.7) monotonically decrease as x moves outward along with

the ray starting at the deepest point of F.

PROOF: Similer to that for Theorem 3.3.2. O
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Example 3.3.3 Simplicial volume depth SVD(z; F). Using the volume of the
simplex with vertices x, Xi,..., X, as a measure of the dispersion of the point cloud

{z,X1,..., X4}, one can construct a depth function as follows:
SVD(x; F) = (1+ E[A%x, Xy1,..., X)), (3.10)

where X7,..., X, is a random sample from F, A(x, X1,...,X,) is the volume of the
simplex with vertices =, Xi,..., Xy, and a € (0,00). It is obvious that SVD(z; F) is a

type-B depth function. Unfortunately, SVD(z; F') usually is not affine invariant since

AY(Az + b, Axy +b,..., Azg+b) = |det(A) |"A%(z,z1,...,24)

= | det(A) ]aAa(x,xl, Ce ,a:d),

where b is any vector in R? and det(A) is the determinant of nonsingular matrix A |
which is not always equal to 1. This problem, however, can be fixed by a modification
of (3.10) as follows:

SVD(z: F) = (1+E[(A<x’)§:t‘(é)’Xd>) ]) , (3.11)

where ¥ is the covariance matrix of F. It is not difficult to verify now that SVD(z; F)
is affine invariant. The simplicial volume depth functions also possess the maximality at

center and monotonicity relative to the deepest point properties.

Corollary 3.3.1  The simplicial volume depth SVD(x; F) defined in (3.11) for o > 1

possesses the monotonicity relative to the deepest point property.
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PROOF: (i) By Theorem 3.3.5 we need only to check the convexity of A*(x,zq, ...

9 xd)

for o € [1,00) in its argument z. Let x, y be two points in R, g = Az + (1 — \)y and

A€ (0,1). Then

A(QT();.CE:[, c.

where 9= (zo1, - .

S Zoa), x=(x1,...

axd)

1
m det

) xd)

— det| .

AA (x5 29, ..

1 1 —_—

To1 Tn Ta1

Tod L1d Tdd

A+ (1=)) 1 -1

)\33'1 + (1 - )\)yl T11 Td1

/\$d + (1 - A)yd T1d Tdd
7'xd) + (1 - )\)A<y7 L1y ,.Td),

!/

, Y=y,

1 <i < d. Now the convexity of the function ¢ for 0 < z < oo shows that

Aa<l’0; T1y...

(ii) It is obvious that

Thus

We are done.

Since A*(z, xq, ...

we obtain

A%(z;xq, ...

SVD(xz; F) — 0

,Tq) < AAY (x5 xq, .

7$d) — 00

ya) + (1= M)A (y; 21,

as ||z]| — oo.

as ||z]| — oo.

,ya) and x; = (x;1, . .

,l‘d).

., xiq) for

,xq) is convex and rigid-body invariant, according to Theorem 3.3.4
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Corollary 3.3.2  The simplicial volume depth SVD(x; F) defined in (3.11) for o > 1

possesses the maximality at center property for centrally symmetric distribution F on RY.

Now by the affine invariance, Corollary 3.3.1 and Corollary 3.3.2 we obtain

Theorem 3.3.6  The simplicial volume depth function SVD(x; F') defined in (3.11)
for a > 1 is a statistical depth function in the sense of Definition 3.2.1 for centrally

symmetric distributions.

Remark 3.3.4 Oja (1983) introduced a location measure for centrally symmetric dis-
tributions by the use of simplicial volume as follows. The location measure is a function

ta: P — R4,0 < a < 0o such that

E[AY(pao(P); X1,..., Xg) ] = inf E[A(u; Xq,...,X4q)].

ueRL

However, he did not develop it into a depth function, nor consider the affine invariance

version (3.11).

Example 3.3.4 L, depth L,D(z; F) (p > 0). The L, norm of (X —z) is a measure of
the distance between x and X. By taking expectation of this distance, one can measure
the distance between = and the center or the deepest point of the distribution of X. Thus

a depth measure can be constructed as follows:

L,D(x; F) = (1+ B [|lz — X[, ), (3.12)
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where || - ||, is the usual L, norm. Clearly L,D(z; F) is a type-B depth function with
h(z;x1) = ||x —21]|,- LpD(z; F) generally does not possess the affine invariance property

since

ElAz+b = (AX +0)[),] = E[|A(z — X, ],

which is not always equal to E [ ||[(x — X]|, | for any nonsingular matrix A. However,
L,D(z; F) possesses maximality at center and monotonicity relative to the deepest point

properties for p > 1.

Corollary 3.3.3 The L,D(z; F) defined in (3.12) for p > 1 possesses the monotonicity

relative to the deepest point property.

PROOF: (i) By Theorem 3.3.5 we need only to check the convexity of h(z;z1) = ||z—2z1||,
in argument x. But this follows in straightforward fashion from Minkowski’s inequality.

(ii) It is obvious that

L,D(z;F)—0 as|z] — oo.
We are done. O

Since h(z; 1) is location invariant and even, that is, h(x + b, 21 + b) = h(z,z;) for
any vector b € R? and h(—x, —x;) = h(z,11), by the convexity just established and

Theorem 3.3.4 we obtain

Corollary 3.3.4 The L,D(z; F) defined in (3.12) for p > 1 possesses the mazimality

at center property for centrally symmetric distribution F on R,
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Although L,D(z; F) (p > 0) generally is not affine invariant, it is easy to see that
LyD(x; F) is rigid-body invariant. Furthermore, a modification of Ly norm can lead to a
afffine invariant Lo D(z; F'). For a positive definite d x d matrix M, define a norm || - ||5
as

|z|[ar = Va'Mz, Vo€ RY, (3.13)
then the Lo (z; F) defined in (3.12) can be modified as
LyD(x; F) = (1+ E[ |z — X||s— )7, (3.14)

where ¥ is the covariance matrix of F'. Now it is not difficult to verify that the LoD(x;

F) defined in (3.14) is affine invariant.

Theorem 3.3.7 The LyD(x; F) defined in (3.14) is a statistical depth function in the
sense of Definition 3.2.1 for any distribution F angularly symmetric about a unique point
0 € R

PROOF: Since Ly D(z; F) defined in (3.14) is affine invariant, we need only check (P2)
and (P3).

(1) We first show that || - |5 is convex for any positive definite d x d matrix M. Since

M is positive definite, there is a nonsingular matrix S such that M = S'S. Let x,y be

two points in R? and A € (0,1). Then

Az + (1 =Nyl = Oz +(1=Xy)' MOz + (1 - A)y)
= Na'Mz +2XM1 = N2’ My + (1 — \)?y' My

= N2/Mz +2X(1 — M) (Sz)'(Sy) + (1 — Ny My.
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The Schwarz inequality implies that
Az + (1= Nylly, < Na'Maz+ 201 = V|| Sz|[[[Syll + (1 = A)*y' My
= Nalli + 201 = Nllzllacllyllar + (1= X[yl
= (Mlzllar + (1= Mllyllan)?.
Thus

Az + (1 =Nyl < Allar + (1= A)llylla

(ii) Now we show that there is a point y € R? satisfying the condition in (4) of

Theorem 3.3.4. Equivalent, we need to show that
0 € arg inf E |||z — X|g-1], (3.15)
reR4

where Y is the covariance matrix of F'.

(1) We first show that
0—X
] =0.

El— 2 71—
X 0l

Since F'is angularly symmetric about #, then based on the results established in Chapter

2 we have

P(X € Hy) = P(X € —H,),

for any closed halfspace Hy with 6 on the boundary. Since X7! is positive definite, then

there is a nonsigular matrix R such that ¥~! = R’R. Thus

P(RX € RHy) = P(RX € —RH,),
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for any closed halfspace Hy with 6 on the boundary. By nonsingularity and the results
established in Chapter 2 we conclude that RX is angularly symmetric about RfA. Hence

R(X-0) 4 R(O-X)
IR(X=0)| RO —X)|

which is equivalent to

R(X—0) 4 RO-X)

X =)l (0= X)ls-

Thus
RX-0) ,_ o RO-X)
Pl H(X—Q)Hz—l] = Bl 16— X)|s- J
This implies that
6— X
e ="

(2) Now we are going to show that (3.15) holds true. Consider the derivative of E[||u —

X||g-1 ] with respect to u € R?, by vector differentiation formula we have

d(E[lp =Xz 1) d(fgallp—z[sr dF(2))

dp dp

B d(llp — x|ls-1)
_ /R p dF (z)

SN p—a)
e

Y- X
dlies
= Xl
- X
= Z’lE[’ui].
= X5

Now by convexity and (1) we conclude that
0 € arg inf E[||x— X|g-1].
zeR4
The result then follows from Theorem 3.3.4 and Theorem 3.3.5. O
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3.3.3 Type C depth functions

Let O(x; F) be a measure of the outlyingness of the point z in R? with respect to the
center or the deepest point of the distribution F' of X. Usually O(z; F') is unbounded,

but a corresponding bounded depth function can be constructed as follows:
D(z;F)= (14 O(z; F) ™. (3.16)
Such depth functions will be called Type C depth functions.

Remark 3.3.5 Type B and Type C depth functions are similar in form except that
in Type B depth functions the outlyingness of a point with respect to the center or the
deepest point of a distribution is obtained by directly taking the expectation of some
function h(x; Xy,...,X,). It is convenient to have these two types separately, although

one could merge them into a single type and treat them uniformly. a

For Type C depth functions, the following two results are analogues of Theorems 3.3.4

and 3.3.5 and are proved similarly. It is often convenient to write O(x; X) for O(x; Fx).

Theorem 3.3.8 Suppose 0 in R? is the point of symmetry of distribution F with respect
to some notion of symmetry, as discussed in Chapter 2. The Type C depth functions
D(x; F) defined in (3.16) possess the “mazimality at center” property if

(1) O(x+b;X+b)=0(zx; X +0),

(2) O(=w;—X) = O(z; X),

(3) O(z;X) is convex in its argument z,
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(4) there is a point y € R? such that

y€ (arg inf O(x; X —0) N (arg inf O(x;0 — X))

z€RA z€R4

where x, b are arbitrary vectors in RY. a

Theorem 3.3.9 If O(x; F) is convex in the argument z, then the Type C depth func-
tions D(z; F') defined in (3.16) decrease monotonically as © moves outward along any ray

starting at a deepest point of F. O

Example 3.3.5 Projection depth PD(z; F). A depth measure based on the out-
lyingness of a point with respect to the center or the deepest point of an underlying
distribution can be defined as follows. Define the outlyingness of a point x to be the
worst case outlyingness of x with respect to the one-dimensional median in any one-

dimensional projection, that is,

'r — Med(u'X
O(z; F) = sup | ' ed(u'X) |

, 3.17
lul|=1 Mad(u'X) (3:17)

where Med denotes the univariate median as defined in Chapter 2, Mad denotes the

univariate median absolute deviation defined for Y € R as
Mad(Y) = Med(]Y — Med(Y)],

and || - || is the Euclidean norm. Then a corresponding depth measure, which will be

called projection depth, is defined as
PD(z;F) = (1+O(x; F)) ™", (3.18)
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where F' is the distribution of X. Clearly, this depth function is a Type C depth function.

O

Remark 3.3.6 For a given one-dimensional dataset X = {Xi,...,X,}, O,(z) =
(x—Med<i<n{Xi})/ Mad;<;<,{X;} has long been used as a robust outlyingness measure

of a point * € R with respect to the center (the median) of the dataset. See Mosteller

and Tukey (1977), pp. 205-208. Here

1
Medizien{Xi} = 5 (X(ur)) + X(ns2))

Madi<i<n{Xi} = Medicicn{|Xi — Medi<j<n{X;}},

and Xy < ... < X() are the ordered Xj, ..., X,. Donoho and Gasko (1992) generalized
the one-dimensional outlyingness measure to arbitrary dimension d. The sample version

of the projection depth function PD(x; F') is given by
PD,(z) = (14 On(z))~", (3.19)

for a random sample X = {X1,..., X,,} from F in R Liu (1992) considered the sample

version of projection depth, but did not provide any treatment of it. O

Theorem 3.3.10 The projection depth function PD(x; F') defined in (3.18) is a statis-

tical depth function in the sense of Definition 3.2.1.

PROOF:

(1) Affine Invariance. ~ For any nonsingular d x d matrix A, any vector b € R?, and
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O(z; X) defined in (3.17), we have

| w/(Az +b) — Med(u/(AX +b)) |
Ar 4 b AX _
O(Az +b; AX +b) o Mad (e (AX + b))

b | (WA)xr — Med((v'A)X) |
lull=1 Mad((u'A)X)

| vz — Med(v'X) |
= sup ,
lul|=1 Mad(v’X)

where v = A'u/||A’ul|. Since A is nonsingular, then

| vz — Med(v'X) |
O(Az+b; AX +b) = su ,
( ) ||u||£1 Mad (u/ X))

that is,
PD(Ax + b; Faxyy) = PD(x; Fy).
(2) Maximality at Center.
(i) Suppose that F' is not HS-symmetric about any point. Then we simply define the

center of the distribution to be the point § where D(z; F') attains maximum value, and

thus
PD(6; F') = sup PD(z; F).
zeR?

(ii) Suppose that F is HS-symmetric about a unique point # € R% Then by Theo-

rem 2.2.2 established in Chapter 2, we have
Med(u'X) = /6,
for any unit vector u € R?. Thus

PD(0; F) = sup PD(x; F).

z€R4
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(3) Monotonicity Relative to Deepest Point.
We show that O(x; X) is convex in its first argument. Let 6 and z be two arbitrary

points in R%, 0 < o < 1, and put ¢ = (1 — a)f + ax. Then we have

|u'zg—Med(u'X) | = |U'((1 — «)f 4+ ax) — Med(u'X) |
= [(1— a)(u'0 —Med(u'X)) + a(v'z—Med(u'X)) |

< (1— )| (u'0 —Med(u'X)) | +a| (v'z —Med(u'X)) |,

and hence

| v'xg — Med(u'X) |
O(xg;X) = su
(0 X) ||U\\£1 Mad (v X)

< swp (1—-a)| (v —Med(vX)) | +a | (v'z — Med(u'X)) |
lull=1 Mad(u’X)

< (1=a)O6; F) + aO(x; F).

Now by Theorem 3.3.9 we conclude that PD(z; F') decreases monotonically as z moves
outward along any fixed ray originating from the deepest point of the distribution F.
(4) Vanishing at Infinity.
It is obvious that

PD(z; F) — 0, as ||z|| — oo.

This completes the proof. a

Example 3.3.6 Mahalanobis depth MHD(z; F'). Mahalanobis (1936) introduced

a distance between two points  and y in R? with respect to a positive definite d x d
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matrix M as:
dy(z,y) = (x —y) M(z —y).

Based on this Mahalanobis distance, one can define Mahalanobis depth as follows:

-1

MHD(z; F) = (14 (z = p(F))S ™z — u(F))) (3.20)
where F is the distribution of X on R?, j(F) is a location measure, and ¥ is the covariance
matrix of F'. Obviously, the Mahalanobis depth function MHD(z; F') is a Type C depth
function, taking

Ow; F) = (x — u(F))'S (& — p(F)) (3.21)
in (3.16). O(z; F) and O(z; X) are used interchangeably. O
Theorem 3.3.11  The Mahalanobis depth function MHD(z; F) defined in (3.20) is a
statistical depth function in the sense of Definition 3.2.1 for any symmetric distribution

Fif u(F) in (3.20) is affine equivariant and agrees with the point of symmetry of F.
PROOF: Assume, w.l.o.g., that the probability mass of F' is not concentrated on any
subspace of R? with dimension less than d.
(1) Affine Invariance.  For any nonsingular d x d matrix A, any vector b € R% and
O(z; X)) defined in (3.21), by affine equivariance of u(-) we have
O(Az +b; AX +b) = (Az +b— p(AX + b)) Six.(Az + b — p(AX +0))
= (z — p(X)) A (A)'ETAT Ar — u(X))
= (z— p(X))'E (@ — p(X))

= O(z; X).
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Thus MHD(z; F) is affine invariant.

(2) Maximality at Center. This follows directly from the fact that p(F') agrees with the
point of symmetry of F.

(3) Monotonicity Relative to Deepest Point.

By Theorem 3.3.9 we need only check the convexity of O(x; X) in its first argument x.
Let x, y be two points in RY, a € (0,1), M =¥ B=a(l—a) and 7g = ax+ (1 —a)y.

Then
O(x0; X) = diy (o, (X))
= diy(a(z — (X)) + (1 = a)(y — p(X)),0)
=a?dy(z, p(X))+ (1=)*d3 (y, p(X)) +20(2—p( X)) ™ (y—pu(X))
= ady (v, (X)) + (1 = @)d3, (y, u(X)) = Bz —y) 7 (z — y)

< adyy (2, (X)) + (1 — a)dy, (y, u(X)).

Thus O(z; X) defined in (3.21) is convex.

(4) Vanishing at Infinity. It is obvious that
MHD(x; F') — 0, as ||z]| — oo.
This completes the proof. O

Remark 3.3.7 Liu (1992, 1993) introduced the Mahalanobis depth as

MD(a; F) = (14 (=57 =)
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where p and ¥ are the mean and covariance matrix of F'. Unfortunately, M, D(-; F') is not
“robust” because the population mean has been used in the construction of M, D(-; F)
as the relative center of F. Also M, D(z; F') can fail to achieve maximum value at the
point of symmetry of angularly symmetric distributions, although, as remarked by Liu

(1992), it does satisfy (P2) and (P3) for centrally symmetric distributions. O

3.3.4 Type Ddepth functions

Based on the “tailedness” of a point with respect to a given distribution, one can measure
the relative depth of the point with respect to the center or the deepest point of the
distribution. Let C be a class of closed subsets of R? and P be a probability measure on

RY. Define a depth measure as follows:
D(z; P, C) = irc1f {P(C)|xzeCeCl}, (3.22)

which will be called Type D depth function.
A sample version of the Type D depth function, denoted by D, (x; P,, C) and D,,(x)

for short, will be defined as
D, (z; Py, C) = irclf {P.,(C)|zeCel}, (3.23)

for a random sample X,...,X,, from P, where P, is the empirical probability measure
corresponding to P, defined as P,(C) = 37 | I(X; € C).
We will confine our attention to the class of closed and convex Borel sets C satisfying

the following conditions:
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(C1) if C €C, then C* €,

(C2) if C €C,z € C° then there exists a Cy € C such that x € 9Cy,Cy C C°,

(C3) if C €C, then AC + b € C for any orthogonal d x d matrix A and vector b € R,
where C¢, C° and C denotes the complement, the interior and the closure of C' rescep-

tively.

Example 3.3.7 Clearly, the class of all closed halfspaces H on R is one of examples
which satisfy (C1),(C2) and (C3). The halfspace depth function HD(z; P) defined in

(3.2) is a typical example of Type D depth functions.

Theorem 3.3.12  Let C be a class of closed and convex Borel sets satisfying (C1), (C2)
and (C3) and P be a probability measure on Re. Then

(1) D(x; P, C) is upper-semicontinuous,

(2) D* ={z € R*| D(z; P, C) > a} are compact, convex and nested (i.e., Dy, C D, if

a; > ag) for a € [0,1].

PROOF:

(1) We first show that
{r eRY| D(x;P,C)>a}=n{C | P(C)>1—a,CecC} (3.24)
a) if v € {z € R?| D(z; P, C) > a} and there exists a C' € C such that
PC)>1—-a, a f£C.

Then

reC’ PC%<a.
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By (C1) and (C2), there is a C} € C such that
x € 801, Ci C Cc,

thus

P(Cl) < q,

hence D(z; P, C) < «, which is a contradiction to the assumption that z € {x € R? |

D(x; P, C) > a}. Thus
{r eRY| D(x; P,C) >a} < N{C|P(C)>1-a,CcC}

b) if v € N{C' | P(C') >1—a,C € C}, and there is a C' € C such that

Then by (C3), there exists a Cy € C such that
xeCy, P(C)) <a,

thus

x/éﬁi P(ﬁlc>>1_057
which contradicts the assumption that € N{C' | P(C') > 1 — «a,C € C}. Thus
{r eRY| D(x;P,C) >a} D N{C|P(C)>1-a,CcC}.

Now by a) and b) we conclude that D® is closed and thus D(z; P, C) is upper-

semicontinuous.
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(2) The nestedness of D is trival. The boundedness of D follows from the fact that
D(z;P,C) — 0 as|z] — oc. (3.25)

The compactness of D now follows from the boundedness and the closeness of D®. The
convexity follows from (3.24) and the fact that the intersection of convex sets is convex.

We are done. O

Remark 3.3.8 a) The above theorem still holds true if (C2) is replaced by
(C2) POC)=0, VCeC.

b) D is called ath depth contour. Discussion on depth contours will be given later.

Definition 3.3.1 Let C be a class of closed convex sets satisfying (C1),(C2) and (C3)
and P be a probability measure on R%. Denote C,, the member of C withy on the boundary.

P is called - C-symmetric about a point 6 € R® if
P(OQ)ZOJ, VCpel
and there is no point v € R% and 3 > « such that

P(C,) > B, VYC,eC.

Remark 3.3.9 a) It is easy to see that HS-symmetry is one of examples of a-C-
symmetry with a« = 1/2 and C = H.

b) Clearly, not every distribution is HS-symmetric. However, there always exists an «
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for any distribution F such that F is a-C-symmetric about some point § € R?, although

6 may not be unique.

Theorem 3.3.13  Type D depth functions defined in (3.22) are statistical depth func-

tions in the sense of Definition 3.2.1.

PROOF:
(1). Affine Invariance. ~ For any nonsingular d x d matrix A, any vector b € R? we
have

Xe(C« AX +be AC +b.

Thus

D(z; Px,C) = iréf{P(X €eC)|zeCel}
= irclf{P(AX+beAC+b)]Ax+beAC+beAC+b}

= D(AI + b; PAX—i—b; AC + b),

that is, D(x; P, C) is affine invariant.

(2). Maximality at Center. Based on Remark 3.3.9, there always exists an « such that
P is a-C-symmetric about a point § € R%. Now by (3.22) and Definition 3.3.1 we have
that

D(0;P,C)= sup D(z; P,C) = a,

zeR4

that is, D(x; P, C) attains maxmium value at the center (the point of symmetry of a-C-

symmetry) of any distribution.
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(3). Monotonicity Relative to the Deepest Point.

(i) Let 0 be the deepest point of P, that is,

D(0; P, C) = sup D(z; P, C).

zeR4
Let © # 0 be a point in R4, X\ € (0,1), 20 = M + (1 — M)z and 3 = D(x; P, C). Then by

(2) of Theorem 3.3.12 we have
x € Dg, 0 € Dg.
The convexity of Dz now shows that
xo € Dag,
that is,
D(zo; P, C) > D(x; P, C).

Thus D(x; P, C) monotonically decreases as x moves outward along with any fixed ray
originating from the deepest point of any distribution.
(ii) Tt is obvious that
D(x;P,C) — 0 as ||z|| — co.
We are done. a

When C = 'H, we obtain following result, which is a generalization of Theorem 3.2.1.

Corollary 3.3.5 The halfspace depth function HD(z; P) defined in (3.2) is a statistical
depth function in the sense of Definition 3.2.1 for any distributions which are o -"H-

symmetric on R?.
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Remark 3.3.10 It is not difficult to show from the proof of the above two Theorems
that the sample depth funciton D, (z; P,, C) of the Type D depth function D(z; P, C)
possess the following properties:

(i) upper-semicontinuity;

(ii) affine invariance;

(iii) monotonicity relative to the deepest point;

(iv) uniformly decreasing to zero as ||z| — oo.

The above list of four types of depth functions is by no means exhaustive, other
general structures for depth functions may exist.

Liu et al. (1997) gives seven examples of depth functions. Among them, six have been
defined in both population case and sample case. All these six depth functions have been
included as special examples of our four types of depth functions except the likelihood
depth function LD(x; F). The likelihood depth function LD(z; F), however, satisfies
neither the affine invariance property (P1) nor the maximality at center property (P2)
or the monotonicity relative to the deepest point property (P3).

Koshevoy and Mosler (1997) introduced a new depth concept, called zonoid data
depth, based on their zonoid trimming. The zonoid data depth function has nice prop-
erties, but may fail to satisfy maximality at center property for angularly symmetric or
HS-symmetric distributions, because zonoid data depth function attains maximum value
always at expectation point E(X) for any random variable X on RY. Zonoid data depth

is not a “robust” concept of data depth, since a single corrupted data point will move
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“the center point of zonoid data depth” to infinity.

3.4 The Behavior of Sample Depth Functions

As “reasonable” estimators of population depth functions for each fixed x, the sample
versions of depth functions are desired to be consistent. Donoho and Gasko (1992) proved
that the sample version of the halfspace depth function, denoted by HD,(z), uniformly

converges to the halfspace depth function HD(z; P) with probability 1, that is,

sup | HD,(z) — HD(z; P)|— 0 as. asn — oc.

zcR4

Liu (1990) established the almost sure uniform convergence of the sample simplicial depth
function SD,(z; P) to the simplicial depth function SD(z; P) for any absolutely continu-
ous distribution F on R¢ with bounded density f. Liu and Singh (1993) remarked that
the uniform consistency of the sample versions of the majority depth function MJD(z;
P) and the Mahalanobis depth function M}, D(x; P) holds under proper conditions.

We are going to investigate the almost sure uniform convergence property of the

sample versions of the median depth function MD(z; F) and the Type Ddepth functions.

3.4.1 Uniform Consistency of the Sample Median Depth Functions

The following results shall be used in establishing the almost sure uniform convergence

of the sample median depth functions.

Lemma 3.4.1 Let Xy,...,X, be a random sample from X € R? and Med(u'X),
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Mad(v' X), Medi<;<,{t/X;} and Mad;<;<,{v'X;} be defined as in Section 3. Then

(1) sup Mad(v'X) < 2 sup Med(|u'X]|) < 400,
[lull=1 [lull=1
(2) sup Madj<i< {v'X;} < 2 sup Medj<;< {|t/Xi|} < +00 a.s. asn > N,
flull=1 [|lul|=1

for some N.

PROOF:
(1) This follows immediately from the triangle and the Schwarz inequalities.

(2) Let M be a number such that
POIX] > M) <

The definition of sample median implies that,

P( Medicio {1 X:]1} > M) < ( o ) (PUX]) > M)

2

Applying Sterling’s formula, we obtain

2"ne"/2rne "M
nren(mn)e 2(2)
9e2r(3)—r(n)

= S (Varuxi > )
< 2 (Pl > M)

P( Medi<i<n{[| Xi[|} > M)

IN

(P(|1X0]l) > M)*

where 1 —

g < 12n7(n) < 1. Thus

> P(Medisisol [ Xill} > M) <23 <\/4P X > M)> < 0.
n=1 n=1
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Now the Borel-Cantelli lemma reveals that there is a N such that

Medlgzgn{HXl”} S M as. forn Z N.

The Schwarz inequality yields

sup Medi<i<,{|t'X;|} < Medi<i<{||Xil|]} <M as. forn>N.

fJull=1

Hence
HSIH1£)1 Mad;<;<, {v/X;} < ”81”151 Medi i<, (Ju' X;| + Medi<i<n{u'X;})
< 2“81“151 Med; <;<, {|u' X;|}
< 2M < oo as. forn>N.
we are done. a

Lemma 3.4.2 Let X;,..., X, be a sample from F and MD(z; F) and MD,(z; F,) be
deifned as in Section 3. Then
(1) MD(z F)—0 as [lo] — oo,

(2) MD,(z;F,) =30 as ||z|| — oo for sufficiently large n.

PROOF:
(1) This follows directly from the monotonicity property of MD(x; F'). Refer to the proof
of Theorem ?7.

(2) For any = € R?, let v = %, then

e

sup | 'z — Med<ic{u'X;} | S | Ju'z| — Medi<;<n{|u' X;|} |

su
fJull=1 Mad<i<n{u/' X} B ||u||£1 Mad; <i<n{u/ X}




| [v'z| = Med;<icn{|v' X} |
- Madlgign{U/Xi}
| [[2]l = Medi<i<n{|v' X[} |
Madlgign{U,Xi}

Now by Lemma 3.4.1, for sufficiently large n and ||z||, we have

sup | u'z — Med;<;<n{u'Xi} | > ]| — SUD|jy||=1 Med, <;<n |/ X[}
JJul|=1 Mad;<;<n{' X} B sup, =1 Mad<i<, {v' X}

2% oo as ||z]| — oo,

Hence

MD,,(x; Fn) L50  as ||z]] — oo,

for sufficiently large n.

We are done. O

Lemma 3.4.3  Let Xi,...,X,, be a sample from F and Med(v'X), Mad(v'X),
Med;<i<,{t/X;} and Mad;<;<,{u'X;} be deifned as in Section 3.
(1) If Med(v'X) is unique (i.e. Ve > 0, P(uX < Med(v'X) —€) < 1) for any unit

vector u € R%, then
Med;<;j<, {v'X;} == Med(v'X)  asn — oc.

(2) If in addition to the assumption of (1), Mad(uw' X) is unique (i.e. Ve > 0, P(|u'X —
Med(v'X)| < Mad(v'X) — €) < 3 and P(|u/X — Med(v'X)| < Mad(v'X) +€) > %) for
any unit vector u € R%, then

Mad; <<, {t'X;} == Mad(v'X)  asn — oo.
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(3) If for any € > 0, 6. = supyj, =y P(W'X < Med(uw/'X) — €) < 5, then

sup | Medj<ij<,{v'X;} — Med(v/X) [ =50  asn — oo.
f[ull=1

(4) If for any € > 0, in addition to the assumption of (5), 6c = supy = P(|u'X —
Med(v'X)| < Mad(u'X) —€) < 3, and 8, = infjyj=1 P(|o’X — Med(v'X)| < Mad(v'X) +

€) > 3, then

sup | Mad<;<n{t/X;} — Mad(v/X) [ =50  asn — oo.
flull=1

PROOEF:
(1) This follows directly from Theorem 2.3.1 of Serfling (1980).
(2) Denote C(Med” , MMad” , ((Medlgign” a,nd “Madlgign” by “l?? , “877 , Cﬁln” and “Sn” ,

respectively. By the triangle inequality,

sp{u'X;} = L X —L{uX;} |}

< L uX, —1(WX) [} |1 (WX) = L{uX;} | .
Likewise,
Wl w' X =1 (W X) [} < G| v/ X = In{u' X5} B [ 1w/ X) = L{u' X} ]

Thus

| sp{u' X} — L /X, — 1 (WX) |} ]| < |10WX)—=L{uX}].
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Hence, by the result established in (1), we have

Jim Madygica{u'Xi} = lim Medigicn{] «'X; = Med(v'X) [}

IS
w

Mad(u'X).
(3) For any € > 0, let I, = P(|l,{w'X;} — l(«/X)| > €), then

I, = P(L,{u'X;} > l(u'X) + €) + P(l,{v'X;} < l(u/X) —¢).
Now applying a similar approach of Theorem 2.3.2 of Serfling (1980), we have

Pl {u'X;} >1(u'X)+€) < P(ﬁ: I(uWX; >1(u'X)+¢€) > Z)

=1

P(Zn:(\/i — EV;) > n(;— PW'X > 1(uX)+ e)))

=1

- <Zn:(vi — EV}) > n<P(u’X <UW'X) + €)= ;)) )

=1

where V; = I(¢/X > (v X) + €), and

Pl {u/' X} <I(W/X)—¢) < P(fj LW/ X; < [(W/X) —€) > Z)

=1

P(im = W) 2 = P < 1)~ 6>)) |

i=1
where W; = I(u/X < [(v/X) —€). Let 0. = infj, =1 P(v'X < I(v/X) + €) and 5!
min {P(u’X <IWX)+e) -1 L-PWX <I(uX)- e)} Now utilizing the result

Hoeffding (1963) (see Lemma 2.3.2 of Serfling (1980)), we obtain

Pl {u' X} — (' X)] > €) < 2e72000)°
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Write

b = sup (1 —PW'X >1(u'X)—¢))

[[ul| =1

= 1— inf PWX >I1(uX)—¢)

[[uf| =1

= 1— inf P(—u'X >1(—u'X) —¢)

[[ul|=1
= 1- Hiﬂlfl Pu'X <l(u'X)+e),

then

6, > inf PW'X <Il(u'X)+e€)

Hence

Il

(=)
\Y
o

Since for any € > 0, there always exists a unit vector u € R? such that

P <|sup {0 X} —1(vX)] > e) < P(|l,{v/X} = l(u'X)| > ¢).

[ofl=1
We have

P (sup {0 X} — (v X)] > e) < 272,

[[ol=1

The Borel-Cantelli lemma now implies that

sup | Med<ij<, {t/X;} — Med(v/X) [0  as n — oo.

[[ull=1
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(4) By the proof of (2), we obtain
[ snfu' X} = L{[ ' X; =1 X) [} | < [T/ X) = L {u/ X} [
Thus, by (3)

sup | s, {u/ X} — L WX — L@ X) [} ] < sup |1(WX) — L{u'X,} |

[[uf| =1 [Juf| =1

250 asn — oo.
Utilizing the same argument of (3), we also have

sup | L4/ X; — (W' X)]} —s(/X)| == 0 asn— oco.

[[uf| =1

By the triangle inequility, we have

sup | s, {u'X;} = s(u'X) [ < sup [so{u' X} — L |u'X; — {(W/ X))}

[[ull=1 [[ull=1

T sup L[/ X — 1/ X)]} = s(u/X)].

[Juf| =1

Hence, we have

sup | Madj<jcn{t/X;} —Mad(v/X) | % 0 asn — oo.

flull=1
We are done. O
Theorem 3.4.1 Let Xy,..., X, be a sample from F and MD(z; F) and MD,(x; Fn) be
deifned as in Section 3. Suppose in addition to the assumptions of (4) of Lemma 3.4.3,

inf||u||:1 Mad(u’X) > 0. Then

MD(x; F) — MD,(x; F,)

250 as |n|| — oo.

sup
zcR4
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PROOF: By Lemma 3.4.2 we need only to show that

sup ‘MD({L’;F) — MD,(z; F,)| 250 asn — oo,

[lzl|<M

for a given M.

We have

lu'x — L {u' X }| |u'x — (v X))
sup ; — Sup |
full=t | Sa{uw'Xi} fui=1| s’ X)
< w W' x — 1, {u' X} |u’:p—l(u’X)|‘
T | s {wXd s(u'X)
. ur — L{vX;p  ur — (v X)
- HUHEI sp{u' X} s(u'X)

! ! l(u'X L {u'X;
< sup ulx — u/:c |+ sup (ul ) — {ul ;i .
=1 |sn{w' X} s(WX)| pu=1[s(@ X)) sa{u' Xn}

Denote the first and the second terms in the right hand side of the last inequality by I

and II respectively, then when ||z| < M

/ X)) — Iy
I — sup |z (s(u'X) — s, {t/X;})|
=t sa{uw'Xi}s(u/X)
MA"
ianuH:l sn{u’Xi} infllullzl S(’U/X) ’

where A} = sup, =1 [s(v'X) — sp{u'X;}|, and

I = sup (W X) = L X, })sp{w' X} + L {w' X} (s {u/ X} — s(v/ X))
Jull=1 sp{u/ Xi}s(u'X)
A7 supjpy =1 Sn{w Xi} + supjy =y [ln{u' X} A7
N infjju=1 sn{t/Xi} infjy—1 s(u' X) ’

where A" = supy, =1 [[(v'X) — [,{u'X;}|.  Since infy, =1 s(u'X) > 0, by Lemma 3.4.1
and Lemma 3.4.3, for any € > 0 there is a K such that

lu'x — 1, {u'X;}|
— sup
sn{u/Xi} Jul=1

< I+1I

sup ‘ sup
z|<M | lull=1

|u’x—l(u’X)|‘ ‘
s(wX)
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< Ke,
for sufficiently large n. The definition of MD(z; F) and MD,(x; Fn) now implies that

sup ’MD(x; F) — MD,,(x; FA’n)‘

=l <M
< ’ |u'x — L {u'X;}]| \u’x—l(u’X)|| ‘
> sup sSup — sup |———~——
lal<m | =1 | Sa{w/ X} fu=1 | s(u'X)
2% 0  asn — oo,
for any given M.
We are done. O

3.4.2 The Behavior of the Sample Type D Depth Functions

The following result, due to Vapnik and Chervonenkis (1971) and Steele (1978), will be
used in the proof of the almost sure uniform convergence of the sample Type Ddepth

functions.

Lemma 3.4.4 Let S be any class of measurable subsets of R%, P be a probability

measure on R? and X1, ..., X, be a random sample from P. Then
sup |P,(A) — P(A)| =0  asn — oo
AeS

if and only if

1
—Ellog AS(X1,..., X,)]—0 asn — oo,
n

where P, is the empirical measure of P defined by P,(A) = 13" I(X; € A) and

n

AS(W) = card({W N A| A€ S}) for any finite subset W of R
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Remark 3.4.1  Vapnik and Chervonenkis (1971) acturally only proved that P,(A)
converges uniformly to P,(A) in probability. Steele (1978) proved that the uniform

convergence of P,(A) to P(A) holds true with probability 1.

Theorem 3.4.2 Let C be a class of closed and convex Borel sets on RY, P be a proba-
bility measure on R? and D(z; P,C) and D, (z; P,,C) be defined as in (3.22) and (5.23).
Then

sup |D,(z; P,,C) — D(x; P,C)| 20  asn — oo.
z€R4

PROOF: The class of convex Borel sets on R? form a Vapnik-Chervonenkis class (see
Vapnik and Chervonenkis (1971) and Steele (1978) ). Now by the Lemma 3.4.4, it is not

difficult to see that

sup |Dy(x; P,,C) — D(x; P,C)| = sup |inf P,(C,)— inf P(C,)
zeR? veRd |Cz€C CaeC
< sup [P (C) — P(C))]
cec
2% 0 asn — oo,
where C, is the set C' with x on its boundary.
We are done. a

We C = H, we obtain the result of Donoho and Gasko (1992), the almost sure
uniform convergence of the sample halfspace depth function HD, (z; P,) to the population

halfspace depth function HD(z; P).

Corollary 3.4.1  The sample halfspace depth function HD,(x; P,) converges uniformly
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to the population halfspace depth function HD(x; P) with probability 1, that is

sup |HD,(z; P,) — HD(z; P)| =50 as n — oo.

zeR4
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Chapter 4

STATISTICAL DEPTH CONTOURS

4.1 Introduction

Statistical depth functions discussed in Chapter 3 can be immediately utilized to
construct “depth contours” or “multivariate quantile contours”. Depth contours can
provide a good geometric view of the structure of an underlying multivariate distribution
and can reveal the shape of multivariate datasets. They are analogous to univariate “ath
quantile trimmed regions”, the intervals [q1_q, ¢a], for % < o < 1, where g, = inf{z :
F(z) > p} for 0 < p < 1 and a distribution function F' on R. Depth contours permit
one to generalize the univariate L-statistics and R-statistics in the multivariate setting.
(See Serfling (1980) for discussion of classical L-statistics and R-statistics.) They also
are useful in multivariate robust statistical procedures in connection with generalized
multivariate medians and data ordering.

The properties of halfspace depth contours have been studied by many authors, includ-
ing Eddy (1985), Nolan (1992), Donoho and Gasko (1992) and Masse and Theodorescu
(1994). Under some assumptions on depth functions and sample depth functions, He and

Wang (1997) provided a convergence result on depth contours of some depth functions

for elliptical distributions.
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In this chapter, a general definition of depth contour is introduced and properties of
depth contours of various depth functions are then explored. Finally, some convergence

results are established for depth contours of general depth functions.

4.2 Statistical Depth Contours

We mentioned in Section 3.3.4 the depth contour concept for Type D depth functions.

Now we give a general definition of depth contours.

Definition 4.2.1 Let D(z) be any depth function for a given distribution and D, ()

a sample depth function corresponding to D(z). Define
D*={x cRY| D(z) > a} and D*={zr € R"| D,(z) > a}, (4.1)

where 7 is the sample size and o > 0. Then D® and Dy, are called the ath depth contour
and sample ath depth contour, respectively. If D(z) is a statistical depth function, then
D% and D¢ are called the ath statistical depth contour and sample ath statistical depth

contour, respectively.

Remarks 4.2.1 (1) Strictly speaking, it is more suitable to call 9D* and D¢ the ath
depth contour and sample ath depth contour and D® and D¢ the ath depth trimmed
region and sample ath depth trimmed region. When there is no confusion, we will still
use the above terminology.

(2) It is not difficult to see that D* and D? are the analogues of the univariate ath

quantile trimmed region and the univariate sample ath quantile trimmed region in the
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multivariate setting. So, D® and D¢ are also called the multivariate ath quantile contour
and the multivariate sample ath quantile contour.
(3) By the nonnegativity of depth functions, D* and D¢ will be given by the whole

space R? if « = 0. Thus we will assume a > 0 unless stated otherwise. O

Definition 4.2.2 A set E in a topological space X is said to be connected if E is not

the union of two nonempty sets A and B such that

ANB=¢=ANBSB,

where S is the closure of a set S.

Theorem 4.2.1 (i) The depth contours and the sample depth contours are nested:
D> C D*? and Dyt C D22 if ag > aua;

(i) the depth contours and the sample depth contours are affine equivariant if the depth
function and the sample depth function are affine invariant;

(ili) statistical depth contours are connected.

PROOF: (i) This follows directly from the definitions of D* and D.

(ii) This follows immediately from the affine invariance property of the depth functions.
(iii) The “monotonicity relative to deepest point” property of statistical depth functions
implies that there are no “holes” in D®, and thus it is connected. The proof is complete.
O

The following corollary is a generalization of Proposition 2.5 in Masse and Theodor-

escu (1994).
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Corollary 4.2.1  The halfspace depth contours are affine equivariant.

Remark 4.2.1 Connectedness is clearly a desired property for depth contours. As
we have already seen in Remark 3.2.2, however, the simplicial depth function SD(z; P)
may fail to satisfy the “monotonicity relative to deepest point” property for discrete
distributions. Therefore the depth contours induced by the simplicial depth function

SD(z; P) are not in general connected. O

In Theorem 3.3.4 we have shown that the depth contours of Type D depth functions
are compact. This result holds true for the most of the other depth functions discussed

in Section 3.3.

Theorem 4.2.2 The depth contours are compact for the simplicial depth, the simplicial
volume depth SVD*(x; F') (o > 1) , the L, depth (p > 1), the projection depth, and the

Mahalanobis depth defined in Section 3.3.

PROOF: a) The continuity of the simplicial volume depth, the L, depth (p > 1), the
projection depth, and the Mahalanobis depth implies the closedness of the depth contours
of these depth functions. The property that these depth functions monotonically decrease
to 0 as ||z|| — oo implies the boundedness of their depth contours. The compactness
then follows immediately.

b) Theorem 1 of Liu (1990) implies the boundedness of the depth contour of the simplicial
depth function. For absolutely continuous distributions on R, the closedness of the

simplicial depth contours follows from Theorem 2 of Liu (1990). To prove the closedness
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of the simplicial depth contours for discrete distributions, let z,, be a sequence in R?
which converges to xz, assume that z, € D* and D(z) < «. Then there is at least one
simplex S[y1,...,Yas1] such that =, € Slyi,...,yqss1] for sufficiently large n and = ¢
Sly1, ..., Yas1]. But this event occurs with probability 0, since z,, — = as n — oo. Thus
the closedness of the depth contour holds true for the discrete case. The compactness

now follows. The proof is complete. O

Remark 4.2.2 Compactness is another desired property for depth contours. Applying
an argument similar to that used in b) of Theorem 4.2.2, one can prove that the depth
contours of the majority depth function MJD(z; P) are closed. But, as shown in Theo-
rem 3.3.3, the majority depth function MJD(z; P) fails to decrease monotonically to 0

as as ||z]| — oo . Hence the depth contours of the majority depth are not compact. O

Now let us examine some properties of sample depth contours. We select, as an
example, the sample Type D depth contours and discuss their properties. For the Type

D depth function D(x; P,C), the sample ath depth contour is

DY ={z € R?| D,(2;C) > a}. (4.2)

We have

Theorem 4.2.3  Let C be a class of closed and connected Borel sets satisfying (C1),

C2)and (C3) in Section 3.3.4, and let P be a probability measure on R?. Then the
(C2) y

sample depth contours of Type D depth functions are connected and compact.
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PROOF: Following the proof of Theorem 3.3.12, we can establish
D ={x cRY| D,(z;C) > a}=n{C | P,(C)>1—-a,CcC} (4.3)
The closedness and connectedness of D¢ follow. It is not difficult to see that
Dy(z;C) =0  as||z]| — oc.

The compactness of DY now follows immediately. O
When C = H, we obtain the following result, which slightly extends Lemma 2.2 in

Donoho and Gasko (1992).

Corollary 4.2.2  The sample depth contours of the halfspace depth function HD(z; P)

are connected, convex, compact and nested.

Remark 4.2.3 The depth contours D® and the sample depth contours D{ of the
halfspace depth function HD(z; P) are called the “a-trimmed regions” and the “empirical

a-trimmed regions” in Nolan (1992). O

Depth contours possess exactly the same shape as that of constant density contours for
special distributions such as elliptical distributions. We first give a definition of elliptical

distribution (see Muirhead (1982), p. 34).

Definition 4.2.3 A real vector X € R? is said to have an elliptical distribution with

parameters p and Y, denoted by X ~ E(u,X), if its density function is of the form

flx)=c|B 2 g ((x — /'S (x — p))
for some function g, where ¥ > 0 is positive definite.
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Liu and Singh (1993) proved for elliptically distributed random vectors that the
boundaries of the depth contours of strictly decreasing and affine invariant depth func-

tions are the surfaces of ellipsoids.

Lemma 4.2.1 (Liu and Singh 1993) Suppose that X € R? is elliptically distributed,
X ~ E(u,X), and that D(z) is affine invariant and strictly decreasing on any ray

originating from the center . Then the contours {x : D(x) = c} are of the form

(x — p)S Yo — p) =d. for some d. in R.
The following result is a generalization of Lemma 4.2.1.

Lemma 4.2.2  Suppose that X € R is elliptically distributed, X ~ E(u,Y), and that
D(x) is affine invariant and attains mazimum value at p. Then

(i) D> is of the form D = {z € R | (x — u)/S Ya — p) < r2} for some 1y, and
D(z) = f((x — p)'S" Yz — p)) for some nonincreasing function f.

(i1) D(x) is strictly decreasing on any ray originating from the center if and only if

{z eRID(z) =a} ={r e R| (v — )T~ (z — p) =13}

PROOF: (i) Utilizing an argument similar to that for Lemma 3.1 of Liu and Singh
(1993), one can obtain the first part of (i). Since the points on the boundary of D¢

possess the same depth, it follows that

The monotonicity of f follows from the fact that D(Au + (1 — N\)z) > D(z), since

(A + (1 = N)z) € D, where oy = D(z).
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(ii) Sufficiency follows directly from Lemma 4.2.1. We need to show that D(x) is strictly

decreasing if
{z eRID(z) =a} = {z € R | (z — )T (o — ) = 12}

Let y # p be a point in R?, and yo = A+ (1 — A)y for some X € (0,1). Then y € 9D

and y is in the interior of D% for some «,, such that
(y—w)E y—p) =72,
Hence D(yo) > D(y). The proof is complete. 0

Remark 4.2.4 The maximality at g condition on D(z) in Lemma 4.2.2 could be
replaced by a convexity condition on D%, which is also sufficient to prove the necessity

part of (ii) in the Lemma. O

Theorem 4.2.4  Suppose X € R? is elliptically distributed, X ~ E(u,%). Then the
depth contours of the simplicial depth, the majority depth, the simplicial volume depth
SVD* (o > 1), the LP depth (p > 1), the projection depth, the Mahalanobis depth, and
the Type D depth defined in Section 3.3 are ellipsoids. The boundaries of these depth

contours are the surfaces of the ellipsoids.

PROOF: By Lemma 4.2.2 and the affine invariance of these depth functions, we need
only check the strictly decreasing property of these depth functions under the elliptical
distribution assumption.

a) An argument similar to that of Theorem 3 of Liu (1990) gives the strict monotonicity
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property of the simplicial depth function.
b) The strict decreasing property of the majority depth function follows from the fact

that

----------

.....

for any A € (0,1) and = # p in R
c¢) For the simplicial volume depth function SVD*(z; F') (o > 1), following the proof of

Corollary 3.3.1, we have

A(x0;$1,...,l'd) < AA(,U,Ij,,.Td>+(1_)\)A<x,$1,,Id)7

for any XA € (0,1), 2o = A+ (1 = Nz, © # pand z, 24, ..., 24 in R% And

P(A(zo; X1, .., Xa) < MA(; X, ., Xa) + (1= NA(z; X4, ..., Xg)) >0,

for a random sample X, ..., Xy from X. The convexity of the function z® for 0 < x < oo

and the maximality of SVD*(x; F') at u now imply that

A%(zo; 21, .. xq) < ATy 21, ..., T4g),

and

P (A%(xo; X1, .., Xa) < A%(x; Xq,...,Xg)) > 0.

Hence, SVD*(z; F) <SVD*(zo; F'). The strict decreasing property of the simplicial vol-

ume depth function thus follows.
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d) For the L? depth function LP(z; F') (p > 1), Minkowski’s inequality implies that

A+ (1 =Nz —af| < Ml — 2] + (1 = Ml — 24

and

P([Ap+ (1 =Nz = X[ < Alp = X[+ (1 = A)lz = X]}) >0,

for any A € (0,1),  # p and z,2; in R% Hence

P+ (1 =Nz F) > LP(x; F).

The strict monotonicity property of the LP depth function thus follows.
e) The strict decreasing property of the projection depth function follows immediately
from the fact that Med(u/X) = /p for any unit vector u in R

f) Following the proof of (3) of Theorem 3.3.11, we have

O(z0; X) < AO(p; X) + (1 = A)O(z; X),

for any X € (0,1), z # p in R? and zg = A + (1 — X\)z. Hence MHD(xo; F') > MHD(x;
F). The strict decreasing property of the Mahalanobis depth function thus follows.

g) Let A € (0,1),  # pin R? and xg = A + (1 — A)z. To consider the depth of point
xo and z, we need only take the infimum of P(C') over all C' € C which do not contain
the center u. Now for any such C.,, by the condition (C2) in Section 3.3.4 there exists
a C, such that C, C C,, and P(C,) < P(C,,). Hence, D(z; P,C) > D(xo; P,C). The
strict monotonicity property of Type D depth functions thus follows. This completes the

proof. O
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Theorem 4.2.5  Suppose that X € R? is elliptically distributed, X ~ E(u,Y), and
that D(x) is affine invariant. Then D(x) strictly decreases as x moves away from the

center p along any ray if and only if

for some strictly decreasing continuous function f.

PROOF: The necessity is trival. We need only prove the sufficiency.

a) By Lemma 4.2.2, there is a function f such that

b) To show that f is strictly decreasing, let ¢; > ¢; > 0. Then there is an € R¢, an
a € (0,1) and an zp = au + (1 — o)z such that
@ = (xo—p)S zo—p)  and g = (z —p)'S7 @z — p).
Now f(q1) = D(x¢) > D(x) = f(q2), proving that f is strictly decreasing.
¢) To show that f is continuous, we note, by Lemma 4.2.2, that D(x) is upper and lower

semicontiuous. Since (z — p)’X~!(z — p) is also continuous, the continuity of f follows

from Lemma 4.2.3. This completes the proof. O

Lemma 4.2.3 Let X, Y and be topological spaces, g: X—'Y be continuous, and h = fog:

X—Y be continuous. Then f: Y—Y is continuous.

PROOF: If Visopenin Y and f(x¢) € V for some point 2y € Y, then there exist open
sets W and U in X such that yo € WNU, g(yo) = o and g(W) U h(U) C V. It follows

that f(g(UUW)) =h(UUW) CV and zy € g(UNW), proving the continuity of f. O
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The following lemma, which has some alternative assumptions, can also be used to

prove the continuity of f in Theorem 4.2.5.

Lemma 4.2.4 Suppose that g: R* — R is continuous.

(i) Let f: R — R be nonincreasing.

(1) If f o g is upper semicontinuous, then fis left continuous;
(2) if f o g is lower semicontinuous, then f is right continuous.
(ii) Let f: R — R be nondecreasing.

(1) If f o g is upper semicontinuous, then f is right continuous;

(2) if f o g is lower semicontinuous, then f is left continuous.

PROOF: We only prove (1) of (i); the proof for the other statements is similar.
Let x, T x. The continuity of g implies that there is a sequence y, and a point y in
R¢ such that y, — y and g(y,) = x,, g(y) = z. The continuity of g, the nonincreasing

property of f, and the upper semicontinuous property of f o g imply that

fla=) < fxn) = f(9(yn)) < fl9(y)) + €= f(z) +e< fla—) +e

Hence f(z—) = f(x). O

4.3 The Behavior of Sample Depth Contours in General

We first establish, in a very general setting, an almost sure result about sample depth

contours.
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Theorem 4.3.1 Let D(x) be any nonnegative depth function and D, (x) a correspond-
ing sample depth function. Let D*(x) and D2(x) be defined as in Definition 4.2.1. As-
sume that

(C1) D(x) =0, as |zf] = oo,

(C2) sup,cg |Dn(z) — D(x)] =0,  for any bounded set S C R%.

Then, for any e >0, 6 <e€, a >0, and o, — «,
DYt D Don € D0 € DYTC .
for sufficiently large n, and uniformly if a,, — o uniformly as n — oo.

PROOF: (I) Clearly, D2+ C D% C D=9,
(IT) To show that D=9 C D¢ assume that o — e > 0 (the inclusion relation holds
trivally when o — e < 0, since then D¢ = Rd). Since «,, — «, there is an N7 such that
when n > N;

€—0

|, —af < 5

Since by (C1), D(Ax) uniformly approaches 0 as A increases to 0o, there exists a bounded
region S C RY such that D* ¢ C D* 2 = S. By (C2), there is an No(> N;) such that

when n > N,

(+) sup | Do) — D(x)] < <=2

< a.s..
eSS 2

Let x € D=0 N (D% — D*°¢). Then when n > N

Dy(x)—D(z)>a,—d—(a—€) > a—
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contradicting (*). Thus either D=0 C D¢ or D% ~% N D*"2¢ = ®. But the latter is

impossible, for if it is true and we let 2 € D2 ~°, then when n > N,

6—5_5_(0[_26)23(62—5)’

D,(x) —D(z) > o, —6 — (v —2¢) > o —

for any n, violating (C2). Hence D=0 C D¢,

(III) Applying a similar argument as for (II), one can show that
Da+e C Da"+6.
The proof is complete. O

Corollary 4.3.1  Suppose, in addition to the assumptions of Theorem 4.3.1, that

P({z € RYD(x) = a}) =0. Then

Do L% D*  gs n — oo.
The convergence is unform in « if a, — « uniformly as n — oo.
PROOQOF": 1t is easy to see that

{r e RYD(z) >a}t= |J D**c [ D*“={zeRYD(x) > al,
ecQt eeQt
where Q7 is the set of positive rational numbers. By Theorem 4.3.1, we can show that
UJ D" Climinf D" C limsup Dg» € () D*°°  aus.

n—oo
eeQt o e€QT

P({x € RYD(x) = a}) = 0 then implies that
lim Do % pe,

n—oo
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The proof is complete. u
Applying the general result about depth contours stated in Theorem 4.3.1 to elliptical

distributions and affine invariant depth functions, we obtain

Corollary 4.3.2  Suppose D(z) is nonnegative and affine invariant. Suppose also that
0) X~ E(p, %),

(1) D(z) —0 as ||z|| — oo,

(2) supyes |Dn(z) — D(z)] =50 as n— oo, for any bounded set S C RY,

(3) D% is convex and closed.

Then

(4) the identity {x € RYD(z) = a} = {x € Rie(z) = r2}, for some r, € R and
e(x) = (z — )Yz — u), holds if and only if for any o € (0,1) and € > 0, there exists

0 > 0 such that for sufficiently large n
" h(q(a—e)) Bn(0)+0 Bn(a)=0 h(q(a+e))
(%) D c D! c D! cD a.s. ,

and uniformly in o € [0, ap] for ag < 1, where h(x), q(a) and B, are defined by P({x €

RY | e(z) < q(a)}) = a, Pu({z € R | Do(x) = Bu(@)}) = |an], and D(x) = h(e(x)).

PROOF: (I) Sufficiency. Convexity of DY and (2) imply the convexity of D® Re-
mark 4.2.4 and Lemma 4.2.2 now show that D(x) is strictly decreasing as x moves away
from the p along any fixed ray. Theorem 4.2.5 then shows that h(x) is strictly decreasing
and continuous. By Lemma 3 of He and Wang (1997), lim,,—. B.(a) = h(g(«)) uni-

formly in . The continuity and monotonicity of ¢(«) and h(z) imply that h(q(a+€)) =
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h(g(a)) — fi(e) and h(g(a —€)) = h(g(a)) + fo(e) for some continuous and positive func-
tions fi(€) and fo(€). Sufficiency now follows from Theorem 4.3.1.

(IT) Necessity. By Remark 4.2.4 and Lemma 4.2.2, we need only show that h(z) is strictly
decreasing as r moves away from p along any fixed ray. The nonincreasing property of

h(x) follows from (x). Assume that e(z) = ¢(a+€), e(xo) = q(a —€), D(y) = G,(«) and

(**) Dh('l(a—%)) C Dgn(a)—ﬁ-& C Dgn(oé)_(g Ch(q(a+%))

)

for sufficiently large n. By (2) and (xx), we have h(q(a — €) = D(xo) > D,(zo) —

N

>
Do(y)+0—3>Dy(z)+26— 3> D(x) — 3426 — % = D(x) + 6 = h(q(a+¢€) + 6, for

sufficiently large n. By the continuity and monotonicity of g(«), we conclude that h(x)

is strictly decreasing. Necessity thus follows. a

Remarks 4.3.1

a) He and Wang (1997) proved the following. Assume, for nonnegative and affine
invariant D(z), that

(0) X ~ E(u, %),

(1) D(z) =0 as [[z]| — oo,

(2) limy, o Supyeg |Dn(z) — D(z)] =0 a.s. for any compact set S C RY,

(3) D2 is convex and closed,

(4) {z € RYD(x) = a} = {z € Rie(x) = r2} for some r, € R and e(z) = (z —
p)S~Ha — p), and

(5) D,(x) attains maximum value at (.
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Then
(6) D(z) is a strictly monotone function of e(x) (which implies that for any ¢ > 0,
P({z : D(z) = ¢} =0) holds

if and only if for any « € (0,1) and € > 0, there exists § > 0 such that as n — oo,

(%) phae=e))  pbatd o phn=d « phlalatea) 4 g

and uniformly in a € [0,a], ap < 1, where h(z), ¢(a) and 3, are defined as P({z €

RY | () < g(a)}) = a, Pa({z € RY| Da(2) > u(@)}) = |an] and D(z) = h(e(x).
Although conditions (1) and (5) are not explicitly stated in He and Wang (1997),

they implicitly used them in their proof, so we have listed them here.

b) Corollary 4.3.2 is an improvement and extension of the main result of He and Wang

(1997), since it establishes (xxx) only under the assumptions (0)—(4). Also, condition (2)

of Corollary 4.3.2 is weaker than condition (2) of He and Wang (1997).

¢) On the other hand, condition (6) of He and Wang (1997) seems to be redundant,

since convexity of D2 and condition (2) imply the convexity of D% which, combined

with condition (4), Remark 4.2.4 and Lemma 4.2.2; implies condition (6). O

We now turn to the almost sure convergence of sample depth contours of some specific
depth functions. We select, as examples, the simplicial depth, the projection depth, and

the general Type D depth, and investigate their contour convergence.

Theorem 4.3.2  Suppose X € R? is elliptically distributed, X ~ E(u,X). Then for
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the simplicial depth, the projection depth, and the general Type D depth, we have

lim D% = D%

n—oo

for any sequence o, with o, — « as n — oo and random sample Xy, ..., X, from X,
where D is an ellipsoid of the same shape as that of the constant density contours of
the parent distribution. Futher, the convergence is uniform in « if o, — « uniformly as

n — oo.

PROOF: By results in Chapter 3, the depth functions SD(z; P), PD(z; F') and D(x; P,C)
satisfy (C1) of Theorem 4.3.1, and the almost sure uniform convergence of sample depth
functions to population depth functions also holds for the sample projection depth func-
tion PD,(x) and the sample Type D depth function D,(z;C). The almost sure uniform
convergence of the sample simplicial depth function also holds (see, e.g., Corollary 6.8 of
Arcones and Gine (1993)). Now, by Theorem 4.2.4, the condition in Corollary 4.3.1 is
also satisfied for all three of these depth functions, and the D®’s are ellipsoids. Thus the

proof is complete. O

Remark 4.3.1 It is not difficult to see that the contours in Theorem 4.3.2 satisfy

lim p(D%", D*) 0,

n—oo

and uniformly in « if a,, — o uniformly as n — oo, where p represents the Hausdorff

distance between two sets, that is,
p(A,B) =inf{e|e >0, AC B, B C A},
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where A¢ = {z |d(z, A) < ¢} and d(x, A) = inf{d(z,y) |y € A}. O

When C = H in the Type D depth functions, we obtain the following almost sure
convergence result for sample halfspace depth contours, which is a slight extension of

Donoho and Gasko (1992), Lemma 2.5.

Corollary 4.3.3  Suppose X € R? is elliptically distributed, X ~ E(u,X). Then the
sample depth contours D of the halfspace depth converge almost surely and uniformly
1

in o € [0,3], asn — oo, to D%, an ellipsoid of the same shape as that of the parent

distribution.

For the multivariate normal distribution, a special case of elliptical distribution, we

have

Corollary 4.3.4 Suppose X € R? is normally distributed, X ~ N(u,¥). Then for the

halfspace depth,

lon]  g.s.

(1) Dk —ﬁDa:{xGR@Hx—MST%%—mg(QAQ—QD?,

and uniformly in o € |0, %], where @1 (p) denotes the pth quantile of the standard normal

distribution. Also

(2) P<D71>iil—ﬁ,

2

and uniformly in o € [0, 1], where 3 is determined by (27'(1 — )" = x3(8), and x3(p)

denotes the pth quantile of the chi-square distribution with d degree of freedom.
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PROOF: (1) Suppose Y € R? is normally distributed and Y ~ N (0, I). Then, by affine
invariance of the halfspace depth, it is not difficult to see that the depth contour D¢
under Y is a sphere with radius ® (1 — ). Let X = X2Y + . Then X ~ N(u, ¥) and

the affine invariance implies that
D' ={r € R | (x— /S (e —p) < (07 (1-a)) )

which, combined with Corollary 4.3.3, gives (1).

(2) Since

P(liminfDmnnJ> < 1imian<D L“n”J)

n—oo n—oo

IN

< limsup P (D S >

n—0o0

P <lim sup D o ) ,

n—oo

it follows that

n—od

= P (X - X —p) < (07— a)).

Now since X ~ N(u,X), we have (X — p)’ 271X — p) ~ x2, and thus (2) follows. O
Applying Corollary 4.3.4 for X ~ N(0, 1), and Corollary 4.3.1, we obtain Theorem 1

of Yeh and Singh (1997).

Corollary 4.3.5  Suppose F is absolutely continuous in R? and E||X||*> < oo, then

oC C liminf(W,

) C limsup(W;

n,l—«

)< C,

for C ={z € R4 ||z]| < vi_a} and some y1_q such that P(N(0,1) > v1_o) = a. Here

*
Wn,lfa

is a 100(1 — )% bootstrap confidence region obtained by first deleting 100a%
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exterior bootstrap points Z* based on halfspace depth and then forming the convex hull of

the remaining points,

~

0, = én(Xl, ..., X,) is a consistent estimator of a d-dimensional parameter of interest,
Sg, 1s a consistent estimator of the dispersion matriz of én, and the asterisk is used to

denote the statistic computed under the bootstrap sample.

4.4 Summary

In this chapter, a general definition of depth contour has been introduced and properties
of depth contours of various depth functions explored. Convergence results have been
established for sample depth contours in a very general setting and developed for some
specific cases. Some results obtained here improve and generalize recent results in the

literature.
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Chapter 5

DEPTH-BASED LOCATION MEASURES

5.1 Introduction

It has long been known that in one dimension the median, regarded as the center of
a given distribution, is one of the most favorable robust location measures for the distri-
bution. One would naturally suppose the same to be true in higher dimensions, making
the higher dimensional median a natural location measure for multivariate distributions.
Questions we consider here are: (1) What are desirable properties that multivariate
location measures should satisfy? (2) How to generalize the concept of the univariate
median into higher dimensional settings? (3) Do the generalized medians satisfy desirable
properties for multivariate location measures?

In Section 2 of this chapter, desirable properties for multivariate nonparametric lo-
cation measures are examined. A new property for multivariate nonparametric location
measures, called “center locating” condition, is introduced. Relationships among condi-
tions for location measures are explored. It turns out that the “center locating” condi-
tion is a favorable requirement for multivariate nonparametric location measures. The
“stochastic order preserving” condition required in Bickel and Lehmann (1975) and Oja
(1983) for location measures does not guarantee that the measures are able to identify
the locations of underlying distributions.

In Section 3, statistical depth functions, which are inherently bound up with the
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notion of center of a multivariate distribution, are applied to introduce corresponding
notions of multivariate median.

Section 4 is devoted to the performance analysis of some multivariate nonparametric
location measures with respect to the “center locating” condition. Various multivariate
medians derived from depth functions, as the candidates for multivariate nonparametric
location measures, are studied. It is found, for example, that for halfspace symmetric
distributions the Liu simplicial median fails to satisfy the “center locating” condition
and, consequently, should be used with caution as a multivariate location measure. On
the other hand, the halfspace median, the L; median, the L, median and the projection
median are found to be good choices as multivariate nonparametric location measures,

for halfspace symmetric distributions.

5.2 Properties for Multivariate Nonparametric Location Measures

5.2.1 Conditions of Bickel and Lehmann (1975) and Oja (1983)

Bickel and Lehmann (1975) introduced a definition of location measure on R, and Oja
(1983) extended the definition to higher dimensions.

Let P be a class of probability distributions in R? and ¢ : P — R? be a functional
on P. It is convenient to write (X)) for ¢)(F) when F € P is the distribution function
of the random vector X € R? For a functional ¢ : P — R? to be a multivariate

nonparametric location measure, Bickel and Lehmann (1975) and Oja (1983) require the
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following two conditions:

(C1) % is affine equivariant, that is, (AX +b) = AY(X)+b, for any d X d nonsingular

matrix A and vector b € R,

st
(C2) VPQeP,if P <@, then (P) <¥(Q),
st
where P < @) denotes that P is stochastically smaller than @, i.e., that [ fdP < [ fdQ
for any real bounded coordinatewise increasing f on R?, and = = (11,...,74) <y =

(y1,--.,ya)" denotes that x; <y, fori =1,2,...,d.

Remarks 5.2.1 (1) Condition (C1) is a typical requirement on location measures. It
requires that the location measure 1 should not depend on the underlying coordinate
system, nor on the scales of the underlying measurements. Note that (C1) really means
that ¢¥(Fax4s) = AY(Fx) + b for any d x d nonsingular matrix A and vector b € R,
where Fx denotes the distribution of a random vector X € RY. On the other hand,
condition (C2) requires that the location measure ¢ should take on larger values for
random vectors which typically are “larger”. (C2) is often called a “stochastic order

preserving” condition.

(2) It is worth noting that satisfaction of (C1) and (C2) does not guarantee that the
location measure 1 indentfies the location of a given distribution. For example, under the
definitions of Bickel and Lehmann (1975) and Oja (1983), the mean functional E[X] on
P is always a location measure; see Theorem 5.2.1. The mean functional, however, may

not always be a good location measure for some distributions like angularly symmetric
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distributions as shown in Examples 5.2.1, and especially may be poor for asymmetric
distributions. Also, it has long been recognized that the mean functional is not robust.

O

According to the definitions of Bickel and Lehmann (1975) and Oja (1983), we have

Theorem 5.2.1  The mean functional on P satisfies (C1) and (C2) and thus is always

a location measure in the sense of Bickel and Lehmann (1975) and Oja (1983).

PROOF: Assume ¢(Fx) = E[X] for any random vector X with its distribution Fy
in P. Then clearly ¢ satisfies (C1). Now suppose F,G € P and F Sgt G. Then by
a result of Strassen (1965), there are two R9valued random vectors X and Y on the
same probability space, with respective distributions F' and G, such that X ag Y. Thus

W(F) = E[X] < E[Y] = ¢(G), that is, (C2) holds. The proof is complete. O

5.2.2 A further condition of interest

As a location measure, 1 should be able to identify the location of an underlying dis-
tribution when it is defined as the center of a distribution which is symmetric under a

given notion of symmetry. Specifically, we introduce the “center locating” codition

(C3) ¢(P) =0, for any P € P which is symmetric about a unique point § € R% under

a given notion of symmetry.
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5.2.3 Relationships among the three conditions

We devote this section to the discussion of the relationships among the conditions (C1),

(C2) and (C3). In general, the three conditions are independent.

Example 5.2.1 (C1) and (C2) but not (C3).

Define ¢(F) = [E(X)] for any random vector X with distribution F' € P. Let Fy € P
be angularly symmetric about a unique point # € R?, X, be a random vector in R? with
distribution Fy, and F(Xy) # 6. Then it is not difficult to see that v satisfies (C1). By
Lemma 5.2.1 1) also satisfies (C2). But according to the assumption that E[X,] # 0, ¢

does not satisty (C3) for Fp. O

Example 5.2.2 (C1) and (C3) but not (C2).

Define 1) to be the Tukey/Donoho halfspace median (Section 5.3). Consider the set P
of halfspace symmetric distributions in R¢. Then by Theorem 3.2.1, we see that ¢ (F)
satisfies (C1) and (C3) for any F' € P. However, ¢(F) may not satisfy (C2) for F' € P

as shown in the following example. Let

L1 = (27 2)7 xll (_47 _4)7 T2 = (273>7 x/2 = <_27 _5)7

h = (6’3>’ yll = (_2a _1)a Y2 = (3a 6)7 y; = (_27 _1)7

0, = (1,1), 6, = (0,0),

P(X =) = P(X =) = P(Y =) = P(Y =4}) = 1,
P(X =) = P(X =a) = P(Y =) = P(Y =4f) = —
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Then it is not difficult to show that X and Y are angularly symmetric about the unique
points 61 and 605 respectively, and that X a; Y. However, 0; £ 05, and thus (C3) is not

satisfied. O

Example 5.2.3 (C2) and (C3) but not (C1).

Define ¥(F) = min;cga E[|| X — t||2]. Consider the set P of centrally symmetric distri-
butions. Then it is easy to see that ¢(F') does not satisfy (C1) for some F € P since
1 is only rigid-body equivariant. However, a result of Strassen (1965) and the following

result shows that 1 does satisfy (C2) and (C3). O

Theorem 5.2.2  Suppose that F' € P is angularly symmetric about a unique point 6 €

Re. Then (F) = min,cga E[|| X — t||2] agrees with 6.

PROOF: Consider E[||X — t||o] as a function of ¢t € R¢. By vector differentiation

d(E[IX = tle))  _ d((lz = ts) dFx(x))

dat dt
_ Mﬁjhﬂ&@y

Thus

() ﬂEmigﬂM):Ewwf:aJ

Since X is angularly symmetric about 6, that is

X-0 4 6-X
IX = 6ll2 116 = X"
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we have

X0 6 — X
E|lio—F|=E || =0
[HX—@HJ [HX—GHJ

Now the convexity of || - ||, for p > 1 (follows directly from Minkowski’s inequality) and
(%) imply that ¢(F) = 6. O

The examples above show that in general conditions (C1), (C2) and (C3) are mutu-
ally independent. For centrally symmetric distributions, however, there do exist some
dependent relationships among conditions (C1), (C2) and (C3). The first lemma below

follows in a straightforward fashion from a result of Strassen (1965).

Lemma 5.2.1  Suppose a functional ¢ : P — R? satisfies (Fx) = E[X] for any

F € P. Then (C2) is satisfied.

Lemma 5.2.2 Suppose T: P — R is an odd and translation equivariant functional,
that is, T(Fx 1) = T(Fx)+b and T(F_x) = =T (Fx) for any vector b € R¢, and suppose

that Fy is centrally symmetric about a point 6 in RY. Then T(Fx) = 0 (= E[X]).
PROOF: Since X —0 <0 — X,
T(Fx_g) = T(Fy_x) and E[X]=6.
By the translation equivariance of T" we have
T(Fx)—0=T(F_x)+80.
Then T'(F_x) = —T(Fx) implies that
T(Fx)=46=FE[X].
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The proof is complete. u

Theorem 5.2.3  Suppose that P is a set of centrally symmetric multivariate distri-
butions on R? and 1 is a functional on P satisfying (C1). Then ¢ satisfies (C2) and

(C3).

PROOF: This follows immediately from Lemma 5.2.2 and Lemma 5.2.1. O

Remark 5.2.1 Theorem 5.2.3 implies that condition (C2) in the definitions of loca-
tion measure of Bickel and Lehmann (1975) and Oja (1983) is redundant for centrally
symmetric multivariate distributions. On the other hand, under a weaker notion of sym-
metry, satisfaction of (C2) does not guarantee that (C3) is also satisfied, as shown in

Example 5.2.1. This fact again reflects the relevance of condition (C3). O

5.3 Depth-Based Multivariate Nonparametric Location Measures

Statistical depth functions introduced in Chapter 3 are inherently bound up with notions
of center of multivariate distributions. They could be applied immediately to introduce
notions of multivariate median. Indeed, multivariate medians induced by these depth

functions are good candidates for location measures of multivariate distributions.

Definition 5.3.1  Suppose that D(-,-): R? x P — R! is a depth functional. Then
the point which maximizes D(-, F) on R¢ for a given F' € P is called the multivariate

median of F' (induced by D(,-)).
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Remark 5.3.1 The halfspace median, the simplicial median, the Oja median and the
Ly median are among the foremost existing multivariate medians in the literature; see
Donoho and Gasko (1992), Liu (1990), Oja (1983) and Small(1990). These medians
may be derived respectively from the halfspace depth function (Tukey 1974, Donoho
and Gasko 1992), the simplicial depth function (Liu 1990), the simplicial volume depth
function (with a = 1) and the L, depth function (with p = 2). The latter two depth
functions were defined in Chapter 3. (“Spatial median” is another term for the L; median

in the literature.) O

Remark 5.3.2 If there is a set S of multiple points which maximize D(-, F') on R? for
some F' € P, then any sensible rule may be employed to obtain a multivariate median.
For example, [¢x dz/ [¢dx may be defined as a multivariate median of /. Most medians
induced by depth functionals in the sense of Definition 5.3.1 are not unique, the L; median
being an exception. The uniqueness of the L; median has been studied by Kemperman
(1987) and Milasevic and Ducharme (1987). It turns out that the L; median is unique if
the probability mass is not carried by any straight line in R%. It is not difficult to show
that the same result holds for the median induced by the L, depth defined in Chapter 3.

O

Definition 5.3.2 The medians induced by the simplicial volume depth, the L,, depth,
the projection depth, and the Type D depth will be called the simplicial volume median,

the L, median, the projection median, and the Type D median, respectively.
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Theorem 5.3.1  Multivariate medians induced by statistical depth functions satisfy
condition (C1). For centrally symmetric multivariate distributions, these medians also

satisfy conditions (C2) and (C3).

PROOF: (1) Since for any F' € P, all the corresponding depth functions D(-, F') which

induce these medians are affine invariant, thus

y € argmax D(x, Fx) <= Ay + b € argmax D(z, Faxyp),
zeR4 zeR4

for any d x d matrix A and vector b € R?. Hence all the medians induced by statistical
depth functions are affine equivariant.

(2) By Theorem 5.2.3, all the medians satisfy conditions (C2) and (C3). O

5.4 Performance of multivariate nonparametric location measures
Employing Theorems 3.3.10 and 3.3.13 we immediately have

Theorem 5.4.1  For halfspace symmetric multivariate distributions, the projection

median and the Type D median satisfy the “center locating” condition (C3).

Taking C = H in the definition of Type D median, the above theorem yields the

following result.

Corollary 5.4.1  For halfspace symmetric multivariate distributions, the halfspace me-

dian satisfies the “center locating” condition (C3).
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Now we focus our attention on the simplicial median and the L, median. We will also
examine the “center locating” condition for the L; median (the spatial median), which is
only rigid-body equivariant, but is a popular multivariate median in the literature. We

start with the case of a class of angularly symmetric distributions.

Theorem 5.4.2  For distributions absolutely continuous and angularly symmetric about

a unique point in R%, the simplicial median satisfies the “center locating” condition (C3).

PROOF: (modeled after the proof of Theorem 3 of Liu (1990)). Suppose X € R? is
continuous and angularly symmetric about a unique point in # € R%. For any € R,

x # 0, we have that
D(é’) — D(ZL‘) = P(9 € S[Xl,. .. ,Xd+1]) — P(QT € S[Xl,. .. ,Xd+1])

where D(-) denotes the simplicial depth function with respect to X, X;..., X441 is a
sample from X, S[X3,..., X441] is the simplex consisting of vertices X; ..., X441. Let
0?[: be the vector in R? starting at € ending at x, then
D(0) — D(x)
—  P( 0z leaves but not enters S[X1, ..., Xqi1])
—P( 6z enters but not leaves S[X1, ..., Xg41])

— P( 0z leaves S[X1,..., X4s1]) — P( 0z enters S[X1, ..., Xq1])
= (d—|—1) . P(Xd_|_1 S Hg(l’l,...,xd) dF([El)dF(ZEd)
OxNHP(x1,...,xq)#P

—(d+1) / P(Xis1 € Hyar, 20 dF(x1) .. dF (z,)
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where HP(z1,...,x4) is the hyperplane determined by z1,...,zq and Hy(xq,...,x4) is
the halfspace containing y and with x4, ..., x4 on the boundary. Angular symmetry about

0 of X now implies that

Ha(xlv s axd) 2

N | —

Thus D(6) > D(z), completing the proof. O

Theorem 5.4.3  For distributions discrete and angularly symmetric about a unique

point in RY, the simplicial median satisfies the “center locating” condition (C3).

PROOF: Assume that X € R?is discrete and angularly symmetric about a unique point

6 € R%. We need to show that for any = € R?

(%) Pz € S[X1,..., Xap1]) S PO € S[Xy,..., Xas1]).

For simplicity of description, we only consider d = 2 here. However, the following
proof is readily generalized to the case d > 2.

To prove (x), it is clear that we need only consider the simplices which contain x but
not 6, or contain ¢ but not . The definition of the simplicial median and Theorem 2.3.3

yield that there are only two cases which need be taken into account.
Case 1: The vertices of the triangles which contain x lie on two lines intersecting at 6.

Assume AB and C'D intersect at 0, ,, lies on 0B, x,; lies on A, x,, lies on 6D, and zy

lies on C6, i € {1,2,...}. Tt is often found convenient to use the probability mass p; on
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xp, and the point z,, interchangeably. Assume that

Yovi=p, Y. pi=0. Y ag=q¢ > d=4.

Then by Theorem 2.3.3

Consider an arbitrary point p;, and assume that p;z intersects 6D at point y,, and that
P(X € (0, yp,)) = ai1, P(X € [yp;, D)) = gio-
Then it is not difficult to show that
Pz € A(X1, X, X3) €0)/3! = sz’qziqza + Zijjlpj27
i J

where p;; and pj, are defined similarly to ¢;; and ¢;2. On the other hand, it is also not

difficult to see that

P(9 € A(Xy, Xo, X3) € 2)/3! > pignd + Y qipjip.
e J
Thus
P(ZE € A(X17X27X3)) S P(Q € A(Xl,XQ,Xg)).
Case 2: The vertices of the triangles which contain x lie on three lines intersecting at 6.

Assume AB, CD and EF intersect at 0, z,, lies on 6B, x, lies on Af, z,, lies on 0D,

zy lies on CO, x,, lies on OF, and x,/ lies on Ef, i € {1,2,...}. Assume that

pi=p > =0, > g =q
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Zq; =q, > ry=r, Y =1
By Theorem 2.3.3 we have that

/

p=p, ¢q=¢, r=r.

Consider an arbitrary point p;, connect p; and x, intersecting 0D at y,,, 0F at z,,.
that

P(X € (0,yp,) = ay,» P(X € [y, D) =g,

P(X €(0,2,)) = 7“;1,, P(X € [z,,F)) = 7’;.
Then it is not difficult to show that

P($ S A(Xl,XQ,Xg) € (9)/3‘

< Y Pl DTy, D DTy D DiThdy

Assume

where 7, 72, q), and ¢, are defined similarly to ¢; and rf for k = 1,2. It is also not

very difficult to prove that

P(Q € A(Xl,XQ,X3> g x))/3'

> m;ax{q;i}rl + Doy D DY DY TG 4 Tk

(Note that it is very important that we have avoided the repeated use of the triangles

containing 6 which have been employed in the proof of Case 1.) Thus

P(Q S A(Xl,XQ,Xg) ¢ I)/S'

Zplmax{qp b +Zplq7“ + (p* + ¢*)r
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> Y iy, + D Pidy, Ty, + 2par

v

D Pily Ty, D Py Ty, + DDty D Pty

and thus
P(9 € A(Xl,XQ,Xg)) Z P([L’ € A(Xl,XQ,Xg)).
Now Case 1 and Case 2 combined imply that
0 = argmax P(x € S[X1,..., Xa11])-
rzeR?

The proof is complete. O

For the L; and L, medians, by Theorems 3.3.7 and 5.2.2, we have

Theorem 5.4.4  For distributions angularly symmetric about a unique point in R?, the

L1 and Ly medians satisfy the “center locating” condition (C3).

Next we examine the “center locating” condition (C3) for the simplicial median and
the Ly and L, medians, in the case of halfspace symmetric distributions. By Theo-
rems 5.4.2 and 5.4.3 we have seen that the simplicial median is able to locate the center
of angularly symmetric distributions. However, for halfspace symmetric distributions,

Remark 3.2.2 in Chapter 3 reveals that

Theorem 5.4.5 For distributions halfspace symmetric about a unique point in R%, the

simplicial median does not satisfy the “center locating” condition (C3) in general.

For the L; and IN/Q medians, we have
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Theorem 5.4.6  For distributions halfspace symmetric about a unique point in R?, the

Ly and Ly medians satisfy the “center locating” condition (C3).

PROOF: We will prove the above result only for the L; median, the proof for the
L, median being similar. For descriptive simplicity, we consider only the case d = 2.
However, the proof is immediately generalizable to the case d > 2. By Theorems 2.3.4
and 5.4.4, we need only consider the discrete case with nonzero probability mass on the
center.

Assume X is halfspace symmetric about a unique point # in R? with P(X = ) =
pe > 0. By Theorem 4.17 of Kemperman (1987) and rigid-body equivariance of the L,
median, we may assume, w.l.o.g., that 6 is the origin and all probability mass is carried
by the unit circle.

We need to show that
E[|X -0]] <E[|X —z[] VzeR~

Assume, w.l.o.g., that x = (0,y), that xy,...,x,,... fall on the left open semi-circle
with z, # (—1,0) for n = 1,2,..., and that P(X = z;) = p; > 0, d; = ||z — x;|| and
d; < d; for i < j. Assume that z, = (—1,0), zg = (0,1) and z, = (0,—1), with
P(X = 4) = pa, P(X = 25) = pg and P(X = z,) = p,.

It is found convenient sometimes to denote a point and the mass at that point by
the same notation. Denote the point —x; by zj for ¢ = 1,2,.... Starting at z,, travel

clockwise along the circle until hitting the first point, say x;, denote by arc(zs,x}] the
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open-closed arc which is the symmetric part about the origin of the arc just covered, and
assume P(X € arc(xg, x}]) = p,. Starting from x; now, travel clockwise along the circle

until hitting the next point, say z;, assume that P(X € arc(z}, z}]) = p;. Continue in

this fashion and stop before hitting x,. Starting at 3 now, travel counterclockwise along
the circle performing similar steps as before, that is, labeling the probability mass on the
open-closed arcs which are the symmetric parts about the origin of the arcs covered, and
stopping before hitting z,. Denote by p!, the probability mass on the open-open arc on
the right semi-circle, which contains (1,0) and is the symmetric part about the origin of

the open-open arc on the left semi-circle which contains z, and is never covered above.

Now it is not difficult to show that

B(|IX — =|l] - E[l|X - 0]]]
> (V1492 = 1) 0+ 2+ ylpatpo— i) + Sl(d: = pi-+ (& = 1]
= (W— 1) (ps + ps)
+(di — 1) (pa +po =Pl + ;pi - ;p£> + (di + dy — 2)p}
+(y +1—di)(pa +pe — 1) + i;[(di — dv)p; + (d; + di — 2)p;)]
= (Vi+v=1) s +p)
+(di — 1) (pa +pp — Po + ;pi - ;p2> + (di + dy — 2)p)
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(dr — dy) (pa—i-pe —Pat Y opi— Zpl> + (do + dy — 2)ph

+(y + 1= d2)(pa +po — 1) + D_[(di = d2)pi + (d; + da = 2)p})]
(m - 1) (ps + ps)

+(dy — 1) (pa—i-pe —p/a—i-izzlpz sz> + (di + dy — 2)p,

Mr—m)Gm+MVﬂﬁ+§:m §:m> + (dg + dy — 2)ph,

+(dp — dy 1) <pa +po — Pl + sz sz> + (dn +d, — 2)pl,

+(y+1—dn)(pa+po —P) + D [(di = dp)pi + (d + d, — 2)p})]

1=n+1

(\/1+y2— 1) (ps + py)
+(d1 — 1) (pa+pe—p;+§:pz sz> + (dy + d} — 2)p,

(do — dy) (pa +p9_p/a+zpz sz> + (dy + dy — 2)ph,
=2

+(dy, — dpy) (pa +po — pl, + sz Zn) + (d,, + d,, — 2)p;,
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By Theorem 2.3.2, we immediately have that

Pa +p9 2 p:)n

pa—i‘pe—i-Zpi > p;—i—Zpé Vm<n and m > 1.

i=m

In conjunction with the fact that d; +d; > 2 Vi > 1, we conclude that
E[|X —z|] - E[|X —0|] >0 VzecR.

The proof is complete. O

We conclude this section with the following remark.

Remark 5.4.1 The projection median, the Type D median (including the halfspace
median), and the L, median are good choices of multivariate nonparametric location
measures for halfspace symmetric multivariate distributions. The simplicial median, on
the other hand, is a good candidate for multivariate nonparametric location measure only
for angularly symmetric distributions. It may fail to identify the location (the point of
symmetry) of halfspace symmetric distributions. The sample simplicial median thus may
be inconsistent. In sum, the simplicial median should be used with great caution as a

multivariate nonparametric location measure in practice. O

5.5 Summary

In this chapter, a desirable condition for multivariate nonparametric location measures,

called the “center locating” condition, has been introduced. Interrelationships among
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this condition and conditions of Bickel and Lehmann (1975) and Oja (1983) have been
explored. Depth-based multivariate medians, as multivariate nonparametric location
measures, have been introduced and their performance studied. It turns out that for
halfspace symmetric distributions the Liu simplicial median may fail to satisfy the “center
locating” condition and, consequently, should be used with great caution as a multivariate
nonparametric location measure in general. On the other hand, the halfspace median,
the L, median, the L, median and the projection median are good choices of multivariate

nonparametric location measures for halfspace symmetric multivariate distributions.
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Chapter 6

DEPTH-BASED SCATTER MEASURES

6.1 Introduction

Bickel and Lehmann (1976) introduced a notion of “more dispersed” to compare one
symmetric distribution with another in R. In Bickel and Lehmann (1979), they extended
to the case of arbitrary (i.e. not necessarily symmetric) distributions and introduced a
notion of “more spread out”. Eaton (1982) and Oja (1983) generalized the above concepts
to higher dimensions. Comparisons of dispersions/spreads of distributions not only have
theoretical interest but also have practical significance in applications such as medical

trials, quality control, and system reliability.

In this chapter, statistical depth functionals are employed to introduce a notion of
“more scattered” for comparison of one multivariate distribution with another in R.
Relationships among the notions of Bickel and Lehmann (1976), Eaton (1982), Oja (1983)
and ours are explored. It turns out that our notion is more general than those of Oja
(1983) and Eaton (1982) under some typical conditions, and is a generalization of that
of Bickel and Lehmann (1976) in R. The properties related to our depth-based notion
of “more scattered” are studied thoroughly. Finally, depth-based “scatter measures” are

defined and some examples of scatter measures are presented and studied.
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6.2 Notions of “More Scattered”

In this section, various existing notions of “more scattered” are given, and a new notion
of “more scattered” based on statistical depth functionals is introduced. Here we use
the term “more scattered” to represent various terms (such as “more dispersed”, “more
spread out”, “more concentrated”) used by different authors.
(D1) Let P be the distribution of a random variable X in R, symmetric about u, and @
be the distribution of a random variable Y in R, symmetric about v. Then X is said to
be more scattered about p than Y about v, in the sense of Bickel and Lehmann (1976),
if
X = ul 2 Y -],

where a random variable Z; with distribution function Gi(z) is said to be stochastically
smaller than another random variable Z, with distribution function Gy(x), denoted by
7 Sgt Zy, if G1(x) > Gao(z) for every x in R.

The above concept of “more scattered” is essentially equivalent to the “peakedness”
ordering introduced by Birnbaum (1948).
(D2) Bickel and Lehmann (1979) extended the “more dispersed” concept to arbitrary
(i.e. not necessarily symmetric) distributions, and defined a distribution F' to be more

scattered than a distribution G if
F'v)—F'u)>G ' v) -G (u), VO0<u<wv<l,

where F~!(a) = sup{z: F(z) < a}.
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The essence of this definition was introduced by Brown and Tukey (1946). Note that
the above two notions of Bickel and Lehmann do not coincide for symmetric distributions.
(D3) Eaton (1982) extended the “more scattered” concept of Bickel and Lehmann (1976)

for R to arbitrary dimension: P is said to be more scattered about p than @) about v if
PXeC+pu) QY eCH+v)

for any convex set C' in R? with C' = —C.

(D4)  Oja (1983) generalized the notion of “more scattered” of Bickel and Lehmann
(1979) for R to arbitrary dimension as follows: @ is said to be more scattered than P if
P is the distribution of a random vector X and () the distribution of a random vector

¢(X), for some function ¢ such that

A(@(x1), d(22), ..., 0(Tar1)) > AT1, T2, - -, Tag1)

for any x1, 9, . .., 2441 in R?, where A is the volume function of d-dimensional simplices.
We now introduce a notion of “more scattered” in R% based on the statistical depth

functionals discussed in Chapter 3. Denote by F a class of multivariate distributions on

RY.

Definition 6.2.1 Let D(-,-) be a statistical depth functional on R¢x F. A distribution

P in F is said to be more scattered than distribution @) in F if
A({z € RY| D(x: P) = a}) = A({y € R*| D(3:Q) = a})
for any o > 0, where A is a volume function for statistical depth contours.
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Remark 6.2.1 For the sake of descriptive simplicity, in the latter discussion of this
chapter the statistical depth functional in the above definition will be the halfspace depth

functional. O

6.3 Relationships Among Various Notions of “More Scattered”

Now we examine the relationships among the “more scattered” notions of Bickel and
Lehmann (1976), Eaton(1982), Oja(1983), and ours given in Section 6.2. We will use the
notation “P SZC Q)" to denote “P is more scattered than )” in a given sense.

First we present some characterizations of the “more scattered” notion of Bickel and

Lehmann (1976). Some of these results will be used in the latter part of this section.

Theorem 6.3.1  Let P be the probability measure corresponding to the distribution
F of a random wvariable X in R symmetric about p and @ be the probability measure
corresponding to the distribution G of a random variable Y in R symmetric about v.
Then the following statements are equivalent:

(1) X is more scattered about y than'Y about v in the sense of (D1);

(2) P(IX—pl<a)<Q(Y —v[<a), Va>0;

(3) t(Fx_u(t) = Gy_,(t)) <0, Vt

(4) (s—3) (Fxluls) = GyL(5)) =0, Vs,

where F~1(p) = inf{z : F(z) > p}.

PROOF: (I) (1) < (2). This follows in a straightforward fashion from the concept of

“stochastically smaller” for comparison of random variables.
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(II) (1) < (3). we have established that (1) holds iff (2) holds. By the symmetry of
X —pand Y — v, (2) holds iff Fiy_,(t) < Gy_,(t) for t > 0 and Fx_,(t) > Gy_,(t) for
t < 0, that is, iff (3), proving (1) < (3).

(III) (1) < (4). By the symmetry of X — p and Y — v, it is not difficult to see that

(4) < (3). Hence (1) & (4). O

Remark 6.3.1 Clearly, by the above theorem, for symmetric distributions (D1) is
equivalent to (D3) in R. Thus definition (D3) of Eaton (1982) generalizes definition

(D1) of Bickel and Lehmann (1976). O

Theorem 6.3.2  For symmetric distributions in R, Definition 6.2.1 is equivalent to

(D1) or (D3).

PROOF: (i) It is often convenient to use the distribution of a random variable and the
corresponding probability measure interchangeably. Suppose P is symmetric about u, @
is symmetric about v, and P is “more scattered” than () in the sense of Definition 6.2.1.

Then

A{z € R D(x;P) > a}) = A([pt = Pa, ft + Pal)
> A([V = ga, vV + qa))

= A({z €R| D(z;Q) > a}),

for any a > 0, where P([py, +0)) = a = Q([¢a, +0)). Hence, we have

Pa = (o, YV a>0.
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Therefore,

P(lu—a,u+al) <Q(v—a,v+ad]), Ya>0.

Thus, P is “more scattered” than @ in the sense of (D3). By Theorem 6.3.1, P is also
“more scattered” than @ in the sense of (D1).

(ii) Suppose that P is “more scattered” than @ in the sense of (D1) or (D3). By
Theorem 6.3.1,

P(lpu—a,p+a)) <Q(v—a,v+al), Va>D0.
Thus if P([tt — pas pt + Pa)) = Q([V — G, vV + qa]) = 1 — 2a, for a > 0, then
Pa = (o, YV a>0.
Hence
A{z e R| D(z;P) 2 a}) = Allp = pas 1+ pol)

> A([V = ga, vV + Ga))

= A({z €R| D(z;Q) > a}),

for any o > 0. Therefore, P is “more scattered” than () in the sense of Definition 6.2.1.

This completes the proof. O

Remark 6.3.2 Theorem 6.3.2 implies that Definition 6.2.1 is indeed a generalization

of Bickel and Lehmann (1976). O

Remark 6.3.3 In the following, let ' and G be strictly increasing in R.

(1) Definition (D4) of Oja (1983) is equivalent to definition (D2) of Bickel and Lehmann
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(1979); see Theorem 1 of Bickel and Lehmann (1979) for the proof.
(2) Definition (D4) of Oja (1983) implies definition (D1) of Bickel and Lehmann (1976),
but the converse does not hold since the “more scattered” notions of Bickel and Lehmann

(1976) and (1979) are inconsistent. O

Theorem 6.3.3 Suppose that P and Q are centrally symmetric about the origin in R.

Then @) % P in the sense of D3 implies Q) SSC P in the sense of Definition 6.2.1.

PROOEF: We are going to show that for any a > 0
(+)  DYQ)={reR'|D(x;Q) > a} C D*(P) = {z € R"| D(z; P) > a}.

For any # € RY, suppose that D(z;Q) = a and D(z; P) < a. Then, by symmetry
and the definition of halfspace depth, there exists a closed halfspace H, with x on the
boundary and its reflection H_, about the origin such that P(H,) < o and P(H_,) < a.

Hence by (D3)
QR*— (H, UH ,)) > P(R’ — (H,UH_,)) > 1 - 2,

which implies that Q(H,) = Q(H_,) < «. This contradicts to the assumption that
D(z;Q) = «. Therefore, D(z; P) > «. Now we have that for any = belongs to D%(Q),
x also belongs to D*(P). Thus () holds, proving that Q < P in the sense of Defini-

tion 6.2.1. 0O

Theorem 6.3.4  Suppose that P < Q in the sense of (D4), and ¢ in the (D4) is an

affine transformation. Then P % Q in the sense of Definition 6.2.1.
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PROOF: (1) R! case. Let D*(P) = {y € R' | D(y; P) > a}. Then, by Theorem 3.3.12,
we have that DY(P) = [y;, y2] for some y; and yo. By the affine invariance property of

statistical depth functionals,
D*Q) = {zeR'|D(xQ)=a}
= {zeR'| D(z;Q) > a,x = ¢(y),y € D*(P)}
= [o(y1), ¢(y2)].

Thus A(D*(Q)) > A(D“(P)) by (D4), that is, P < @ in the sense of Definition 6.2.1.
(2) R (d > 1) case. By Theorem 3.3.12, we have that D*(P) = {y € R% | D(y; P) > a}
is a convex compact set in R% Thus D%(P) can be approximated by d-dimensional
simplices, that is,

D*(P) = U, S,

for some d-dimensional simplices S;’s. The affine invariance of statistical depth function-

als implies that
D*Q) = {z€R'|D(x;Q) > a}
= {z=0¢(y) eR"| D(y; P) > o}
= UZ,0(5:).
Now since A(¢(x1),. .., ¢(xg11) > Axy, ..., 2q41) for any 1, ..., 241 € RY, thus
A(D(Q)) = A(D*(P)),
proving that P sgc @ in the sense of Definition 6.2.1. The proof is complete. a
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Remark 6.3.4 Theorem 6.3.3 and Theorem 6.3.4 imply that the “more scattered”
Definition 6.2.1 is weaker (more general) than those of Eaton (1982) and Oja (1983),

under typical conditions. a

6.4 Properties of Depth-Based Notion of “More Scattered”

In this section, we investigate properties related to the notion of “more scattered” in the
sense of Definition 6.2.1. For the sake of simplicity, the halfspace depth functional will

again be used in subsequent discussion.

Theorem 6.4.1  Suppose that P and @ are two distributions in F. Then P SZC Q in
the sense of Definition 6.2.1 if P(H) > Q(H) for any closed halfspace H in R with

P(H) <

N

PROOF: We show that

() DYQ)={re€R'|D(x;Q) = a} C D*(P) = {z € R'| D(z; P) = a},

for any a > 0. For any x € R, suppose that D(z;Q) = 8 > «a, and D(z; P) < a. Then

there exists a closed halfspace H, with x on its boundary such that
a > P(H,) > D(z; P),

by the definition of halfspace depth function. Hence § > Q(H,), contradicting the
assumption that D(z;Q) = . Thus, D(x; P) > (3, that is, x € D*(Q) implies that

x € D¥(P). Therefore () holds, completing the proof. O
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Remark 6.4.1 If P and @) are symmetric about the origin in R, then the condition in

the above Theorem is also necessary. a

Corollary 6.4.1 Let X be a random vector in R?. Then
(1) X > aX in the sense of Definition 6.2.1 for any a € (0, 1].

(2) X § b in the sense of Definition 6.2.1 for any vector b € RZ.
PROOF: (1) For any closed halfspace H, we have that
1
P(aX € H)= P(X € ~H) < P(X € H).
a

Theorem 6.4.1 now gives the desired result.

(2) For any closed halfspace H which does not contain b, we have that
P(XeH)>P(beH)=0,

Thus by the proof of Theorem 6.4.1, we conclude that X § b in the sense of Defini-

tion 6.2.1. O

Remark 6.4.2 Results in Corollary 6.4.1 are generalizations of corresponding results

in Bickel and Lehmann (1976) and (1979). O

Applying Theorem 6.4.1, we obtain a result of Bickel and Lehmann (1976).

Corollary 6.4.2  Suppose that P and Q) are symmetric about the origin in R, with
densities [ and g respectively. Then P SZC Q) in the sense of Definition 6.2.1 if f(x)/g(x)

is increasing for any x > 0.
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PROOF: Since Vz > 0, f(x)/g(x) is increasing, by symmetry of P and @), we have

P(H) = P([z,00)) = Q([x, 0)) = Q(H),

for any closed halfspace H = [zr,00) for some z. Similar result holds for any closed
halfspace H = (—o0,y| with some y in R. The desired result now follows immediately

from Theorem 6.4.1. O

Theorem 6.4.2  Suppose that Fy § F5 in the sense of Definition 6.2.1, and D*(F}) D
D*(F,) for any a > 0. Then Fy SZC F5 in the sense of Definition 6.2.1 for any 6 € (0,1)
if

Fy(x) = (1 — 0)Fi(x) + 0F(x)

for any x € R and 0 € (0,1).

PROOF: Let P, P,, and Py be the probability measures corresponding to F}, F», and

Fy, respectively. We show that
() D%(Fy) ={x € R*| D(x; Fy) > a} D D*F,) = {z ¢ RY| D(z; ) > o},

for any o > 0. For any « € D%(F3), assume that D(x; Fy) = > «. Then D(x; Fy) > «a,
that is, x € D*(Fp). Since, if not, suppose that D(x; Fy) < «, then there exists a closed
halfspace H, with x on its boundary such that a > Pp(H,). Since D*(Fy) D D*(F}),

thus P;(H,) > «. Now since



_ / d((1—0)Fy(z) + 0F(x))

= (1-0)P(H,)+ 0P (H,).
Thus

0P (H,) < o — (1 — )P (H,) < ba,

thus P»(H,) < «, contradicting the assumption that D(z; Fy) = # > «. Hence = €
D*(Fy) implies © € D*(Fy). Thus (%) holds. The proof is complete. O
Theorem 6.4.2 immediately yields an important result as follows. A standard mul-
tivariate normal distribution Ny(0,I) contaminated with another multivariate normal
distribution N4(0,0I) with o > 1 is more scattered than the uncontaminated standard
multivariate normal distribution Ny(0,I) in the sense of Definition 6.2.1.
In R, Theorem 6.3.2 and the above theorem give the following, which was established

in Bickel and Lehmann (1976).
Corollary 6.4.3 If F' and G are symmetric about zero, and G is more scattered than

F, and if

Hy(z) = 0G(x) + (1 — ) F(x),
then Hy 1s more scattered than F' for any 0 < 0 < 1.
Theorem 6.4.3 Assume that
1° Xi and X, are independent with distributions F; (i = 1,2),

Y1 and Ys are independent with distributions G; (i = 1,2),

2° F; and G; are symmetric about the origin in R,
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3° Fy and Gy have unimodal densities (the corresponding densities fi(x) and

g2(z) are not increasing for x > 0),

4° 'Y, is more scattered than X; fori=1,2.

Then Y1 + Y5 is more scattered than X1 + Xs in the sense of Definition 6.2.1.

PROOF: For any constant ¢ > 0, since X; and X, are independent and symmetric, we

have

P(| X1+ X5 <¢) = 2/000 (Fi(z +¢) — Fi(x — ¢)) d Fy(x)

= 2((Fi(z +¢) = Fu(z — o)) Fa(2)[5°)

=2 [ B@)(file+ o)~ Al - )de.

The unimodality of Fy implies that fi(x +¢) — fi(z —¢) < 0 for any x > 0, and 4° and

Theorem 6.3.1 imply that Fy(x) > Gao(z) for any x > 0. The symmetry of F, and G

about the origin implies that F5(0) = G5(0) = 3. Thus

P(|X1 +X2| < C)

v

2/0°° (Fi(z +¢) — Fy(z — ¢)) d Fy(x)

2/0“ (Fi(z +¢) — Fi(x — ¢)) dGal(x)

2((Fi(z +c) = Fi(z — ¢))Ga2(2)[§)

2 (/OO Galw = )d, Fy(a) = [ Gl +)d, Fl(m)>

—C

2((5 - Fie) = [ (Gale =)~ Gale + ) Fi(0))

12 (/OC(GQ(:E — ) + G + 0))d Fl(x))
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= 2(G-R@) - [[(Gale - - Galo + ) AW))

+2 ((F1<c) _ ;))

_ z/ow(eg(a: 4 0) = Gol — ¢))d Fi(x).

Repeating the argument used above, we have that

P(Xi+ Xl <0) = 2 [ (Gao +0) = Gala— A Fia)

v

2 [ (Gala+ ) = Galw — 0)dGa(a)

= P(|Y1+Ys <e¢).

The result follows immediately from Theorem 6.3.1 and Theorem 6.3.2. The proof is

complete. O

Remarks 6.4.1 (1) Theorem 6.4.3 is a generalization of Theorem 1 of Bickel and
Lehmann (1976), where they required the independence of X; and Y,. We have used
here a similar approach to the proof of Theorem 1 of Bickel and Lehmann (1976). Under
the independence assumption of X; and Y5, however, the proof of the above result is
much simpler.

(2) Theorem 6.4.3 is also a generalization of the main result of Birnbaum (1948), where

the continuity of Y; and X, was required. O

Theorem 6.4.4 Let X be a random vector with density f(x) such that
17 f(z) = f(—x) and
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2° {x|f(x) > u} is convex for any u > 0.
Let Y be a random vector independently distributed and symmetric about the origin in

R?. Then X +Y ; X + aY in the sense of Definition 6.2.1 for any a € [0, 1].

PROOF: Let G be the distribution of Y. We are going to show that

(*) D*X+Y)={zeR*|D(x;X+Y)>a}

D DX +aY)={r e R | D(z; X +aY) > a},
Suppose that x € D*(X+aY) and D(z; X+aY) = § > «. We claim that x € DY(X+Y),
that is, D(z; X +Y) > a. Since, if not, assume that D(z; X +Y) < a. Then there exists
a closed halfspace H, such that o« > P(X +Y € H,). On the other hand, it is not
difficult to see that
P(X+Y € H,) = /RdP(X e H, — )dG(t)
— /Rd/ (P(X € Hy + 1)+ P(X € —H, + 1))dG(1),
2
where R?/2 is the closed halfspace with the origin on its boundary which is hyperparallel
to the boundary of H,, and R%/2 contains H,. By Theorem 1 of Anderson (1955) (also
see Mudholker (1966) and Anderson (1996)), we have that
P(X+Y eH,) = /d/ (P(X € Hy +1) + P(X € —H, + 1))dG(1)
R4/2
> /d/ (P(X € Hy +at) + P(X € —H, + at))d G(1)
R/2
- / P(X € H, — at)dG(t)
R

— P(X +aY € H,).
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Hence a > P(X +aY € H,), contradicting the assumption that D(z; X +aY) = (> a.
Thus x € D*(X + aY’) implies that € D*(X 4+ Y), that is, (%) holds. This completes

the proof. O

Corollary 6.4.4 Let X andY be the random vectors satisfying the conditions in Theo-

rem 6.4.4. Then X +Y § bX +aY in the sense of Definition 6.2.1 for any 0 < a <b <1

(b 0).

PROOF: By Theorem 6.4.4, X + Y is more scattered than X + Y. Applying Corol-
lary 6.4.1, we have that X + £V is more scattered than bX +aY". Since SZC is a transitive

relation, thus X +Y § bX + aY in the sense of Definition 6.2.1 for any 0 < a < b <1

(b #0). O

Corollary 6.4.5 Let X ~ Ny(u,%1) and Y ~ Ny(v,¥s) and ¥y — 3y is positive

semidefinite. Then'Y SZC X in the sense of Definition 6.2.1.

PROOF: Let Z ~ N4(0,%5 — %) and be independent of X. Then Y —wv 4 (X —u)+Z.
Employing Theorem 6.4.4, we obtain that ¥ — v is more scattered than X — u. Affine
invariance of statistical depth functionals together with translation invariance of the
volume function A now gives the desired result. O

Corollary 6.4.5 immediately yields the following result.

Corollary 6.4.6 Let
1° {X;} (i=1,2,...,n) be independent random vectors with X; ~ Ny(u;, ®;),

2° {Y;} (i=1,2,...,n) be independent random vectors with Y; ~ Ny(v;, ¥;).

130



If 0 (BB, — Ai®;AL) > 0 (positive semidefinite), then Y1 B;Y; 820 > A;X; in the

sense of Definition 6.2.1.
The following result is an extension of Corollary 6.4.5.

Theorem 6.4.5 Suppose that X and Y are elliptically distributed with X ~
Eq(h;u, %) and Y ~ Eg(h;v,35). Then Y SZC X in the sense of Definition 6.2.1 if

and only if Yo — 31 > 0.
PROOF: Following the proof of Lemma 4.2.2 in Chapter 4, we can establish

D¥X) = {r € R D(x;X)>a}

= {2 e R (z — w27 2 —u) > r}
and

DY) = {yeR!|D(y;Y) > a}

= {yeR(y—u)Sy' (y—u) =12}

It is not difficult to see that 7' — X3! > 0 if and only if A(D*(Y)) > A(D*(X)). Since
Yo — X1 > 0if and only if 21_1 — 22_1 > 0. Hence Y § X in the sense of Definition 6.2.1

if and only if ¥y — 31 > 0. O

Remark 6.4.3 By Theorem 6.4.5, the conditions >y — ¥; in Corollary 6.4.5 and
" (BB, — A;®;A) > 0 in Corollary 6.4.6 are also necessary for the correspond-

ing statements. O
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A random vector X is said to have a spherically symmetric distribution if X LTX

for any orthogonal matrices T (see Muirhead (1982), p. 32).

Theorem 6.4.6 Let X; and Y; (i = 1,2) be independent with spherically symmetric
distributions F; and G;. Suppose that

1°°Y; § X, in the sense of Definition 6.2.1 fori1=1,2,

2° Fy and G5 have unimodal densities.

Then Y1 + Y5 820 X1+ X5 in the sense of Definition 6.2.1.

PROOF: For any z € D*(X; + X3), @ > 0, suppose that D(z;X; + X3) = 0 > a.
We claim that x € D*(Y; + Y5), that is, D(z;Y; + Y5) > «. Since, if not, assume that
D(z;Y1 +Y3) < «, then there exists a closed halfspace H, with x on its boundary such
that I = P(Y; + Y, € H,) < a. On the other hand, applying an argument similar to

that for Theorem 6.4.4, and utilizing spherical symmetry, we have
I = /R P(Ys € H, — )d G (t)
_ /Rd/Q(P(YQ ct+H,)+P(Yset—H))dGi(t)
- d/Ri(P(YQ ct+H,)+P(Yset—H))dCi(t)

. o0 . 071G (1)
= d/o [/0 P(Yg,t,H;Jd (M dtQ"'dtda

where RY is the first quadrant of R, t = (t1,...,%4), and P(Ya;t, H,) = P(Y> € t +

H,)+P(Yy € t—H,). By Theorem 1 of Anderson (1955), P(Y> € t+H,)+P(Y> € t—H,)
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is a increasing function of #;. Since Y] is more scattered than X, then by Theorem 6.3.1

and spherical symmetry

8d71G1(t) < Odlel(t)
Oty -0ty — Oty---0ty

for any t; >0 (t; > 0,2 =2,...,d). Integral by parts now yields

oo [ peo oG (t) ]
I = d/o _/0 (P(Y’%t,Hx)d (M _dt2"'dtd7

00 [ oo 8d71F1(t) |
> d/o /0 (P(Yo;t, Hy)d (M _dtg...dtd,

= P(X;+Y,€H,).

Now utilizing a similar argument as above, we obtain

PYiy+Y,€eH,) = PX,+Y,€H,)

> P<X1+X2 c Hm>

Hence o > P(X; + X5 € H,), contradicting to the assumption that D(x; X7 + X5) > a.
Therefore © € D*(X; + X5) implies x € D*(Y; +Y5), proving that Y; + Y5 SZC X+ Xsin
the sense of Definition 6.2.1. The proof is complete. O

Theorem 6.4.6 and Corollary 6.4.6 are established under the assumptions that the
underlying distributions are spherically distributed or multivariate normally distributed.
We conclude this section with an open question: Under what weaker assumption(s) on

distributions can we establish an analogue of Theorem 6.4.3 in the multivariate setting?
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6.5 Depth-Based Multivariate Nonparametric Scatter Measures

In this section, we introduce a definition of depth-based multivariate nonparametric scat-

ter measure and provide some examples.

Denote by F a class of distributions on R%. Denote by R* the nonnegative real

numbers in R.

Definition 6.5.1 A functional ¢ : F — R is said to be a multivariate nonparametric
measure of scatter in R? if it satisfies
(i) ¢(P) > ¢(Q), for any P and @ in F such that P 520 @ in the sense of Definition 6.2.1;

(i) @(AX +b) = |det(A)|p(X), for any d x d nonsingular matrix A and vector b in R%.

Remarks 6.5.1 (1) Bickel and Lehmann (1976) and (1979) introduced dispersion
measures and spread measures in R respectively. Their definitions are similar to Defini-
tion 6.5.1 except the notion of “more scattered” above is in the sense of (D1) and (D2)
respectively. Oja (1983) using his “more scattered” notion extended the definition of
Bickel and Lehmann (1979) to higher dimensions.

(2) By Theorem 6.3.2, for symmetric distributions the above definition is equivalent to
that of Bickel and Lehmann (1976) in R.

(3) According to Theorem 6.3.4, if ¢ is an affine transformation in (D4), then a scatter

measure in Oja’s sense is also a scatter measure in the sense of Definition 6.5.1. a
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Example 6.5.1 Define

P (F) = A(D*(F)),

for any @ > 0 and F € F, where A is a volume function and D*(F) = {z €
R?|D(z; F) > a} is a depth contour for some statistical depth functional D(-,-). Then
as shown in Theorem 6.5.1 below, ¢® is a multivariate nonparametric measure of scat-
ter. Note that in R, when a = i, ©*(F') gives the interquartile range of F'; which was

suggested in Bickel and Lehmann (1979) as a scatter measure. O

Theorem 6.5.1 ¢ defined in Example 6.5.1 is a multivariate nonparametric scatter

measure in the sense of Definition 6.5.1 for any fized o > 0.

PROOF: By Definition 6.2.1, it is easy to see that for any fixed o ® satisfies condition
(i) in Definition 6.5.1. On the other hand, Theorem 2.20 of Rudin (1987) or Theorem
12.2 of Billingsley (1986) implies that ¢* satisfies condition (ii) in Definition 6.5.1. Hence

(67

©® is a multivariate nonparametric scatter measure in the sense of Definition 6.5.1, for

any fixed a > 0. O

6.6 Summary

In this chapter, statistical depth functions have been utilized to introduce a notion of
“more scattered” for comparison of one multivariate distribution with another in R%.

Relationships among this new notion and the notions of Bickel and Lehmann (1976),
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Eaton (1982) and Oja (1983) have been explored. It turns out that this notion is a gen-
eralization of that of Bickel and Lehmann (1976) in R, and is more general than those
of Eaton (1982) and Oja (1983) in R¢ under some typical conditions. The properties
related to this depth-based new notion have been studied, some depth-based multivari-
ate nonparametric scatter measures have been defined, and some examples have been

presented and studied.
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