Master"_s Exam - Fall 2005

October 6, 2005
12:60 neon — 4:00 pm

. . PROBABILITY PART. ,
. 1. For each of the following éxperiments and events determine the probabifity of the event. A deck of
cards has 8 cards with numbers L 1, 2, 2,3 3,4, 4

(2} (4 pts.) Bzperiment: Three cards are drawn randomly without replacement. Buvent: At least two of
the cards choser have numbers larger than twe.

{b) (5.pts.) Ezperiment: Cards are drawn randomly without replacement until a card with the pumber 4
_ is chosen. Event: The first 4 is chesen on the 5th draw.

(c) (6-pts.) Brperiment: 100 cards are drawn randomly with replacement. Event: The sum of the numbers
‘on the 100 cards is larger than 270. {Use an approximation).

(d) (7 pts) PEzperiment: Same as in (€)- Event: The number of 4’s chosen is less than. 20. (Use an
approximation) : ) ’

{e) (8 pts.) Ezperiment: Two cards a.reAdra;wnArandomljr without replacement. This is repeated inde-
pendently 84 times. Bvent: Two or more of the 84 trials result in 44’s. ~(Both cards bave 4s) (Use an
approximation) : :

2. Let f(z) = 1522 for -1 < z < 1. Let X3 and X, be a random sample from this density.
(a) (7 pts.) Find the cdf and the deusity for ¥ = X3. -
(b) (5 pts.) Let M =-max(X,, X,). Find the odf for M.
" {c) (6 pts.) Find the correlation coefficient PthXi + X5}
(d) (7 pts.} Let W = X1 X,. Find E(W) and Var(W).

3 {a) (5 pts.) State the Weak Law of Large Numbers, S

{b} (10 pts.) ~Us§ the Ch§byshév’s Inéquality to prove the Weak Law. of Large Numbers.

4. Let X be a randem variable with the density Hz)=2zfor0<z < 1. Conditionally on X ‘:=':z;-r'let. Y
- be uniformly distributed on [0, 2. . ' ’
'(a) (7 pts) Find the marginal density of ¥

{b) (6 pts.) Givena random vatiable U, uniformly distributed on [0, 1, how could a random variable X
be generated from U? ' : '

{c} (7 pts.) Find Z = E(Yix).
{d) (10 pts.) Find the joint cdf of X and ¥.




‘8. In order to estimate the change A = p; — pa in the proportion of a population of 45 thousand MSH
students who wanted a decrease in tuition between time £; and time £,, random samples of sizes ny = 500 and
1 = 400 were taken independently at the tweo times. Let X, and X be the numbers favoring a decrease in
tuition for the two samples.

(2) (8 pts.) Define notation and give a formula for a 90% confidence interval on A.
(b} (5 pts)) Apply the formula for the case X = 250, X3 = 320:

{0 (7 pts.} Explain the meaning of your interval in such a way that someone who had not ever studied -
. statistics would understand - ' : :

- (d) (8 pts.) H equal sample sizes, n = ng = ny were to be used how large must = be in order that the
estimator A have probability at least 0.95 of being within 0.02 of A?

9. Let (X;, X3) be a random sample from the geometric distribution with unknown parameter 0<p<i
* Suppose that we wish to test Ho :p= 0.5 vs H, :p <0.5.

(a) (5 pts.) Consider the test which rejects for T = X; + X, > 12. What is the level of significance a?
(b) (10 pts.} Use a theorem to prove that this test is uniformly most powerful for this a lfevel.

(c) (7 pts.) Find the power of this test for p = 0.25.

10. Let (2:,Y3) be observed for 4 = 1,...,n. Suppose that the x; are consgtants, ;a.nd-th?.t Y1 = Bx; + &,
where f is an unknown parameter, and the &; are independent, each with the IV (01:0’ );_ixstnbutxon- )
- {a) {8 pts.} Show that the least squares estimator of Ais f = (T, z: Y0}/ (L 1y #7)- Do.not use matinx

or vector space methods.
(b} {5 pts.) Show that £ is an unbiased estimator of 4.

(<) (5 pts:) Find Var(f). |
{d) {8 pts.) For ihe following (=3, Y:) pairs find a 95% confidence Interval on (1,3), (2, 5), (3, 8), (4, 8)-
- e

EG ( 7pts.) Let Xy,..., X,, be independent random variables, each with-meon ¢ and variance o2. Consider
the two estimators g° = 3=t 0 2°7'X; and X = Ly X '

{a) Show that p* is an unbiased estimator of .

{b) Determine the relative efficiency (relative size of vadances) of y* to X and find its limiting value as
7 — 0. ’




Statistics Probléms: Put ai) answers on these sheets

- 1) Company XXX has 200 employees. In erder to estimate the nuisiber. of automobﬂw

owned by these employées the company fakes a simple randorn sample of 80 of thetn,

and-determines that 22 have ne auto, 40 have one auto, 14 -have two autos, and 4 have 3
anutos.

a) What is meant by “simple random sample”?

b) Fmd the sample mean X and sample variance S” for the numbers of autos owned by -
the 80 employees sampled

¢) Estimate Var(}_().

d) Find an approximate-95% confidence mterval on the pepulation total T of aﬂ autos
owned by the 200 employees. .

€) Explain what is meant by “95% vonfidence interval” so your fritend would understand.
Your friend understands the meanings of “population and sample means™, and of
“sample variances,” but has never heard of “confidence mtervals.”




4. Suppose ﬂ:iat Xy and X, are independent, with the same prqbabﬂitj—mﬁss function §, or
f1, where £ and fj are as follows: '

E 9 1 2
fiky 06 63 01
k) 01 02 07

a) Use the f&b‘le below to determine the likelihood ratio A(xy, x5) for.all possible
. samples. You can use the-cells of the table to do the necessary computations.

0 1 ) 2
0
X
! 1
2

* {b) Of all pessible tests of size = 0.09, which is most powerful?

{ ¢) What is the power of the most powertful test of size = 0.09? _

- {d) Give a test of the same size or greater size but with less power than that of
the Neyman-Pearson test.
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