Preliminary Exam: Probability
9:00am — 2:00pm, August 27, 2004

Question 1. (10 points) Let {X,} be a Cauchy sequence of random variables in LP(§2)
(p > 1), ie., for any € > 0, there exists an integer ng such that ||X, — X}, < ¢ for all
n,m > ng. Prove the following:

(i} For any sequences {ar} and {b;} of positive numbers, there is a sequence of increas-
ing positive integers {n;} so that

b
]P’{|Xnk+l — Xp | > ak} < i

{ii) There is a sequence ng T oo of integers and a random variable X € LP((}) such that
Xp, converges to X both in L” and almost surely.

(i) Xy — X in LP(Q) [that is, LP(Q) is complete].

Question 2. (15 points) Let X1,...,X,,... be a sequence of i.i.d. random variables with
E|X;| < oo and E(X{) = 0. Let S, = > ;- ; X;. For any ¢ > 0, define

oo
Ng = T; ]l{|Sn|>6n}.

(i) Prove that, with probability 1, N < oo for all € > 0, i.e. P{N, < 00 foralle >
0} =1.

(i) We further assume E(X?%) = o2, find
oo
.2
lim ¢ ;IP{|X1| > ev/n}.

[Hint: Start by calculating f° P{|X:| > ¢ vz }dz].
(iif) Prove that if X; ~ N(0,1), then

lim 2 B(N,) = 1.

e—0
Question 3. (10 points) Let Xy,..., Xy, ... be a sequence of i.i.d. random variables such
that
P{{X1| >z} ~ 27 as £ — 00,

where o € (0,1) is a constant. Prove the following statements:




o

(i) If the real sequence {an} satisfies 3 o2, |an|® < oo, then Y 2, a, X, converges
almost surely.

(i) For any 0 < p < «, we have

Xi4--+X
lim 1—+_..+__E =0 a.s.
n—00 nl/P
Question 4. (15 points) Let X3,...,X,,... be a sequence of i.i.d. random variables

such that IP’{Xl > a:} = ]P’{X1 < —m} and

1 if 0<xz <e,
P{|X1|>$}= ¢
it z > e.

%2 logx

Prove the following statements:

() B(X?) = oco.
(11) Let Yn,m = Xml{JXmiS\/ﬁ} As n — o0,
> P{Yom # Xm} — 0.
m=]
(i) Asn — oo, E(Y,Z,,) ~ 2 loglogn.

(iv) Let S, =3 | Yim. Then

m=1
13

—
venloglogn

where x is a standard normal random variable.

=x asn— oo,

(v) Let S, =3, 1 X Then

n

v2nloglogn

Question 5. (15 points) Let Xi,...,X,,... beiid. r.v.’s with

=X asn— oo.

P(X,=1)=p>1/2 and P(X;=-1}=1-p.
Consider the asymmetric simple random walk {S,,n > 0} on Z defined by Sy = 0 and
Sp=X14---+ X, for n > 1. Given integers a < 0 < b, let 7, = inf{n > 0: 5, = a} and
Tp = inf{n > 0: S, = b}. It is known that
p(b) — ¢(0)
p(b) — p(a)’
where (z) = [(1 — p)/p]*. Prove the following statements:

P{T, <Tp} =




(i) Ifb> 0, then P{T} < o0} =1.
(ii} For every integer a < 0,

P{minS, < a} =P{T, < oo} = (1%0)&'

Show that IE( min,, Sn) > —00.
(i) For every-integer b > 0, E(Tp) = b/(2p — 1).

[Hint: Use the fact that {S, — {2p — 1)n},>0 is a martingale].

Question 6. (15 points) Let Y, (n > 1} be 1.i.d. normal random variables with mean 0
and variance ¢2, and let S, = Y7 -+ --- + Y;,. For each « € R, define

XY = exp (uSn — %nuz 2).

(i) Show that for every u € R, {X}} is a martingale. What is E(X})?

(ii) Show that for every u € R, {X¥} converges a.s. to a random variable X% and
X%, < oo as.

(iii) Show that Y oo, E(\/X%) < co.
(iv) For each u € R, what is the distribution of X2?

(v) TFor each u # 0, is the sequence { X"} uniformly integrable?

Question 7. (20 points) Let W = {W(t),t > 0} be a standard Brownian motion in R.
For any integer n > 1, let I, j, = [k277, (k+1)27"] (k =0,1,...,2" —1) be dyadic intervals
of order n in [0, 1f. Define

Ak = t?[ﬁ |W(t) - W(k2_n)|.
(i) Use the reflection principle P{ maxg s |W(s)| > a} = 2P{|W(t)| > a} to show that

for any a > 1,
IP{An,k > an_”/z} < 4exp ( - a2/2).

(ii) Yor any e >0, let b =2(1 +¢)log2 and a, = vbn. Then

P{An,k > apn ™2 for some 0< k< 2" — 1} <4.277%,




(iii) Let osc(d) = sup{|W(s) — W{(t)| : s,t,€ [0,1], |s — t| < 6} be the modulus of
continuity of W on [0,1]. Prove that

lim sup L@ <6 as

50 /8 log(1/3)

[Hint: Use the Borel-Cantelli Lemma and triangle’s inequality.]

Question 8. (Optional) Let W; = {W;(¢),¢ > 0} (i = 1,2,...,d) be d independent
standard Brownian motions in R (d > 3). For ¢t > 0, let W(t) = (W1{¢},..., Wa(t)). Then
W = {W(t),t > 0} is called a Brownian motion in R?, For any T > 0 and ¢ > 0, define

o0
St = fT Lijw (s) <348,

which is the total time after T' spent by W in the ball B(0,¢). Assume & < v/T. Prove
the following statements:

i ere exists some constant ¢; > 0 such tha T) > ClE _%.
Th t £ 0 such that E(Sg) > ¢; 4T
(ii) For some finite constant ¢ > 0,
B(S2) < ¢y eI~

(iii) Apply the Paley-Zygmund inequality: for all non-negative random variable ¥ and

0 <A<,
[E)]?

P{Y > AE(Y)} > (1 — A)* )

to show that de2
P{Elt > T such that ||[W ()] < a} > (i) :




