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Problem 1.

Let {X,};s beasequence of i.i.d. random variables.

a. Prove that the following are equivalent:

) HP(IXI l>8.\/;)—n_—>éo__)0’ Ve>0
@) [1-P( X, > &- V)" —=—1, Ve>0

max{| X, {}
(iii) Isk<n

J; s—30
b. Assume that E(X 12 ) <0o0. Do (i), (if) and (iii) from part a. hold? Prove or give a
counter example.

>0 in probability.

Problem 2,

Let X 20 be arandom variable. Assume » P(X >a,) <o where (a, ), denote a

n=1

a
4 > a4, and ;”Too . Let

sequence of numbers so that @, =0, a

YH:X-l{an}, n=1. Prove the following
Y m-Pla, <X<a,)<o

b. Forevery N <» we have

iE(Y)
= mEW) S M gy <X<a)

a, a, m=N+14,,

1
Hint: Observe that Y E(Y, )<n-E(Y,). Also use: 2 < if m<n.
m=1 a a
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SE(T,)




Problem 3.

Let {X, },, beasequence of independent random variables. The distribution of X,
nz1 isgivenby:

C
n2

+1 with probability —; 5

tn. k3 with probability ———+ : k=2

2 H
nk3

with c= 3'1/k% <1. Let S, =ZXk, n>l.
k=2 k=1

S
a. Prove that —* — 0, a.s. (Hint: think about random series)
n

b. Let {¥,},s beiid. random variables with ¥; = X, in distribution, namely

1 ¢
+1 with probability ——-—
p ty 272

Y, =
, k=2

1
+ k* with probabili
p ty WE

no- T
Let TH=ZY,C, n=>1. Prove n—‘;v—>0,a.s.
k=1

Problem 4.
Let {X,X,}s beasequence of i.i.d random variables. Denote by ¢ the c.f. of X.

n
Let S, = X, . Prove the following:

k=1
S
plh ) =( then —2 — 0 in distribution.

H

a If '(0)= hm

log(l + z)

z

b. Use the well known fact >1 (z denote a complex number) to get

z—0

S
the converse of part a.: If —% — 0 in distribution then ¢ '(0)=0.
R

¢. Can the results of parts a. and b. be extended to the case ¢ '(0)=i-a where a is any
real-valued number? Either provide a proof or provide a counter example.




Problem 5.
Let {X,},s bea sequence of independent random variables and let

S,=>X,, . =E(S,) and o, =5.d.(S,). In what follows you are asked to
k=1 .

prove that 2n " Hn converges in distribution as # — o0 and identify the limit
o)

distribution.
a. X, =Z, 17, where Z; ~ Poisson(1/k), k=1
b. X, ~ Poisson(1/k), k>1

c. X, ~ Poisson(1/k*), k=1

Problem 6.

Let {X, },5q be a positive supermartingale with respect to the increasing sequence of
o ~algebras {F, },5.

a. Let {¥,},5o be another {F, },.,-supermartingale. Let 7> 0 be a stopping time.
Assume Xy 2 Y, a.s. Prove that {W, },.q is {F) } ;- -supermartingale, where
X, if 0<k<T
“ {Yk if k>T

b. Let b>a >0 and assume that X; > a. Define
S=inf{k: X, <a}
T=inf{k>S: X, 2b}
(both § and 7 can get the value ). Let
1 if 0<k<S§

Z,=3X,/a if S<k<T
bla if T<k
Prove that {Z,},., isa {F) } s -supermartingale.

¢. We continue with the setup of part b. Let U be the number of up-crossings of
[a,0] by {X;}s0- Provethat E(Z;)<1 and P(U z1)<a/b.




Problem 7.

Let X, X,, k>0 be a sequence of L' random variables defined on (€2, G, P) and let
F, ©G be adecreasing sequence of o —algebras, i.e. F, ¥ F . In what follows we
denote M, = sup {| X, — X, [}, £20.Prove the following

ky ey 2k

a. If IEI‘A{k —';Y’I‘—-;:;;——>() then l?| lZF}(JXTk)-— lff~()()| “——E:;;r—){)

b. If E(M,)<co then there is an integrable random variable M, so that:
E\Ez(M)— Ep(M)| ——>0ad Ep(M,)———>Er(M)almost surely .

c.If X, ———>X almostsurely and E(};} <o then
Ep (| X}, = X )—=—>0 almost surely.
Also, prove that: Ep (X })———>E;(X) almost surely.

Remark. The dominated convergence theorem for conditional expectations in the
textbook deals with the case F, T F_ .

Problem 8.

Let W(¢), 0<¢<1 be astandard Brownian motion. Let {#, },., be a sequence of

numbers in (0, 1). Foreach n>1 we denote by

0=t,,<t,) <t,, <..<t,,<t,,, =1 the order statistics of {0,1,7,..L,}. We

assume that A4, =max{|t, ., —t,, |} n—00 0

0<k<n
h
Finally define Qn = Z[W(tn,kﬂ) -W (fn,k )]2 .
k=0

a. Prove that Var(Q, ) ————>0. What can you say about the convergence in
probability of {Q,} ? Explain.

b. Let 0 <s <f<u<l. Let Fbe a 0 —algebra defined by:

F=c(Ww)-W@)|, |WE)-W(s)].

Find the conditional distribution of (W (22) — W (£)) - (W (¢} — W (s)) given F. Useitto
calculate: E (W (1) — W (s))*.

c. Define a decreasing sequence of o —algebras by F, =0 (H,),n 21, where we let

H,={{W(t )W, )|: 0<k<m, m>n}. Howmany random variables are

in H, butnotin H,,, (.e.in H, N (H,,)°)? Whatis the relationship to 7, ?

d. Prove that (Q,, F, ), is a Backwards Martingale. What can you say about the

convergence of {(J,} in almost sure sense? Explain.




