STT 871-872 Preliminary Examination, August 2006
Wednesday, August 23, 2006, 12:30 - 5:30 pm

NOTE: This examination is closed book. Every statement you make must be
substantiated. You may do this either by quoting a theorem/result and verifying
its applicability or by proving things directly. You may use one part of a problem
to solve the other part, even if you are unable to solve the part being used. A
complete solution of a problem will get a more favorable review than a partial
solution.

You must start solution of each problem on the given page. Be sure to put the
number assigned to you on the right corner top of every page of your solution.

Throughout, n is a known positive integer denoting the sample size, R is the
real line and B is the Borel sigma field.

1. Foreach = 1,2,---, 00, let the r.v. X have uniform distribution on the set of integers
{1,2,--+,0}. Construct an unbiased estimator of ¢ based on X and show that it is the only
such estimator. (11)
2. Let Xi,---, X, be independent random variables having common density
E+4
fo(z) = II(|$[ <1), for some |6] < 1.

Let Y, :=1{X;>0),i=1,---,n.

{a). Based on Yi,---,Y,, obtain the maximum likelihood estimator of 6. (5)

(b). Prove or disprove: The estimator obtained in {a} is unbiased. (2)

(c). Prove or disprove: The estimator obtained in (a) is consistent? (5)

3. For a @ > 0, let X have uniform distribution on [0.6]. Define the loss function L(#,§) :=
W—48{/9,6>0,9>0.

{a). Find the estimator 7°(X) of ¢ that has uniformly smallest risk among the class of
estimators My = {0,(X) = cX; c> 1}. (7)

(b). Prove or disprove: The estimator §,(X) is minimax. ' (5)

4. Let Fy, P; be two probability measures dominated by a sigma finite measure 4 on (R, B)
and let fo, fi denote their respective densities with respect to w such that fo{z) = 0 implies
fi(z) =0, z € R. Let Gy denote the distribution function of T(X) := f;(X)/fo(X} when
X has distribution F. Suppose Gy is continuous and strictly increasing on its support. For
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an 0 < a <1, let g (X) = I(T(X) > k({a))} denote the Neyman-Pearson test of size a for

testing 7y against P; and 5(«) denote its type II error probability. Show that (12)
dB(a)
—— = —kla).
o (o)

5. Prove or give counter examples to the following statements.

(a). Suppose Fyy and P, are two distinct probability measures on the Borel line (R, B) and
X1, Xs, -+, Xy is a random sample from either P} or ;. Then, there exists a sequence
of test functions ¢, (X1, Xs, ..., X,) such that, (6)

lim Eg(gbn(Xl,Xg, . ,Xn)) = D, and Iim El((bn(Xl,Xg, ' -an)) =1,

L0

(b). Suppose Py, P; and F; are distinct probability measures on the Borel line (R, B) and
X1, Xo, -+, X, are i.i.d. under any of these measures. Then, there exists a sequence
of test functions ¢,(X;, Xo, ..., X,) such that, (4)

nlim Eo(dn(X1, Xa,..., X)) =0, and lim 111}1% Ei(pn( X1, Xo, ..., X)) = 1.

n—o00 i=1,

(c). Let Py, P, Pz and Xy, X5,..., X, be as in Part (b) above. Let P := {AP, +(1 ~ APy
0 < A < 1} be the convex set generated by P, and Ps. Then, for each n > 1, there
exists a test function ¢, (X3, Xs, ..., X,) such that, (3)

liny Bo(¢n(X1, X, Xa)) = 0, and nf Ep(n(X1, Xa,..., X)) = 1.

6. Let §, .= X, (1~ X.,) denote an estimator of § := u(1 — 1) based on a random sample of
size n from a population with mean z € R and finite and positive variance ¢2.

(a). Show that, when g # 1/2, n'/2(d, —8) is asymptotically normal with appropriate mean
and variance. - (7

(b). For the case u = 1/2, determine a sequence 0 < a,, — 00, 50 that a,(f — ) converges
in distribution to a non-degenerate limit and determine this limiting distribution. (%)

7. Let (X,Y) be a pair of r.v.’s satisfying the linear regression model
V=0 +hX+e forsome (g, 3) € R?,

where Ee = 0, Fe? = 02, 0 < ¢ < o0. Suppose (X:,¥;), 1 < < naren iid. observations
from this model. Set X =37 | X; and §:= /> (X; — X)2/n.
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(a). Obtain the least square estimator ([5’0, ,@1) of (o, £1), subject to the condition Bo+5,5 <
2. (8)
(b). Assume that 0 < 7 := /Var(X) < cc. Find the two functions h; = (3, 51,7), § =
0,1, such that for all values of (8y, 1), n'/2(8y — ha, 51 — h1) converges in distribution
to a non-constant random vector and determine this joint limiting distribution.  (6)

8. Let X;,4=1,2,---,n, be independent r.v.’s with X; having Lebesgue density Fl— ),
where p; € R are unknown such that >, 4; = 0, and f is a Lebesgue density on R. Let fp
and f; be N(0,1) and standard Cauchy densities on R, respectively. Consider the problem
of testing the hypothesis Hy : f = fo against the alternative H; : f = fi.

(a). Show that this testing problem remains invariant under the transformation (4)
n

g(ﬂ')l,“',ﬂ')n) = ($1 +bly"'7$n+bn): (3:17" ',.Z'n) € Rn: (bly"'ybn) € Rn: sz = 0
i=1

(b). For an 0 < a < 1, determine uniformly most powerful size ¢ invariant test of Hy
against H;. (10)




