
4.4     The Exponential and Gamma Distributions 

The Exponential Distribution 

 

 𝜇 = 𝐸(𝑋) =  
1

𝜆
  

 𝜎2 = 𝑉(𝑋) =  
1

𝜆2  

 

 The cdf:    

 

In particular    P(X > t) = 1 – F(t; λ) = e-λt 

 
Example 1.  Suppose the response time X at a certain on-line computer terminal (the elapsed time between the 
end of a user’s inquiry and the beginning of the system’s response to that inquiry) has an exponential distribution 
with expected response time equal to 5 sec. Find the probability that the response time is between 5 and 10 sec. 



 

𝐸(𝑋) =  
1

𝜆
= 5  ⇒   𝜆 = 0.2  

𝑃( 5 ≤ 𝑋 ≤ 10) =  ∫ 0.2 𝑒− 0.2 𝑥  𝑑𝑥 =  
10

5
− 𝑒− 0.2 𝑥|5

10 = 𝑒−1 − 𝑒−2 = 0.233     or 

𝑃( 5 ≤ 𝑋 ≤ 10) =   𝐹(10) − 𝐹(5) = ( 1 −  𝑒− (0.2)(10)) − (  1 −  𝑒− (0.2)(5)) = 0.233  

 

Memoryless property:            𝑃(X ≥ 𝑡 + 𝑡0 |X ≥ 𝑡0 ) = 𝑃( X ≥ 𝑡)  

 

Proof:  

 Relation to Poisson Process:  
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The Gamma Function 
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 The Gamma Distribution   

 

 

 

 



 

 

Mean:       𝜇  = 𝐸(𝑋) =  𝛼𝛽            Variance:   𝜎2 = 𝑉(𝑋) =  𝛼𝛽2 

Cdf:          𝑃(𝑋 ≤ 𝑥) = 𝐹(𝑥;  𝛼, 𝛽) =  ∫
1

𝛽𝛼Γ(𝛼)
 𝑡𝛼−1𝑒

−
𝑡

𝛽
𝑥

0
 𝑑𝑡 = ∫  

𝑦𝛼−1𝑒−𝑦

Γ(𝛼)

𝑥/𝛽

0
 𝑑𝑦 = 𝐹(

𝑥

𝛽
; 𝛼)  

                  where 

 



Example 1.  (4.4 Exercise 66) Suppose the time spent by a randomly selected student who uses a terminal 
connected to a local time-sharing computer facility has a gamma distribution with mean 20 min and 
variance 80 min2. 

a. What are the values of α and β?                  𝛼𝛽 = 20   𝑎𝑛𝑑  𝛼𝛽2 = 80  ⇒   𝛼 = 5 𝑎𝑛𝑑 𝛽 = 4 
b. What is the probability that a student uses the terminal for at most 24 min? 

𝑃(𝑋 ≤ 24) = 𝐹(24; 5, 4) = 𝐹(24/4; 5) = 𝐹(6; 5) = 0.715 
 
 
 
 

The Chi-Squared Distribution 
 

 
 

Mean:       𝜇  = 𝐸(𝑋) =  𝛼𝛽 =  𝜈            Variance:   𝜎2 = 𝑉(𝑋) =  𝛼𝛽2 = 2𝜈 

 
  



The Erlang Distribution 
 

 
 
Exercise 68. Suppose that X has an Erlang distribution. 
 

 

 


