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Abstract

Fractional order partial differential equations, as generalizations of classical integer order partial differential equa-
tions, are increasingly used to model problems in fluid flow, finance and other areas of application. In this paper we
discuss a practical alternating directions implicit method to solve a class of two-dimensional initial-boundary value frac-
tional partial differential equations with variable coefficients on a finite domain. First-order consistency, unconditional
stability, and (therefore) first-order convergence of the method are proven using a novel shifted version of the classical
Griinwald finite difference approximation for the fractional derivatives. A numerical example with known exact solu-
tion is also presented, and the behavior of the error is examined to verify the order of convergence.
© 2005 Elsevier Inc. All rights reserved.

Keywords: Two-dimensional fractional partial differential equation; Implicit Euler method; Multi-dimensional fractional PDE;
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1. Introduction

Fractional derivatives are almost as old as their more familiar integer-order counterparts [30,40]. Frac-
tional diffusion equations have recently been applied to many problems in physics (see an excellent review
article by Metzler and Klafter [29]), finance [16,21,33,36,35], and hydrology [2,5,6,37,38]. Fractional space
derivatives are used to model anomalous diffusion or dispersion, where a particle plume spreads at a rate
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inconsistent with the classical Brownian motion model, and the plume may be asymmetric. When a frac-
tional derivative replaces the second derivative in a diffusion or dispersion model, it leads to enhanced dif-
fusion (also called superdiffusion). For fractional partial differential equations with constant coefficients,
analytical solutions are available using Laplace—Fourier transform methods [3,11,23,25]. However, many
practical problems require a model with variable coefficients [4,7,8,26]. This paper presents a practical
numerical method for solving multi-dimensional fractional partial differential equations with variable coef-
ficients, using a variation on the classical alternating-directions implicit (ADI) Euler method. We prove that
this method, using a novel shifted version of the usual Griinwald finite difference approximation for the
non-local fractional derivative operator, is first-order consistent and unconditionally stable for a fractional
diffusion/dispersion equation with Dirichlet boundary conditions. A numerical example is included, along
with its exact analytical solution, to validate the method and its order of convergence.
Consider the two-dimensional fractional diffusion (dispersion) equation

dulx,y,1) | Su(x,y,1)
T—d(x,y)T—ke(x,y)T—kq(x,y,t) (1)

on a finite rectangular domain x; <x < xgand y; <y <yg with 1 <a <2 and 1 < <2, d(x,y) >0 and
e(x,y) > 0, and assume that this fractional diffusion equation has a unique and sufficiently smooth solution
under the following initial and boundary conditions (some results on existence and uniqueness are devel-
oped in [14]). Define the initial condition from u(x,y,t=0)=f(x,y) for x; <x <xp, yr <y <ypy, and
Dirichlet boundary conditions u(x, y,f) = B(x,y,t) on the boundary (perimeter) of the rectangular region
xp < X < Xp, yr <y < yy, with the additional restriction that B(xy,y,t) = B(x,y,t) = 0. In physical appli-
cations, this means that the left/lower boundary is set far enough away from an evolving plume that no
significant concentrations reach that boundary. The classical dispersion equation in two dimensions is given
by o = =2. The values of 1 <o <2 or 1 <f <2 model a super-diffusive process in that direction.
Eq. 1 uses a Riemann fractional derivative of order o, defined by

dat X 1 dn X é
f(x ) = n / f( 3+lfn dg’ (2)

dx I(n—o)dx" J, (x—¢)
where n is an integer such that n — 1 < o < n. In most of the related literature, the case L = 0 is called the Rie-
mann-Liouville form, and the case L = —oo is the Liouville definition for the fractional derivative. Fractional

derivatives are nonlocal operators of convolution type [1,9,24]. The value of the fractional derivative at a point
x depends on the function values at all the points in the interval (—oo,x). With our boundary conditions (and
zero-extending the solution functions for x < x; or y < y;) the Riemann and Liouville forms in (1) become
equivalent. For more details on fractional derivative concepts and definitions, see [30,32,40].

An implicit Euler method for solving one-dimensional fractional differential equations is discussed in
[26,28]. A shifted Griinwald finite difference scheme (3) is used to approximate the fractional space deriv-
ative in an implicit Euler method. Stability is proven for the implicit method, and also for an explicit Euler
method under the condition that Az/Ax* is suitably bounded. It is proven that methods based on the unshif-
ted Griinwald approximation are unstable. A different method for solving 1D fractional partial differential
equations is pursued in the recent paper of Liu et al. [19]. They transform the partial differential equation
into a system of ordinary differential equations (Method of Lines), which is then solved using backward
differentiation formulas. Fix and Roop [15] and Ervin and Roop [13] develop finite element methods for
certain 1D partial differential equations with constant coefficients on the fractional derivative terms. Ervin
and Roop [14] extend this approach for multi-dimensional partial differential equations with constant coef-
ficients on the fractional derivative terms. Deng et al. [10] discuss a numerical solution of a fractional advec-
tion—dispersion equation based on a three-point approximation for the fractional deriviative. Lynch et al.
[20] apply an explicit method and a related semi-implicit method to solve a one-dimensional anomalous dif-
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fusion problem, with the boundary conditions specified on the left boundary. They estimate the fractional
derivative using the L2 method proposed by Oldham and Spanier [31], in which the fractional derivative of
order o is replaced by an (« — 2) fractional integral of the second derivative, the fractional integral is esti-
mated by some variant of the Griinwald formula, and the second derivative is approximated by the stan-
dard three-point centered finite difference formula. Langlands and Henry [18] discuss similar numerical
methods for time-fractional diffusion equations 0”u(x, 1)/0r’ = 0%u(x, ¢)/0x>. Yuste and Acedo [41] prove sta-
bility of an explicit Euler method for the time-fractional diffusion equation under the condition that As’/Ax”
is suitably bounded.

2. Numerical method

It was shown in [26] that using the usual (i.e., unshifted) Griinwald formula to discretize the one-dimen-
sional dispersion equation results in an unstable finite difference scheme. Since the one dimensional case
may be viewed as a special case of the two dimensional problem when e(x, y, ) = 0 (or d(x,y,t) = 0), we in-
fer that the use of the usual Griinwald formula will produce an unstable method (a fact that can also be
shown directly by an argument similar to Proposition 2.3 in [26]).

Therefore we start with a right-shifted Griinwald approximation to the fractional derivative term and in
this paper we show that this leads to a stable (and convergent) alternating-directions implicit (ADI) imple-
mentation for the two-dimensional implicit Euler formulation. The right-shifted Griinwald formula for
1 <a<2is[26]

Fule,yt) 1 1 S T(k—a)
Ox* - F(—OC) lellnoo F kz:; mu(x - (k - 1)h7ya t)v (3)

where N, is a positive integer, & = (x — x;)/N. and I'(-) is the gamma function. We also define the ‘normal-
ized’ Griinwald weights by

'k —a) wf
Gk = T+~ Y (k) @

and remark that these normalized weights only depend on the order o and the index k. (For example, the first
four terms of this sequence are given by g, 0 =1, g,.1 = —o, gy = (e — 1)/2!, g,3 = —o(o — 1)(ox — 2)/3!.)

For the numerical approximation scheme, define ¢, =nA¢ to be the integration time 0< ¢, < 7,
Ax =h>0 is the grid size in x-direction, Ax = (xz — x1)/N,, with x; = x; +iAx for i=0,...,N; Ay >0
is the grid size in y-direction, Ay = (yy — y1)/N,, with y; =y, +jAy for j=0,...,N,. Define uj; as the
numerical  approximation  to  u(x;y;,t,). Similar  notation  gives d;; =d(x;,y;), e;,j =
e(xi,;), qi; = q(x;,y;,t,). The initial conditions are set by u?] = fij = f(xi,»;). The Dirichlet boundary con-
dition at x = x, by uy; = Bj; = B(x1,,,t,), and similarly for the Dirichlet boundary conditions on the
other three sides of the rectangular region.

If the shifted Griinwald estimates are substituted into the two-dimensional diffusion problem (1) to get
the implicit Euler approximation, the resulting finite difference equations are

n+1 —u. i+1 Jj+1

ij lj lj +1 +1
Zguc Ui eyt ﬁ Zg/fk”,, k1 T (5

Eq. 5 may be written as

Uu;

d At il e; At

n+l ! g +1
AN [fk lj k+1 —
(AJ’) k=0

=u, + q;’let. (6)




252 M.M. Meerschaert et al. | Journal of Computational Physics 211 (2006) 249-261

Define the following fractional partial difference operators:
d i+1
L]

n+1
E 8o kUi f+1,>
k=0

which is an O(Ax) approximation to the ath fractional derivative as shown in Theorem 2.4 in [26] (this as-
sumes a zero boundary condition at the lower edge of the domain), and similarly,

n+l __

VT (A

Oyxll

j+1
nrl _ Cij

Opptl ;= A gﬁk“zr'{tlkﬂ
Ty ; o

is an O(Ay) approximation to the fth fractional derivative term. With these operator definitions, the impli-
cit Euler finite difference method may be written in the operator form

(1= AtS,, — Aty ) =l + g7 A (7)

ij

The above two-dimensional implicit Euler method has local truncation error of the form
O(At) + O(Ax) + O(Ay). In a manner similar to the proof for the one-dimensional case (Theorem 2.7 in
[26], Theorem 3.3 in this paper), it can be shown to be unconditionally stable. Thus, according to the
Lax Equivalence Theorem, the method is convergent. However, at each time step, this implicit formulation
requires the solution of a very large non-sparse linear system of equations with (N, — 1)-(N, — 1) un-
knowns, which is computationally intensive. The problem becomes more computationally demanding as
finer grid resolutions and/or higher spatial dimensions are considered.

One standard method in the classical multi-dimensional PDEs is the use of ADI methods, where the
difference equations are specified and solved in one directions at a time. For the ADI methods (and in
similar fashion for the splitting methods), the operator form is written in a directional separation prod-
uct form

(1= A0,.) (1 — Atdpy)uj T = ull, + 17 At (8)

LJ

which introduces an additional perturbation error equal to

(A1) (8yxbp)ul . (9)

i.j
Eq. 8 may be written in the matrix form
STUn+1 — Qn +En+l7 (10)
where the matrices S and T represent the operators (1 — A6, ) and (1 — Atdg ), and
Un p— n n n n n n n n n T
U = [u] sty gyt oy W] g5 Uy gy Uy s Wi, U N, 15 VMNX—I,N},—I]

and the vector R""" absorbs the forcing term and the boundary conditions in the discretized equation.
Computationally, the ADI method for the above form is then set up and solved by the following iterative
scheme. At time 7,4:

(1) First solve the problem in the x-direction (for each fixed ;) to obtain an intermediate solution v},
from ‘
(1= Ao, )u;, = uj  + g7 A, (11)

(2) then solve in the y-direction (for each fixed x;)

(1 — Atdg )t = u? . (12)

ij i.j
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The initial and boundary conditions for the numerical solutions u”]+1 and u]; are defined from the given
initial and Dirichlet boundary conditions. Prior to carrying out step one of solving (11), the boundary con-
ditions for the intermediate solution u;; should be set from Eq. (12) (which incorporates the values of u”+l
at the boundary). Otherwise the order of convergence will be adversely affected. Specifically, assume that
the Dirichlet boundary conditions are given by the function B(x,y,?) on the boundary of the rectangular
region x; <x < xg,yr < Y, < ypu. For example, on the right boundary we write u”“ B}’V“j, and compute
the boundary values for u" from

MNX,,' =(1- Atéli,y)B?vt,]j

for use in setting up and solving the sets of equations defined by (11). See the proof of Theorem 3.3 for more
details.

Below we show that the ADI for the implicit Euler method, as defined by (8) or (10), or equivalently by
(11) and (12), is consistent and stable and therefore, by the Lax Equivalence theorem (p.45 in [34]), it is
convergent.

To prove the consistency of the ADI-Euler method, note that the three difference operators used in (5)
each have a local truncation error with O(Af), O(Ax), and O(Ay) respectively. The O(A¢) for the time deriv-
ative term is obtained from the classical Taylor’s expansion. The O(Ax) and O(A y) for the local truncation
error of the fractional derivative terms was proved in [26]. The only remaining term in the local error for the
ADI-Euler method, is the additional perturbation error of (9). Theorem 3.1 below shows that (9,.dg,)u; '
converges to the mixed fractional derivative linearly, as O(Ax) + O(Ay). Therefore the local truncation
error of the ADI-Euler method (8) is O(Af) + O(Ax) + O(Ay).

3. Consistency and stability

In this section, we demonstrate that the alternating directions implicit Euler method is both consistent
and unconditionally stable for the fractional initial-boundary value problem (1). We begin with the proof of
consistency. As mentioned in the previous section, this depends on the mixed fractional derivative term. For
any positive integer /, let W"!(R?) denote the collection of all functions /' € C'(R*) whose partial derivatives
up to order / are in #'(R?) and whose partial derivatives up to order / — 1 vanish at infinity.

Define the Liouville form of a fractional derivative of some non-integer order o > 0 by

0" 1 A —al

- - —a" 13

O = Frg e | SO (13
where 7 is an integer such that » — 1 <o <mn. Then it easy to see that

0" 1 0"

@f(’”) = m PP / & (r— )de

and if Z[f](k) = = [&*f(x)dx denotes the Fourier transform of some .#" functlon fthen & f(r) has
Fourier transform ( 1k) f (k) (see for example [40]). Since the mixed derivative xa L (x, ) has Fourier-
transform (—ik)*(—il)"f(k, I) it follows that

AR oo
W 8_x°‘f ( X,y ) a Gyﬁ
The one-dimensional fractional derivative can be approximated by the shifted Griinwald-formula

el )= 0 (2 )= (= p) + O

m=0

~—f(x. ).
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for any fixed integer p = 0. See [39] for the case p =0 and [26] for the general case. The following result
shows that an O(/4) approximation also holds for the mixed fractional derivative.
For non-integers o, > 0, integers p,q > 1 and grid sizes A, h, > 0 let

TRITEES 95 DV ([ G VS R I el (14)

m
n=0 m=

define the shifted mixed Griinwald formula. The next result proves this formula is a first-order consistent
approximation to the mixed fractional derivative. This implies that the additional perturbation error (9) for
the ADI method is O((%, + h,)At) which is small compared to the approximation errors for the other terms
in (5). Hence we do not sacrifice much accuracy when we replace the full implicit Euler scheme by a more
efficient ADI method.

Theorem 3.1. Let r> o+ f + 3 be an integer. Then for f € W™ (R?)
v
0yf Ox*

uniformly in (x,y) € R%.

Floy) = b P

B shyip.g-

f (%) + Olhs + hy) (15)

Proof. We adapt the argument used in [39 26]. See also [27]. Let Z [f](k, [) = f(k, 1) = [me ™ f(x,y)dxdy
denote the Fourier transform of f € #'(R?*). Note that for any a,b € R we have

Ff(x—a,y—b)](k, 1) = e’ f (k, ).

Moreover, we have the well known result that for any y >0

(1+z)?:i(y >z’" (16)

m=0 m

is absolute convergent for |z| < 1
It is readily verified that

/Rz i: ;<1>"*"’<:) (ﬁ)m (n— )y — (m— g)h,)

un(E1C)) (S <~

Consequently, the right-hand side of (14) defines an element of %' (R?).
Thus we can take the Fourier transform in (14) to obtain

F [ A | 6 D) —h‘“h"’i i "*’"< )(Z)e“" il 7 (k. 1)

n=! m=!

- (h/eikphx;(_l)"@) &) )(h Be-ilahs Z ( ) ()" >?(k )

_ e—ikphxh;oc(l o eikhx)o‘e—ilqhyh;ﬁ'(l llh‘) f(k l)
= (k)" (i) @, (—ikh oy (—ilh,) [ (K, 1),

dxdy
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where

1—e* o 1—e* B

wa7p(z):e"’z( ¢ ) and wﬁ,q(z):eqz<—e) .

z V4
Hence
ho b AR L @ . . ,
F I H N o | (1)~ 7 aof 2 | 1) = ()0 (0 (ko (—ithy) = 1) k1
= @(hx,hy;kv l)

Observe that for y > 0 there exists a constant C = C(y) > 0 such that

‘(1 _ij) —1‘ < Clx| for all x € R. (17)

Moreover, since
|0, (—ix) g (—iy) = 1] < | (=1)[ |0y (—ix) = 1| + | (~iy) — 1]

and |wg (—1y)| < C for some constant C> 0 and all y € R, we get from (17) that
|0, (—ix) g, (—1y) — 1| < Ci(lx] + ) < Cofl (. 0)]l,,

where ||(x, )|, denotes the Euclidean norm.
In view of the inequality |[(k2, h))||» < (hy + hy)||(k, D)||> we therefore get

(e, by, D] < Clh 4+ h)IKP I, DL (kD] < b+ h) (L4 1 DIL) T G D (18)
Moreover, since f € W"!(R?) the Riemann-Lebegue lemma implies that for some constant M > 0

Gk, D < M+ (K, Dll,)
and hence

|G (s hys b, D < Clhe+ hy) (14 ([ (k, D1)
Since the right hand side of this inequality is integrable we conclude from Fourier inversion that

v
Y _ _
h h Ah Jhy qu(x7y) ayﬁ axmf(x7y)’

¢ / e DD o (g, sk, 1)dkdl
RZ

<cz/ | (he, by b, 1)|dkdl

[RZ

<Culh ) [ (IO kAL = Calh 1)
R2

independent of (x,y) € R* and the proof is complete. [J

The stability proof is based on showing that each one-dimensional system is unconditionally stable. The
argument is similar to Theorem 2.7 in [26].

Theorem 3.2. Each one-dimensional implicit system defined by the linear difference Egs. (11) and (12) is
unconditionally stable for all 1 <o <2.

Proof. At each gridpoint y;, for k =1,. -1, con51der the linear system of equations defined by (11).
This system of equations may be wrltten as Ak U = U/ + AtQ,/""! where, incorporating the boundary
conditions from (12), we have
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* [k * * T
Uy = [ul,kvuz,kv cee 7”1vx71,k] )

U+ MQ™ ! = [, + g A, + g5 Aty gy AT+ Dy g, 0(1 — Atélf‘y)Byvjlk]T

and 4, =[4,,]is the (N, — 1) X (N, — 1) matrix of coefficients resulting from the system of difference equa-
tions at the gridpoint y;, where the matrix entries along the ith row are defined from (11). For example, for
i =1 the equation becomes

—Dl,kga,zu(’;,k + (1 — Dl,kgoc‘l)uﬁlf,k - Dltkga,oujzﬂ,k = ”?,k + qlll,JI:IAt
for i =2 we have
—Ds 4,3y — Dask€uothy  + (1 = Doy, )5, — Dosgyty, = s, + ¢ At
and for i= N, — 1 we get
—Dy, 148w Yo s — Dy, 1k&un 1+ (1= Dy 14y, 15 — Dy 14&uoti, s = Uh 14 + 4N 14

where the coeflicients

di At
(Ax)""

Therefore the resulting matrix entries 4;; fori=1,...,N,— 1l and j=1,..., N, — I are defined by

Di,k -

—Dixg,i i for j<i—1,
» 1 —D;g,, forj=i,
| Dy forj=itl,
0 for j >i+1.
We will now apply the Greshgorin theorem (cf. [17], pp. 135-136) to conclude that every eigenvalue of
the matrix A, has a magnitude strictly larger than 1.

Note that g,; = —a, and for 1 <o <2 and i # 1 we have g, ;> 0. Substituting z = —1 into (16) yields
> 08, = 0, and then it follows that —g,; > 2223] k2184, for any N> 1. According to the Greschgorin
theorem, the eigenvalues of the matrix 4, are in the disks centered at 4;; =1 — D;x g,1 = 1 + D; o, with
radius

Ny—1 i+l
rp = Z |Ai,l| < Z Di,kgx,i—lJrl < Di,/cOC~
=114 =114

Hence every eigenvalue A of the matrix A, has a real part larger than 1, and therefore a magnitude larger
than 1. Hence, the spectral radius of each matrix 4, ' is less than one. This proves that the method is stable
(cf. [42], pp. 13-15).

Similar results hold for the finite difference equations defined by (12). When sweeping in the alternate
direction (i.e., with the x; grid point fixed) to solve for "' from u*, the resulting system is then defined by
gkgk”_'_l — Q]g*, where

ﬂ* = [”Z,lv ”lt,zv s 7”1);,N},71]T’

n+l _ [, n+l  ontl n+1 T
U™ = gy us 7"'7uk,N,,—1}

and C; = [C; ] is the matrix of coefficients resulting from the system of difference equations at the gridpoint
x, for k=1,...,N.— 1. (Note that the U, and U,/ are defined differently than the solution vectors in
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the previous sweep direction due to re-arrangement of gridpoints in the y-direction.) The entries of the ma-
trix Cy are defined from (12), fori=1,...,N,—land j=1,...,N, — 1 by
—Evigpin forj<i—1,

C 1 _Ekig/},l fOI‘ j = i,

oA —Evigs0 for j=i+1,

0 for j>i+1,

where the coefficients
e ,'At
Ek,i == k, /f .
(Ay)
Similar arguments show that each eigenvalue of of the matrix Cj has a real part (hence, also a magni-

tude) strictly larger than one. Therefore, the spectral radius p(C,') < 1, and hence this system is also
unconditionally stable. [J

Next we show that, if the operators (1 — A6, ) and (1 — Atdg,) in (8) commute, the ADI-Euler method
is unconditionally stable. The requirement for the commutativity of these two operators is also a common
assumption in establishing stability/convergence of the ADI methods in the classical (i.e., « = = 2) two-
dimensional diffusion equation (see for example [12]). Note that the commutativity of these operators
means that the matrices S and T in (10) commute. For example, if the diffusion coefficients are of the form
d = d(x) and e = ¢(y), then these operators (matrices) commute.

We also remark that the ADI-Euler formulation of (10) is useful for the theoretical analysis of the
method, while the formulation according to (11) and (12) is used in the actual computer implimentation.

The matrix S is a block diagonal matrix of (N,—1)x(N,—1) blocks whose blocks are the square
(Ny—1)x (N, — 1) super-triangular A, matrices resulting from Eq. (11). We may write S=
diag(4;,4,,...,4n,1)-

The matrix T 'is a block super-triangular matrix of (¥, — 1) x (N, — 1) blocks whose non-zero blocks are
the square (N, — 1) x (N, — 1) diagonal matrices resulting from Eq. (12). That is, we may write T = [T} ],
where each T ;is an (N, — 1) X (N, — 1) matrix, such that forj>i+17;;,=0,andforj<i+ 1leach T;;isa
diagonal matrix 7, ; = diag((C,),;, (C5),;, - -- : (Cn,-1),,), where the notation (Cy);, refers to the (i,j)th entry
of the matrix C; defined previously.

Theorem 3.3. The ADI-Euler method, defined by (10), is unconditionally stable for 1 <o <2, 1< <2 if the
matrices S and T commute.

Proof. Since S = diag(4,,...,4,,4n,-1), the eigenvalues of the matrix S are in the union of the Greschgo-
rin disks for the matrices A;’s. Applying the argument of Theorem 3.2, it follows that every eigenvalue of
the matrix S has a real-part (and a magnitude) larger than 1. Therefore, the magnitude of every eigenvalue
of the inverse matrix S~ is less than 1, and hence the spectral radius of the matrix S~ is less than 1.

Similarly, the eigenvalues of the matrix 7 are in the union of the Greschgorin disks for the matrices C;’s.
Again the argument of Theorem 3.2 may be applied to show that the spectral radius of the matrix 7' is less
than 1.

Note that Eq. (10) implies that an error € in U° results in an error ¢ at time ¢, in U" given by

€' = (ST) "¢
Since matrices S and 7 commute, we may write the above equation as

En — anz—neol
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Since the spectral radius of each matrix S~ 'and T is less than one, it follows that S™ — 0 and 77" — 0
as n — oo, where 0 is the zero (or null) matrix (see Theorem 1.4 in [42]). Therefore the ADI-Euler method is
stable. [

Since the ADI-Euler method is consistent and unconditionally stable, the numerical solution produced by
the ADI-Euler method converges to the exact solution, and this convergence is O(Ax + Ay + Ar). But note
that, in order to obtain this rate of convergence, the boundary conditions for the intermediate solution U
should be set according to (12), prior to solving the system in step one of the numerical algorithm defined by
(11), as detailed in the proof of Theorem 3.2.

Remark 3.4. The system matrices (11) and (12) are super-triangular. That is, these matrices are the sum of
a super-diagonal matrix and a lower triangular matrix. In the numerical implementation, these systems can
be efficiently solved by first performing a backward sweep to reduce the system to a lower triangular system.
This is then followed by a forward (explicit) sweep to solve a triangular system to obtain the solution. The
computational work is approximately equivalent to solving two triangular systems. To solve a triangular
n X n matrix, n(n + 1)/2 arithmetic operations (multiplication or division flops) are required [17]. So the
computational work (flops) is approximately n(n + 1) operations. Note that, this is significantly less
computations than a full Gaussian elimination operation which requires #°/2+ O(n?) arithmetic
operations. We also note that an operational count shows that approximately N.N, (N, + N, + 1) flops
are needed to solve the collections of these super-triangular systems to advance the numerical solution from
time level ¢, to ¢, + | for this ADI method. This compares very favorably with approximately (NXN},)3/2
arithmetic operations needed by the Gaussian elimination to solve the full (N,N,) x (N,N,) matrix that
results from the implicit Euler discretization.

Remark 3.5. Implicit Euler methods may be preferable to explicit methods due to their unconditional sta-
bility. Although the explicit methods are faster for a given step size in time, it is usually necessary to use a
much smaller step size At to maintain stability. The condition for stability of an explicit Euler solution to
the space-fractional diffusion equation du/0r = 0*u/0x™ is that At/Ax* < 1/, see [28]. Stability of the explicit
Euler method for the time-fractional diffusion equation 8"u/dr" = 8%u/0x” requires that Af’/Ax* < C,, see
[18]. It would be interesting to compare the implicit methods of this paper against a multivariable version
of the explicit methods in [20]. It would also be useful to extend the stability results for explicit Euler meth-
ods to space—time fractional diffusion equations 0"u/0r" = 0”u/0x”, and one suspects that stability for such
methods will require Ar"/Ax* to be suitably bounded. Another efficient method is to approximate the frac-
tional derivative by the first few terms of the Griinwald approximation [10]. This method should be used
with caution. First of all, the remaining terms of the Griinwald approximation are only negligable when
o is near an integer value. Second and perhaps more important in applications, truncating the Griinwald
approximation results in a method that is not mass-preserving.

4. A numerical example

The fractional differential equation

Ou(x, y, 1) 0" u(x,y,1) 0" u(x,y, 1)
TZd(x,y)v+e(X,y)T+q(x,y,t)

was considered on a finite rectangular domain 0 <x <1, 0 <y <1, for 0 < ¢ < Teng with the diffusion
coefficients

d(x,y) = I'(2.2)x>%y/6 = 0.18363375x*%y



M. M. Meerschaert et al. | Journal of Computational Physics 211 (2006) 249-261 259

Table 1

Maximum error behavior versus gridsize reduction for the example problem at time 7,,q = 1

At Ax = Ay Maximum error Error rate
0.10000 0.10000 0.00126285 -

0.05000 0.05000 0.000673253 1.88
0.02500 0.02500 0.000348242 1.93
0.01250 0.01250 0.000176599 1.97
0.00625 0.00625 0.0000881217 2.00

and

e(x,y) = 2xp*°/T'(4.6) = 0.1494624672xy*°
and the forcing function

q(x,v,1) = —(1 4 2xp)e~'x*y*6
with the initial conditions

u(x, ,0) = 36

and Dirichlet boundary conditions on the rectangle in the form (0, y,7) = u(x,0,7) =0, u(1, y,t) = e "p*,
and u(x,1,7) =e¢ x> for all £ > 0.
The exact solution to this two-dimensional fractional diffusion equation is given by
u(x,p, 1) = e"'x'y,
which may be verified by direct differentiation and substitution in the fractional differential equation, using
the formula

" Tt .,
el ol By oy g

for this Riemann-Liouville fractional derivative (2) with L = 0.

Table 1 shows the maximum absolute numerical error, at time ¢ = 1.0, between the exact analytical solu-
tion and the numerical solution obtained by applying the ADI-Euler method discussed in this paper. The
algorithm was implemented using the Intel Fortran compiler on a Dell Pentium PC. All computations were
performed in single precision. The last column of the figure shows the order of the convergence of the method
as the grid is refined (as all step sizes are halved), which is computed as the ratio of the maximum abso-
lute error at the previous larger grid size to the current grid size. The (almost) linear reduction in the max-
imum error is observed, as expected from the order O(Af) + O(Ax) + O(Ay) of the convergence of the
method.

Note that this example problem does not meet the requirement for the commutativity of the operators in
(8) which was used to establish the stability of the ADI-Euler method. The linear convergence of the numer-
ical solution for this example suggests that the stability results may be extended beyond the requirement for
commutativity.

5. Conclusions
Two-dimensional fractional order partial differential equations may be solved by an implicit alternating

directions method. If a shifted version of the Griinwald finite difference approximation formula for frac-
tional derivatives is used in an implicit Euler method, then the resulting ADI method is unconditionally
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stable and converges linearly. The method is unstable if the usual Griinwald formula is used. Additionally,
to obtain the linear convergence, the boundary conditions for the intermediate solution must be treated
carefully.

Acknowledgments

We thank the anyonymous reviewers of this paper for their excellent comments and suggestions to revise
and enhance portions of this paper.

This research was partially supported by NSF Grants DMS-0139927 and DMS-0417869, and the Mars-
den Fund administered by the Royal Society of New Zealand.

References

[1] B. Baeumer, M.M. Meerschaert, Stochastic solutions for fractional Cauchy problems, Frac. Calc. Appl. Anal. 4 (2001) 481-500.
[2] B. Bacumer, M.M. Meerschaert, D.A. Benson, S.W. Wheatcraft, Subordinated advection—dispersion equation for contaminant
transport, Water Resour. Res. 37 (2001) 1543-1550.
[3] B. Baeumer, D.A. Benson, M.M. Meerschaert, Advection and dispersion in time and space, Physica A 350 (2005) 245-262.
[4] E. Barkai, R. Metzler, J. Klafter, From continuous time random walks to the fractional Fokker—Planck equation, Phys. Rev. E 61
(2000) 132-138.
[5] D.A. Benson, S. Wheatcraft, M.M. Meerschaert, Application of a fractional advection-dispersion equation, Water Resour. Res.
36 (2000) 1403-1412.
[6] D.A. Benson, R. Schumer, M.M. Meerschaert, S.W. Wheatcraft, Fractional dispersion, Lévy motions, and the MADE tracer
tests, Transp. Porous Media 42 (2001) 211-240.
[7] D.A. Benson, C. Tadjeran, M.M. Meerschaert, I. Farnham, G. Pohll, Radial fractional-order dispersion through fractured rock,
Water Resour. Res. 40 (2004) 1-9.
[8] A.V. Chechkin, J. Klafter, .M. Sokolov, Fractional Fokker-Planck equation for ultraslow kinetics, Europhys. Lett. 63 (2003)
326-332.
[9] J.H. Cushman, T.R. Ginn, Fractional advection-dispersion equation: a classical mass balance with convolution-Fickian flux,
Water Resour. Res. 36 (2000) 3763-3766.
[10] Z. Deng, V.P. Singh, L. Bengtsson, Numerical solution of fractional advection—dispersion equation, J. Hydraul. Eng. 130 (2004)
422-431.
[11]J.S. Duan, Time- and space-fractional partial differential equations. J. Math. Phys. 46 (2005) 013504 (8 pp.). doi:10.1063/
1.1819524.
[12] J. Douglas Jr., S. Kim, Improved accuracy for locally one-dimensional methods for parabolic equations, Math. Models Meth.
Appl. Sci. 11 (9) (2001) 1563-1579.
[13] V.J. Ervin, J.P. Roop, Variational solution to the fractional advection dispersion equation, Numer. Meth. P.D.E., to appear,
(2005).
[14] V.J. Ervin, J.P. Roop, Variational solution of fractional advection dispersion equations on bounded domains in R% (2005),
preprint.
[15] GJ. Fix, J.P. Roop, Least squares finite element solution of a fractional order two-point boundary value problem, Comput.
Math. Appl. 48 (2004) 1017-1033.
[16] R. Gorenflo, F. Mainardi, E. Scalas, M. Raberto, Fractional calculus and continuous-time finance. III. The diffusion limit.
Mathematical finance (Konstanz, 2000), Trends Math. (2001) 171-180.
[17] E. Isaacson, H.B. Keller, Analysis of Numerical Methods, Wiley, New York, 1966.
[18] T.A.M. Langlands, B.I. Henry, The accuracy and stability of an implicit solution method for the fractional diffusion equation, J.
Comput. Phys. 205 (2005) 719-736.
[19] F. Liu, V. Ahn, I. Turner, Numerical solution of the space fractional Fokker-Planck equation, J. Comput. Appl. Math. 166 (2004)
209-219.
[20] V.E. Lynch, B.A. Carreras, D. del-Castillo-Negrete, K.M. Ferreira-Mejias, H.R. Hicks, Numerical methods for the solution of
partial differential equations of fractional order, J. Comput. Phys. 192 (2003) 406-421.
[21] F. Mainardi, M. Raberto, R. Gorenflo, E. Scalas, Fractional calculus and continuous-time finance II: the waiting-time
distribution, Physica A 287 (2000) 468-481.


http://dx.doi.org/10.1063/1.1819524
http://dx.doi.org/10.1063/1.1819524

M. M. Meerschaert et al. | Journal of Computational Physics 211 (2006) 249-261 261

[23] M.M. Meerschaert, D.A. Benson, H.P. Scheffler, B. Bacumer, Stochastic solution of space-time fractional diffusion equations,
Phys. Rev. E 65 (2002) 1103-1106.

[24] M.M. Meerschaert, H.P. Scheffler, Semistable Lévy Motion, Fract. Calc. Appl. Anal. 5 (2002) 27-54.

[25] M.M. Meerschaert, D.A. Benson, H.P. Scheffler, P. Becker-Kern, Governing equations and solutions of anomalous random walk
limits, Phys. Rev. E 66 (2002) 102-105.

[26] M.M. Meerschaert, C. Tadjeran, Finite difference approximations for fractional advection—-dispersion flow equations, J. Comput.
Appl. Math. 172 (2003) 65-77.

[27] M.M. Meerschaert, J. Mortensen, H.P. Scheffler, Vector Griinwald formula for fractional derivatives, Fract. Calc. Appl. Anal. 7
(2004) 61-81.

[28] M.M. Meerschaert, C. Tadjeran, Finite difference approximations for two-sided space-fractional partial differential equations,
Appl. Numer. Math., on-line articles in press.

[29] R. Metzler, J. Klafter, The restaurant at the end of the random walk: recent developments in the description of anomalous
transport by fractional dynamics, J. Phys. A 37 (2004) R161-R208.

[30] K. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley, New York, 1993.

[31] K.B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.

[32] 1. Podlubny, Fractional Differential Equations, Academic Press, New York, 1999.

[33] M. Raberto, E. Scalas, F. Mainardi, Waiting-times and returns in high-frequency financial data: an empirical study, Physica A
314 (2002) 749-755.

[34] R.D. Richtmyer, K.W. Morton, Difference methods for initial-value problems, Krieger, Malabar, FL, 1994.

[35] L. Sabatelli, S. Keating, J. Dudley, P. Richmond, Waiting time distributions in financial markets, Eur. Phys. J. B 27 (2002) 273-
275.

[36] E. Scalas, R. Gorenflo, F. Mainardi, Fractional calculus and continuous-time finance, Physica A 284 (2000) 376-384.

[37] R. Schumer, D.A. Benson, M.M. Meerschaert, S.W. Wheatcraft, Eulerian derivation of the fractional advection—dispersion
equation, J. Contamin. Hydrol. 48 (2001) 69-88.

[38] R. Schumer, D.A. Benson, M.M. Meerschaert, B. Bacumer, Multiscaling fractional advection—dispersion equations and their
solutions, Water Resour. Res. 39 (2003) 1022-1032.

[39] V.K. Tuan, R. Gorenflo, Extrapolation to the limit for numerical fractional differentiation, Z. Angew. Math. Mech. 75 (1995)
646-648.

[40] S. Samko, A. Kilbas, O. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon & Breach, London,
1993.

[41] S.B. Yuste, L. Acedo, An explicit finite difference method and a new von Neumann type stability analysis for fractional diffusion
equations, SIAM J. Numer. Anal. 42 (5) (2005) 1862-1874.

[42] R. Varga, Matrix Iterative Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1962.

W W

0
1



	Finite difference methods for two-dimensional  fractional dispersion equation
	Introduction
	Numerical method
	Consistency and stability
	A numerical example
	Conclusions
	Acknowledgments
	References


