DE GRUYTER

Chapter for Handbook of Fractional Calculus with Applications

Mark Meerschaert* and Hans Peter Scheffler
Continuous time random walks and
space-time fractional differential equations

DOI ..., Received ...; accepted ...

Abstract: The continuous time random walk is a model from statistical physics
that elucidates the physical interpretation of the space-time fractional diffusion
equation. In this model, each step in the random walk is separated by a random
waiting time. The long-time limit of this model is governed by a fractional diffusion
equation. If the step length of the random walk follows a power law, we get a space-
fractional diffusion equation. If the waiting times also follow a power law, we get
a space-time fractional diffusion equation. The index of the power law equals the
order of the fractional derivative. If the waiting times and jumps are dependent
random variables, the governing equation involves coupled space-time fractional
derivatives.
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1 Introduction

The continuous time random walk (CTRW) is a model from statistical physics,
introduced by Montroll and Weiss [35] and developed further by Scher and Lax
[39], Klafter and Silbey [14], and Hilfer and Anton [12]. Start with a random walk
S(n) = Y1 +--- + Y, where the independent and identically distributed (iid) ran-
dom variables {Y,} represents the particle jumps. Now assume a sequence of iid
positive random variables {J,,}, and suppose that the waiting time J,, separates the
n — 1st and the nth jumps. Then T(n) = J; + --- + J, is the time of the nth jump.
The number of jumps by time ¢t > 0 is N(t) = max{n > 0 : T(n) < t}, and the CTRW
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X(t) = S(N(t)) gives the particle location at time ¢ > 0. If the waiting times J,, and
the jumps Y}, are independent, this is called an uncoupled CTRW.

Metzler and Klafter [32, 33] survey a wide variety of CTRW applications in biol-
ogy, geophysics, geomorphology, finance, material science, particle physics, and
turbulence. Berkowitz et al. [6] review CTRW models in hydrology. Scalas [37] re-
views applications of the CTRW model in finance. Sokolov [46] reviews the physi-
cal assumptions behind applications of the CTRW. Zaburdaev, Denisov and Klafter
[50] review the “Lévy walk” model, a strongly coupled CTRW where the step length
is proportional to the waiting time. Metzler et al. [34] review applications of the
CTRW model to single particle tracking. Scher and Montroll [40] apply the CTRW
model to transient photocurrent in amorphous materials. Uchaikin and Sibatov
[48] develop CTRW theory for fractional kinetics in solids. A CTRW model for the
migration of cancer cells was presented in Fedotov and Iomin [9]. Schumer and
Jerolmack [41] develop an interesting CTRW model for sediment deposition in the
geological record. Ganti et al. [10] propose a CTRW model for gravel bed load trans-
port in rivers. Benson and Meerschaert [4] outline a CTRW model for contaminant
transport that segregates the mobile and immobile phases. Schulz et al. [42] apply
the CTRW model to cell movements. Meerschaert et al. [29] propose a CTRW model
for sound transmission in complex media.

2 Uncoupled CTRW

Now suppose that the iid jumps have a probability density function (pdf) f(x), and
the waiting times have a pdf (t). Montroll and Weiss [35] compute the exact pdf
of the uncoupled CTRW using transforms. Using the Fourier transform (FT)

(o0

fk) = E[e'n] = I e f(x) dx (6))
and the Laplace transform (LT)
b(s) = Ele "] = [ e peorat, @

0
we apply a simple conditioning argument. First note that

p(x, t) = P[S(N(t)) = x] = )" P[S(N(t)) = xIN(t) = n]P[N(t) = n]. €)

n=0

If N(t) = n, then S(N(t)) = S(n) is the sum of n iid random variables, so its FT is

E[eik(Y1+---+Yn)] — E[eikY1] . ]E[eiky"] :f(k)n.
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Clearly
t
q0,t) =P[N(t) =0] =P[J1 >t] =1-P[J1 <t] =1- J Y(u) du,
0

and hence §(0, s) = s71(1 —I:D(S)), using the fact that s71g(s) is the LT of fot g(u) du.
More generally, for N(t) = n > 0 we require that T(n) = u < tand J,4+1 > t—u, and
hence

t
a(n, ) = PIN(®) =] = [ 9" (¢ - w) du,
0

where y™* is the n-fold convolution, and ¥Y(t) = P[J,+1 > t]. Taking LT we see
that g(n, s) = P(s)"s 1 (1 —(s)) forall n > 0. Taking FT and LT in (3) leads to the
Montroll-Weiss formula

p(k,s) =

_.8

o0
etkx I e Slp(x, t) dt dx
0

—00

_ 1 1-19(s
= 3 Fhmpes™ - = 3 e 10
n=0 S1-foY(s)
that gives the exact Fourier-Laplace transform (FLT) for the pdf of the uncoupled
CTRW.
Rewrite (4) in the form

8

(4)

bk, s) = fOP(s)p(k, s) + —( -P(s)),

invert the FT, and then invert the LT to obtain the master equation from Klafter
and Silbey [14]:

t 00 00
px, b) = j Wt - u) j fx - )P, w) dy du + 6(x) j P(u) du. 5)
0 00 t

Ify(t) = AeMfort > 0, then l];(s) = A/(A+s), and the Montroll-Weiss equation

reduces to

pk,s) = %
s+ A1 - f(k))

Inverting the LT yields X
Pk, t) = e MO0,

which is the well-known formula for the compound Poisson pdf with jump pdf f(x)
(e.g., see [28, Example 3.3]). The compound Poisson is a special case of the CTRW
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with exponential waiting times. Because the exponential distribution has no mem-
ory, this CTRW is a Markov process: Once the value X(t) = S(N(t)) is known, the
pdf of X(t + s) has no further dependence on the past history of X(u) for 0 < u < t.
In fact, it is even a Lévy process: The pdf of X(s) is the same as that of X(t+s)— X(t)
(stationary increments), and the random variables X(t) and X(t +s) - X(t) are inde-
pendent (independent increments). However, a CTRW without exponential wait-
ing times is not a Lévy process, or even a Markov process. The influence of the
memory can be seen in the master equation (5).

Next we give a heuristic explanation of the connection between CTRW and
fractional calculus (e.g., see Scalas, Gorenflo and Mainardi [38]). Suppose that
P[X, > x] = Ax * forsome A > 0 and some 1 < a < 2. Then y = E[X,] exists,
and we can take Y, = X, — u. Suppose also that P[], > t] = Bt P for some B > 0
and some 0 < B < 1. A calculation [28, Proposition 1.7] shows that flk) =1+
D(-ik)* + O(k?) where D = AI'(2 — a)/(a — 1). A similar calculation [28, Theorem
3.37] shows that )(s) = 1 — s? + O(s) when B = 1/I'(1 — ). Now in order to
obtain a limit pdf, replace Y, by c-*/2Y¥, and J,, by c_/£J,,. Then the particle jumps
have FT f(c1/%k) = 1 + Dc™(-ik)* + O(c"2/*k?) and the waiting times have LT
P(cYBs) =1 - c1sP + 0(c"/Fs). Plug into the Montroll-Weiss formula, multiply
by ¢ on top and bottom, and let ¢ — co to get the CTRW scaling limit

i} 1 ctsB+0(cPBs
pelks) = 3 (€ ~s)

c s — Dc1(=ik)* +---
sh-1

- m = Pool(k, 5). (6)

Rewrite as sPpo(k, s) = D(-ik)%Po(k, s) + sP~1, and invert the FT and LT to get
the space-time fractional diffusion equation

O Poo, D) = DIPeolx, ) + 6<x>mt—_ﬁ) @)
that governs the pdf of the long-time CTRW scaling limit in terms of Riemann-
Liouville fractional derivatives. Here we use the fact that af g(t) has LT sP3(s),
0%f(x) has FT (—ik)“f(k), and t#/I(1 - B) has LT s#-1 [28, Example 2.9]. This sta-
tistical physics argument illustrates how the fractional derivative in space codes
long particle jumps, and the fractional derivative in time represents long waiting
times. The argument is not completely rigorous because the LT inversion requires

more assumptions, e.g., see the proof of [26, Theorem 3.1].

Remark 2.1. Mainardi [18] computes a solution to the time fractional diffusion
equation (7) with a = 2 using Wright functions. Mainardi and Gorenflo [19] solve
time-fractional differential equations using the Mittag-Leffler function. Hilfer and
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Anton [12] and Mainardi, Luchko and Pagnini [20] use Mittag-Leffler functions to
solve the general equation (7). The Mittag-Leffler function also has a special role
in CTRW modeling: Mainardi, Gorenflo and Scalas[21] note that for Mittag-Leffler
waiting times P[], > t] = EB(—Atﬁ ), the time process is already in its asymptotic
form, see also Meerschaert, Nane, and Vellaisamy [27].

Another way to derive the CTRW scaling limit uses the extended central limit the-
orem. Since T(n) has LT

]E[e*ST(")] — E[efs(]1+---+],,)] — E[e*Sh] . ]E[e’sf"] _ lZ’(S)n (8)
the rescaled sum ¢~ /AT([ct]) has LT

E[es¢ PTUeD] = y(sc1/B)let]
5 [ct]
_ (1 ~ S? N O(C1)> N e—tsﬂ (9)

as ¢ — oo, using the fact that (1+a/c+0(1/c))¢ — e?. Thelimitis the LT of a stable
Lévy process D(t) with index 8, and the continuity theorem for the LT implies that
cYBT([ct]) = D(t) in distribution. A similar argument [28, Section 1.2] shows
that c1/2S([ct]) = A(t), an a-stable Lévy process with E[e!k4()] = exp(Dt(-ik)%).

Since the renewal process N(t) is the inverse of the random walk T(n), it has
an inverse limit [24, Theorem 3.2]: Observe that {N(t) > u} = {T(Ju]) < t}, where
[u] is the smallest integer n > u. Define the inverse time process E(t) = inf{u > 0 :
D(u) > t}, and note that {E(t) < u} = {D(u) > t}. Then

PlcPN(ct) < u] = P[N(ct) < cPu)
= P[T([cPul) = ct]
=Plc ' T([cPu)) = 1]
=P[(cP)y"VBT([cPul) > t] - P[D(u) > t] = P[E(t) < u]

so that c PN(ct) = E(t). Then an argument [24, Theorem 4.2] using the continu-
ous mapping theorem (e.g., see Billingsley [8] or Whitt [49] shows that

cPlas(N(ct)) = (cP)12S(cP cPN(ct)) = (cP)"1/2S(cP E(t)) = A(E(t)).

Remark 2.2. Technically, the continuous mapping argument in [24, Theorem 4.2]
requires process convergence: Not only does c~1/25([ct]) = A(t) forasingle t > 0,
but also

(€ MS([ct1]), ... VS ((ct)) = (Altr), - . ., Altn))

forany O < t; < --- < t, as random vectors. This is called convergence of finite
dimensional distributions. To extend to all ¢ > O, one considers {A(t) : t > O}as a
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random element of the space of right-continuous functions from [0, co) to the real
line. Then [24, Theorem 4.1] establishes the convergence c¢~/%S([ct]) = A(t) for
all t > 0 in the Skorokhod J; topology on that space of functions. In this setting,
[24, Theorem 4.2] establishes CTRW process convergence in the Skorokhod M;
topology. Straka and Henry [47, Theorem 3.6] establish CTRW process convergence
in the stronger J; topology. For more details, see [28, Chapter 4].

The pdf g(t,u) of t = D(u) has LT g(s,u) = eus’ by (9), and it follows easily
that D(u) has the same pdf as u'/#D(1). Hence g(t, u) = u/Agg(u='/Bt) where
gp(t) = g(t, 1) is the density of D(1). Then

P[E(t) < u] = P[D(u) > t]

tu~/p
—PLMADA) > f] = P[D(1) > tu VB = 1 - J gswydu.  (10)
0
Differentiate (10) to see that u = E(t) has density
h(u, t) = l%u‘l‘l/ﬁgp(tu‘l/ﬁ). (1)

Next we compute the LT of this pdf. Since
PE(t) <u] =P[D(u) > t] = Jg(w, u) dw
t

the inner process E(t) has density

t
d d
h(u,t) = %]P[E(t) <ul= T |:1 - Jg(w, u) dwl
0
with LT
_ d 1, _ d 1 —ush _ B-1,-usP

h(u,s)——a[s g(s,u)]——a[s e ]—s e

using the fact that integration corresponds to multiplication by s~ in LT space.

Now a simple conditioning argument, similar to (3), shows that the CTRW
limit A(E(t)) has pdf

Poo(X, t) = J g6, Wh(u, t)du =~ ) P(A(u) = x|E(t) = w)P(E(t) = u),
0 u
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where g(x, u) is the pdf of x = A(u). Since g(k, u) = ePt-% the CTRW limit
density has FLT

o0

5 (k Du(-ik)* -1 p-us? g P

,s)=| e sPle Us ————
Poo(ks s) J b
which agrees with (6). Hence the CTRW limit pdf po,(x, t) solves the space-time
fractional diffusion equation (7), see Becker-Kern et al. [3, Example 5.1] for more
details. This probabilistic argument provides a rigorous connection between the
CTRW and the space-time fractional diffusion equation, as well as a stochastic
model for the long-time CTRW limit. The method extends naturally to vector par-
ticle jumps, see [28, Chapter 6].

Remark 2.3. Since the CTRW scaling limit X(t) = A(E(t)) is not a Markov process,
its transition density p(x, t) does not completely characterize the process. Meer-
schaert and Straka [30, 31] develop a method for computing the joint pdf of X(¢)
at multiple times. This method is based on a semi-Markov representation of the
CTRW limit, where the memory is explicitly included, see also Germano et al.[11].
Kriisemann, Schwarz and Metzler [17] demonstrate how the non-Markovian na-
ture (ageing, or memory) can be observed in Scher-Montroll experiments on tran-
sient photocurrent in amorphous materials. Barkai and Cheng [2] develop a theory
of ageing CTRW.

Remark 2.4. A closely related model called the continuous time random maxi-
mum (CTRM) describes the biggest jump, rather than the sum. Using the same
setup as before, let M(n) = max(Yq, ..., Y,) and consider the CTRM M(N(t)) that
describes the biggest jump by time t > 0. Letting F(x) = f_xoo f(y) dy denote the
cumulative distribution function (cdf) of the jumps, note that

PM(n) <x]=P[Y; <x,...,Y, <x] =P[YV; <x]---P[Y, <x] = Fx)"

and argue in exactly the same way as before that the CTRM has cdf
P(x, t) = PIM(N(1)) < x] = ) P[M(N(t)) < x|N(t) = n]P[N(t) =n]  (12)
n=0
with LT
1 1-9Gs)
S 1-FOOP(s)

If P[Y,, > x] = Dx% for some a > 0, then ¢~ /2M([ct]) has cdf

P(x,s) = ) FO)"(s)"s (1 - (s)) = (13)
n=0

- [ct]
F[ct](cl/ax) _ (1 _ Dt a) N e—Dtx*"‘
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as ¢ — oo. It follows that c"Y*M([ct]) = Z(t), a max-stable process with cdf
G(x,t) = e for all x > 0. Then ¢ B/*M(N(ct)) = Z(E(t)) as ¢ — oo. The
CTRM limit has cdf

Poy(x, £) = J G(x, u)h(u, ) du
0

with LT
sh-1

o0
P (x,s) = I e D gp-1p-ush gy 2
oo(X; 5) ] sP + Dx—«

for all s > 0. Rewrite as sPP,(x, s) = ~-Dx P (x, s) + s~ and invert the LT to
see that the cdf of the CTRW limit solves the time-fractional ordinary differential
equation

_r
Ia-p

See Benson et al. [5] for more details, and an application to rainfall data.

PP (x, 1) = ~Dx*Poy (x, 1) + B(X) (14)

3 Coupled CTRW

In Section 2, we considered the uncoupled CTRW, where the waiting times are
independent of the particle jumps. Now we consider the more general coupled
CTRW, where the length of the particle jump can depend on the waiting time. This
model extension is useful to bound particle velocity, the ratio of jump length over
waiting time. Let (Y3, J;) be iid with (Y, J) on RxIR,, where Y; models the i-th jump
of a walker and J; is the waiting time before or after the i-th jump. Set

Tn)=J1+--+J, and S(n)=Yy+---+Yy,,
so that (S(n), T(n)) is a space-time random walk on R x IR,. Let
N(t) =max{n>0:T(n) < t} (15)

denote the number of jumps by time ¢ > 0. For t > 0 we define the continuous
time random walk (CTRW)

S(INt)=Y1+---+ YN([) (16)
and the overshooting continuous time random walk (OCTRW)

SINO)+1)=Y1 4+ + YN + YN+ 17)
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which involves one additional jump. Observe that the CTRW corresponds to the
“first wait, then jump” scenario, whereas the OCTRW corresponds to the “first
jump, then wait” picture. That is, in the CTRW we begin with a waiting time, then
jump, then repeat. In the OCTRW we begin with a jump, then wait, then repeat.
See Figures 1 and 2 for an illustration.

Since Y; and J; can be dependent, S(n) and N(t) can be dependent, which
makes the analysis of the long-time limiting behavior of the coupled CTRW process
in (16) and the coupled OCTRW process in (17) more involved than the uncoupled
case. Hence the analysis of the limit process and the governing equation is more
delicate than the special case discussed in Section 2.

In order to prove limit theorems for these processes, we need to make an as-
sumption on the joint distribution of Y and J, i.e., the distribution of the random
vector (Y, J). In order to make this exposition as simple as possible, we assume
that for some 0 < a < 2 and 0 < 8 < 1 we have

(n~Y%s(n), n"Y# T(n)) = (A, D) (18)

asn — oo, where A and D are nondegenerate. It follows from (18) by projecting on
either coordinate that A has a strictly a-stable distribution and D has a f-stable
distribution. It follows [3, Eq. (2.18)] that for any ¢ > O we have

(c7YeS(ct), cMPT(ct)) = (A(t), D(t)) (19)

as ¢ — 0o, where {(A(t), D(t))}¢»0 is a Lévy process on R x R, with (A(1), D(1)) =
(A, D). Observe again, that A(t) and D(t) can and in general will be dependent.

The characteristic function of (A(u), D(u)) for u > 0 is characterized by a vari-
ant of the well known Lévy-Khinchine formula. Namely, in the present case, under
assumption (18), we have that [3, Lemma 2.1]

]E[e*SD(“)“'kA(“)] = exp(-uy(k, s)), (20)

for all (k, s) € R x R, where the symbol is given by

_ ik -st , _1kx
Yk, s) = iak + I (1-e™et+ T +X2)¢(dx, dt) (21)

RxR,\{(0,0)}

for some a € R. The so-called Lévy measure ¢(dx, dt) is finite outside every neigh-
borhood of the origin and satisfies

(x? + t) p(dx, dt) < co.
0<x2+t<1

Let ¢4(dx) = ¢(dx, R;) denote the Lévy measure of the Lévy process {A(u)}uso-
By setting s = 0 in (21) we have

]E[eikA(H)] = e Wa(l)
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Y

J1 I> JER Is t

Y, —_—

Ys

Fig. 1: The CTRW model (16). Each random waiting time J; is followed by a random jump Y;. In
the coupled CTRW, the pdf of the particle jump Y; can depend on the previous waiting time J;.

X A
P
L Y3 R
g i 1
0 T T T T T >
J1 I VERRR Js : t
1Y, I
t Y5

Fig. 2: The OCTRW model (17). Each random waiting time /; follows a random jump Y;. In the
coupled OCTRW, the pdf of the waiting time /; can depend on the previous particle jump Y;.
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where )
ikx

1+ x2

Yalk) = iak + J (1-e ik 4 ) ba(dx) 22)
R\{0}

is the symbol of A = A(1).

Moreover, let ¢p(dt) = @(R, dt) denote the Lévy measure of the Lévy process

{D(u)}yso. If we let k = 0 in (21) we get
]E[e‘SD(”)] = e~ u¥n(s)

where
o0

Yo(s) = [ (1-e") gotav) (23)
0
is the Laplace symbol of {D(u)},»0. Since D is B-stable it is well known that i p(s) =
csP for some constant ¢ > 0. Furthermore, observe 3, Corollary 2.3] that A and D
and hence the Lévy processes {A(u)},>0 and {D(u)},>o are independent, so that
the CTRW is uncoupled, if and only if

¢(dx, dt) = bo(dx)¢p(dt) + Ppa(dx)bo(dt) (24)

where 6y denotes the point mass at zero.

Note that {D(u)},»0 is a -stable subordinator and hence the sample paths of
D(u) are cadlag, strictly increasing and D(u) — oo as u — oo. Define the first
passage time process by

E(t) =inf{lu >0 : D(u) > t} (25)

fort > 0.

Finally observe that the symbol ¥ (k, s) in (21) induces a pseudo-differential
operator P (idy, d;) which for suitable functions f : R x R, — R has the represen-
tation

Y(iox, 0p)f(x, t) = —aoxf(x, t)
- J (H(t - wf(x -y, t—u) - flx, t) +

RxR4

yOxf(x, t)
e 2

)P dn) @6
where H(t) = I(t > 0) denotes the Heaviside step function. In fact, if we denote by
LL(R x R,) the Banach space of measurable functions for which the norm

1Al = I e~9UIf(t, x)| dx dt
RxR;

exists, then (26) is valid for all functions in Li,(]R x R,) whose weak first and sec-
ond order spatial derivatives as well as weak first order time derivatives belong to
LL(R x R,), see Baeumer et al. [1, Theorem 3.2].
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4 Limit theorems and governing equations

In this section we derive the long-time scaling limit of the coupled CTRW and
OCTRW processes. Moreover, the governing pseudo-differential equations for the
densities of the limit processes are obtained. Recall the definition of the first pas-
sage time from (25) above. The following result is from Jurlewicz et al. [13, Theorem
3.1].

Theorem 4.1. Suppose that (Y;, J;) are iid random vectors on R x R, such that (18)
holds.
(a) Forthe CTRW in (16) we have for any t > O that

cPlaS(N(ct)) = A(E(t)-) (27)

as ¢ — oo.
(b) For the OCTRW in (17) we have for any t > O that

cPI2S(N(ct) + 1) = A(E(D) (28)
as ¢ — oo.
Sketch of the proof. By projecting on the second coordinate in (19) we see that
cVBT(ct) = D(t) asc — oo.
Using (15) and (25) this implies that
C_BN(Ct) = E(t) asc — oo.
In fact, we even get from (19) that
(cPl*s(cPe), cPN(ct)) = (A(t), E(t))
as ¢ — oco. Now write for the CTRW
cPlas(N(ct)) = cPIeS(cP P N(ct))

and use the continuity of the composition mapping to see that (27) holds true. The
proof of (28) is similar, using a result from Silvestrov [44] on randomly stopped
processes. O

Example 4.2. Figure 3 illustrates the difference between CTRW limit process
A(E(t)-) and the OCTRW limit process A(E(t)) in the special case where A(u) =
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€= — = —————

.

Fig. 3: Illustration of the difference between the CTRW limit process A(E(t)-) and the OCTRW
limit process A(E(t)) in the special case where A(u) = D(u).

D(u). This occurs when the jumps equal the waiting times, i.e., ¥,, = J, for all
n, see Example 5.2 for more details. At u = E(t), since D(u-) < D(u) at a jump,
we also have D(E(t)-) < D(E(t)). In fact D(E(t)-) is the value of the subordinator
A = D just before the jump, and D(E(t)) is the value of the subordinator after the
jump. Since D(E(t)-) < t and D(E(t)) > t with probability one for any ¢ > 0 (e.g.,
see Bertoin [7, III, Theorem 4]), the situation in Figure 3 is typical.

Recall that a stochastic process {X(t)}¢o is called self-similar with index H if for
any scale ¢ > 0 we have X(ct) 4 cX(t) for all t > 0, where d denotes equality in
distribution.

Corollary 4.3. [13, Corollary 3.3] The limit processes A(E(t)-) and A(E(t)) in The-
orem 4.1 are both self-similar with index /a.

Proof. This follows easily since the scaling factor in both (27) and (28) is c#/%. O

We now present the governing pseudo-differential equations of the CTRW limit
process A(E(t)-) and the OCTRW limit process A(E(t)) obtained in Theorem 4.1.
We show that the governing equations of the CTRW and OCTRW only differ in their
initial/boundary conditions. While this may seem like a minor difference, the re-
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sult can be quite dramatic, as we shall see in the examples in Section 5. Recall
the representation of the pseudo-differential operator 1(idy, 9;) from (26). Also
observe that for t > 0 the set R x (¢, co) is bounded away from (0, 0) and hence
¢(dx, (t, 00)) is a finite measure.

Theorem 4.4. [13, Theorem 4.1]
(@) The density c(x, t) of the CTRW limit A(E(t)-) is a solution to the governing

equation
P(i0x, 0)c(x, t) = 8o(dx)¢p(t, 00). (29)
(b) The density a(x, t) of the OCTRW limit A(E(t)) is a solution to the governing
equation
lp(iaXs at)a(X’ t) = ¢(dx, (ts 00))- (30)

Remark 4.5. In the uncoupled case, where A and D are independent we get using
(24) that

¢(dX, (t) OO)) = 60(dX)¢D (t) 00)
so that in the uncoupled case the CTRW limit A(E(t)-) and the OCTRW limit
A(E(t)) are identical.

Remark 4.6. The densities in (29) and (30) are the point source solutions to those
equations, that is c(x, 0) = §o(x) and a(x, 0) = 6(x). If one has a (smooth) initial
condition p(y) the CTRW and OCTRW governing equations read

P(iox, 0r)c(x, t) = p(X)p(t, 00)
and

P(idx, da(x, t) = j pix— Y)b(dy, (¢, o)),

respectively.

Solving the governing equations (29) and (30) for the CTRW and OCTRW limit pro-
cesses relies heavily on Fourier-Laplace transform (FLT) techniques. Let {X(t)}¢0
be a stochastic process and let m(x, t) denote the density of X(t). Then the FLT of
m(x, t) is defined as

m(k,s) =

o—3

J ete=Stm(x, t) dx dt (31)
R

for k € Rand s > 0. The following result gives the FLT of the densities of the
CTRW and OCTRW limit. Recall the definition of the symbols of the Lévy processes
{(A(®), D)} t=0, {A(B)}t=0 and {D(t)}¢=0 from (21), (22) and (23) above.
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Theorem 4.7. [13, Proposition 4.2]
(a) The density c(x, t) of the CTRW limit A(E(t)-) has FLT

_ _ 1 Yp(s)
¢k, s) = Sk, s) (32)
fork e R, s > 0.
(b) The density a(x, t) of the OCTRW limit A(E(t)) has FLT
El(k, S) — 1 l/J(ks S) - l/JA(k) (33)

s Y(k, s)
fork e R,s > 0.

5 Examples

In this section we will present several concrete examples of coupled CTRW and
OCTRW limits, and solve the corresponding governing equations. In the coupled
case, these equations involve coupled space-time fractional derivative operators.

Example 5.1. (uncoupled case)

Here we revisit the uncoupled case from Section 2, to show how the same results
follow from the more general coupled CTRW limit theory. If Y, and ], are inde-
pendent, then so are A(t) and D(t). Then the FL-symbolis (k, s) = Y4 (k) +Yp(s)
and in view of Remark 4.5 we have ¢ (dx, (t, 00)) = 8o(dx)¢pp(t, 0o). Suppose that
the stable Lévy motion {A(t)}o is totally positively skewed with Fourier-symbol
Ya(k) = —=b(-ik)* for some O < a < 2, a #+ 0. Suppose further the {D(t)}»0 is a
standard S-stable subordinator with Laplace-symbol

Yo(s) =5 = [ (1= e g(dw). (34)
0
Then in view of [23, Theorem 7.3.7] we have
tB
¢p(t, 00) = Ta-p) (35)

Since in the uncoupled case the CTRW limit A(E(t)—) and the OCTRW limit A(E(t))
are identical, the governing equations (29) and (30) read

Fer(x, ) = b1 (x, ) + 50(’()1“(%—13)

(36)
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where b < 0if0 <a <1and b > 0for 1 < a < 2. The -stable random variable D
has a smooth density gg(u) supported on u > 0 and the stable Lévy-motion A(t)
has a smooth density p(x, t). It follows from a simple conditioning argument, as
in Section 2, that A(E(t)) = A(E(t)-) has the density
ex6,) = | p0r, 119 )gpts) ds = 5 [ plo wgp(eu i, 1)
0 0

that solves the governing equation (36). See [22, 24] for details. Equation (36) is
called space-time fractional diffusion equation. Figure 4 plots the solution for
a = 2, so that A(t) is a traditional Brownian motion, and (36) reduces to the time-
fractional diffusion equation. The plot compares the case of heavy tailed waiting
times 8 = 0.6 with the case of light tailed waiting times = 1. In the light tailed
case, (36) reduces to the traditional diffusion equation. The introduction of a time-
fractional derivative produces a sharper peak at the origin, and heavier tails. Both
are the consequence of long waiting times between jumps. The plot was drawn
in the open source programming language R [36] using the stabledist package.
Codes for all the figures in this paper are available from the authors upon request.

The remaining examples are coupled. Suppose that J,, are iid with D, a standard
B-stable random variable with Laplace symbol (34) and Lévy measure (35). For
any probability measure w on R and any p > /2, suppose that the conditional
distribution of Y, given J, = tis w(t"Pdx). Then [3, Theorem 2.2] shows that (18)
holds, and that the Lévy measure of (4, D) is given by

$(dx, dt) = (" w)(dy)¢pp(db). (38)

In this case, A is stable with index a = /p.

Example 5.2. (Lévy walk)

Suppose that Y, = J,, as in Kotulski [16]. Take J, iid with D, a standard B-stable
random variable. From (38) with p = 1 and w = &; (the point mass in one) we see
that the Lévy measure of (4, D) is given by

¢(dy, dt) = (dy)pp(dt) (39)

which is concentrated on the line y = t. It follows that 4(k) = Yp(-ik) and
Y(k,s)=(s- ik)P. Since A = D, the joint distribution of (A(s), D(s)) is given by

Pa(s),n(s))(dx, dt) = £:(dx)Pps)(dt).
Theorem 4.7 shows that the CTRW limit A(E(t)-) = D(E(t)-) in (27) has FLT

_ _1ypts) P
TR A “o
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0.5

0.4

solution
0.3

0.2

0.1

0.0
|

Fig. 4: Solution ¢4 (x, t) to the uncoupled OCTRW limit equation (37) with t = 1.0, a = 2, and
b = 1inthe case B = 0.6 (solid line), compared with the solution to (37) with t = 1.0, a = 2,
and b = 1in the traditional diffusion case B = 1 (dashed line). In the uncoupled case, the CTRW

and OCTRW are governed by the same equation.

As in [3, Example 5.4] one can invert the FLT in (40) to get

B-1(t _ x) B
cz(x,t)zw O<x<t.

Ir'BIra-p)

It solves the coupled governing equation (29) which can be written as

(0¢ + ax)BCZ(X’ )= 50(X)[‘(;—_ﬁ)

It follows from (33) that the OCTRW limit A(E(t)) = D(E(t)) in (28) has FLT

1ip(k,s) —palk) _1(s- ik)P — (-ik)P
s Y(k, s) T s (s — ik)B

az(k’ S) =

(41)

(42)

(43)
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Inverting the FLT as in [3, Example 5.4] yields that

x1 t \8
aZ(X’t)_F(ﬁ)F(l—ﬁ)(x—t) x>t (44)
is the density of the OCTRW limit D(E(t)). It solves the governing equation
1 o0
d¢ +0,)Pa x,t:7J5 x - wpuPtdu 45
(0¢ + 0x)" az(x, t) Ta-p o B (45)

t

Both governing equations (42) and (45) involve the fractional material derivative
(0t + 0x)P considered by Sokolov and Metzler [45].

2.5

2.0

solution

1.0

0.5

0.0

Fig. 5: Solution a,(x, t) to the coupled OCTRW limit equation (45) at t = 1.0 in the case B = 0.45

(solid line), compared with the solution c;(x, t) to the coupled CTRW limit equation (42) with
t=1.0and B = 0.45 (dashed line).

Figure 5 compares the CTRW and OCTRW limit pdf in the case where both the
waiting times and the jumps are heavy tailed with f = 0.45. Note the striking dif-
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ference between the CTRW and OCTRW limit pdf. The CTRW limit density ¢, (x, t)
in (41) is supported on O < x < t and has moments of all orders. The OCTRW limit
a»(x, t) in (44) falls of like x~1-F as x — oo and hence its moments of order > B di-
verge. Recall that in this model both the jumps and the waiting times are positive
random variables.

The coupled CTRW S(N(t)) lies between 0 and ¢ because the jumps and the
waiting times are equal, but at any time ¢ > O that is not a jump time T(n), the
particle has experienced a portion of the waiting time /.1, but not the jump Y,,1.
The coupled OCTRW S(N(t)+1) lies between t and co because at any time t > O that
is not a jump time T(n), the particle has already experienced the jump Y,.1, but
only a portion of the waiting time 1. Hence the limit CTRW pdf is concentrated
on 0 < x < t, and the limit OCTRW pdf is supported on x > t.

It may seem strange that the difference of a single jump can have such a pro-
found effect on the limit pdf. However, in the case of heavy tails, we explained in
Example 2.4 that c Ve M([ct]) = Z(t), where M(n) = max(Y3, ..., ¥Y,). Since we
also have c"1/%S([ct]) = A(t), the largest jump is the same order of magnitude
as the entire sum. Hence a single jump Y; can be comparable to the entire sum of
jumps S(n), and likewise for the waiting times.

Example 5.3. (Gaussian mixture)
Suppose that D is a f-stable random variable with E(e™sP) = e~ and the con-
ditional distribution of Y given D = t is normal with mean zero and variance 2¢,
as in Shlesinger, Klafter, and Wong [43]. Then Y is symmetric stable with index
a = 2p, since

E[e'Y] = E[e P¥] = e

using the fact that a normal with mean zero and variance 2t has FT et If we
take (Y, Jn) iid with (Y, J) then (18) holds and it follows from (38) that the Lévy
measure of (4, D) is given by

¢(dx, dt) = No,»¢(dx)¢p(dt)

where Ny »; is a normal distribution with mean zero and variance 2¢. Then the
Lévy symbol of (A, D) equals

Pk, s) = (s + k2P, (46)

By (32) the CTRW limit A(E(t)-) has FLT

. sh-1
C3((, S) = m. (47)
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Inverting the FLT [3, Example 5.2] shows that the CTRW limit has the density

t
1 x?
c x,t:I exp(——)cy(u, t)du 48
3()OWP(4M)2() (48)
with ¢, (u, t) as in (41). This density solves the governing equation
(0t - 02)Pes(x, ) = 6 (x)i (49)
t 3% EAGT) =00 F(l _ﬁ) .

By (33) the OCTRW limit A(E(t)) has FLT

(s + k)P — |kI*P

as(k, s) = Gl (50)
and has the density [13, Example 5.3]
o0
az(x, t) = I Lexp(—x—z)a (u, t)du (51)
3, J \/m 4u 2 ’
with a; (u, t) as in (44). In view of (30) it solves the governing equation
1 71 X2

d¢ - 02)fa x,tzij—ex ~Z)BuFtdu 52
(0t — 0y az(x, t) Ta-p ) Vi p( 4u)B (52)

t

Figure 6 plots the pdf of the OCTRW limit and the CTRW limit in the case § =
0.8 at time t = 1. The difference is striking. The CTRW limit pdf has a sharp peak,
and a much lighter tail than the OCTRW limit pdf. See Meerschaert and Scalas [25]
for an application to finance.

Acknowledgment: Mark M. Meerschaert was partially supported by ARO MURI
grant W911NF-15-1-0562 and USA National Science Foundation grants DMS-1462156
and EAR-1344280.

References

[1] B.Baeumer, M.M. Meerschaert and J. Mortensen (2005) Space-time fractional
derivative operators. Proc. Amer. Math. Soc. 133, 2273-2282.

[2] E. Barkai and Y.-C. Cheng (2003) Aging Continuous Time Random Walks. J.
Chem Phys. 118, 6167.



DE GRUYTER REFERENCES =— 21

0.15 0.20 0.25
| | |

solution

0.05
|

0.00
|

Fig. 6: Solution as(x, t) to the coupled OCTRW limit equation (52) with t = 1.0 and 8 = 0.8
(solid line), and solution c3(x, t) to the corresponding CTRW limit equation (49) with t = 1.0
and B = 0.8 (dashed line).

[3] P. Becker-Kern, M.M. Meerschaert and H.P. Scheffler (2004). Limit theorems
for coupled continuous-time random walks. Ann. Probab. 32, 730—-756.

[4] D.A.Benson and M.M. Meerschaert (2009) A simple and efficient random walk
solution of multi-rate mobile/immobile mass transport equations. Adv. Water
Resour. 32, 532-539.

[5] D.A. Benson, R. Schumer, and M.M. Meerschaert (2007) Extreme events with
power law interarrivals. Geophys. Res. Lett. 34, 1.16404.

[6] B.Berkowitz, A. Cortis, , M. Dentz and H. Scher (2006) Modeling non-Fickian
transport in geological formations as a continuous time random walk. Rev. Geo-
phys. 44, RG2003.

[7] J. Bertoin (1996) Lévy processes. Cambridge University Press.

[8] P.Billingsley (1986) Probability and measure. Second Ed., Wiley Series in Prob-
ability and Mathematical Statistics, John Wiley & Sons Inc., New York.



22 —— REFERENCES DE GRUYTER

[9] S. Fedotov and A. Iomin (2007) Migration and proliferation dichotomy in
tumor-cell invasion. Phys. Rev. Lett. 98, 118101.

[10] V.Ganti, M. M. Meerschaert, E. Foufoula-Georgiou, E. Viparelli, and G. Parker
(2010) Normal and anomalous dispersion of gravel tracer particles in rivers. J.
Geophys. Res. 115, FOOA12.

[11] G.Germano, M. Politi, E. Scalas and R. L. Schilling (2009) Stochastic calculus
for uncoupled continuous-time random walks, Phys. Rev. E 79, 066102.

[12] R. Hilfer and L. Anton (1995) Fractional master equations and fractal time
random walks. Phys. Rev. E 51, R848—-R851.

[13] A. Jurlewicz, P. Kern, M.M.Meerschaert and H.P.Scheffler (2012) Fractional
governing equations for coupled random walks. Comput. Math. Appl. 64, 3021-
3036.

[14] ].Klafter and R. Silbey (1980) Derivation of the continuous-time random-walk
equation, Phys. Rev. Lett. 44, 55-58.

[15] J. Klafter, A. Blumen and M.F. Shlesinger (1987) Stochastic pathways to
anomalous diffusion, Phys. Rev. A 35, 3081-3085.

[16] M. Kotulski (1995). Asymptotic distributions of the continuous time random
walks: a probabilistic approach. J. Stat.Phys. 81, 777-792.

[17] H. Kriisemann, R. Schwarz and R. Metzler (2016) Ageing Scher—Montroll
Transport. Transp. Porous Med. 115, 327-344.

[18] F. Mainardi (1996) The fundamental solutions for the fractional diffusion-
wave equation. Appl. Math. Lett. 9(6), 23-28.

[19] F. Mainardi and R. Gorenflo (2000) On Mittag-Leffler-type functions in frac-
tional evolution processes. J. Comput. Appl. Math. 118, 283-299.

[20] F. Mainardi, Yu. Luchko and G. Pagnini (2001) The fundamental solution of
the spacetime fractional diffusion equation. Fract. Calc. Appl. Anal. 4(2), 153—
192.

[21] F. Mainardi, R. Gorenflo, E. Scalas. A fractional generalization of the Poisson
processes. Vietnam Journ. Math. 32 (2004), 53-64.

[22] M.M. Meerschaert and B. Baeumer (2001) Stochastic solutions for fractional
Cauchy problems. Fract. Calc. Appl. Anal. 4, 481-500.

[23] M.M. Meerschaert and H.P. Scheffler (2001) Limit Theorems for Sums of Inde-
pendent Random Vectors. Wiley, New York.

[24] M.M. Meerschaert and H.P. Scheffler (2004) Limit theorems for continuous
time random walks with inifinite mean waiting times. J. Appl. Probab. 41, 623—
638.

[25] M. M. Meerschaert and E. Scalas (2006) Coupled continuous time random
walks in finance. Physica A 370, 114-118.

[26] M. M. Meerschaert and H.-P. Scheffler (2008) Triangular array limits for con-
tinuous time random walks. Stochastic Process. Appl. 118, 1606-1633.



DE GRUYTER REFERENCES — 23

[27] M.M. Meerschaert, E. Nane, and P. Vellaisamy (2011) The fractional Poisson
process and the inverse stable subordinator. Elect. J. Probab. 16, 1600-1620.
[28] M. M. Meerschaert and A. Sikorskii (2012) Stochastic Models for Fractional

Calculus. De Gruyter, Berlin.

[29] M.M. Meerschaert, P. Straka, Y. Zhou, and R.J. McGough (2012) Stochastic so-
lution to a time-fractional attenuated wave equation. Nonlinear Dynamics 70,
1273-1281.

[30] M.M. Meerschaert and P. Straka (2012) Fractional dynamics at multiple times.
J. Statist. Phys. 149, 878—886.

[31] M.M. Meerschaert and P. Straka (2014) Semi-Markov approach to continuous
time random walk limit processes. Ann. Probab. 42, 1699-1723.

[32] R.Metzler and J. Klafter (2000) The random walk’s guide to anomalous diffu-
sion: A fractional dynamics approach. Phys. Rep. 339, 1-77.

[33] R.Metzler and J. Klafter (2004) The restaurant at the end of the random walk:
recent developments in the description of anomalous transport by fractional
dynamics. J. Physics A 37, R161—R208.

[34] R.Metzler, J.H. Yeon, A.G. Cherstvy and E. Barkai (2014) Anomalous diffusion
models and their properties: non-stationarity, non-ergodicity, and ageing at
the centenary of single particle tracking. Phys. Chem. Chem. Phys.16(44), 24128-
24164,

[35] E.W. Montroll and G.H. Weiss (1965) Random walks on lattices. II. J. Math.
Phys. 6, 167-181.

[36] R Core Team (2017). R: A language and environment for statistical computing.
R Foundation for Statistical Computing, Vienna, Austria. www.R-project.org

[37] E. Scalas (2006) Five years of continuous-time random walks in econo-
physics. The complex Networks of Economic Interactions. Lecture Notes in Eco-
nomics and Mathematical Systems 567, Springer, Berlin, 3-16.

[38] E. Scalas, R. Gorenflo and F. Mainardi (2004) Uncoupled continuous-time
random walks: solution and limiting behavior of the master equation. Phys Rev
E 69, 011107.

[39] H. Scher and M. Lax (1973) Stochastic transport in a disordered solid. I. The-
ory. Phys. Rev. B7, 4491-4502.

[40] H. Scher and E. Montroll (1975) Anomalous transit-time dispersion in amor-
phous solids. Phys. Rev. B 12, 2455-2477.

[41] R. Schumer and D. J. Jerolmack (2009) Real and apparent changes in sed-
iment deposition rates through time. J. Geophys. Res. — Earth Surface 114,
FOOAO06.

[42] J.H.P. Schulz, E. Barkai and R. Metzler (2014) Aging effects and population
splitting in single-particle trajectory averages. Phys. Rev. Lett. 110, 020602.



24 —— REFERENCES DE GRUYTER

[43] M. Shlesinger, J. Klafter and Y.M. Wong (1982) Random walks with infinite
spatial and temporal moments. J. Statist. Phys. 27, 499-512.

[44] D.S. Silvestrov (2004) Limit Theorems for Randomly Stopped Stochastic Pro-
cesses. Springer-Verlag, London.

[45] .M. Sokolov and R. Metzler (2003) Towards deterministic equations for Lévy
walks: The fractional material derivative. Phys. Rev. E 67, 010101.

[46] I.M.Sokolov (2012) Models of anomalous diffusion in crowded environments.
Soft Matter 8(35), 9043-9052.

[47] P.Strakaand B.I. Henry (2011) Lagging and leading coupled continuous time
random walks, renewal times and their joint limits. Stoch. Proc. Appl. 121, 324—
336.

[48] V. Uchaikin and R. Sibatov (2013) Fractional kinetics in solids: anomalous
charge transport in semiconductors, dielectrics, and nanosystems. World Scien-
tific, Singapore.

[49] W. Whitt (2002) Stochastic Process Limits: An Introduction to Stochastic-
Process Limits And their Application to Queues. Springer, New York.

[50] V.Zaburdaev, S. Denisov, and J. Klafter (2015) Lévy walks. Rev. Mod. Phys. 87,
483,



	Continuous time random walks and space-time fractional differential equations
	1 Introduction
	2 Uncoupled CTRW
	3 Coupled CTRW
	4 Limit theorems and governing equations
	5 Examples


