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Abstract

An operator fractional Brownian field (OFBF) is a Gaussian, stationary increment R”-valued random

field on R™ that satisfies the operator self-similarity property {X (cE D}erm £ {cHx ®)}term, ¢ > 0, for
two matrix exponents (E, H). In this paper, we characterize the domain and range symmetries of OFBF,
respectively, as maximal groups with respect to equivalence classes generated by orbits and, based on a new
anisotropic polar-harmonizable representation of OFBF, as intersections of centralizers. We also describe
the sets of possible pairs of domain and range symmetry groups in dimensions (m, 1) and (2, 2).
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1. Introduction

A random vector is called full if its distribution is not supported on a lower dimensional
hyperplane. A random field X = {X (¢#)};erm with values in R” is called proper if X (¢) is full
for all 7 # 0. A linear operator P on R™ is called a projection if P> = P. Any nontrivial
projection P # I maps R™ onto a lower dimensional subspace. We say that a random field X
is degenerate if there exists a nontrivial projection P such that X (¢) = X (Pt) for all r € R™.
We say that X is stochastically continuous if X (t,) — X(t) in probability whenever ,, — t.
A proper, nondegenerate, and stochastically continuous random vector field X is called operator
self-similar (0.s.s.) if

(X(ED)erm £ (T X (1))yepn  forall ¢ > 0. (1.1)

In (1.1), £ indicates equality of finite-dimensional distributions, £ € M(m,R) and H €

M(n,R), where M(p,R) represents the space of real-valued p x p matrices, and M =
exp(M(logc)) = Y 7o (M log ¢)¥/ k! for a square matrix M. For a univariate stochastic process
(namely, (m, n) = (1, 1)), the relation (1.1) is called self-similarity (see, for example, [17,35]).
An operator fractional Brownian field (OFBF, in short) is an R"-valued random field X =
{X(#)}serm satisfying the following three properties: (i) it is Gaussian with mean zero; (ii) it

is 0.s.s.; (iii) it has stationary increments, that is, for any 7 € R™, {X( + h) — X (h)};erm £
{X(@) — X(0)};erm. When (m, n) = (1, 1), OFBF is the celebrated fractional Brownian motion,
widely used in applications due to the long-range dependence property of its increments (see
[34,16]). Whenm = 1,n > 1, OFBF is known as operator fractional Brownian motion (OFBM).

The theory of o.s.s. stochastic processes (m = 1, n > 1) was developed by Laha and
Rohatgi [24] and Hudson and Mason [21], see also Chapter 11 in [29]. OFBM was studied
by Didier and Pipiras [13] (see also [1,33,22,23] on the related subject of multivariate long-range
dependent time series). For scalar fields (namely, m > 1, n = 1), the analogues of fractional
Brownian motion and fractional stable motion were studied in depth by Biermé et al. [7],
with related work and applications found in [4,8,25,6,5,19,9,10,28,15,32]. Li and Xiao [26]
proved important results on o.s.s. random vector fields. Baek et al. [2] bridged the gap between
harmonizable and moving average integral representations for OFBF.

The domain and range symmetries of a proper, nondegenerate random field X starting at zero
are defined by

GI™(x) = A€ GLR): (X(An) £ (X))}, )
GM(X) = {BeGL(n,R):{BX(;)}é{X(t)}], '

where G L (k, R) denotes the general linear group of invertible k x k matrices. Cohen et al. [11]
and Didier and Pipiras [14], respectively, characterized the range symmetries of operator stable
Lévy processes and OFBM.

Symmetry is an important modeling consideration, and a useful guide to model selection
(see [27] on Markov processes and [30] on measures). In particular, the interest in the study of
symmetries is tightly connected to two major themes: (a) anisotropy, i.e., when G‘fom(X ) is not
the orthogonal group, and its applications in several fields such as bone radiographic imaging
and hydrology; and (b) the parametric identification of operator scaling laws, which depends on
both G‘lj"m(X ) and G}*"(X). The latter theme is treated in detail for general o0.s.s. random fields
in the related paper [12]. In regard to the former, note that the term “anisotropy”, like “nonlinear”
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or “non-Gaussian”, leaves open the question of what types of anisotropy (i.e., domain symmetry
groups G?Om(X )) exist. This paper is dedicated to the domain and range symmetry groups (1.2)
themselves, and thus, the characterization of anisotropy, when X is an OFBF.

We use harmonizable representations of OFBF to construct separate mathematical characteri-
zations of domain and range symmetry groups. More precisely, we establish in any dimension m
or n that domain symmetry groups are maximal groups with respect to orbits (Proposition 3.3),
and break up range symmetry groups into a set of commutativity relations (Proposition 3.2)
based on a new anisotropic polar-harmonizable representation of OFBF. The latter represen-
tation (Proposition 3.1 or Remark 3.2) is by itself of interest for the analysis of anisotropic
fractional covariance structures, and it further provides a mathematical framework for construct-
ing OFBFs displaying all (possible) pairs of domain and range symmetry groups in dimensions
(m,n) = (m, 1) and = (2, 2) (Theorem 3.1). In dimension (2, 2), this is attained based on ab-
solutely continuous or, in most cases, singular spectral measures, which illustrates the fact that
identical symmetry structures can be attained by different covariance structures. In particular,
in dimensions m = 2 and n = 2, respectively, all domain and range symmetry groups are ex-
plicitly described (Corollary 3.2). As a byproduct of the analysis, it is shown that not all pairs
of domain and range symmetry groups, as a Cartesian product, are possible. Notwithstanding
the widespread interest in anisotropy (e.g., [36], [31, chapter 9]), to the best of our knowledge
this paper provides the first characterization of the domain symmetry group — namely, the types
of anisotropy — of a class of random fields for some m > 2. A full description of the pairs of
symmetry groups in general dimension (m, n) remains an open problem and a topic for future
research (see Remarks 3.8 and A.3 on the difficulties involved).

We provide two applications of our analysis. First, we develop a parametric characterization
of the subclass of isotropic OFBFs in any dimension (m, n) (Proposition 3.6) that sheds light
on the fact that isotropy is not determined solely by the domain exponent E in (1.1). Second,
following up on [12], we revisit the problem of the non-identifiability of OFBF by displaying all
the possible sets of exponents in dimension (m, n) = (2, 2) (Corollary 3.3).

2. Preliminaries

In this section, we lay out the notation and conceptual framework used in the paper.

M (n) and M (n, C) denote, respectively, the spaces of n x n matrices with real or complex
entries, whereas the space of n x m matrices with real entries is denoted by M (n, m, R). A* and A
stand for the Hermitian transpose and conjugate matrix of A € M (n, C), respectively. S>o(n, C),
S-o(n, C), S=o(n,R), S~o(n, R) represent, respectively, the cones of Hermitian symmetric
positive semidefinite, Hermitian symmetric positive definite, symmetric positive semidefinite and
symmetric positive definite matrices. O (n), U (n) and SO (n) represent the orthogonal, unitary
and special orthogonal groups, respectively. A zero matrix of appropriate dimension is denoted
by 0. We will make use of the cyclic and dihedral subgroups of O (2) defined by, respectively,

Cy= {0k271/v ck=1,...,v}, D, = {0k27r/vv From v ck=1,...,v}, veN, (2.1)

as well as the dihedral group D} = {/, diag(—1, 1)}. In (2.1), we write

SOQ) 5 05 = <cos9 —sm@)’

cosfd  sinf
sinf  cosf 0(2)\50(2)9F9:( )

sinfd —cos6
6 €10,2m). 2.2)
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For example, C, = {I, —1}, D, = {I, —1, diag(1, —1), diag(—1, 1)}. We also define the unitary
matrix

U, = V2 (1 1.) , (2.3)

which allows us to write a (spectral) decomposition of all matrices SO(2) > Oy =
U»diag(e ™', ¢!)U3, 6 € [0, 27). The matrix Op acts by rotating a vector in R? by an angle
0, whereas the matrix Fy reflects it at the angle 6/2.

By Didier et al. [12, Proposition 2.1], if X is proper, nondegenerate and X (0) = 0 a.s.,
then G‘fom(X ) and G{*"(X) (see (1.2)) are compact groups. In particular, recall that a compact
subgroup G of GL(m, R) can be written as

Gg=wow!, (2.4)
or equivalently,
g=0, (2.5)

where O is a subgroup of O(m) and the matrix W € S.o(n, R) is called a conjugacy (see
[21, p. 285]). Denote the classes of all possible domain groups, range groups, and pairs of domain
and range groups, respectively, by

an"m = {G‘liom(X) : forsomen € N, X = {X(¢)};ern is an R"-valued OFBF},
G;ﬂl’l — {GrlaH(X) : forsomem € N, X = {X (t)};crm is an R"-valued OFBF}, (2.6)
Gmn = {((GP™(X), G (X)) : X = {X(t)};crn is an R"-valued OFBF}.

Note that Gsiom x G2 2 Gy, n, but the converse, in principle, may not hold (indeed, see
Theorem 3.1). For notational simplicity, we will drop the subscripts and write

Glom G G. 2.7
Let X = {X (¢)};erm be an OFBF satisfying
0 < minN eig(H) < max N eig(H) < min N eig(E™), (2.8)
where
eig(M) (2.9)

denotes the set of eigenvalues of a matrix M. Throughout the paper, we will assume that the
matrices E and H satisfy condition (2.8). Moreover, since the relation (1.1) can be rewritten
with £/ min R eig(E*) and H/ min R eig(E*) in place of E and H, respectively, we will further
assume without loss of generality that the normalization

min R eig(E*) = 1 (2.10)
holds. Under (2.8), in [2, Theorem 3.1], it is shown that the OFBF X admits a harmonizable

representation of the form

{X(z)},eRmé{/ (ei(”x>—1)EF(dx)] . @2.11)
Rm teRm
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The term B r(dx) is a Hermitian Gaussian random measure whose Sxq(n, C)-valued control
measure

Fyx(dx) = EBr(dx)Br(dx)* (2.12)

satisfies the integrability condition

/ %Fx(dx) < 00, (2.13)
re L+ [lx]]
where | - || is the Euclidean norm. Moreover, the spectral measure Fy(dx) is (E*, —2H)-

homogeneous, i.e.,

Fx(cEdx) = c HFx(dx)c ™, ¢>0, (2.14)
and

S=0(n,C) 3 fx(F x) = cHE fx (x)c HE dx-ae., ¢ > 0, (2.15)
whenever a spectral density fx(x) = % exists, where tr(-) denotes the trace. In (2.15), we
define

Hp = H + tr(zE)I. (2.16)

The existence of a spectral density is guaranteed in the particular case of an operator fractional
Brownian motion (OFBM), i.e., an OFBF in dimension (1, n) with E = 1, for which
Fx(e) = xg D g o THTHID L  —HHD G085 D) g e, 2.17)

for some A € M(n, C) (see [13, Theorem 3.1]). In particular, the OFBM class is parametrized
by the triplet of real matrices

(H, R(AA™), I(AAY)), (2.18)
which we call scaling (H) and spherical parameters (AA*, or R(AA*) and J(AA*)). It can be

shown [13, Theorem 3.1] that an OFBM is time-reversible, namely, { By (—1)};cr £ {Br (t)}ier,
if and only if

J(AA™) = 0. (2.19)

Remark 2.1. Beyond being a particular case of OFBF when m = 1 and n > 1, OFBM is
of direct interest in this paper since, based on the polar-harmonizable representation of OFBF
(Proposition 3.1), arguments for OFBF can often be reduced to an argument for OFBM by
fixing the so-named spherical component of OFBF (see also Remark 3.2). OFBM is also used to
illustrate some of the results in the paper.

Let R™ denote either R™ or R™ \ {0}. Also let
w:BMR™) = Sso(n, C) (2.20)

be an (entry-wise C-valued) measure whose measure induced by the maximum eigenvalue is
o -finite. Given a linear operator A € M (m, R), we define the measure

pa(B) = pn(A™'B) (2:21)
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on Borel sets B, where A~! B is the preimage of the set B. Equivalently, we can write j4 (dx) =
w(A~'dx). In the analysis of symmetry groups (1.2), we shall use the symmetry groups of a
measure p as defined next.

Definition 2.1. Let p be as in (2.20). The domain and range symmetry sets of u are, respectively,
S%M () ={C € M(m,R) : pc(B) = u(B), B € B(R™}, (2.22)
S™M(w) ={C € M(n,R) : Cu(B)C* = u(B), B € B(R™)}. (2.23)

We will need the notion of support of a matrix-valued measure, which is laid out next.

Definition 2.2. Consider the measure u as in (2.20). We define
supp {u} ={x € S: foranyopensetU,x € U = w(U) # 0}.

We will use changes of variables into polar coordinates, as discussed in [7, p. 314]. Let E be as
in (2.8). Then, there exists a norm || - ||o on R™ for which

¥ :(0,00) x So — R™\ {0}, o (r,0) = rko, (2.24)
is a homeomorphism, where

So={x e R" : |lx]lp = 1}. (2.25)
Then, one can uniquely write the polar representation

R™\ {0} > x = t(x)F1(x), (2.26)

where the functions 7 (x), [(x) — which depend on E — are called the radial and directional parts
of x, respectively. One such norm || - ||p may be calculated explicitly by means of the expression

oo dt
Ixllo=[| Nt7xll—, (2.27)
0 t
where || - || is any norm in R™. The uniqueness of the representation (2.26) yields
t(cfx) =ctx), 1(cEx) =1). (2.28)

In particular, if || ||o is the Euclidean norm, then So = ™!, where the latter denotes the ordinary
Euclidean sphere.

3. Main results
3.1. On the characterization of G™"

Recall that G| (X) and G™" are defined in (1.2) and (2.7), respectively. In this section, we
find necessary and sufficient conditions for a group to be the range symmetry group G{*"(X) of
some OFBF X, and explicitly describe all possible range groups (i.e., G®™") in dimension 2.

The following lemma relates the range symmetries of an OFBF X to those of the spectral
measure Fy(dx) in (2.12), or of the spectral density fx(x) = %}’f") when it exists. It is more
convenient to work with and characterize the domain symmetries of the spectral measure. To
state the lemma, recall that a measure defined on the Borel o-algebra of a Hausdorff space is
called a Radon measure when it is both locally finite and inner regular [3, p. 155].
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Lemma 3.1. Let X be an OFBF with harmonizable representation (2.11) and spectral measure
Fx(dx) asin (2.12). Then,

G (X) = S™(Fy), (3.1

where the term on the right-hand side of (3.1) is the range symmetry set defined by (2.23).
In particular, S™ (Fx) is a compact group. Let Hg be as in (2.16). If, in addition, Fx(dx)
is absolutely continuous (a.c.) with density fx(x), then B is a range symmetry of X (i.e.,
B € G (X)) if and only if

BrHE fy0)rHEB* = r~HE fy(0)r~HE, 0 € 05, r > 0. (3.2)

In (3.2), OF is the complement of some set Op € B(Sy) depending on B, Sy is the sphere
(2.25) associated with E*, and o (Og) = 0 for some finite Radon measure on B(Sy) that does
not depend on B. If, in addition, fx is continuous on Sy, then the condition (3.2) is equivalent
to

Bfx(x)B* = fx(x), x#0. (3.3)

Proof. Since X is Gaussian,
B e GI"(X) & BE[X(5)X(")*1B* =E[X()X[®)"], s,1€R™ (3.4)

Then, the claim (3.1) is a consequence of the harmonizable representation (2.11) and the
definition (2.22) (the compactness of S™"(Fx) then results from that of G{*"(X)).

So, fix B € GL(n,R). Assuming Fy(dx) has a density fx(x), then again by (2.11), Bisa
range symmetry of X if and only if

Bfx(x)B* = fx(x) dx-ae. (3.5)

By Lemma 2.1 in [2], we can assume that the density fx is (E*, —2Hg)-homogeneous for Hg
as in (2.16), namely, it satisfies the relation

Fx(Ex) = cHE e HE, x e R™\ (0}, ¢ > 0. (3.6)
Let
Ng = (x=r0 e R"\ (0} : Br—"E fx (@) "EB* # r~ 1 fy(0)r~ "),

i.e., Np is the set of points (expressed in polar coordinates (2.24)) where the equality in (3.5)
does not hold. For any fixed 6 € Sy, define the set

Ro = {r > 0: Br—He fy(0)r—HE B* # r~HE fy (0)r—HE).
Further define
By = {0 € Sy : Ry has positive R-Lebesgue measure}.

By (3.5), the R™-Lebesgue measure of Np is zero. Hence, by using Proposition 2.3 in [7] in the
second equality below,

oo
0=f 1NB(X)dx=f / l{rg*eeNB}r“(E*)_ldra(d@)
Rm SO 0

o0
:// 1oy () 1g, (r)r"ED " dro (d6)
So /0O
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for some finite Radon measure o (d6) on B(Sy). Therefore, o (60y) = 0. Now consider x, =
r(f*@o # 0 such that 6 := [(x4) € 6. Then, Ry, has R—Lebesgue measure zero. Therefore, by
using (3.5) and (3.6) we can choose a sequence {x;},eN, Xn = r 90, such that, as n — oo,

_ —HE _ —HE
Bfx(x)B* = Bry " fx@o)ry £ B < Bry 1 fx(6o)rn F B = Bfx(x,)B

= fx@a) = e fy @0 UE > T feOoyrg T = (). 3.7)

Thus, (3.2) holds.

Now assume, in addition, that fx is continuous on Sy. The argument leading to (3.7) can be
extended to establish (3.3). In fact, pick xo = r(f "0y € Ng. Since the R™ -Lebesgue measure of
Np is zero, there is a sequence {x,},eN = {rE*G Jnen © Nj such that x, — xp asn — oo.
Thus, r, — rg and 6,, — 6, since the function W in (2.24) is a homeomorphism. Therefore, by

replacing r,, Efx Bo)ry —HE E with r,, Efx 6, )rn E and x, with xo in (3.7), (3.3) holds. O

Example 3.1. In the case of an OFBM X, by (2.17) we can assume that the density is continuous
except at zero. Therefore, by (3.3), we have that B € Grla“ (X) if and only if, for x # 0,

Bx;(H+I/2)AA*x;(H*+I/2)B* — x_T_(H+I/2)AA*x_T_(H*+1/2)

and Bx:(H+I/2)—AA*x:(H*+I/2)B* _ x:(HJrI/Z)—AA*x:(H*JrI/Z)’
where the two conditions are equivalent by taking complex conjugates.

Remark 3.1. When G1*"(X) € O(n) (i.e., if we can assume that W = [ in (2.4)), the statement
(3.4) can be rewritten as a set of commutativity relations, i.e.,

G™(X) = ﬂ {0 €0@m): 0EX()X()* =EX(s)X ()"0}
s,t € R
= [) (0€0m:0 Fx(B)=Fx(B)O).
B C supp Fx

where the second equality is a consequence of (3.1). Furthermore, in the absolutely continuous
case and assuming f is continuous on Sy, by (3.3) we can write

G"(X) = ﬂ{O € 0(m): 0 fx(x) = fx(x)0}.
x#0

Proposition 3.1, to be stated and shown next, establishes a formula for a change of measure
into (anisotropic) polar coordinates, which in turn yields a polar-harmonizable representation
for OFBF. In this reinterpretation of the covariance function of OFBF, the domain exponent E
influences the spherical component of OFBF, whereas H determines the decay of the spectral
measure in each spherical direction. Before stating and proving the proposition, it is useful to
revisit the case of OFBM, characterized by (2.17) and (2.18). Expression (3.8), involving the
spectral measure and parameters of OFBM, will be used in the proof of the ensuing proposition.

Example 3.2. By the homogeneity relation (2.14) with £ = 1 (see (2.10)), ¢ = x and
dx = [1, 00), the spectral measure of an OFBM X satisfies the relation

Fx[x,00) = x " Fx[1,00x 7", x>0.
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Consequently, by (2.17),
—H x . —H* —1 d
x " {HFx[1,00) + Fx[1,00)H"}x X~ = —an[x,oo)zfx(x)
=x " HAA*x " x 7 dx-ae.
for x > 0. Thus,
HFx[1,00) + Fx[l, c0)H* = AA*. (3.8)

In particular, the left-hand side of (3.8) is Hermitian positive semidefinite (n.b.: if B € Sso(n, C)
and H has eigenvalues with positive real parts, it is not generally true that HB + BH* €
S>o(n, €)).

In the following proposition, S>o(n, C) denotes the cone of extended Hermitian positive
semidefinite matrices, obtained from Sxq(n, C) by including matrix limits with infinite maxi-
mum eigenvalues.

Proposition 3.1. Let Fx(dx) : BR™) — Sso(n, C) be the spectral measure (2.12) under the
assumption that

0o > max eig Fx(B) > 0 = mineig Fx(B) >0, B € B(R™). (3.9
Then,

o0
FX(B)Z/O fs1{rE*6€B}r*”A(d@)r*”*r*‘dr, B € B(R™), (3.10)
0

for some entry-wise finite, Hermitian Borel measure A : B(So) — Sso(n, C). In particular, the
covariance function I'(t1, tp) = EX (t) X (t2)* of an OFBF X has a harmonizable representation
in polar coordinates

oo * . * *
I(t1, 1) =/ (@0 e @0 1y  A@eyr T dr, o e R (311)
0 So

Conversely, if the function I'(t1, t2) as defined in (3.11) is such that
I'(t,t) is a positive definite matrix for all t # 0, (3.12)
then it is the covariance function of an OF BF with exponents (E, H).

Proof. Consider the decomposition (2.26) induced by E*, namely, with the latter in place of E.
Let

Ar, ) ={xeR":1(x)>r, I(x) € B}, r >0, O e B(Sy), (3.13)
where © € B(Sp) is a set such that
max eig Fx(A(1, ©)) > 0. (3.14)
Define
Gy ola.b) = {FX(A(a, 0)) — Fx(A(b, ©)), 0 <a < b;
’ Gx.0l=b, —a), a<b<0.
By (2.28) and (2.26) with E* in place of E, A(cr, ©) = cE" A(r, ©). Hence, by

(2.14), the measure Gy g satisfies Gx g(cla, b)) = Fx(A(ca, ©)) — Fx(A(ch, B)) =
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c Gy gla, b)c™ ", ¢ > 0. Moreover, by (3.14) and (3.9),
Gx 9(B) e S-o(n,C), Befla,b):—o00o<a<b<oo, 0¢]Ja,b)}. (3.15)

We can extend the o -finite measure G x, ¢ to B(R) so that

Gx.o(—ds) = Gy o(ds), Gy olcds)=c "Gy gWds)c™™, ¢>o. (3.16)

Let A5 (ds) = sup,_gn1 v*Gx g(ds)v be the measure induced by the maximum eigenvalue
, C
of Gx g(ds). For p > 1, by (2.14),

v*Gx oll, p)v = v {Fx(A(l, ©) — o H Fx (A, 0)p~ v, vest! @317
By taking p — oo in (3.17), we conclude that
0< )»I;(”ax@[r, o0©0) <00, r>1. (3.18)

On the other hand, fix 0 < r < 1 and rewrite H = PJy P!, where Jy is the Jordan form
of H and P € GL(n,C). Then, for v € Sg;] and any small § > 0, by using the relation
r~H = pr=Jup-l,

v*Gy.olr, Dv = vr H Fy (A1, ©)r v — v*Fx (A(1, ©)v
W*P)r i (P Fx (A1, ©)(P*) " })r /i P*y < Cr~?hma=d (3.19)

IA

where hpax = maxR eig(H) and the last inequality follows by the explicit form for r/#
(e.g., [13, Appendix D]). Thus, the bound (3.19) implies that

1
0=aypln ) =C / s~ ChmatdtD s, (3.20)

r

Recall that, by conditions (2.8) and (2.10), hmax < 1. Thus, together with the bound leits — 1|2 <

min{4, Cs?} for an appropriate C > 0, the expressions (3.18) and (3.20) imply that
0o | 0o | )
v*{/o el —1)2 GX’Q(ds)}v < ||v||2/0 6115 — 12219 (ds) < 00, 1 € R, v e SEL

In particular, by (3.16), I'g(t1, 1) = fR(e”” — D(e7 — 1)Gx. o(ds) is the covariance
function of an OFBM with range (Hurst) exponent H, where properness stems from (3.15).
By the proof of Theorem 3.1 in [13], there is Ag € M (n, C) such that

Gx o(ds) = (s AgALsTH + 5" AgALs—")s ™ ds. (3.21)
Since Gx o[1, 00) = Fx(A(1, ©)), then by (3.8) we obtain

H Gy oll,0) 4+ Gy gll,00) H* = AgA%, € S=o(n, C). (3.22)
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Thus, for r > 0, it results from (3.21) that

Gxo(dr) _
dr

:r—H/ A@oyr—H =1,
e

where A(d6) .= HFx(A(1,d0)) + Fx(A(l, d9))H*. Note that, by (3.22), A(O) € S>o(n, C)
and v*A(O)v < o0, O € B(Sy), v € S(’é_l. By integrating from r to co, we arrive
at the relation (3.10) for the class A of sets of the form (3.13). Because Fx(A(r, Sp)) =
r 1 Fy(A(1, So)r~H", r > 0, the measure induced by the maximum eigenvalue of Fx (dx)
is o-finite. Since, in addition, the class A is a m-system that generates the Borel sets, an
entry-wise (real and imaginary parts) application of Theorem 1.1.3 in [29] implies (3.10).

The polar-harmonizable representation (3.11) is an immediate consequence of (3.10).
Conversely, let I'(¢1, t2) be the function defined by the expression (3.11). Then, it corresponds to
the covariance function of an OFBF as a consequence of the change of variables formula (3.10)
and the condition (3.12), the latter ensuring properness. [

_din(A(” 9)) = r~H{HFx(A(1, ) + Fx(A(1, @) H*}r 1"y~
-

Example 3.3. The covariance function of an OFBM (i.e., m = 1), characterized by its associated
spectral density (2.17), satisfies (3.11) with E = 1 and

A(d6) = AA*8;11(dO) + AA*S;_1)(d6), (3.23)

where 8, is a Dirac delta measure.

Remark 3.2. As anticipated in Remark 2.1, in light of (3.11) and (3.23) we can interpret the
spectral (covariance) structure of OFBF as that of an OFBM for each fixed spherical direction.

Moreover, let X = {X(#)};cr» be an OFBF whose spectral measure Fy(dx) satisfies the
assumptions of Proposition 3.1. Then, the representation (3.11) leads to the polar-harmonizable
integral representation

L * it,rE o) —H-I23
(X O)ern = | /0 R el NI ] S (3.24)
So

teR™

where By a(dr, df) is a Hermitian Gaussian random measure with S>o(n, C)-valued control
measure

EBy a(dr,d6)By a(dr, d6)* = dr A(d6) = A(d6)dr.

The representation (3.24) is of independent interest. As noted before Example 3.2, in (3.24) the
domain exponent E influences the spherical component of OFBF, whereas H determines the
decay of the spectral measure in each spherical direction. The representation (3.24) generalizes
that of OFBM (i.e., m = 1) and will allow us to apply the arguments developed for OFBM to
OFBEF, e.g., as in the proof of Proposition 3.2.

Remark 3.3. In terms of the spectral measure expressed in polar coordinates, a sufficient con-
dition for (3.12) is that, for some basis {ug}r=1,..m S So of R, and pairwise disjoint vicinities
Qk Buk,kz 1,...,m,

.....

RAO) € Seon,R), k=1,...,m. (3.25)
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Indeed, let v € R" \ {0}. For ¢t # 0,
e H it,rE"0 2 H* 1
VT, ) 3/ v {2/ et E70) SRA(dG)]r vrldr
0 SHINC

o - v¥rft riy x
2/ {/ el 0 12 RAO) }||r” vl r~dr
o U e lv*r ]| IrH ]

o * *
> zf {/ i1 E70) _ 1|2mineig(mA(d9))}||rH 2 rdr > 0.
0 UZ"=| O

(3.26)

The first inequality in (3.26) results from the Hermitian property of the measure A(d6), i.e.,
A(—d6) = A(dH). In turn, the last inequality is a consequence of the condition (3.25), since

Jur_ o, |ef(t:r*°0) _ 112 min eig(RA(d6)) > 0 for all 7 > 0.

Given a matrix M, Co)(M) denotes the centralizer of M restricted to the orthogonal group,
namely, the set of orthogonal matrices that commute with M. Centralizers appear naturally in
the characterization of the range symmetry group of OFBM, as shown in [14]. We shall use
centralizers also with OFBF and resort to arguments in the latter reference whenever needed.
The next proposition shows that the range symmetry group of an OFBF X can be decomposed
into the intersection of the (orthogonal) centralizers of the spectral measure Fy(dx) expressed
in polar coordinates.

Proposition 3.2. Let X = {X (t)};ecrm be an OFBF satisfying the conditions (2.8) and (3.9). Let
U={6 € B(Sy) : ©Nint(supp RAO)) # 0}, (3.27)

where the measure A(dO) appears in (3.10) and (3.11). Then,

®

G = [ Guo = () We ([ ComIL.0) NCou(M.0))Wg',  (3.28)
Ol O r>0

where, for © € U,

o =r"e HWo,Wel'Wol o0 [ 5=W5'3(AO)WS', (329)

and
Wo = RAON? € Soo(n, R), O € B(So); (3.30)

(i) whenn =2,

Wo ([N CoeIL.0) N SO@) W', if SA®) #0;

r>0
Guo= (3.31)
W@(ﬂ CO(Z)(Hr,@)) Wél, if SA(O) =0,

r>0

and

CooUl, @) =Dy or 0(Q2), OeclU, r=>0. (3.32)
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Proof. By the change of measure Fx(dx) into polar coordinates (Proposition 3.1) and
Lemma 3.1,

Grlan (X)

{C € GL(n,R) : CFx(dx)C* = Fx(dx)}

= {CeGL®,R): Cr T Aw@oy c*=r " A@o)r ", r>0)

= {CeGLM,R): Cr IRA@o)r—" c* =r "RAWOF M, r > 0}
(Y(CeGL0OR): Cri3AWoyr M Cc* = r H3AWO)r ", r > 0}

= ({CeGLm.R): Crina@)yr " c* =r HnAa@)r ", r >0}
Ocl

(€ e GL@, Ry : Cr H3A©) " C* = rH34(6) ", 1 > 0)

— ran ran
= ()G N
OcU

So, consider Wg as in (3.30). To establish claim (i), we can apply the same argument as in the
proof of Theorem 3.1 in [14, pp. 362-364], with Wg in place of W and A(O) € Sso(n, C) N
GL(n,C), ©® € U (under condition (3.9)), in place of the OFBM spectral matrix AA*. In
particular, by the argument in [14], one can express Grzan@ ={C € GL(n,R) : CIA(O)C* =
JA(O)}; i.e., the centralizer Co(,) (1l @) does not depend on r. Claim (ii) is a consequence of
the following two facts. First, if II; ¢ # 0, then Co2)(II}, 9) = SO(2), since Il g is skew-
symmetric, namely, H;’j@ = —1I; o (see Lemma 5.1 in [14, p. 376], where Co)(II; o) is
denoted by G (I}, g)). Second, (3.32) follows from the analysis in [14, p. 377]. O

We are now in a position to describe G™" in dimension 2.

Corollary 3.1. Consider the class of OFBFs taking values in R? and satisfying the condi-
tions (2.8) and (3.9). Then, up to a positive definite conjugation (see (2.4)), the elements of
G™ are

Ca, D2, SOQ2) or O(2). (3.33)

Proof. First, note that
o0R)NSOR)=S0(?2), Dr,NSOR) =0Cs. (3.34)

So, let Gy o be as in (3.28). By (3.31), (3.32) and (3.34), Gy o has one of the forms
in (3.33) up to a positive definite conjugation Wg. Moreover, fix any pair ©, @' € B(Sp)
and consider their associated groups Gy o, GH, ¢’ By looking at each subcase and using
Lemma A.1, the intersection group Gp o N Gy o' also has one of the forms (3.33), up to
a conjugacy, as summed up in Table 1. In fact, to obtain the first entry of Table 1, suppose
Ghro = W@O(Z)Wé1 and Gy o = W@/O(Z)Wé/l. Then, C; € Gy o NGy o If, in ad-
dition, the latter set inclusion is strict, then Lemma A.l implies that Wg = wWgs for some
w > 0,and thus Gy o N Gy o = We O(Z)W(:)l, as stated in Table 1. For another case,
if Guo = WoSOQWy' and Gy o = WoDWg), then C; € Gy o N Gy o but
Weor{xdiag(l, —1)}Wé,1 Z Gy e N Gy, e, since the matrices +diag(1, —1) have negative
eigenvalues. Therefore, Gy o0 N G, o = C», as described on the sixth entry of Table 1. The
remaining entries of the table can be obtained in a similar fashion.
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Table 1
The intersection of range groups for different spherical sets
6, ©' (n = 2), where = denotes conjugacy (see (2.5)).

GH’@E... GH,@/E... GH,@QGH’G/E...
0(2) 0(Q2) 0(2) orCy
0(Q) SO0Q2) SO(2) orCy
0(2) D, D; or Cy
0(2) Cy C

S0Q2) SO(2) SO(2)orCy
S0(Q2) D, C

SO(2) Cy Cy

D, D, Dy or Cy
D, Cy Cy

&) Cy C

Since for any subgroup G given by (3.33) there is an OFBM X (m = 1) such that
G1"(X) = G (see [14, Theorem 5.1]), then up to conjugacies the family G™" is given by (3.33),
as claimed. [

Remark 3.4. For the sake of illustration, in Examples 3.5 and 3.6 we construct two OFBFs with
given domain and range symmetry groups.

3.2. On the characterization of GIo™

This section is dedicated to domain symmetry groups, where G‘llom (X) for an OFBF X is
defined in (2.7). However, the arguments are quite different from those in Section 3.1, on range
symmetry groups, and build upon the framework developed in [30]. In particular, the operator
self-similarity of OFBF will not play a role, and will only reappear in the subsequent Section 3.3.
The two main results of this section are the following. First, we find a necessary condition for
a group to be the domain symmetry group of some OFBF X. Second, and within the same
mathematical framework, we show how a scalar-valued measure can be built that has a given
domain symmetry group. Such measure will be used in Section 3.3 to help build OFBFs with
given domain and range symmetry groups, and thus different types of anisotropy. An explicit
description of GY°™ in dimension m = 2 is postponed to Corollary 3.2 in Section 3.3.

The next lemma relates the domain symmetries of X to those of the spectral measure Fx (dx)
in (2.12), or of the spectral density fx(x) = Fx(dx)/dx when it exists. As with range symme-
tries, in the study of domain symmetries it is more convenient to work with the spectral measure.

Lemma 3.2. Let X be an OFBF with harmonizable representation (2.11) and spectral measure
Fx(dx) asin (2.12). Then,

GIM(X) = SPM(Fy)*, (3.35)

where SY™(Fy) is the domain symmetry set defined by (2.22). In particular, SY°™(Fx) is a
compact group. If, in addition, Fx(dx) is absolutely continuous, then A € G‘ljlom (X) if and only

if
Fx(x) = [det(A") 7| fx ((A*)"'x) dx-ace. (3.36)
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Proof. A matrix A in GL(m, R) satisfies A € G‘f"m(X) if and only if EX(As)X(At)* =
EX (s)X(¢)* for all s, t € R™. From the representation (2.11),

EX(A)X(AD* = | (/% — 1)(e™ ) — 1)(Fx)a+(dx), (3.37)
Rﬂl
by a change of variables x = A*y. It follows that A € Gcllom(X) if and only if (Fx)ax(dx) =
Fx(dx), as we wanted to show. Proposition 2.1 in [12] then implies that S9™(Fy) is a compact
group, and (3.36) follows promptly. [

To characterize domain symmetry groups, recall the group equivalence relation laid out
in [30]. For two subgroups G, L € G L(m, R), we write that

G~K&{Gx:GeG}={Kx:K eK} forallx eR". (3.38)

Let [G] be the equivalence class of the group G. We partially order the subsets of G L(m, R) by set
inclusion and call a group maximal when it contains all other groups in its equivalence class. For
example, O (2) is maximal, whereas SO (2) is not, since [0 (2)] = [SO(2)]. The next proposition
shows that maximality is a necessary condition for a group to be the domain symmetry group of
an OFBF.

Proposition 3.3. Let X be an OFBF with harmonizable representation (2.11). Then, the domain
_ ~dom . . . . .
symmetry group G = G{°™(X) is maximal with respect to its equivalence class [G].

Proof. Since the group G‘ljom(X ) is compact, then by Lemma 3.2 we can write G‘ljom(X ) =
WOW—! = Sdm(Fy) where W is a positive definite matrix (see (2.4)) and Oy is
a subgroup of O(m). Define the measure Gx(dx) = Fx(Wdx). Then, Gx(Opdx) =
Fx(WOoW~'Wdx) = Fx(Wdx) = Gx(dx). Therefore, Oy < S%M(Gyx). Now let
A € S8%M(Gy). Then, Fx(WAdx) = Gx(Adx) = Gx(dx) = Fx(Wdx), whence
Fx(WAW™ldy) = Fx(WW~'dy) = Fx(dy). Thus, A € Op. In other words, Oy =
S9M(Gy), and thus without loss of generality we can assume that W = I so that we can
conveniently use the Euclidean norm in the ensuing argument.
Let ¢ (z) be the M (n, C)-valued transform

; [lx]|?
7) = o) 20 _Fpe(dx), zeR™
o= P

By condition (2.13), ¢ (z) is well-defined pointwise. For a pair k,/ = 1,...,n, let u(dx)y =
2
IXI=~ F (dx)g; and w(dx) = (u(dxX)k)k.i=1....n- Now, consider the decomposition u(dx)y =

14+ x )|
Ru(dx)g + iIu(dx)y. The Borel measures R (dx)r, Iu(dx)y; are real-valued and finite.

Hence, they can be broken up into positive and negative parts. So, for simplicity we can suppose
that Ru(dx)xr, Iu(dx)y; are positive measures. As a consequence,
i(z,x) R (dx)w Fiag o / JRIEES) Suldx)i

T JRm Qkl,2

¢ = Otkz,l/ e

Rm™ Okl 1
= g 19D, +io20(@Du2 € C,
where the constants oy 1, 22 > 0 make Nu(dx)wr/oki 1, Ipu(dx)ii/oki 2 into probability

measures. Therefore, ¢(2)i,j, j = 1,2, are (C-valued) characteristic functions. Thus, for
0O e 0(m),

$(O0* D = ¢ < ¢(0 D, j = ¢ @D, j=1,2
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& w0 dx),; = ndx)p,j, j=1,2
& w(0*dx) = p(dx) & Fx(0*dx) = Fx(dx) (3.39)

loxi>  _ _lxI?
1+[0x]? 1+1x]2

for all z € R™, where the last equivalence follows from Therefore, for

0O € 0(m),
$(0*2) =p(z), zeR" & 0 e S (Fy),

where ¢ (z) = (¢ (2)ki)k.i1=1,...n- SO, we can focus on the characteristic function matrix ¢ (for all
entries k, [ simultaneously).

Suppose G € K € [G] and recall that W = I. This implies that X C O (m); otherwise, for
some non-orthogonal matrix K € K, Kx ¢ S”~! for some x € §”~!. This contradicts the fact
that GS"—1 < §m~1 So, forall K € K andall z € R", Kz = G, gz forsome G, x € G. But
then, for this K, we have that for every z € R™, ¢ (K*z) = qb(Gsz) = ¢(z). Hence, (3.39)
implies that K € SY™(Fy) = G‘llom(X)* = G, by Lemma 3.2, i.e., X € G. However, since
G C K, we conclude that I = G. Hence G is maximal, as claimed. O

Remark 3.5. Table 3 in Section 3.3 contains an explicit description of maximal compact
subgroups of 0(2), i.e., 0(2), C,, D, for v € N, and Di‘. Corollary 3.2 shows that, indeed,
these types of subgroup make up G4°™ in dimension m = 2.

Remark 3.6. As mentioned in Section 3.1, in Examples 3.5 and 3.6 we construct two OFBFs
with given domain and range symmetry groups.

The next natural question is whether the converse of Proposition 3.3 is true, namely, given a
compact maximal subgroup G of GL(m, R) one can build an OFBF whose domain symmetry
group is G. We answer this question in the negative for (m, 1) and in the affirmative for
(m,n) = (2,2) in Theorem 3.1. Starting from G, the construction of the OFBF amounts to
defining an appropriate spectral measure, expressed in polar coordinates (3.53). The first step
in this direction consists of defining a scalar-valued measure in the fashion of Meerschaert and
Veeh [30, p. 3], which draws upon the Haar measure of the compact group G. Recall that, by (2.4),
every compact subgroup of GL(m, R) is a subgroup of O(m) up to a conjugacy. Therefore, to
construct a measure with a given symmetry group, it suffices to directly consider subgroups of
O(m), instead.

Definition 3.1. Let G be a maximal compact subgroup of O (m), and let D = {x,...,x;} be
a set of points (pivots) in §™=1 guch that their respective orbits Gxi, ..., Gx; are distinct, i.e.,
Gxj # Gxj, for j1 # jo. For j = 1,...,J,let nj € N be the (finite) number of connected
components of the orbit Gx;, where connectedness is defined in the topology induced by any
matrix norm. We define the R”-Borel measure

J
Ap(dx) =Y / jnj 85, (Gdx)H(G) = 0, (3.40)
=179

where, for j = 1,...,J, 8 : is the Dirac measure concentrated on the pivot x;, and H(dG) is
the unique Haar probability measure on the group G (see [20, pp. 254 and 263]).

Whenever there is no risk of ambiguity, we will drop the subscript D and simply write A(dx).
Lemma A.2 in the Appendix sums up some of the properties of the measure A(dx) (see also
[30, p. 3, proof of Theorem 1]).
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In the next proposition, we show that the symmetry group of the scalar-valued measure
Ap(dx) becomes exactly G after a sufficiently large, but finite, number of pivots is added to
the set D. In the statement and proof of the proposition, span{Gx1, ..., Gx;} for a set of pivots
X1, ..., xy isunderstood as the space generated by the vectors in the orbits Gx, ..., Gx;. Before
stating and showing the proposition, we give a simple example of a measure Ap(dx) and briefly
discuss its properties. This will be useful when proving the proposition.

Stand G = C4 = {0y, Oz /2, O, O3z/2}. Then, the orbit associated with the pivot PEIARTS
GelT/* = (/7] o13T/4 I5T/4 o1TT/4) where the complex exponentials, interpreted as vectors
in S!, are the connected components of the orbit. Since the Haar measure H(dG) of C4 assigns
equal weight 1/4 to each element (connected component) of the group, we further obtain that

. *
Example 3.4. Consider Ap(dx) as in Definition 3.1 with J = 1, D = {e’”/4 = (4 JT?) } -

: , 1
/ 8,in/a(Ge™YH(AG) = 8 insa (1™ HYH(I) = 1 x i
G

1
~ #{ connected components of Gei/4}"

In addition, note that f g 8,in/4(G{y})H(dG) = 0 when the orbit G{y} does not include the vector
eim/4 e st

Proposition 3.4. Let G be a maximal compact subgroup of O(m) and let Ap(dx) be the
measure (3.40) for a given set of pivots D = {x1,...,x5} C S™ L. Then, there is a finite
set of pivots Dy € S™\, D C Dy, satisfying the conditions of Definition 3.1, such that the
corresponding scalar-valued, R™-Borel measure Ap,(dx) as defined in (3.40) has symmetry

group

SPM(Ap,) =G. (3.41)
Moreover, there is a set of pivots Dy, = {x1, ..., x;,} 2 Dy such that

span{Gxy,...,Gx;,} =R" (3.42)
and

SP™(Ap,) =G. (3.43)

Proof. In this proof, C denotes proper set inclusion, whereas € denotes weak set inclusion.

Let H be the Haar probability measure on G. Then, H(G) = 1 and H(GA) = H(AG) = H(A)
for any Borel subset A of G and any G € G. By Lemma A.2, (ii), each of the orbits Gx;,
xje S I is a compact set, and the number of connected components of an orbit is no more than
the (finite) number of connected components of G. By Lemma A.2, (i), two orbits either coincide
or are disjoint. Suppose that the orbit Gx j has n; connected components. Since GG = @G, each
of these components satisfies

[ 5., Goxpmac) = - (3.44)
g nj

(see [30, p. 4]; cf. Example 3.4). For a given D = {x1,...,x5} C §m=1 associated with distinct
orbits Gxi, ..., Gx; and the corresponding measure Ap(dx) in (3.40), note that Lemma A.2,
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Table 2
OFBF, (m, n) = (2, 2): restrictions on the domain group
imposed by the range symmetry group.

Types of GJ*"(X) Restriction on G‘]iom(X )

C -
) D, —I € GYom(X)
i)  S0@) —1 ¢ GIom(X)
(iii) 0(Q2) —1I € G{M(X)

(iii) and (v) imply that Ap(dx) is supported on the compact set G D, and that it assigns different
values to each orbit.

By Lemma A.2, (iv), each G € G is a symmetry of Ap, i.e., S4™(Ap) D G. If S™(Ap)x =
Gx for all x € R™, then Sdom(AD) ~ @. Since G is maximal, then Sd"m(AD) C @G, whence
G = S9m(Ap). Otherwise,

there exists some element x € $™ !\ {0} such that Gx C S*™(Ap)x. (3.45)

Set D1 = D U {x}, and consider the measure Ap,. By Lemma A.2, (vii), K € Sdom(/lpl) =
KGy = Gy, y € D;. Therefore, S%°™(Ap,)Gy = Gy, y € Dj. Since G € §%M(Ap,), and in
view of (3.45), this yields

SPM(Ap)x = Gx € S©™(Up)x. (3.46)

Lemma A.2, (vi) with D’ = Dj and expression (3.46) imply that S©™(Ap,) C S%™(Ap),
since the connected components of Sdom( 4 p;)x must be strictly contained in those of
S9°M(Ap)x. Continue in this manner to obtain a decreasing nested sequence of symmetry groups
{Sdom(ADk)}keNu{o}, all of which contain G. By Lemma A.2, (viii), G = Sdom(/ll)k) for some k.

Let Dy = {x1, ..., x¢} be the set of pivot vectors that we arrive at by following the procedure
above. If the ensemble of points in the orbits {Gx1, ..., Gxi} does not contain a basis of R™,
then since I € G there is a vector xz1 such that span{Gxy, ..., Gxx} C span{Gxy, ..., Gxg+1}.
By Lemma A .2, (iv) and (vi), G € S®™(Ap,,,) € S®™(Ap,). Thus,

G =8%*"(Up,, ). (3.47)

Proceeding in this fashion, for a finite J, we obtain a set of pivots Dy = {x1, ..., x, } satisfying
(3.42). Expression (3.43) is a consequence of (3.47). O

3.3. On the characterization of G

The following theorem is the main result of this paper, and concerns the set G of the
possible pairs of domain and range symmetry groups defined in (2.7). It consists of three
statements. Two of them characterize G (in dimensions (m,n) = (m, 1) and (2, 2)) and the
other establishes a subset of G (for dimension (i, 2)). In particular, the theorem settles in the
negative a central issue, namely, whether in general G°™ x G™" C G (the opposite set inclusion
being straightforward). This can be illustrated in dimension (m,n) = (2, 2), Table 2; indeed,
Lemma A.3 shows that some choices of range symmetry groups imply restrictions on the choice
of domain symmetry groups.
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Remark 3.7. The presence of the restrictions —1 € G‘fom (X)and —1 ¢ G‘llom (X) should not be

surprising. Note that —/ € Gclk’m (X) is equivalent to the law of the OFBF X being reversible in
the sense that

(X (=0 }ern Z (X0 }repn. (3.48)

For example, for m > 1 and n = 1, the condition (3.48) always holds. This can be seen by noting
that (for n = 1) the control measure Fx (dx) in (2.12) satisfies Fx(dx) = Fx(dx) = Fx(—dx),
and hence that

EX ()X (12) = / (@19 _ 1)) _ 1) Fy(d)
]Rm

= | (7N — ('Y — 1) Fx(dx) = EX (=) X (—12).
Rm
In particular, in this case all domain symmetry groups contain the element —/ (see also part (i)
of Theorem 3.1).

The theorem’s proof consists of constructing OFBF spectral measures in polar form
Fx(x) = r HA@O)r—H r~1dr (see (3.11)) which display attainable pairs of domain and
range symmetries. It draws upon the characterization of range symmetries in Proposition 3.2, as
well as on the class of spectral measures on B(S™~!) with given domain symmetries, provided
in Proposition 3.4. Especially in dimension (m,n) = (2,2), where both domain and range
symmetries can be non-trivial, the argument boils down to reducing the construction of the OFBF
spectral measure to that of building appropriate OFBM spectral measures in every spherical
direction, where the spherical measure A(d6) has the desired domain symmetry group. In the
theorem’s statement, the symbols

GmaXv Gmax'—l e G> (3.49)

denote, respectively, and up to conjugacies, the class of maximal subgroups of O(m) and the
subclass of those which satisfy the restriction —/ e G, where e stands for & or €.

Theorem 3.1. Consider the class of OFBFs in dimension (m,n), and satisfying the condi-
tions (2.8) and (3.9).

(i) For m > 2 and n = 1, the set of possible pairs of domain and range symmetry groups is
given by

G = Gmax|-1eg x {£1}; (3.50)

(i) for m > 2 and n = 2, the set of possible pairs of domain and range symmetry groups
satisfies

G 2 Gaxl—1eg x {C2, D2, O (2)}; (3.51)

@iii) for (m,n) = (2, 2), the set of possible pairs of domain and range symmetry groups is given
by

G = Gmaxl-1eg X {C2, D2, 0(2)} U Gmaxl-r1¢g x {C2, SO ()}, (3.52)
where Gax consists of the maximal groups described in the middle column of Table 3.

In (3.50), (3.51) and (3.52), equalities and set inclusion hold up to conjugacies.
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Proof. Recall that Proposition 3.1 provides the general representation (3.10) of any spectral
measure Fy(dx) in polar coordinates. We will construct suitable OFBF spectral measures with
the desired domain and range symmetry groups. In polar coordinates, these measures will have
the form

Fx(dx) =r " =@o)yr— " rar, (3.53)
where the spherical component is given by the measure
Z(dO) = AA* A(dO) + AA*A(—dB), Sp= "', (3.54)

as constructed in Lemma A.5. In (A.11), the matrix A will be appropriately chosen (together with
H) so that X has the desired range symmetry group, and the measure A(d0) will be obtained from
Proposition 3.4.

Given the spectral measure (3.53), we claim that G‘llom (X) and G (X) are determined,
respectively, by the component Z'(d6), and by the latter combined with the parameter H. Indeed,
for a given Fy(dx) of the form (3.53), by Lemmas 3.2 and A.6, (i),

GI™(X) =S¥ (Fy)* = 8°m(E)*. (3.55)
Moreover, by Lemmas 3.1 and A.6, (ii),

G"'(X) = S (Fx) = G""(Bn), (3.56)
where

By, Fg,(dx) =r T{AA*81)(d0) + AA*S_1y(dO)yr— " r~ldr (3.57)

are an OFBM with parameters (H, R(AA*), J(AA*)) and its spectral measure expressed in polar
coordinates notation. Relations (3.55) and (3.56) show that the domain and range symmetry
groups of the associated OFBF X are determined, respectively, by ='(d6) and by the latter and
H, as claimed.

We now show (ii). Fix G, € {C2, D2, O(2)}. By Corollary 5.1 in [14], G, is a range symmetry
group attainable by a time-reversible OFBM (see (2.19)). This means that we can choose H and
AA* such that A, = 0in A = A| + iA; and the OFBM (3.57) has range symmetry group
G (Bn) = G2. Now pick G| € Gmax|—seg- Then, by Lemma A.5, (ii), the associated measure
Z(dO) in (A.11) has domain symmetry group G;. Then, relations (3.53), (3.55) and (3.56) ensure
that the induced random field X satisfies (G(llom(X ), GT™(X)) = (G1, G2). Moreover, X is proper
as a consequence of (3.25) and (3.42), as explained in Remark 3.3. Therefore, X is an OFBF (with
exponents E = [ and H).

To show (i), note that the constraint Fx (—dx) = Fx(dx) for any spectral measure boils down
to Fx(—dx) = Fx(dx) when n = 1. By Lemma 3.2, this is equivalent to —/ being in the
domain symmetry group of the associated OFBF X, i.e., G € Gmax|—reg % {£1}. To establish
the converse, the same procedure for showing (ii) can be applied with added simplicity stemming
from scalar-valued parameters H and AA*.

The statement (iii) is an immediate consequence of Proposition 3.5, shown below. [J

The following result complements Corollary 3.1. It states that for every individual group (in
contrast with a pair thereof) described in Table 3, there is an OFBF exhibiting that domain or
range symmetry group.
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Table 3

OFBF: description of the (individual) domain (Gdom  y —
2) and range (G™", n = 2) symmetry groups. In the middle
column, isotropy corresponds to G‘li"m(X ) = 0(2) (with
W = I; see Section 3.4.1), the remaining cases describing
all types of anisotropy.

Type Glom(x) = ... GRN(X) = ...
Full 0Q2) 012)
Rotational - SOQ2)

Cyclic Cv,veN C

Dihedral D,,v eN, ’D’l'< D,

Corollary 3.2. For the class of OF BFs satisfying the conditions (2.8) and (3.9), the classes Go™
Sfor m = 2 and G™" for n = 2 can be described as in the middle and right columns of Table 3,
respectively.

Proof. In view of Corollary 3.1, we only need to describe the middle column in Table 3. The
latter is a consequence of Theorem 3.1, (iii), and the complete description of compact maximal
groups in dimension m = 2 (see [11, p. 2404]). U

The next proposition pertains to the case of dimension (m, n) = (2, 2). It shows that (almost)
every possible combination of domain and range symmetry groups can be attained by some
OFBF whose spectral density is either singular or has a density (i.e., it is absolutely continuous
with respect to the Lebesgue measure). The special case not covered by singular measures is that
of pairs including the domain group O(2); indeed, in Proposition 3.6, it is shown that isotropy
implies that the spectral measure Fy(dx) is absolutely continuous. Fig. 1 is provided to help
visualize part of the argument (see also Examples 3.5 and 3.6).

Proposition 3.5. Let (G, Go) be a pair of domain and range symmetry groups as described
in (3.52). Then,

(i) if G is not conjugate to O(2), there is an OFBF X with singular spectral measure Fx (dx)
such that

(GI™(X), G™(X)) = (G1, Ga); (3.58)

(i) there is an OFBF X with absolutely continuous spectral measure Fx(dx) = fx(x)dx such
that (3.58) holds.

Proof. Throughout this proof,
GY™ and GP" (3.59)

denote generic domain and range symmetry groups, respectively, of an OFBF X being con-
structed. In the end, we are able to write G‘f"m = G‘lj"m(X ) and G = G1*(X).

In both cases (i) and (ii), the proof is by construction, but based on different techniques. We
will make use of the representation (3.53) in polar coordinates, where the choice of the pair of
domain and range symmetry groups has to account for the restrictions described in Table 2.

To show (i), we will apply the same technique for showing (ii) in Theorem 3.1. Fix a group
G € G = {C2, D2, SO(2), O(2)}, where, without loss of generality, we can disregard con-
jugacies W € S-¢(2, R). Recall the notation (3.49) for maximal subgroups. In light of Table 2,



60 G. Didier et al. / Stochastic Processes and their Applications 128 (2018) 39-78

choose the parameters (H, R(AA™), I(AA*)) for the OFBM (3.57) according to the following
recipe.

e If G implies —1 € G‘f"m by Table 2, then choose
(@) any G1 € Gmax|-7egs
(b) a parametrization (H, R(AA*), J(AA*)) from the OFBM (3.57) such that R(AA™*) is
positive definite, A = 0 and G*"(By) = G>.
e If G, implies —1 ¢ G‘liom by Table 2, then choose
(@) any G1 € Gmax|-1¢g;
(b) a parametrization (H, R(AA*), J(AA*)) from the OFBM (3.57) such that R(AA™) is
positive definite and G""(By) = Ga.
e If G, is compatible with either —/ € G‘li"m or] € G‘liom as described in Table 2, then choose
(a) any G1 € Gmax;
(b) a parametrization (H, R(AA*), I(AA*)) from the OFBM (3.57) such that R(AA™*) is
positive definite, G}""(By) = G2 and A2 # 0 or = 0 according to whether —1 ¢ G, or
—1 € G, respectively

(see [14, Section 5.1], on how to choose H and AA*). Then, as in the proof of Theo-
rem 3.1, (i), relations (3.53), (3.55) and (3.56) ensure that the induced random field X satisfies
(G‘liom(X), G1"(X)) = (G1,G2). In particular, depending on whether —/ ¢ Gy or —I € Gy,
Lemma A.5 ensures that the associated measure =(d6) in (A.11) has domain symmetry group
G1. Moreover, X is, indeed, proper, and thus an OFBF (with exponents £ = [ and H), which is
a consequence of (3.25) and (3.42).

Because, by assumption, G is not (conjugate to) O (2), the list of the possible domain groups
displayed in Table 3 shows that for every x # 0, the orbit Gjx consists of finitely many points.
Moreover, by Lemma A.2 and expression (A.19), the support of the measure =(d8) consists of
the orbits that enter into the construction of the measure, namely, a finite number of points in S'.
Therefore, the resulting spectral measure Fx (dx) = r~# 5(d6)r—H “r=ldris singular.

To show (ii), it will suffice to take E = I. Let H € M (2, R) be a matrix whose eigenvalues
satisfy (3.9). Consider the OFBF class whose harmonizable representation is

X = (X(Ohern = | /R @0 AV () Blan) (3.60)

[lx 1l

where Hg is as in (2.15), A2 € S>0(2, C) is a Hermitian function whose real parts’ max-
imal and minimal eigenvalues are bounded and bounded away from zero, respectively (cf. Re-
mark 3.3). By Theorem 3.1 in [2], the random field (3.60) is a well-defined OFBF with exponents
(I, H) and spectral density

P = e~ A () 177 (3.61)

flxl
Then,

EX(5)X(1)* = / (105 — 1) (e = )T A ) )~
2 fx

2 %)
- / f @70 — (e 10— 1)r~H A((cos 0, sin0)*)rH rdrde,
0 0

where the equality is a consequence of making a change of variables into (Euclidean) polar co-
ordinates. It will suffice to define the spherical function A appropriately.
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In light of Table 3, we will break up the construction according to the types of domain symme-
try groups, i.e., groups of the form D,, C, or O(2) (Cases 1, 2 or 3, respectively; see also (2.1)).
Case 1: Fix v > 1, and set G = D,.. Now pick a range group G, that is compatible with G,
according to (3.52). In other words, depending on whether v is odd or even, then —I ¢ D, or
—1I € D,, respectively. Consider a parameter H and spherical parameters

Ay p, Ao p € 850(2,0) (3.62)
(i.e., A. p stands for AA* in (3.57)) such that

NA; p+iSA;p, visodd,
Ajp= .

NA; p, v is even,
) (3.63)

Ay — Al p, v is odd,

2D = RAp #NRA| p, viseven,

and which yield the same group

G (Bu) = G (3.64)

as the range symmetry group of two OFBMs of the form (3.57), both with H as the Hurst ex-
ponent, whereas, for one, AA* = A p, and for the other, AA* = A, p (see [14, Section 5.1],
on how to choose H and the spherical parameters). Note that, depending on whether v is odd or
even, we have —1 ¢ G?"m or —1 € G‘llom, respectively. Since —/ corresponds to a 7 rotation,
when v is even such a rotation must take a slice of the sphere to another slice where it takes the
same value, the opposite holding for when v is odd (this can be visualized in Fig. 1). In addition,
when v is even, we can always suppose

mﬂz’p = CERALD (365)

for some ¢ € (0, 00) \ {1} since multiplication by a nonzero constant does not alter the domain
symmetry group of an OFBF, and

RA D, NAy p € S-0(2, R).

For x € Sy = S! and its angular component 6 (x), define the matrix-valued function A(x)
appearing in (3.60) and (3.61) as

211 3
Al p, 9(x)e—[z+(k_1),z+(k_1));
A = b (3.66)
A 9()e2”[k Ll 1))u2”[3+(k 1 k)
’ X o - b - | - ) )
P v 4 v L4
for k = 1,2,3,...,v. In other words, we can interpret the function A(-) as dividing up the

sphere S !into slices of angular size %27”, where it takes values A p or A p. In particular, each

consecutive pair of slices associated with the value A; p is followed by a pair associated with
the value A, p (cf. Fig. 1, left column). Moreover,

A(x) € S>0(2,R) viseven;
A(x) v is odd,

A(=x) = { e sl (3.67)

Therefore, for v € N,

A(=x) = A(x), xeS. (3.68)
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We now study the symmetries of the resulting OFBF spectral measure interpreted in terms of
polar coordinates as in (3.23), where the spherical measure is given by A(df) = A(x)dx for
x € S! and A(x) is defined by (3.66). In regard to range symmetries, (3.65) implies that for any
O € supp{A(dH)} we can write

AO) =celid ;| p+idoIAp
for some pair cg > 0 and dg > 0, where dg is > or = 0 when v is odd or even, respectively.
Since

Wo = R(AO)'? = ci)?h(A, p)'/? (3.69)

in (3.30), then

_ o a—1/2 1/2
Wg'HWe = RA 4" HRA;,

and

—NATL HRAV, —NAVG B RATE

II,g=r , r>0,

M o = RA, 15 deSAIp RA 1.

In particular,

Com D) o) = |50 if IA; p # 0 (v is odd),
0T =1 02), ifIA;p =0 (viseven).

This holds because, for odd v, by (3.62) the matrix JA; p is skew-symmetric, and thus so is

SRAI_%ZSA],DSHAI_;;Z (cf. Lemma 5.1 in [14]). Therefore, (3.31) can be rewritten as

&)’t(ALD)W(ﬂ Co (IT,) N 50(2))m(A1,D)—1/2, v is odd,

r>0
Gno= (3.70)
R(A1p) () Cor () (A1) "2 wiseven,

r>0

where I1, is the scaling function (3.29) (not dependent on @) of an OFBM with parameters H
and AA* = A p, namely, By in (3.64). From (3.28), (3.69) and (3.70), we obtain

G™(X) = G(B) = Ga.

In regard to domain symmetries, by Lemmas 3.2 and A.4, we know that G?Om(X N
Sdom(Fy)y € 0(2). We first look at reflection matrices. A matrix Fiax € O2)\ SO(2) de-

termines a reflection axis at the angle ’%27” If k is odd, this angle can be rewritten as

k2 k+1 1\ 2 k+1
”_( + )_” e (3.71)

2 v 2 2/ v’ 2
In other words, the reflection axis splits a pair of angular slices where A(x) takes the value A; p.
Alternatively, if k is even, then
k2w k
35 2 e N. (3.72)
In this case, the reflection axis splits a pair of angular slices where A(x) takes the value Aj p.
Combined with the fact that Fy(dx) is a Hermitian measure, in view of (3.36) this implies that
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Fx(Fj 2 dx) = Fx(dx),i.e., Fjor € G‘]jom(X), k =1, ..., v. Turning to rotation matrices, it is
clear that, by (3.36) and the construction of Fy (dx),

Fx(Oszndx) — Fy(dx), k=1,... v

Hence, we also have 0,22 € Gcllom(X ), k = 1,...,v. Moreover, by construction, no other

rotation or reflection matrices appear in G?Om(X ). Therefore, G‘]i"m(X ) =D,.

Case 2: Fix v > 1, and set G; = C,. Again pick a range group G, that is compatible with G
according to (3.52), i.e., in other words, depending on whether v is odd or even, then —1 & C,
or —I € C,, respectively. As in Case 1, by analogy to (3.63), we pick an appropriate H and
define the matrices A, ¢, i = 1,2, 3, 4, so that their imaginary parts are zero or not depending
on whether v is even or odd. More specifically,

Ao — RAj ¢ +iIA; ¢, visodd, Ao — MRAy e +iSAye, visodd,
L= NA; ¢, v is even, 2¢= NA, e, v is even,
_ | A, v is odd, _ | Ase, v is odd,
dsc = {SRA&C, v is even, 4.C = {SRAALC, v is even. 3.73)
In (3.73),
NA e =NRAz3c #NRNAy e =R, if v is odd,
MRAy ¢, RAy ¢, RA3 ¢, RAy ¢ are pairwise distinct, if v is even,

and Ay p € M(n,C),i = 1,2, 3,4, correspond to the spherical parameters with positive defi-
nite real parts associated with OFBMs (3.57) displaying the same range symmetry group G,. For
x € S1, define the matrix-valued function

27 1
Aip, 0 e T[" ~1 k- D):

2l ]
Ayp. 6(x) € T[Z k= 1), 7 + (k= 1));

Ax) = el 3 (3.74)
Ay, O(x) € —[— + k=1, T+ k= D);
v L2 4
2mr13
Ayp, 6(x) € T[Z + k=D, 14+ (k= D),
for k = 1,2,3,...,v. In other words, we can interpret the function A(-) as dividing up the

sphere S! into slices of angular size }—12—” where it takes values Ay p, Ay p, A3 p or Ay p

(cf. Fig. 1, right column). ’

We now study the symmetries of the spectral measure. In regard to range symmetries, the
same type of argument as in Case 1 can be used. In regard to domain symmetries, again by
Lemma A.4, we know that G‘i‘om(X)’k = Sdom(Fy) € O(2). Irrespective of whether v is odd
or even, Fx(Oiox/wdx) = Fx(dx),k =1, ..., v. Moreover, the matrix value of A(x) on each
of four consecutive slices are, by construction, pairwise distinct. This implies that there is no
reflection in the symmetry group of Fy (dx). Moreover, both conditions (3.67) and (3.68) hold.
Therefore, G‘liom (X) =4.

Case 3: It remains to consider the domain symmetry group O(2). So, pick a compatible range
symmetry group G, and consider the spectral density (3.61) with

A((cos 8, sinf)*) = A. (3.75)
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Fig. 1. The spectral density of anisotropic OFBFs with Euclidean spherical component (G‘li"m). The shading of each arc
is extended to the corresponding disk slice for ease of visualization. From left to right: top row, D, and C; bottom row,
D3 and C3. In the panels for D, and D3, the reflection axes appear as black lines splitting a slice of a given shade.

In (3.75) and (3.61), A € Sso(n, C) is chosen so that A is symmetric positive definite and
A and H correspond to the spectral parametrization of an OFBM (3.57) with (range) symmetry
group G. [

The following examples illustrate the study of the structures of range and domain symmetry
groups provided in Propositions 3.2 and 3.3 (as well as in Theorem 3.1 and Proposition 3.5). The
first one is taken from [12]; in this case, the domain and range symmetry groups can be obtained
based on a direct computation. In the second example, we make use of the construction in the
proof of Proposition 3.5. An application to the problem of the identifiability of the exponents of
OFBF is given in Example 3.7.

Example 3.5. Let X = {X(¢)};cg2 be an RZ-valued OFBF with spectral density fy(x) =
IxI771, x € R®\ {0}, 2 < y < 4, where | - || denotes the Euclidean norm and I is the
identity matrix. This means that its covariance function can be written as

I'(s,t)=1 / (@ % — 1) (e X — 1) dx, (3.76)
R2

llx(1”

where (-, -) is the Euclidean inner product. By (3.76) and a change of variables, X is (E, H)-
o.s.s. with E =1, H = hl, where h = (y — 2)/2. Since I'(s, t) is a scalar matrix (i.e., a scalar
times the identity) for s, ¢ € R2, then the condition

Al'(s,)A* = I'(s,1) 3.77)
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for A € GL(2, R) implies that AA* = I, namely, A € O(2). Moreover, any A € O(2) satisfies
(3.77). Hence, G}"(X) = O(2). Now note that, by a change of variables in (3.76) and the
continuity of the spectral density except at zero, A € G?Om(X) < [|[A*x] = ||x]|l, x € R™\ {0},
i.e., A € O(2). As a consequence, G‘liom(X) = 0(2).

Example 3.6. Let X = {X (¢)},.r2 be an R2-valued OFBF with spectral density

Fo) = el =7 A Y~

[lx 1l

(see (2.16), (3.60) and (3.61)). For the sake of illustration, we look at a subcase, namely, we want
to construct an OFBF X with symmetry groups

G{™(X) = Ds, G™(X) = SO(2). (3.78)
So, choose the parameters H, Ay p, Ay p such that
Ay p =NA1p+iJA; p, Ap=A1p

where (H, RA; p, IA; p) corresponds to the parametrization (2.18) of an OFBM with range
symmetry group SO (2). In particular, IA; p # 0. The function A(-) then breaks up the sphere
S! into slices of angular size JTZT”, where it takes values A; p or Ay p. This is depicted in
Fig. 1, bottom left panel. A detailed justification of why (3.78) holds is provided in the proof
of Proposition 3.5. Intuitively, since the spectral density fx (x) of the OFBF coincides, in every
direction, with that of an OFBM with (range) symmetry group SO(2), then G}(X) = SO(2).
Moreover, of all the possible domain groups in Table 3, only the application of D3 leaves the
sphere in Fig. 1 unaltered. Therefore, G‘liom(X ) = Ds.

Remark 3.8. The description of all pairs of symmetry groups in general dimension (m, n),
m,n € N, remains an open problem. In regard to range symmetries, solving commutativity
relations of the type involved in (3.28) is algebraically intense in dimension n > 3 (cf. [14]).
Remark A.3 describes the technical difficulties surrounding the construction of a spectral
measure for general m € N when the domain symmetries include —1.

3.4. Applications

In this section, we provide two applications of the analysis in the preceding sections: one
is a parametric characterization of isotropic OFBF, and the other is the set of exponents of
OFBF in dimension (m,n) = (2,2). Throughout this section, Eldfm(X ) denotes the set of
domain exponents given some range exponent H, and likewise, £,2"(X) denotes the set of range
exponents given some domain exponent E (see also [12]).

3.4.1. On the parametric characterization of isotropy
Recall that a random field X = {X (¢)};erm is called isotropic when its law is invariant under
orthogonal transformations, namely,

(X(OD}iepn Z (X(Oherm. O € O(m). (3.79)

In other words, G‘lj"m(X ) = O(m). The existence of a commuting domain exponent of the
form Ey = nl is not generally sufficient for isotropy. For example, an OFBM, for which the
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domain exponent is just a scalar, may not be time-reversible (isotropic; see [13, Theorem 6.1]).
The inequivalence between isotropy and Euclidean spherical coordinates is further illustrated
in Fig. 1, which depicts the Fourier spectrum of anisotropic OFBFs with Euclidean spherical
components. In fact, in the next proposition we show that, even though a scalar matrix-valued
domain exponent is a necessary condition for isotropy, sufficiency is only attained in the presence
of the spherical symmetry of the measure A(d9) on the Euclidean sphere.

Proposition 3.6. Let X = {X (t)};,crm be an R"*—valued OFBF with exponents (E, H). Suppose
X satisfies the condition (2.8), and recall that | - || denotes the Euclidean norm. Then, X is
isotropic if and only if the following two conditions hold:

(i) there exists n > 0 such that Eq = nl € Sgom(X);
(i1) based on the norm || - |lo induced by E( via the relation (2.27) for || - ||,

A(dO) = A(0dO), O € O@m),  So=cy's" ", (3.80)

for some cq > 0, where A(dO) is the spherical measure in (3.11). Moreover, if X is isotropic, its

spectral measure has a density fx(x) = %jx).

Proof. Suppose X is isotropic. By Theorem 2.6 in [12], there exists an exponent Eq that
commutes with G?Om(X ). Because the domain symmetry group is the full orthogonal group
O (m), the exponent has the form Eg = nl, n > 0. This, in turn, yields || - ||o based on the
Euclidean norm via (2.27), i.e., ||x|lo = co||x|| for some ¢y > 0. From (2.25), we obtain

I(x) = . (3.81)
co |lx|]
Since (2.24) is a homeomorphism,
T(x) = (co llx)'/". (3.82)

Under (3.81) and (3.82), the relation (3.11) holds with E = 5[ and the induced measure A(d6).
Moreover, let O € O(m). By isotropy and a change of variables O*0 = 6/,

oo
EX ()X (1)* = / (00 1y (100 )= H AagyrH
0 So

- /oo (@ " 1y ") 1y 1 A0de)yr T
0 So

This gives the equality of measures r 7 AdO)r—H"r=! = r—H AO*d0")r "' r=1, r > 0.
Hence, (3.80) holds. The converse, i.e., EX(0Os)X (0Ot)* = EX ()X ()*,s,t € R™, O € O(m),
can be established in the same fashion by means of (3.11).

Now note that (3.80) implies that the measure A(d0) is uniform on co 1sm=1 Tn view of the
polar representation (3.10), this yields the absolute continuity of Fy(dx). U

Remark 3.9. It is well known that the covariance function

2
EX (s)X (1) = %{m”’ +1s)* =t =5}, s,teR, 0<H<I, (3.83)

characterizes the univariate FBM. The equivalence between the covariance function and a
closed-form formula such as (3.83) breaks down in the case of vector processes. Generally
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speaking, and assuming that X (0) = 0 a.s., the stationarity of the increments of OFBF leads
to the expression

EXOXS)* +EXO)XO)* =EXOX@)* +EX()X()* —EX(@ — )X — )"
If
EX()X(s)" =EX()X@®)*, s,teR", (3.84)
then operator self-similarity based on exponents (E, H) yields
1
2
—1(t —OHPEX U@ — )X UGt — s)*t(t — ) } s, € R™  (3.85)

EX ()X (1)* = {r(t)“EX(l(t))X(l(r))*r(r)H* +t)TEX U)X Us)) T ()

(cf. the relations (4.6) and (4.7) in [7, p. 325]). Conversely, starting from (2.11) and by making
use of the fact that EX(—t) X (—1)* = EX@#)X(@)*, t € R™, we can see that (3.85) implies
(3.84). Under the assumption (2.8), the polar-harmonizable representation (3.11) can be used to
extend this statement. In other words, the relation (3.84), the existence of the closed form formula
(3.85) and the relation A(d6) = A(d#) are all equivalent. Furthermore, by a simple adaptation
of the argument in [13, Proposition 5.1], these relations can in turn be shown to be equivalent to
EX(—s)X(—t)* = EX(s)X()*, s, t € R™.

3.4.2. On the identifiability of OFBF

For an OFBF X with exponents E and H, one of or both its exponents may be non-
identifiable, i.e., its sets of domain or range exponents may comprise more than one element.
As a consequence of Didier et al. [12, Theorems 2.4 and 2.5], if X satisfies (2.8) and (3.9) we
can write

EX™NX) = E+TGP™(X),  ER"(X)=H+T(G™(X)). (3.86)
where, for any closed group G such as Gcll"m(X ) or G{(X), we define its tangent space by

G, —1

T(Q):{AeM(n,R):A: lim 2"~

n—00 d

n

for some {G,} C G and some 0 # d, — O}. (3.87)

The following result is a consequence of (3.86) and Theorem 3.1, and of the fact that T (O (2)) =
T(SO(2)) = so(2), where so(2) is the space of 2 x 2 skew-symmetric matrices.

Corollary 3.3. Let X be an OFBF in dimension (m,n) = (2,2) with exponents E and H,
and satisfying the conditions (2.8) and (3.9). Then, the sets of exponents of X are given by,
respectively,

gdom (x) — {E + Waoms0 ) W Gi™™(X) = 0(2);
H E, GP™(X) 2 0(2),
£10(X) = H + Wranso(Z)Wr;n], Grf‘“(X) =S0®2)or0Q);
E - H, GP™(X) 2 S0(2) or 0(2),

for a pair of matrices Wyom, Wran € S=0(2, R).
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Example 3.7. In Example 3.5, since G‘l10m (X) = 0(2) = G (X), then
EM(X) =hl +502),  EXMX)=1+s0Q).

In Example 3.6, since G‘fom(X) = D3 and G (X) = SO(2), then
ERN(X) = hl + 50(2), glmxy =1I.

Appendix. Auxiliary results
The following lemma is used in the proof of Corollary 3.1.
Lemma A.1. Let Wi, Wy € S-¢(2, R). Also, let O1, 0> € O2) \ Co. If
Wi01W ' = Wo0,W; !, (A1)
then for some w > 0,

Wi =wWy and O;= 0. (A2)

Proof. We first show that

0> = AO1A*, A€ 0Q). (A.3)
By (A.1),
eig(01) = eig(0») (A4)

(see (2.9)). If O1 = O, then (A.3) trivially holds. So, suppose O; # O;. By (A.1) and
the uniqueness of the Jordan spectrum, the matrices Oj, O, have the same eigenvalues. If
01 € SO2) \ Ca, then we can write O = U»diag(e™?, ¢)\U*, 0 € (0,2n) \ {7}, where
U, is given by (2.3). Note that O, € SO(2) \ C; by (A.4) and the fact that O, € O(2). Then,
(A.1) implies that O = U»diag(e'?, e7'?)Usy = AO; A*, where A = diag(1, —1). Alternatively,
if 01 € 0(2) \ SO(2), then the eigenvalues of O are —1, 1, with real eigenvectors. By (A.4),
the same must be true for O, whence O and O, only differ by a rotation of their eigenvectors,
i.e., there is O3 € SO(2) such that O, = 030, 0;. By setting A = O3, we establish the relation
(A.3) in all cases. Therefore, (A.1) and (A.3) imply that

(A*Wy "W 01 = 01(A* W5 ' Wy). (A.5)

Assume that O; € O(2) \ Cp, i.e., Op has distinct eigenvalues. By Theorem 2.1 in [14] or
[18, p. 219], there is some (possibly real-valued) unitary matrix U and some € C such that
A*W, 'wi =vU diag(n, n)U*, where the conjugate eigenvalues are a consequence of the fact
that A*W, ' W is real. Thus, A*W, 'W2W, 'A = |n|’1,i.e., Wi = |n|W; since A € O(2) and
Wi € S-0(2, R). By (A.1), this implies that O1 = O,. O

The following lemma is used in the proof of Proposition 3.4.

Lemma A.2. Let G be a maximal compact subgroup of GL(m,R), and let Ap(dx) be the
measure (3.40), D = {xy, ..., xs}. Then,
(i) two orbits Gx j,, Gxj, either coincide or are disjoint;
(ii) each orbit Gxj, j = 1,...,J, is a compact set, and the number of connected components
of an orbit Gx | is no greater than the (finite) number of connected components of G;

(iff) supp{A} = Ui, Gx;;
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(iv) Go € G = Go € Som(A);

(v) the measure A(dx) assigns different (positive) values to distinct orbits Gxy, and Gxy,;
(i) D={x1,...,x;} C{x1,...,xp} = D' = SPM(Ap) C SP™(Ap);
(vii) for G € S9M(Ap),

GGxj =Gxj, j=1,...,J; (A.6)

(viii) for a decreasing nested sequence of symmetry groups {S™(A D) Ykenugoy, all of which
containing G, the equality G = Sdom(ADk) holds for some k.

Proof. To show statement (i), suppose x € Gx; N Gxpy where we set j; = 1 and j, = 2
for notational simplicity. Then, there are G| and G, such that G1x; = Gxp = x. So, let
y € Gxp,ie.,y = Gyxp for some G, € G. Then, GyG;]szz € Gxi, since Gyxy € Gxy.
This shows that Gx; 2 Gxp. By the same argument, the converse also holds. In regard to
statement (ii), the compactness of G and the continuity of the group action imply that each
orbit Gx;, j = 1,...,J, is a compact set. Therefore, the number of connected components
of the orbit Gx; is no greater than the number of connected components of the group G (see
[30, p. 4]). To show (iii), consider a Borel set B C (Gx; U --- U Gxy)¢, and let G € G.
Since G is bijective and ¥ = B N Gxj,thend = GBNGGx; = GBNGx;, j =1,...,J.
Therefore, GB N {x;} = ¥ and A(B) = ij':l fg jnj(SX_/ (GB)H(dG) = 0. By (ii), each
orbit Gx; is a closed set. Then, supp{A} < U]J.=1 Gx;. Conversely, let y € Gxj, for some jp.
Then, A({y}) > fg Jon o8, (G{yhDH(dG) > 0, since there is Go € G and y € R™ such that
Goy = xj,,. Thus, U]J.:1 Gx; < supp{A}. To show (iv), note that

J
AGyldx) = Z/gjnj 8, ((GGyHdx)H(d(GGy ) Go)
j=1
J
= Z/ jnj 8, (Kdx)H(dK Gy)
j=1"9

J
= Z/ jnj 8, (Kdx)H(dK) = A(dx),
j=1"9

where we made the change of variables GG ! = K and used the right-translation invariance
of the Haar measure. In regard to (v), first note that the orbits Gxy, ..., Gx; are distinct, hence
disjoint by (i). Thus, for k1 # k2,

J J
AGxr) =) /g Jnj 8:;(GGxi )HWAG) = ) /g jn by, (Gxi )H(AG)
j=1 j=1

= ki # ko = A(Gxy,), (A7)
by (3.44).
To establish (vi), pick any K € S%™(Ap/). Then, for fixed j = 1,...,J',J' > J,and a
Borel set B C Gx;,
/gjnjaxj (GK™'BYH(G) = Ap(K~'B) = Ap/(B) = /gjnj(ij(GB)H(dG).

In particular, this also holds for j =1, ..., J,ie., K € Sdom( A1),
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In regard to (vii), the argument is very similar to that in [30, p. 3], but we reproduce it here for
the reader’s convenience. Let C1 be one of the finitely many connected components of one of the
orbits Gxp, ..., Gxy. Since K € S%™(Ap) is a homeomorphism, then K C; is also connected.
Moreover, by Lemma 1 in [30] and the fact that Ap is a finite measure, K maps supp{Ap} onto
itself. Therefore, there is some connected component C, of some orbit such that

KCi C (. (A.8)

Since K~ € §9%°™(Ap) is also a homeomorphism, then by the same reasoning there is some
connected component C3 of some orbit such that K1c, € C;. By (A.8), C; < Cs;ie.,
C, = C3 = K'Cp. Hence, KC; = C,. However, again since K € Sdom(Ap), then
Ap(Cy1) = Ap(KCy) = Ap(C»y). Note that each connected component of the orbit Gx; has

equal mass, namely, where ny is the number of components of the orbit Gx; (see

J
Z/}]=1 kn”
[30, p. 4]). Then, Cy and C» are connected components of the same orbit. Therefore, (A.6) holds.

Statement (viii) involves the familiar idea that a compact finite-dimensional Lie group does
not have an infinite properly nested sequence of closed subgroups, which in turn is a consequence
of the fact that any closed subgroup is compact, and therefore has finite dimension and finitely
many connected components. For the reader’s convenience, we provide a precise argument in the
fashion of Meerschaert and Veeh [30, p. 4]. Suppose G, H are finite-dimensional compact Lie
groups. We claim that, if G C 7, then either the dimension of G is strictly less than the dimension
of H, or the number of components of G is strictly less than the number of components of H.
Let us recall that the dimension dim(G) of a Lie group G is the dimension of the corresponding
Lie algebra (or tangent space) TG (When G is a set of linear operators, the tangent space is the
collection of all operators which can be written as limy_, oo (Gx — I) /g where {G} is a sequence
of operators from G and {gx} is a sequence of real numbers which converges to 0). Since G C H,
then TG € TH. If dim(G) = dim(H), then the Lie algebras are equal. Since the exponential
map sends the Lie algebra onto the connected component of the identity, we see that in this case
the connected component of the identity of the two groups is the same, and we can call it C.
Now we have G/C C H/C, where both quotient groups are finite groups. If the inclusion was
not proper, we would conclude that G = H. However, if dim(G) = dim(H), then the number
of components of G is smaller than that of H, which establishes the claim. It follows that any
decreasing sequence of properly nested compact finite-dimensional Lie groups must eventually
terminate. Hence, G = Sd"m(/l Dko) for some kg, which concludes the proof. [

The next lemma is used in Section 3.3.

Lemma A.3. Consider the class of OF BFs taking values in R? and satisfying the conditions (2.8)
and (3.9). Then, a particular G\ implies a restriction on G‘lj"m as described in Table 2, where
G‘ljom and G are understood as in (3.59).

Proof. By the polar representation (3.10) of the measure Fx and Lemma 3.1, —1 & G‘liom if
and only if there is some set A(s, ©p) as in (3.13) such that Fx(—A(s, By)) # Fx(A(s, 6))),
ie., A(6y) = A(—6p) # A(6Oy) for some By € U (see (3.27)). In other words, IA(Oy) # 0.
Equivalently, by (3.31),

—1¢ Gcllom & Gy ) = W90<m CopyUl, gy N SO(Z))WéO1 for some ©y € U.
r>0

(A9)



G. Didier et al. / Stochastic Processes and their Applications 128 (2018) 39-78 71

By the contrapositive, if —1 ¢ Gclk’m, then (3.32) and (A.9) imply that Gy g, = SO(2) or C;
(see also Table 1). By considering further intersections with the groups Gy o, © € U, Table 1
shows that G|*" cannot be conjugate to O(2) or D;. This establishes statements (i) and (iii).

Now suppose G} = SO(2). By Table 1 and expression (3.31), there is some 6y € U such
that Gy g, = SO(2). By (3.32) and (A.9), —1 ¢ G‘ljom, i.e., statement (ii) holds. [

Remark A.1. As pointed out in Table 2, G|*" = C; yields no restriction in the sense it is
compatible with either —1 € or —1 & G?Om. This is shown by establishing (3.52), which implies
that C, can be matched to any possible domain symmetry group.

The following lemma is used in the proof of Proposition 3.5.

Lemma A4. Let Fx(dx) = fx(x)dx be a spectral measure built in the proof of Proposi-
tion 3.5,(ii), for a domain symmetry group of the form C, or D,,, v € N, as described in Table 2.
Then, S©™(Fx) € 0(2).

Proof. By contradiction, suppose that S©M(Fy) = WOW™!, where ® < O(2) and
wo,w-1 ¢ O(2) for some O € O(2). Then, for some xy € st Yo = WO W 1xg & st By
the continuity of the transformation W O W ™!, we can without loss of generality assume that
neither xp nor yg is a boundary point between the slices (3.66) or (3.74). Then, we can choose
a small 9 > 0 so that for 8 € (—e&gp, &9) \ {0}, the perturbed points Opxp and W O W=10pxo,
with Oy as in (2.2), are in the same slices containing xo and yq, respectively. Since, in addition,
WO,W~! is a domain symmetry of Fy, fx is continuous around the points x¢ and yp, and
|det(WO;W—1)| = 1, then by Lemma 3.2 we have fx(y9) = fx(xo). In addition, the fact that
WO W~! & 0(2) implies that it maps any segment in the sphere to a segment not contained in
any sphere around zero; in particular,

fx(x0) = fx(Ogxo), IWO1W " 0gxoll # IWOI1W ™ xoll, 6 € (—e0, €0) \ {0}.

However, since yg and W O, w-l Ogxg lie in the same slice,

A( WO, W1 0gx )_ x( WO, W1 0gx ): x<&>=ﬂ(£).

[WO1W=10gx0| |WO1W=10px0] lyvoll lyoll
As a consequence, by (2.8),
fx(0gx0) = fx(WO1W ™' 0gx0) = WO W™ Ogxo | ~FE
A(Z2)IW 0 W Ogxoll
ILyoll
_ Yo _H*
# oll =" (2 ) oll ™ = (o) = fx(xo) = fx(O0xo)

(contradiction). [

In the following lemma, we construct a measure on (S~ 1) that goes into the measure (3.53),
expressed in polar coordinates.

Lemma A.5. Let G be a maximal compact subgroup of O(m). Let A = A1 +iA> € M(n,C)
be a matrix such that A1 A} € S-o(n, R), and

{(a) ApAT — ALAS £0, if —1¢G;

(b) Ay =0, if —1¢ g. (A.10)
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If either

(i) m=2;or

(ii)) m e Nand —1I € G,
then there is a scalar-valued measure A(d6) on B(S™1) such that the measure
E(d0) = AA*A(dO) + AA*A(—dB) (A.11)

is Hermitian, S>¢(n, C)-valued,

k=
supp{Z) = ¢; (A.12)
j=1
for disjoint connected components Cj, j =1, ..., k=, and
slomzy =g. (A.13)

Proof. Suppose condition (i) holds, and further assume that —/ ¢ G. We are interested in a
measure Ap(dx) asin (3.40), D = {xy,...,x5} C gm=1 satisfying (3.42) and (3.43), where in
addition each pivot is such that

—xj€Gxj, j=1,...,J. (A.14)

For this purpose, we now argue that we can rewrite the proof of Proposition 3.4 while replacing
the statement (3.45) with

there exists some element x € R? \ {0} such that — x & Gx C S%™(Ap)x. (A.15)

In fact, right before (3.45) in the proof of Proposition 3.4, we already know that G € S4°™(Ap)
and may now assume that

G c SPm(Ap). (A.16)

Recall that G is maximal, and note that the orbits of S4°™(Ap) must coincide with those of
a maximal subgroup in its equivalence class [S?Om(/lp)]. Since m = 2 and —1 ¢ G, by
Lemma A.7, (iii), with G; := G and G, set to the maximal element in the class [Sf"m(/lp)],
there is xg € S' such that

—x0 € Gxo C Gaxg = S*™(Ap)xp.

This establishes (A.15) with x = xg. By following the rest of the proof of Proposition 3.4, we
obtain the desired measure Ap(dx).
Note that (given x) (A.25) holds if and only if

forall y € Gx, —y € Gx. (A.17)

(in fact, assuming (A.25) holds, y € Gx & y € G(—x) < forsome O € G,y = O(—x) & for
some O € G, —y = Ox € Gx). By Lemma A.2, (iii), the support of the measure Ap(dx) is the
union of all sets C, where

C is the connected component of some orbit Gxy, ..., Gx;. (A.18)
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In addition, in view of (A.17), (A.14) implies that there is no y € Gx; such that —y € Gx;.
Therefore,

Ap(—C) =0.
Now define the measure

E(d0) = AA*Ap(do) + AA* Ap(—db), (A.19)
which has the form (A.11) with

A(dO) = Ap(db). (A.20)

Then, for C as in (A.18),
E(—(BNC)==2(BNC0C), E(BNC)=AA*Ap(BNC), Be B(Sl), (A.21)

i.e., the measure =(d6€) is Hermitian and takes values in S>¢(2, C). Expression (A.12) is a
consequence of Lemma A.2, (iii), and the fact that G is a compact group. Moreover, since
N(AA™), I(AA™) £ 0,
G € S*™(Z) & Z(Gdx) = Z(dx)
& AA*Ap(GdO) + AA*Ap(—GdO) = AA*Ap(dO) + AA*Ap(—db)
SRAA* [ Ap(GdO) + Ap(—GdO)} + iSAA*{Ap(GdO) — Ap(—Gdo)}
=RAA™{Ap(dO) + Ap(—dB)} + iSAA*{Ap(db) — Ap(—dB)}
S Ap(Gdo) + Ap(—GdO) = Ap(d) + Ap(—d9),
Ap(GdO) — Ap(—GdO) = Ap(dB) — Ap(—db).
< Ap(GdO) = Ap(db) & G € G,
where the last equivalence is a consequence of Proposition 3.4.
The case defined by condition (ii) (for which — € G, m € N) can be tackled based on the
same formalism but without the modification (A.15). In fact, under the aforementioned condition,
let Ap(dx) be the measure given by Proposition 3.4 (without any modification). Then, —1 € G

implies that Ap(—dx) = Ap(dx). Define the measure =(d6) by the same expression (A.19),
which in this case reduces to

Z(dh) = 2RAA* Ap(d6).

It is clear that G = S9°™(Z) holds, and (A.12) is a consequence of Lemma A.2, (iii). [0

Remark A.2. Without the constraint (A.10) in the construction of the measure =(dx), the
statement (A.13) is not generally true. Indeed, if —/ ¢ G but we set A» = 0, then the measure
Z(dx) as defined by the expression (A.11) becomes = (dx) = RAA*(Ap(dx)+ Ap(—dx)) and
hence satisfies = (—dx) = Z(dx), i.e., —1 € S9°™(Z). Consequently, S (Z) £ S9M(Ap).

Remark A.3. In regard to Lemma A.5, it is natural to ask whether, for general m, we can drop
the assumption that —/ € G. In order to use the proof of the lemma in its current form, we would
need to generalize the step (A.15). However, an explicit description of all maximal subgroups of
O (m) is not available in dimension m > 3, and it is currently a conjecture that the claim (A.15)
holds in general.

The following lemma is used in the proof of Theorem 3.1.
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Lemma A.6. The second equalities in each expression (3.55) and (3.56) hold, i.e.,

(i) S©™(Fx) = S™(E);
(ii) S™(Fx) = G{"(Bn),

respectively.

Proof. We first show (i). Recall that, by Lemma A.5, 5 (d#) is constructed so that S4™(5) = G
for some maximal compact subgroup G of O (m). Define the class of sets

A={A(s1,52,0) 152251 >0, 0 € BE" N},
where A(s1, 52, @) ={rf :s1 <r <s3, 6 € ©}. Then,

o(A) = B(R™), A, Aye A= A NAy e A (A.22)
Define the family of measures o (A) = fA(FX)O(dx), A € A, O € O(m). First, assume that
0 € G = §9M(5), where the latter equality is a consequence of Lemma A.5. Then,

52 « 82 %
wo(A) = f / r i =0%doyr " rlar = / / r 2@y rYdr = ui(A).
51 (] s1 JO
Since this holds for any A € A, then (A.22) and an entry-wise application of Theorem 1.1.3
in [29] imply that
ro(B) = pui(B), B eBR"). (A.23)

Equivalently, O € S%™(Fx). This establishes that G = S9™(5) c Sdom(Fy).
Conversely, for some O € O(m), assume that (A.23) holds. In particular, for B = A € A,
Lebesgue’s differentiation theorem implies that

s_H/ E(Od@)s_H*s_1 :s_H/ E(d@)s_H*s_l, s > 0a.e.,
[C] C]
1.e.,

/ E(Od@):/ 2(df), ©eBE" .

[C] (C]

In other words, O* € S9°M (=) = G. Hence, statement (i) holds.
We now show (ii). Consider an OFBF X with spectral measure (3.53). For C € GL(n, R),

C € G (X) if and only if

cr-i =@y " rdarcr = r 2@ ar. (A.24)
By (A.12), expression (A.24) is equivalent to

cr-zBoncyr " rlarc* =rH=Bon Cy)r 1 r dr,

Boe B(S™™Y, j=1,... k=.

So, fix j and a set By € B(S™~!) such that 5(By N C;j) # 0. Define the (discrete) spherical
measure

[ EBonC)), B ={1};
R e A i 1
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Then,
er\fBO{dz?}er*rfldr
is, up to a constant, the spectral measure of the OFBM (3.57), since by (A.21)
NREp, {1} = NRAA™ Ap(ByNC)), QEp, {1} = JAA" Ap(ByN C)),
and
REp,{—1} = RAA™ Ap(BoNC)), SEp,{—1} = —JAA™ Ap(BoN C)).
Consequently, for © = By N C}, and I, g and II; g as in (3.29),

1, o = r—WélHW@r—W@HWéI _ r—(.‘)tAA*)"/zH(fh‘AA*)'/2r—(?)tAA*)l/zH(mAA*)_]/z
r, - - 2
and
RAA™ 71/2;\AA* RAA* —1/2
e =Wg5'sAO)WS' = ( ) TSAAT )
Ap(BoNCj)

Hence,

ComUl,0) =ComUL),
and

Com (I11,0) = Com ((RAA") T 2I(AA*)(RAA*)T!2) = Cog IID),
where [I and II; represent the functions (3.29) for the OFBM (3.57), and we can write
G o= (mAA*)l/Z(ﬂ Com ) N CO(,l)(U,))(mAA*)—I/Z.
r>0
By Proposition 3.2, (i), statement (ii) is established. [

The following lemma is used in the proof of Lemma A.5. Recall that C denotes proper set
inclusion.

Lemma A.7. Consider the maximal subgroups of O (2) in the sense of Section 3.2.
(i) Let G be a maximal subgroup for which —1 ¢ G. Then, for a given x € S,
—x € 0x (A.25)

if and only if for some F € O(2) \ SO(2), F € G, the vector x lies at /2 angular distance
from the reflection axis of F;
(i) for two maximal subgroups G| C G, such that

—-1¢G, (A.26)
there is xo € S such that — xg & Gixo and G1xg C Goxg. (A.27)

Proof. Throughout the proof, without loss of generality we suppose the groups’ conjugacies are
W =1

Statement (i) is a consequence of the complete description of the maximal compact subgroups
in dimension m = 2 provided in Table 3, middle column. In fact, —I ¢ G implies that G must be
one of the subgroups C,,, D,,, 2v + 1, v € N U {0}. For any such cyclic subgroup C,, statement (i)
is trivially true, since it does not include reflections. In addition, the reflections in the subgroup
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D,, which are finite in number, also correspond to a finite number of reflection axes. Therefore,
the number of points for which —x € Gx is also finite (see Example A.1), whence statement (i)
holds.

We now turn to statement (ii). First, suppose —I € G,. For any G| described in Table 3, middle
column, statement (i) implies that it is possible to choose xg € S I such that —xq & G1xg. Since
—x0 € G2xg, (A.27) holds. So, from now on we suppose

—1¢G. (A.28)
By Table 3, middle column, it suffices to consider the following cases:

(ii.a) G1 = Cyy, G2 € {Cyy, Dy}, v1 <123
(ii.b) G1 = Dy, G2 = Dy, v1 < 12,

where O (2) is excluded under (A.26) and (A.28). For subcase (ii.a), in light of statement (i) and
Table 3, middle column, by (A.28) we can pick xo € S1 such that —x € Gyxg (cf. Fig. 1).
Note that for 01, O2 € SO(2), O1x90 = O2x9 = O1 = O3 (n.b.: this holds for any xo # 0).
When v; < v, this implies G, contains more rotations than G;. Thus, the orbit Goxg contains
more points than the orbit G;xg, whence (A.27) holds. Alternatively, when vi = v, =: v (and
G» = D,), fix the point
-2 1
xo=en2eSs (A.29)

The 4 in the denominator stems from splitting each slice of angular size 27” in half twice, the

first time based on the reflection axes, the second time to split the reflection regions (for ease of
visualization, in Fig. 1, lower left panel, there are 4v = 12 slices of angular size 21—’27 The point xq
splits in half the first slice, where we start counting in the counterclockwise sense at (1, 0)* = 1;
see also Example A.1). Then,

—x0 & Gxo (A.30)

for G = G;. In addition, the orbit D, xq consists of v pairs of points around reflection axes, where

the counterclockwise angular distance between two successive pairs of points corresponds to a

rotation O, (2 Since C,xq consists of the v points obtained by successive rotations O, starting
4v v

at xg, G1xo C Gaxg. This shows (A.27) for the subcase (ii.a).
Under (A.26) and (A.28), for subcase (ii.b) it suffices to consider

Dy, C Dy,, viand v, are odd.

In particular, D,, contains all the rotations in D, . Therefore, v, must be a multiple of v;. Since,
in addition, vy, vy are odd, then

v=zv;, z€N,z>3. (A.31)

Choose again the starting point xo as in (A.29) with v = vp. Then, again (A.30) holds with
G = G and card(D,,x0) = 2v,. Moreover, by (A.31),

card(D,, xg) < card(D,,) = 2v; < vy < card(D,,x).

Therefore, (A.27) holds, which establishes (ii). [l

Example A.1. Consider the subgroup G = Ds. Then, there are only six points x € S! for which
—x € Gx (see Table 4 and Fig. 1).
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Table 4
Dihedral group Dj3: points in S 1 mapped to their antipodes by a
reflection.
Reflection Reflection axis (angle) —x=Fex & x=...
P ,5l i“—”
Far 3 {e 6,e 6}
’ 2 iZ I
F 4 3 {e'6,e }
’ jT 3
Faoy b fe2,e2}
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